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Abstract

We study the boundedness from HPO(R") into LI{(R") of certain generalized Riesz potentials and the
boundedness from H”®(R") into H?(R") of the Riesz potential, both results are achieved via the finite
atomic decomposition developed in Cruz-Uribe and Wang [‘Variable Hardy spaces’, Indiana University
Mathematics Journal 63(2) (2014), 447-493].
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1. Introduction

The Lebesgue spaces with variable exponents are a generalization of the classical
Lebesgue spaces, replacing the constant exponent p with a variable exponent function
p(-). For more than 25 years, the variable Lebesgue spaces have received considerable
attention for their applications in fluid dynamics, elasticity theory and differential
equations with nonstandard growth conditions, see [6] and references therein.

In the celebrated paper [7], Fefferman and Stein defined the Hardy spaces H”(R")
for 0 < p < 0. One of the principal interests of H” theory is that the L” boundedness
of certain integral operators proved for p > 1 extend to the context of H”, for all p > 0.
In many cases, this is achieved by means of the atomic decomposition of elements in
H? (see [8, 11, 20]).

The theory of variable exponent Hardy spaces was developed independently by
Nakai and Sawano in [15] and by Cruz-Uribe and Wang in [4]. Both theories prove
equivalent definitions in terms of maximal operators using different approaches. In
[4, 15], one of their main goals is the atomic decomposition of elements in H?©(R"),
as an application of the atomic decomposition they proved that singular integrals are
bounded on HP®.
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LetO <a <mnandm > 1, (m € N), we consider the following generalization of Riesz

potential

Tomf(x)= 5 Ix = Ay e = Apy™ f () dy, (1.1)
where a; + -+ @, =n—a, and Ay, ..., A, are n X n orthogonal matrices such that
A; — Aj are invertible if i # j. We observe thatin the case @ > 0,m=1and A; =1, T,
is the classical fractional integral operator (also known as the Riesz potential) /,. A
interesting survey about fractional integrals can be found in [14].

With respect to classical Lebesgue or Hardy spaces, for the case 0 < @ < n and
m > 1, in the paper [17], the author jointly with Urciuolo proved the H?(R") —
LY(R") boundedness of the operator 7, , and we also showed that the H”(R) — HY(R)
boundedness does not hold for 7,, with 0 <a <1, m=2, A; =1, and A; = —1.
This is an important difference with the case 0 < @ < n and m = 1. Indeed, in the
paper [22], Taibleson and Weiss, using molecular characterization of the real Hardy
spaces, obtained the boundedness of I, from H”(R") into HY(R"), for 0 < p <1 and
1/g=1/p—a/n.

In [1], it gives the boundedness of the Riesz potential from L into L¢® where
1/q(-) = 1/p(-) — a/n. Sawano obtains in [19] the H?®) — HY®) boundedness of the
Riesz potential using a finite atomic decomposition different from that given in [4].
In [18], the author jointly with Urciuolo proved the H”?®) — L4®) boundedness of the
operator T, and the H”®) — H9®) boundedness of the Riesz potential via the infinite
atomic and molecular decomposition developed in [15].

The purpose of this article is to give another proof of the results obtained in [18],
but by using the finite atomic decomposition developed in [4]. Here, a key tool is a
weighted vector-valued inequality for the fractional maximal operator. We also rely on
the theory of weighted Hardy spaces and on the Rubio de Francia iteration algorithm.

This method allows us to avoid the more delicate convergence arguments that are
often necessary when utilizing the infinite atomic decomposition.

The main results of this work are contained in the following theorem.

TueoreM 1.1. For 0 < a <n and m > 1, let T,,, be the operator defined by (1.1).
Given a measurable function g(-) : R" — (0, 00) such that 0 < gy < g- < g+ < +090,
with 0 < gg < 1, define the function p(-) by 1/p(-) = 1/q(-) + a/n. If q(-) € MP,
and q(Aix) = q(x) for all x and all i=1,...,m, then T,,, can be extended to an
HPOR") — LIYR") bounded operator:

TueoREM 1.2. Let 0 < @ < n. Given a measurable function q(-) : R" — (0, o0) such
that 0 < gy < g_ < g4 < 400, with 0 < g9 < 1, define the function p(-) by 1/p(-) =
1/q(:) + a/n. If q(-) € MPy, then the Riesz potential 1, can be extended to a bounded
operator from HPO(R") into H1(R").

In Theorem 1.1 we assume that the exponent g(-) is invariant under the m
orthogonal matrices A;, this hypothesis allows us to recover the norm || - ||y, that is
1fa,llgey = 1fllgea > = ILfllgey» Where fy,(x) = f(Al.’lx). This identity is used in the proof
of Theorem 1.1.
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We give two examples of variable exponents which satisfy the hypothesis of
Theorem 1.1.

