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A NOTE ON MODULAR FORMS MOD p
MASAO KOIKE

§1. Introduction

In this paper we shall study relations among the spaces of modular
forms mod p attached to S.(Np, ¥ry) and S,.(NN, ¢») by using certain identities
between dimensions of these spaces.

Let N be a positive integer and y be an arbitrary character of (Z/NZ)*.

Let T'(N) = {(g g) e SL(Z)|c = 0 (mod N)}. Let f(z) be a cusp form of
weight % satisfying

f©@) = (cz + Ay d)f(z)  for all ¢ = (g g) e T'y(N).

Then we call f(2) a cusp form of type (k, y) on I'(N), and we denote by
SV, x) the space of all cusp forms of type (%, y) on I'(N). If y is trivial,
we simply denote S,(IV).

From now we fix a rational prime p, p > 5. Let N be a positive
integer such that (p, N) = 1. Let + and y be arbitrary characters of
(ZINZ)* and (Z[pZ)* respectively such that

(L1) Y= =1.
Let ¢ denote the order of y and put

(1.2) p=P=-DE—a)
t

with any integer @ such that 1< a <t (a,0) =1. Let & be any even
positive integer. Then we shall prove the following simple identities be-
tween dimensions of spaces of cusp forms by using Hijikata’s explicit trace
formula [2]:

THEOREM 1.1. The notation being as above, we have
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dim¢ Sy(Np, ¥y) = dim¢ S(p+1)(k/2)—x(]v7 )

(L3) _
4+ dime S em - (p-1-0@V, V) .

In §3, we shall prove a statement analogous to Theorem 1.1 when k
is odd, & > 3.
~ N
Let S,(1) and S.(p) denote the space of modular forms mod p attached
to S, (1) and S.(p) respectively. Some of fundamental results on modular
forms mod p, due to Serre and Swinnerton-Dyer are the followings:

~/ —
1.4) §d) c S,.,.Q),
(15) S = S,.0) .

It is essential to prove (1.5) that it holds
dimg S,(p) = dime S,.,,(1)

which is a special case of Theorem 1.1. Hence next to do is to generalize
(1.5), namely to get relations between the spaces of modular forms mod p
attached to S,(IVp, ¥y) and S,.(IV, 4 as an application of Theorem 1.1.

To state further results, we fix N, ¢+ and k& as above. Take an alge-
braic number field K of finite degree over the rational number field which
contains all eigenvalues of all Hecke operators acting on S(Np, ¥y) for
all characters y of (Z/pZ)* and on S, (IV, ¥) for all & < (k/2)(p + 1), and
all p(p — 1)-th roots of unity. We fix a prime divisor p of K lying over
p. Let v be the valuation of K attached to p normalized by »(p) = p~'.
Also we write 0 = {e e K|v(a) < 1} and F = ofp.

For any character y of (Z/pZ)*, we define V, and V,, by

e Vv, = {f(z) = > a,q" € SuNp, ¥)]a, ¢ K for all n> 1} ,

an V.= {g(z) = S b€ Su(N, ¥)|b, € K for all n > 1}.
n=1

where g = >, Then V, and V,, are vector spaces over K with same
dimensions as those of S,(Np, ¥y) and S, (IV, ¥) over the complex number
field respectively. For any subspace V of V, or V,., we define

(1.8) V(o) = {f(z) = }j a,9"¢ V]a, eo for all n > 1} :

For any f = > ».,a,q" in V(0), we put
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f= 3a.q" ¢ Fllall

where @, = a, mod p. f is a cusp form mod p in slightly more generalized
sense than that of Serre and Swinnerton-Dyer. Let V denote the space
over F spanned by f for all fe V(o). Then V has the same dimension over
F as that of V over K. V is called the space of modular forms mod p
attached to V.

Let W, = (5 f\} 3 ;) with some rational integers x and y, be a matrix

with determinant p. We define a linear operator W, on V, by

(19) (1 W,)2) = p"(pNyz + p)""f(%%) .

Then we shall prove that W, gives an isomorphism between V, and V,
where 7 is the character of (Z/pZ)* defined by 7(n) = the complex con-
jugate of x(n).

Since we fix a prime divisor p, there exists a unique character o of
(Z/pZ)* such that

o(n) = nmod P

for all integers ne Z, (n,p) = 1. Since y is a character of (Z/pZ)* of order
t, there exists a unique rational integer a, (1 < a < ¢, (a, £) = 1) such that

(1.10) g = o@-he-alt
Put
(1.11) t=(p— D¢ — a)t.