ExampLE 1.3. Suppose i : R — (0, co) that satisfies the log-Holder continuity on R
(see [2]) and O < h_ < hy < +oo. Let g(x) = h(|x]) for x € R” and for m > 1 let
Ay, ..., A, be n X n orthogonal matrices such that A; — A; is invertible for i # j. It
is easy to check that the function g(-) satisfies 0 < g_ < g, < +o0 and the log-Holder
continuity on R”. So ¢(-) € MPy and g(A;x) = g(x) for 1 <i <m.

Another nontrivial example of exponent functions and orthogonal matrices
satisfying the hypothesis of the theorem is given below.

We consider m = 2, g(+) : R" — (0, 0o) that satisfies the log-Hdlder continuity on R”,
0 < g- £ g+ < +00, and then we take g.(x) = g(x) + g(—x), Ay = and A; = —1I.

In Section 2 we give some basic results about the variable Lebesgue spaces and
the theory of weights. We also recall the definition and atomic decomposition of the
variable Hardy spaces given in [4]. In Section 3 we state some auxiliary lemmas and
propositions to get the main results. In Section 4 we prove Theorems 1.1 and 1.2.

Norarion 1.4. We denote by B(xy, r) the ball centered at xy € R" of radius r. For a
measurable subset £ C R" we denote |E| and yg the Lebesgue measure of E and
the characteristic function of E, respectively. Given a real number s > 0, we write
Ls] for the integer part of s. As usual we denote with S(R") the space of Schwartz
functions, with §’(R") the dual space. If 8 is the multiindex 8 = (8, ...,/5,), then

Bl =B1+-+ B
Throughout this paper, C will denote a positive constant, not necessarily the same
at each occurrence.
2. Preliminaries

In this section, we give some definitions and some basic results about the variable
Lebesgue spaces and the theory of weights.
Given a measurable function p(:) : R" — (0, co) such that

0 < ess inf p(x) < ess sup p(x) < oo,
xeR” XeR"

let LP)(R") denote the space of all measurable functions f such that for some A > 0,

[

A
1l = inf{/l 50 f

We see that (LPO(RM), |I.]I p(-) 18 a quasi normed space.

p(x)
dx < oo.

We set
/@

p(x)
dx < 1}.
1
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Here we adopt the standard notation in variable exponents. We write

p- =ess ian p(x), ps=-esssupp(x), and p=min{p_,1}.
veRn £

xeR”"

From now on we assume 0 < p_ < p, < oo. Itis not so hard to see the following lemma.

LemmA 2.1. The following statements hold:

(1) Nl 2 0, and [Ifllc, = O if and only if f = 0.
@) e fllpey = lelllfllpe for ¢ € C.
P P P
3) I+l S A + gl
@) Pllpey = I8, for all s > 0.
(5) IfAisann X northogonal matrix and p(Ax) = p(x) for all x e R", then || fallp) =

I£1lp)s where fa(x) = f(A™"x).

Let #( denote the collection of all measurable functions p(.) : R” — (0, co) such that
0<p-<ps<oo

Given p(-) € Py with p_ > 1, define the conjugate exponent p’(-) by the equation
1/p()+1/p'()=1

Lemma 2.2 (See [2, Theorem 2.34]). If p(-) € Py with p_ > 1, then for all f € LV,
A llpey < C supf |f(x)g(x)ldx,
Rﬂ

where the supremum is taken over all g € L”'©) such that gl < 1.

Let f be a locally integrable function on R". The function

1
M(F)() = sup — f @)l dy.
Box 1Bl Jg

where the supremum is taken over all balls B containing x, is called the uncentered
Hardy-Littlewood maximal function of f.
Throughout, we will make use of the following class of exponents.

DeriniTion 2.3. Given p(-) € Py, we say p(-) € MPy if there exists pg, 0 < po < p_,
such that 1M fllyty/p, < CllFlloy

LEmMA 2.4. Given p(-) € Po, with p_ > 1, if the maximal operator is bounded on LP®),
then for every s > 1 it is bounded on L*P©,

Proor. From Holder’s inequality and Lemma 2.1(4),

1M fllsper = IMFYILE < IMAFILE < CHAPILE = CllAllspo- o
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The following lemma is a remarkable result in the theory of the variable Lebesgue
spaces (see [5, Theorem 8.1]).

LemmMa 2.5. Given p(-) € Py, with p_ > 1, the maximal operators are bounded on L")
if and only if they are bounded on LP'®.

It is well known that a useful sufficient condition for the boundedness of the
maximal operator is a log-Holder continuity, (see [2, 6]). In our main results, we will
only assume that the exponent p(-) belongs to MP,.

In the paper [4], Cruz-Uribe and Wang give a variety of distinct approaches, based
on differing definitions, all leading to the same notion of the variable Hardy space
HPO

We recall the definition and the atomic decomposition of the Hardy spaces with
variable exponents.

Topologize S(R") by the collection of semi-norms || - [lo4, With @ and g multi-
indices, given by

I@lla g = sup [x“0Pp(x)|.

xeR”

For each N € N, we set Sy = {9 € SR") : lpllag < 1, lal, |8 < N}. Let f € S'(R"), we
denote by My the grand maximal operator given by

My f(x) = sup sup [(r™"(r™") * 0]

>0 peSy

DeriniTion 2.6. Let p(-) € MPy. For N > n/pg + n + 1, define the Hardy space with
variable exponents H”(R") as the set of all f € §’(R") for which My f € LPO(R™). In
this case, we write || fllzr0 = [IMy fllpe)-

Let ¢ € S(R") be a function such that f ¢(x)dx # 0. For f € S'(R"), we define the
maximal function M, f by

My f(x) = Sup (") * ).

Theorem 3.1 in [4] asserts that the quantities || M f1| ) and || My f|| ., are comparable,
with bounds that depend only on p(-) and n and noton f,if N >n/py +n+ 1.
Now, we give the definition of atoms.

DermniTion 2.7. Given p(-) € MPy, and 1 < g < oo, a function a(-) is a (p(-), g)-atom if
there exists a ball B = B(xy, r) such that

(a;) supp(a) C B,
(a2) llally < BVl xsll7}.
(az) fa(x)x“dx =0 forall |o| < |n(1/po — 1)].

Remark 2.8. Leta(-) be a (p(-),g)-atom and 1 < s < g, then Holder’s inequality implies
llally < 1BIY* /1Ly 8ll -
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Given 1 < g < oo, let ng(l')’q(R") be the subspace of H”")(R") consisting of all f that

have decompositions as finite sums of (p(-), g)-atoms. By [4, Theorem 7.1], if ¢ is
sufficiently large, Hgfl')’q(R”) is dense in HPO(R™).
For f € H''(R"), define

||f||H1’<)q = inf

‘Z” sl Z” o

where the infimum is taken over all finite decompositions of f using (p(:), g)-atoms.
Theorem 7.8 in [4] asserts that || f]] 14 = LAl g0 for all f € Hgl(]')’q(R”).

A weight is a nonnegative localllgf integrable function on R" that takes values in
(0, 00) almost everywhere, that is: the weights are allowed to be zero or infinity only
on a set of measure zero with respect to Lebesgue measure.

Given a weight w and a measurable set E, we use the notation w(E) = fE w(x) dx.
Let f be a locally integrable function on R". The function

P()

M(f)(x) = lfO)ldy,

1
5>o |B(x, 0)| Jp(xs)
is called the centered Hardy—Littlewood maximal function of f. It is easy to check that
27"M(f)(x) < M(f)(x) < M(f)(x) forall x € R". (2.1)
We say that a weight w € A, if there exists C > 0 such that
Mw)(x) < Cw(x) a.e.xeR", (2.2)
the best possible constant is denoted by [w]#,. Equivalently, a weight w € A, if there
exists C > 0 such that for every ball B
|—115)| fw(x) dx < Cess }crelzfz w(x). 2.3)

Remark 2.9. The orthogonal group O(n)! induces an action on functions by fa(x) =
f(A'x), where A € O(n). Since M(wy)(x) = [M(w)]A(x) for all x € R”, and taking
account (2.1) and (2.2), it follows that w € A if and only if wy € A; for all A € O(n).
Therefore, the space of weights A, is invariant under the orthogonal group, and the
A, constant is preserved.

Remark 2.10. If w € A; and 0 < r < 1, then by the Holder inequality, w" € Aj.

For 1 < p < oo, we say that a weight w € A, if there exists C > 0 such that for every

ball B 1 |
1/(p-1)
(|B| f w(x)dx T f [w(x)] - dx) <C

It is well known that A, C A, forall 1 < p; < pr < 0.

10(n) = {A € GL,(R) : A" = A1},
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Given 1 < p < g < oo, we say that a weight w € A, , if there exists C > 0 such that
for every ball B

1 g, 1 . 1p
(E f;[w(x)]q dx) (E f;[w(x)] P dx) <C<oo.

For p =1, we say that a weight w € A, 4 if there exists C > 0 such that for every
ball B

|B|

When p = g, this definition is equivalent to w” € A,.

1 1/q
(— f [w(x)]? dx) < Cessinf w(x).
B X€EB

Remark 2.11. From the inequality in (2.3) it follows that if a weight w € A, then
0 < ess inf,ep w(x) < oo for each ball B. Thus, w € A, implies that wlld e Ap g, for
each1 < p<g<oo.

A weight satisfies the reverse Holder inequality with exponent s > 1, denoted by
w € RH,, if there exists C > 0 such that for every ball B,

1 N
(ﬁ fB W] dx) <Co fB W) dx:

the best possible constant is denoted by [w]gy,. We observe that if w € RH, then by
Holder’s inequality, w € RH, for all 1 <t < s, and [w]gn, < [W]rH,.