TuEoREM 1.2. The notation being as above, there is a decomposition
of V, into a direct sum of subspaces V,, and V,, satisfying following

properties:
(1.12) dimg V,,, = dim, S(p+1)(k/2)—(p—l—x)(M V),
dim, V,, = dim, S(p+l)(k/2)—l=(N’ ) .
~ ———
(113) Vl.z = V(p+l)(k/2)—(17—l—k) .
— —
(1»14) (le W,,) = V(p+1)(k/2)-t .

When N =1, k=2 and y is trivial, Theorem 1.2 implies éz?}/)) = S’;:(/l).
As a corollary of Theorem 1.2, we shall prove
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CoroLLARY 1.3. For any Hecke operator T(n) with (n, Np) =1, the
following congruence holds:

tr T(n) on S,(Np, vX) =tr T(n) on Su.ywm-w-1-0V, V)
+ntr T(n)  on Sgunwm-«N,¥) (modp) .

(1.15)

Some results of this note were already announced in [5] without proofs.
For general terminology on automorphic forms, we refer to Shimura’s text-
book [9].

When k& = 2 and 4 and y are trivial characters, Dr. Hatada obtained
earlier similar results to Theorem 1.1 and Theorem 1.2 in Part 2 of his
doctoral thesis at University of Tokyo, April 1979.

§2. Proof of Theorem 1.1

We shall prove Theorem 1.1.

Hijikata’s trace formula for dim; S,(IV, X) can be read as follows [2]:
let N be a positive integer and 2 > 2 be an integer. Let X be an arbitrary
C*-valued character of (Z/NZ)* such that x(— 1) = (— 1)*.

Then we have

dimC Sk(N7 X) = tv(k’ Ny X) + tp(k: Na X) + tel(ka N’ x)

@.1)
+ to(k, N, X) + ti(k, N, %),
where
kE—1 1 )
2.2 N, 1) = 11+ =),
22) 1o N = o2 (14—
k=1 __ ,/k-1 _
— 1 (1 + (52 + 1)
— P
2.3 kR, N,y) =
( ) tel( t 9X) lf 32/‘/N,
0 if 3| N,
=2 (14 (50))0 + 10— )
@4 tpNn—{ = "2 P
' e if 4YN, and k even,
0 otherwise ,

1 if k=2 and X is trivial,

2.5 t;(k, N, X) = .
(2:5) o 2 {O otherwise ,

x=1[%, N=[p, X*+X+1=X—)X—-0),
PN PN
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and all products run over all prime divisors p of N. ¢,(k, N, %) denotes
the term which comes from the contribution of the parabolic elements.
Later we shall describe it clearly.

Remark. If X does not satisfy the condition X(—1) = (—1)*, dimy Sy(NV, 1)
is automatically equal to zero. But the right hand side does not vanish
generally. Hence (2.1) does not hold in general if X(— 1) # (— D)~

Now we fix a rational prime p > 5. Let N be a positive rational
integer which is prime to p. Let 2> 2 be an even rational integer.
Let + and X be arbitrary C*-valued characters of (Z/NZ)* and (Z/pZ)*
respectively satisfying

YH(—1) =1.

Let ¢ denote the order of X. Then ¢ is a divisor of p — 1. For any integer
a such that 1 <a <t and (a,t) =1, we put £ = ((p — 1)t — a))/t. Put

k,=§<p+1)—<p—1—x>,
and
h=t@+D -

We shall prove
THEOREM 2.1. The notation being as above, we have
(2.6) to(k, Np, ¥2) = t(ky, N, ) + t.(ksy N, 4)
for @ = v, p, el, e2, 4.
Remark 2.2. Tt is clear that Theorem 1.1 follows from Theorem 2.1.

Proof. We should remark that Y(— 1) = (— 1) = (— 1)*». Because
if ¥(—1) =1, then X(— 1) = 1. Hence « is even. So %k, and k&, are also
even. If ¢(—1)= —1, then X(— 1) = — 1. Hence « is odd. So &, and
k, are also odd. We should remark that, for @« = v, el, €2, the terms cor-
responding to prime factors ¢ of N are common in both hand sides of (2.6).

For @ = v, we have
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tv(kn 19 \!/‘) l tv(kZ, 1, ’\p‘) 112 {kl ‘ k2 2}
1
= 1 —(p—1) -2
15 fp+1)— (-1 —2}

— 1 —
_Tz—(k Dp+1

= tv(k’ D, X) .