Levmva 2.12. Given w € Ay, then w € RHy, where s = 1 + (2" [w]g,)7".

This result was proved for cubes in [10]. However, since w € A is doubling, the
lemma holds for balls with same exponent.
Given 0 < a < n, we define the fractional maximal operator M,, by

1
Mof) = sup e | 11y,

where f is a locally integrable function and the supremum is taken over all the balls
B which contain x. In the case @ = 0, the fractional maximal operator reduces to the
Hardy-Littlewood maximal operator.

The fractional maximal operator satisfies the following weighted vector-valued
inequality.

Lemma 2.13. Given 0 < a <n, let p and g such that 1 < p<g<oco and 1/q =
1/p —a/n. Then, forallw e Ay and all 1 <0 < oo,

(T I

for all sequences of functions { fj}‘]’.‘;l c LP(wPl4),

b
Li(w) LP(wpl4)
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Proor. Given w € A;, from Remark 2.11, w/? € Apgq- So, the lemma follows from
[3, Theorem 3.23]. |

We conclude these preliminaries with the definition of the weighted Hardy spaces.
Given a weight w € A; and po > 0, the weighted Hardy space H”°(w) consists of all
tempered distributions f such that

1/po
||f||Hpo<w>=||M¢f||m<w)=( f [M¢f(x)]”"W(X)dX) < .
Rn

For a sufﬁciently large N, ”M¢f||LI’0(w) = ”MNf”U’O(W)s (see [2] ])
Let p(-) € MPy, and g > 1. Given w € A, define H»?(w) as the set of all finite sums
of (p(-), g)-atoms. If g sufficiently large, then by [4, Lemma 7.6], H."¥(w) C H(w).

Moreover, by [4, Lemma 7.3], Hgﬁ')’q(R”) = H"(w) as sets. (We introduce this

notation involving w to stress that it is a subset of H”°(w).)
For f € H{"(w), define

1/po

Ao X = /la}
’Z Tl o Z ’

where the infimum is taken over all finite decompositions of f using (p(-), g)-atoms.
If we A, N LPO/P) then [4, Lemma 7.11] asserts that 11704y < Cll A0 for all

f e HE"(w).

||f||Hpo ll(w) = 1nf

(w)

3. Auxiliary results
The following lemmas are crucial to get the main results.

Lemma 3.1. For 0 <a <n and m > 1, let T,,, be the operator defined by (1.1). If
w € Ay, then

n/(n—a)

T OO A < CA100 D [ 10l (01" ) G.)
=1 VR

for all integrable function f with compact support.

Proor. We study separately the cases 0 <@ <nand @ = 0. For 0 < @ < n, |Tonf(x)| <

ol fDa,(x), so
{x [ Tymf(0)| >} C U Ai({x s (I fD)(x) = A/m}).
i=1

Since w € A, from Remarks 2.9 and 2.11, it follows that [w,-1]""®/" € A, , /s for
eachi=1,2,...,m. Now [13, Theorem 5] gives (3.1).
The proof for @ = 0 is analogous to [ 16, Proof of Theorem 1(b)]. O
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Lemma 3.2. For O < @ <nand m > 1, let T, », be the operator defined by (1.1) and let
a(-) be a (p(+), q/ po)-atom supported on a ball B.

(@ If0O<a<n weA and q>npy/a, then for1/qy=1/py —a/n

m
| Tapa(lwo dx < CIBI"™ | il 85 > war(B).
! i=1

(b) Ifa=0andw e A; N RHyp,y, then

m
Rnuummxnmw&odxs<mXBmz$§;wq;(B>

Proor. (a) Let B = B(xo, r) be the ball which a is supported, we put B; = B(A;xo, 2r)
withi=1,...,m. We decompose R" = | J/, B: UR, where R = R"\(UZ, BY) and write

|Tama(x)1*w(x) dx = f |Tama()*w(x) dx + f T ma(x)1*w(x) dx
UVll B* R

=17

R'l
=1L+ 1.

We first estimate I,
m m 00
L < Z f |T o ma(x)|®w(x) dx = Zf g™ 'w({x e B! 1 [Ty ma(x)| > A})dA
i=1 Y B; =1 Y0

fori=1,...,m, we write w;(x) = [w,1(x)]"/", from Lemma 3.1 and the generalized
Kolmogorov’s inequality (see [9, Theorem 3.3.1, page 51])

U 1=(n-a)/nqo ¢ L 40
I < C(Z w(Bl’-‘)) (Z IIaIIu(W,)) :
i=1

i=1

Now we estimate ." | [lall.i(,,), by Holder’s inequality and since a(.) is a (p(.), ¢/ po)
atom

llallLr oy

= f la(0)llw s ()] dx

polq , 1/(q/poy
< (f |a(x)|14/170 dx) (f[WA.'(X)](n_d)/n(q/m) dx)
B B

, 1 3 , 1/(alpoY
< |B|1/(q/po) |B|p0/q||)(3||p(l.)(® f[wAil(x)](n a@)/n(q/po) dx)
B

the condition g > npg/a implies (n — @)/n(g/po)’ < 1, then from Holder’s inequality

4 1 (n—a)/n
swmwﬁfmmﬁ
B

- |B|{l/n||XB”I_7(l.)[WA;] (B)](n—a)/n’

https://doi.org/10.1017/51446788717000131 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000131

264 P. Rocha [10]

SO
" 40 _ mn q0
(D allnn) < 1B el wg 1"
i=1 i=1
L (n—a)/nqo
<R sl (Y 1)
i=1
Since wy-1 € A; for each i =1,...,m (see Remark 2.9) and the weights in A, are

doubling ‘measures (see [4, Remark 7.7]), it follows that
m
I < CIBI™™ | gl " et (B).
i=1

To estimate I, we start with a pointwise estimate. Let d = [n(1/py — 1)]. We denote
k(x,y) =|x— Ay ™ - |x — Ap,y|~®". In view of the moment condition of a(.)

Toma(x) = f k(x,y)a(y)dy = f (k(x,y) = ga(x,y))a(y) dy,
B(xo.r) B(xo,r)

where ¢, is the degree d Taylor polynomial of the function y — k(x,y) expanded
around xo. By the standard estimate of the remainder term of the Taylor expansion,
there exists & between y and x, such that

ad+l

—6yﬁ”k(x’ f)‘

Ik(x, y) = qa(x, I S Iy = %ol -
Ky tomd+ 1 OV -

m m

<[ Trr- )Y k- aer)

i=1 I=1
Now, we decompose R = | J;_, Rx where
Ry ={x€eR:|x—Axo| <|x—Aixo| for all i # k}.

If x € R then |x — A;xg| > 2r, since & € B it follows that |[A;xg — A;é] < r < %Ix — A;xol
SO

lx — Aiél = Ix = Aixo + Aixo — A€l > |x — Aixol — |Aixo — Aié] > 1|x — Aixol.

If x € R, then x € R, for some k and since a; + -+ @, =n—«a

m m d+1
) = a9l < Cly = 3ol ([ ] b = Aol )( D v = Avwol™)
i=1 =1

S Crd+1 |x _ Akx0|*n+[l*d*1 ,
this inequality allows us to conclude that

d+1 — —d—-1
[T ma(x)| < Cllalli 7" |x — Agxo| ™"

1- d+1 -nt+a—d-1
< CIBI" 7 4 lallgyp ™t |x = Ao,
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since llally/p, < 1BIP/4|| x gl

()
n+d+1
|Tema(x)|<C |x — Akx0|—n+a—d—1
”XB”p(-)
Mniin ALy rd+D/n
< C( /( +d+1)ﬁ’(B)|T k ) if x € Ry. (3.2)
XBllp¢)

This pointwise estimate gives

Moniin A X qo(n+d+1)/n
L= f |Tama(x)|q°w(x)dx<CZ f Sl +d+n>c”v;)(” ) w(x) dx
Bllpe)

C||)(B||p( ) f (M(m/(n+d+l)(XB)(x))qO(n+d+1)/nWA;l (x)dx.
-1 VR

Since d = |n(1/py — 1)], go(n+d + 1)/n>1. We write '(j:~q0(n+d+ 1)/n and
let 1/(p)=1/q+a/(n+d+1), so p/qg = po/qo and (WA;])I/q € Ayz. From [13,
Theorem 3],

qo/po

(Man/(n+d+1)(,(3)(x))"°("+d+1)/"WA,;'(X) dx < (f XB(X)[WAEI(X)]”"/"U dx)

<|BI*"®w,1(B),

Rn

where Holder’s inequality gives the last inequality.
(b) As in (a) we decompose R" = [ JiZ; Bf U R, where R = R"\(UJZ, B), but now
we write

IToma(o)lw(x)dx = f [T ma(x)lPw(x)dx + f [To,ma(x)|Pw(x) dx
R U, B! R
=0+ 1.

A similar computation as done in (a) allows us to obtain the following equation:

I sc(lzn]w(B;‘))l_m(i fB Ia(x)lwA;l(x)dx)pO
i=1 i=1

To estimate the last integral we use that a(-) is an (p(-), g/ po) atom and w € RH 4,y
SO

1/(a/po) / @y 1/(a/poY
f|a(x)|wAi-1(x)de|B| a/po)' | p|Po q“XB”p() B f[wA 1(x)]4/Po dx)
B

< Cllxsllylywat (B).
Therefore,

I < Cllysll) Z Wit (B).
=1

https://doi.org/10.1017/51446788717000131 Published online by Cambridge University Press


https://doi.org/10.1017/S1446788717000131

266 P. Rocha [12]

To estimate I, following a similar argument to that used in (a),
= [ Moo weode < Cllalf f (MO P Dl (5 di,
= R» !