For a = 4, the left hand side of (2.6) is equal to 1 if and only if & = 2
and + and X are trivial characters. Then we have t =1 and £ =0. Hence
k, =2 and k, = p + 1. Therefore the right hand side of (2.6) is equal to
1. Otherwise %k, + 2 and k, # 2. Hence the right hand side of (2.6) is
equal to zero.

For @ = el, it is sufficient to prove:

@ — o) (1 4+ (22))w) + 1))
2 p
= @f1-1 — ffa-1 + @Bl — ket

When p = 2 (mod 3), the left hand side of (2.6) is equal to zero. On the
other hand, we have k, =& — 1 (mod 3) and %, = — £ (mod 3). Hence o**
= 0% and 0™ ' = 0 *"!. To prove (2.6), it is sufficient to prove the fol-
lowing lemma:

LEmmA 2.3. For any integer r, we have
(2.7) w:—Z _ 0)/‘_2 — a)l-x—l — (D—A:—-l

Proof. If k=0 (mod3), we have o**=0 and o’ * ' =o' =0 If
£ =1 (mod3), we have o* ! Il =, If k=2
(mod 3), we have »**=1 and o’*' = 1. Hence Lemma 2.3 is proved.

When p =1 (mod 8), the left hand side of (2.6) is equal to (X(w) +

o)) (w** — &'*"*). In this case, o is proved to be equal to X(w) or X(«’).
1

=0'=0¢ and o

1 k-1

Since 0! = 0*-0** and 0™ ' = 0 "w*"!, we have

a)kl—l — w/kl—l + wkg-l — w/kz—l — (x(m) + x(wl))(wk—-l — wlk—l) .

Hence Theorem 2.1 is proved for « = el. Now we shall prove (2.6) for «
=e2 Ifx(—1) = —1, £is odd. Hence k, and k, are also odd. Hence
the both hand sides of (2.6) are equal to zero. Therefore we may assume
that X(— 1) = 1. Hence k&, and k, are even, so it is sufficient to prove:
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@9 (14 (S4) s = soes e
VY

When p = 3 (mod 4), the left hand side of (2.8) is equal to zero. Since k, —
k,=p—1=2 (mod4), we have i** %4 j*2= 0. Hence (2.8) is true.
When p = 1 (mod 4), the left hand side of (2.8) is equal to 2X(i)i*-%. Since
X(— 1) =1, (i) is equal to =1. Hence X({) = i* = i-*. Therefore we have
i7% = %% and {7 = 7R = .42 go

P72 2 = Dyt = ()it

Now we calculate t,(%, N, X) following the formula in [2]. We use the same
notation as in [2]. Let s =2 and ¢(X) = (X — 1% For 1 <f< N, we
calculate ¢(2, f). Let p be a prime divisor of N and p = ord, f. Then v =
ord, N. Let p™ denote the conductor of ¥,. Put

A={xeZ|(x— 1= 0 modp*¥, 2x = 2mod p}
‘E = {xeA~’(x —_ 1)2 = Omodpv+l+2p} .

Let A (resp. B) be a complete system of representatives of A (resp. B)
modulo p***. ¢(2,f) and ¢(2, f, p) are defined by the followings:

c(2,f) = ﬂvc(z,f’p) ’
0(2’ f?p) =§4 xp(x) + 1;3 xp(z - y) .

(Case of v=2n,ncZ). We have A = {xecZ|x = 1modp"**} and B=
{xe Z|x =1mod p™*'*¢}. Hence we have A = {x mod p****, x = 1 mod p"**}
and B = {x mod p****, x = 1 mod p"***'}, so |A| = p" and |B| = p"~'. There-
fore we have

p"+pt fm<n+4op,
(29) 0(2,f,p)= pn—1 1fm:n+.0+1’
0 fm>n+p+1.
(Case of v=2n+ 1,neZ). We have A =B = {xe Z|x = 1 mod p"*'**}.
Hence we have A = B = {x mod p***'**, x = 1 mod p"*'**} and |A| = |B| =
p™. Therefore we have
2p" ftm<n+p+1,

2.10 2,f,p) = .
(2.10) @ /,p) {0 fm>n+p+1.

Since 2(— 1) = (— 1), t,(k, N, ¥) is given by the following:
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2
tp(k;MX) = = —=F Zc(z:f) ’
@.11) AN 7

1
=— 5 & L «@&fp),

where f ranges from 1 to IV.