where d = |n(1/pyg — 1), so po(n+d+ 1)/n > 1. Finally, since wy-1 € A} C
Apgnra+1yn foreach i =1,...,m, from [12, Theorem 9], it follows that

m
L < Cllxsll,!s > wai(B),
i=1

The proof is therefore concluded. O

ProposiTioN 3.3. For 0 < @ <n and m > 1, let T, ,, be the operator defined by (1.1).
Let p(-) € MPy, with 0 < py < n/(n + @), such that p(A;x) = p(x) foralli=1,...,m
Ifw € Ay N LPo/0POIP) (R and 0 < @ < n or w € Ay N LPO/PY (RY) N RH ),y and
a =0, then for 1/qo = 1/po — a/n

1o fllzsoey < € Z Wl iy

i=1
forall f € Hgg’q/ P (w), where q is sufficiently large.

Proor. Given f € Hﬁ’.’g’q/”"(w), f= 21;21 Aja;, where a; is a (p(-), q/ po)-atom supported
on a ball B;. Since 0 < go < 1, Lemma 3.2 gives

k
1T mf”qu(W) jl; |T o f ()| Pw(x) dx < Z /l‘jo jl; T maj(X)|*w(x) dx
n j:l n

k
<C Z AL1B /0y || w1 (B))

i=1

3

3

= CZf ( ,{‘/OlB |a/nqo||XB ”p( X, (X))WA (%) dix.
i=1 VRS

The embedding [P0 < [% gives
@
<C Z f M)W}WOWM (x) dx. (3.3)
" Lxs,1lpc) i
It is clear that if @ = O, then the proposition follows from [4, Lemma 7.11], since w1 €
A N LPOP(R?) and Hp”’q/po( ) = Hpo’q/po(wA 1) as sets. For the case 0 < @ <1, a
computation gives |B; 19/ X B;(X) < (Map,2(x B, )(x))z/p0 so (3.3)

S 4 (Ma 0/2()(3 )(x))z/PO P0Y 90/ Po
) Zf {Z( Tonlh JE @

{Z": /l?O(MapO/Z(XB-)(‘))Z}l/Z
=1 ”XB ”p()

m

=€,

240/po

L240/Po (W"i_] )
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because py/2qo = % —app/2n and [wAfl]pO/zq0 € A2 249/po» by Lemma 2.13
m

ey {Zk: /150)(3_;(')}1/2

0
=1 = x| pC)
LT /15(’)(3,-(')

Z)))

Po

2q0/po

L2([w -1 170/490)

q0/po

L1 (w1 170/0)

Since, for each i=1,...,m, [w,1]?/% € A; N LPO/PY(R") (see Lemma 2.1,

Remarks 2.9 and 2.10), and Hgﬁ’q/po(w) = Hgg’q/po([wml]p(’/qo) as sets, by [4, Lemma
7.11], we can take the infimum over all such decompositions to get

m
e Pl < C D 1l oy
i=1 !

for all f € H™ (w). D

For 0 < a < n, let I, be the Riesz potential given by

NAS)

R |X =y

I f(x) = dy, (3.4)

where f € L*(R"),and 1 < s < n/a.
We introduce the following discrete maximal, given ¢ € S(R") and f € S'(R"), we
define

M f(x) = sup|(¢’ * )X,
j€z
where ¢/(x) = 2/"¢(2/x). From [15, Lemma 3.2 and Proof of Theorem 3.3], it follows
that for all f € S’(R")andall0 <8< 1
My f(x) < CIM((M5 ) (x)]'¢ for all x € R”, (3.5)
if N is sufficiently large. This inequality gives the following lemma.
Lemma 3.4. Ifw e A and 0 < gy < 1, then || fllgaoow) < CIIMZfIIqu(W).

Proor. Let 0 < 6 < go. Since Ay C Ay, g, then the lemma follows from the inequality
in (3.5) and [12, Theorem 9]. O

ProrosiTion 3.5. Let O < a < n. If 1, is the Riesz potential defined in (3.4) and a(-) is a
(p(), q/ po)-atom, q/ py > n/a, such that fxga(x) dx=0forall B <2|n(1/gqo—1)] +
3+ |a] +n, where 1/qy = 1/py — a/n, then

MY(Ta)(x) < CIBI "Ll M) ifx e R\B(xo,29),  (3.6)

where B = B(xy, r) is the ball which a(-) is supported and k = |n(1/qy — 1)].
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Proor. We observe that 2|n(1/qy — 1)] + 3 + la] + n > [n(1/py — 1)]; thus, a(-) is an
atom with additional vanishing moments.
The same argument utilized to obtain the pointwise estimate that appears in (3.2)
works if we consider the operator I, instead T}, o, SO
rn+|,B|+1
aa(x)] < Clgr—r—Ix = xo| P, (3.7)
Ly Bl p¢y
for all x € R"\B(xp,2r), and all 0 <|B] <2|n(1/g0 — 1)] + 3 + ] + n. Taking |8] =
2|ln(1/go — 1)] + 3 + |a] + nin (3.7), a simple computation gives

[loa(x)| < C

@ _ —2n—-2k-3
r I xo') Vx € R™\B(xo.2r) (3.8)

||XB||p(<)( r

where k = [n(1/qo — 1)].
Let | < s < n/a, from the L® — L™/®=5® poundedness of I, and Remark 2.8,
|B|(n—sa)/xn|B|0z/n

o allpsnomsor gy 2ry) < Cllally £ C————. (3.9)
Ly 8l

Taibleson and Weiss in [22] proved that

Fla(x)dx =0, (3.10)
Rﬂ
for 0 < |B] < n(1/go — 1)].
Finally, we observe that the argument utilized in [15, Proof of Theorem 5.2] works
in this setting, but considering now the estimates (3.8), (3.9) and the moment condition
(3.10). Therefore, we get (3.6). O

Remark 3.6. If a(-) is a (p(-), g/po)-atom such that fxﬂa(x) dx =0 for all |8 <
2ln(1/qo — 1)] + 3 + la] + n, where 1/go = 1/po — a/n, then from the inequality in
(3.7), it follows that

B/

[lpa(x)| < C [M(yp)(x)] e+ D,

Ly 8llpe)
for all x € R"\B(xy, 2r), and k = |n(1/qo — 1)].

ProposiTioN 3.7. For O < @ < n, let 1, be the Riesz potential given by (3.4). Let
p() € MPy, with 0 < po < n/(n+ ). If w € Ay N LPI/0POIPY(R"Y N RH(y/,y, Where
1/go = 1/po — a/n, then

o fllzs ey < CU gy for all f € HEP(w),

where g > max{1, p., po(1 + 23 (IMlpeyrpey + IMIligey/g0y)s PoR/ ).

Proor. We recall that in the atomic decomposition, we can always choose atoms with
additional vanishing moments. This is, if / is any fixed integer with [ > [n(1/py — 1)],
then in the definition of the space ng(l')’q(R”) we can assume that all moments up to
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order [ of our atoms are zero. Thus, given f € H/ /PR, f = 5.1 Ajaj, where a;
are atoms with a moment condition up to order 2|n(1/qy — 1)] +3 + |a] + n.
By Lemma 3.4 and since 0 < gy < 1

fR My ) wxdx<C fR "(Mz(laf )(0))*w(x) dx
k
<cylan f (MY(I,a)(x))*w(x) dx.
J=1 R

Thus, we estimate the last integral for an arbitrary atom a(-) supported on a ball
B = B(xy, ).

(MY (L)) w(x) dx
Rn

= f (M (Iya)(x)®w(x) dx + f (M (Iya)(x)®w(x) dx = Jy + I,.
B(x0,2r) (B(x0,2r))"

We first estimate J; and we use the fact that Mg(]aa)(x) < M(l,a)(x), for all x € R".
w € Aj, and since the Hardy—Littlewood maximal operator satisfies Kolmogorov’s
inequality,

7 < CW(B(xO,zr))l—%( f () w(x) dx)qo.
RVI

To get the desired estimate for Jy, it will suffice to show that

B
L= Ly a(x)|w(x)dx < C

w(B(xo, 2r)).
R [ xBllpey

To prove this, we split the integral
L= f [l a(x)w(x) dx + f [l a(x)w(x)dx = Ly + L.
B(x0,2r) B(x0,2r)¢

To estimate L;, we take 1 < s <n/a suchthat0 < 1/s - a/n < po/q, so if s'is defined
by 1/5 = 1/s — a/n, Holder’s inequality and the L* — L* boundedness of I, give

NV _F
Ly < |Iloalls ( f W) dx) < C||a||s( f W) dx)
B(xo0,2r) B(xo,2r)

since 1 < s < g/po, Remark 2.8 gives

Bl/s . 1/5 B1+cy/n 1 . 1/5
<c B ( f (O] dx) _clB (— f w(OT dx)
||XB||p(~) B(x0,2r) ||XB||p(') |B] B(x0,2r)

a computation gives 1 <'s” < (¢/po)’, since w € RH(y;,,y it follows that w € RHy and
thus

|l

Li<C
L Bllpey

w(B(xg, 27)).
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To estimate L,, we use [12, Remark 3.6 and Theorem 9] to obtain

Ba/n
L, <C 1Bl

w(B(xo, 2r)).
[ x Bllpey

From the estimates of L, L, and since the weight w is doubling,

qoa/n

Ji<C

w(B).