We should write ¢(2, f, N, X) or ¢(2, f, p, N, X) instead of ¢(2, f) or ¢(2, f,p)
to make explicit contributions of the level IV and the character X. It is
clear that £,(k, NV, X) is independent of k.

LEMmA 2.4. Let f be an integer such that 1 < f< N. Put f =f+iN
for 0 <i<p—1. Then, for any prime divisor £ of N, we have

(2'12) 0(2: f's ¢, Np, ‘\!I‘X) = 0(2, f’ A M "!") .

Proof. Put p = ord,f, p’ = ord,f’ and v = ord, N. Let {™ denote the
conductor of v, Since ¢ # p, we have (YX), = ¥, If p <y, p is equal

to p. Hence (2.12) is true. If p >y, it also holds p’ >v. But it is clear
that m < v, so we have

n+p>m and n+po >m.
Hence (2.12) is true.
LemMa 2.5. If v =1, we have
o2,f,p) =2
for any integer f.

Proof. Whenv =1, wehaven=0. Hence n+p+1>1and m <1,
so n + p + 1> m. Therefore c(2,f, p) = 2.
Now we shall prove Theorem 2.1 for « = p. We have

t,(k, Np,¥) = — —2_ 57 (2 f'» b, Np, ¥2) ] ¢, ', £, Np, ¥%)
ANp fipoy av
0<i<p-1
4

=——=— > TJ1c2f &N,

/= iN ¢|N
4Np S

0<i<p-1
4

=—_——_ N,
L, @ f N )

= tp(kl"AN:‘I’) + tp(kZ”_N, \P) .
This completes the proof.
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§3. Supplements to Theorem 1.1

Here we shall give several supplements to Theorem 1.1.

Let S)V, X) denote the subspace of all new forms in S,(NV,x). We
consider the same situation as in Theorem 1.1. Let M denote the con-
ductor of 4. If the conductor of X is p, we have

Si(Np, ¥1) = @ S Mp, x)* (direct sum)
M dI(N/M)

where S)(Mp, ¥X)¢ = {f(dz)|f € SAMp, ¥*)} and the summation ranges over
all positive divisors M of N which are multiples of M and over all positive
divisors d of N/M.

If % is the trivial character, we have S.(Np, vX) = S,(Np, ¥») and

Si(Np, ¥) =@ @ {SiM, ¥)* D SAM, )"} ® D SYMp, )"

M 4dy(N/M) M d)(N/M)

(direct sum)

where the summation ranges over the same sets as above. Therefore, using
inductions on levels and Theorem 1.1, we can easily prove the following:

THEOREM 3.1. We use the same notation as in Theorem 1.1. We
assume that X is not trivial, then we have

dim¢ S,?(Np, ‘I’X) = dimg S?k/2)(p+1)—(11—l—s)(Na )
+ dlmc S?Ic/2)(p+1)—z(Ny ‘!") .

We also have

dime SYNp, V) + 2 dime SYN, ¥) = dime Sfnyp a1 - -0 @V, )
+ dlmC S?Ic/2)(p+1)(N’ "!’) ’

where r is an arbitrary character of (ZI[NZ)* such that ¥(— 1) = 1.

Combining the above theorem and Hijikata’s results in [3], we can
prove identities between dimensions of spaces of cusp forms with respect
to Fuchsian groups which are obtained from split orders of indefinite
division quaternion algebras.

In Theorem 1.1, we assume that %k is even. Now we consider the case
that %2 is odd and %2 > 3. Let 4 and X be arbitrary characters of (Z/NZ)*
and (Z/pZ)* respectively satisfying yX(— 1) = — 1. Let ¢ denote the order
of X. Put & = ((p — 1) — a))/t with any integer ¢ such that 1 <a <t
and (a,t) = 1. Put
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k1=%(p+1)—(p—1—/c)
and
k2=!§‘(p+1)—’f-

We have to check whether (— 1) = (— 1)** or not.
LEMmaA 3.2. We have

W(—1) = {(—D"‘ = (=D if p=1 (mod4),
— (=D =—(=D" if p=3 (mod4).

Proof. If p = 3 (mod 4), we have k, = r (mod 2) and %, =« (mod 2).
Since ¥(—1) = (—1), we have y(—1) = —U—1) = — (-1 = — (- =
— (=1*. If p=1(mod4), we have ik, =1+ r and k, = 1 + £ (mod 2). Since
X(—1) = (=1), we have ¢(—1) = — ¥(—1) = (—1)'** = (=D* = (—1)*.