” B| ()
Now we estimate J>. By Proposition 3.5 and since w € Ay C Ayynri+1)/n, ONCE again
by [12, Theorem 9],

B|doa/n
n<clB [ MGt dx
”/\/B| 120)
| B|2oa/n | B|2o/n
<C f xp(xXwx)dx=C 7 w(B).
” B|p() ” B|P()
Then
4 | |qoa/n
f (M¢(Iaa)(x))"°w(x) dx=J1+J, < w(B).
R ” B”p()
So

Mo f %) < C f ”{i(ﬂ'ﬂ:”m)m) b dx

=
the embedding [7° — [ gives

AjIB|1*my g, (x) \Po) 40/ o
scfn{;(—“m”pi x) } w(x) dx G.11)

a computation allows us to obtain |Bj|*"y,(x) < (Mqp,2(x5,)(x))*'7, s0 (3.11)

< jl;n{Z(/lj(Mapo/Z(XB,)(x))z/pO )PO}qo/PnW(x) i

— Ly 5,1 pc)
H /lpo(Mapo/z()(B )())? }1/2 290/po
”XB | 20 1240/P0 ()
because po/2qp = 5 — apo/2n and wPo/290 ¢ Az 240/po» by Lemma 2.13
H /l XB()}I/Z 240/ po k /I?OXB,.(.) 490/ Po
||XB 2 ez # x l, ergumoreo)
Since wP/® ¢ ﬂl N LPO/PY(R") (see Lemma 2.1 and Remark 2.10), and
HY» a/Po (yypo/d0y = H” 9P () = ”()"/FO(R”) as sets, by [4, Lemma 7.11], we can take

the infimum over all such decompositions to get
||Iaf||H‘/0(w) < C”f”Hﬂo(wﬂo/qo),
for all f € H™ (w). o
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4. Main results

In the sequel, we will consider a measurable function g(-) : R" — (0, c0) such
that 0 < gg < g- < g+ < +o0, with 0 < gg < 1. Given 0 < a < n, we define p(-) by
1/p() :==1/q(:) + a/n and pg by 1/pg :=1/qo + a/n, it is easy to check that 0 <
Po < p-<p+<nj/aand 0 < py <n/(n+ a). If g(-) is such that the maximal operator
is bounded on LV/% (that is g(-) € MP,), then by Lemma 2.5 we have that it is
bounded on L¥"/%) now by Lemma 2.4 it follows that the maximal operator is
bounded on LP9/P0) because (p(-)/po) = qo/po(q(-)/qo) . In the definition of the
space HY PRy we will assume g > max{1, ps, po(1 + 2" 3(|Mlpy o)} if @ = 0,
or ¢ > max{1, p+. po(1 + 2™ 3(IMllipeper + IMllqeyaoy ) Ponfa if 0 < @ < n.

Proor oF THeorEM 1.1. The operator T,, is well defined on the elements of
HPV9P R, So, given f e HE/P (R, from Lemma 2.2,

I TamfII ) = W Tamf1®llgcrq0 < C sup f |Tamf (I 18(x)| dx

where the supremum is taken over all g € LY0/%)" such that [|gllc)/qor < 1. Now
we utilize the Rubio de Francia iteration algorithm with respect to L4®)/%) Given
a function g, define

(e8]

Re(x) = Z M)
=5 ZMIlg0 /gy

where M%g = g and, for i > 1, Mig = M o --- o Mg denotes i iterates of the Hardy—
Littlewood maximal operator. The function Rg satisfies:

(1) |g(x)| < Rg(x) for all x € R™;

() IRgllge/q0r < ClIglligy/q0ys
(3) Rge A and [Rgla, < 2IMlqe)/q0y -

By Lemma 2.12 and our assumption on g Rg € RH,;,,y; by these properties and
since ng(l')’q/p °(R") = Hgg’q/” °(Rg) as sets, according to the ideas in [2, Proof of

Theorem 5.28], Proposition 3.3 and taking account that (p(-)/po)" = qo/po(q(-)/q0)
and g(A;x) = g(x) foreachi=1,...,m

ITamfllrsor < Cllfllgeo,

for all f € Hg]g')‘q/ Po(R™), so the theorem follows from the density of ng(l')‘q/ P(R™) in
HPORM). .

Remark 4.1. Observe that Theorem 1.1 still holds for m =1 and 0 < @ < n. In
particular, if A; = I, then the Riesz potential is bounded from H?®(R") into LI"(R").

Proor o Theorem 1.2. The operator I, is well defined on ng(l')’q/ Po@®R™). So given
fe ng(l‘)"’/po (R™), from Lemma 2.2,

MafI%, < CIMy I = [N ) s
< Csup fR Mo )] dx
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where the supremum is taken over all g € L4090 such that ||gllc/q,y < 1. From
Proposition 3.7 and proceeding as in the proof of Theorem 1.1 we apply the Rubio
de Francia iteration algorithm with respect to L®)/%)" to obtain

o fllgaor < Cllf o,

for all f € Hg]g')m PO(R™), so the theorem follows from the density of Hg]g')‘Q/ POR™) in
HPORM). o
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