Considering a statement analogous to Theorem 1.1 in the case & is
odd, we have almost no problem if p = 1 (mod 4). But, if p = 3 (mod 4),
the right hand side of (1.3) is automatically equal to zero, because
dim¢ S,,(N, ¥) = 0 if ¥(—1) = (—1)*. So we have to define the followings:
let N be a positive integer and %2 > 2 be an integer. Let X be an arbitrary
C*-valued character of (Z/NZ)*. We don’t assume that X(—1) = (—1)%
For the triple (k, N,X), we define t/(k, N, ), t.(k, N,X), t.(k, N,x) and
t(k, N, X) by (2.2) ~ (2.5). For the definition of ¢,(k, N, ¥), we use (2.11).
The definitions of these numbers don’t need the condition X(—1) = (—1)~.

Then we put
(3.1 dk, N,y = > tdk, N, 7).

a=v,el,e2,p,0
Hence if x(—1) = (—1)%, d(k, N, X) coincides with dim¢ S,(N, X).
THEOREM 3.3. We suppose k is odd, k>3 and ¥X(—1) = — 1. The
notation being as above, we have

(32 d(k, Np, ¥t) = d(k,, N, ) + d(k,, N, ¥) .

Proof. In proving Theorem 2.1, we don’t use the condition & is even
except for the proof in the case o« = e2. Since % is odd, the left hand
side is always equal to zero. If p = 3 (mod 4), we have (—4/p) = —1, so
the right hand side is equal to zero. We may assume p = 1 (mod 4). Then
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we have k, =k, =1+ £ (mod 2). If «is even, namely %(—1) = 1, the right
hand side is equal to zero. If ¥(—1) = —1, we have X(i) + 2(—i) = 0.
This completes the proof.

ExampLE 3.4. We calculate d(k) = d(k, 1,x°) for any odd %2 and the
trivial character X°. We have

d(k): kE—1 —-.l—-,]‘_ 0l — @'kt
12 2 3 0 — o
_’;K—_;_ ifk=6m+1,
(3.3)
_ ™ if k=6m+3,
2

m 1 .

5 T ifk=6m-+5.

Let p be a rational prime such that p = 3 (mod4) and p > 5. We apply
Theorem 8.3 for dim, S,(p, %) for an odd &, £ > 3 and an arbitrary character

X of (Z/pZ)* such that X(—1) = — 1. Let ¢ denote the order of X. Then
we have

(3.4) dimg Si(p, %) = d({g(P +1) - (p —1-2 ; 1)})
+d({—'§—(p+ 1) — pzl})-

When Xx(n) = (n/p), we have

anes(n () - 2({15 20+ v + ).

§4. Proof of Theorem 1.2

We use the same notation as in the introduction. We prove the fol-
lowing lemma.

Lemma 4.1. W, gives the isomorphism between V, and V.

Proof. By virtue of results of Miyake [7] and Asai [1], W, gives the
isomorphism between S,(Np, vX) and S;(INp, ¥3). Therefore it is sufficient
to prove that W, maps V, into V,, or W, maps a suitable basis of V, into
V.. As a suitable basis of V,, we can choose following elements:

(i) f(@ =>",a,q"c S(Np, vX) are common eigenfunctions of all
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Hecke operators such that ¢, = 1 which are called primitive eigenforms
in S(Np, ¥X),

(ii) g,2) are primitive eigenforms in S, (M, ¥X) for any positive
divisors M of Np such that X is defined modulo M,

(iii) g,(d=) for any positive divisors d of Np/M.
By Lemma 3 in [1], W, maps f,(2) into V,. If g,(2) is a primitive eigen-
form in S,(Mp, X) where M is a positive divisor of N, for any positive
divisors d of N/M, we have

d 0l[px, 1
gd2)| W, = d™*". j(z)l[o 1] [ﬁj\fy p]

px, dlfd 0
= d-'tg, .
& (z)][p(N/dv, p] [o 1]

Hence we can apply Lemma 3 in [1] to g,(2), so W, maps g,(dz) into V,.
If g,(2) is a primitive eigenform in S,(M, 4») where M is a positive divisor
of N, X must be the trivial character. Hence we have, for any positive
divisors d of N/M,

o d 0fpx, 1
g(d2)|W, = d /gj(Z)l[O 1] [ pNy, p]

[x, d] pd 0 ]
(N[d)y, p [0 1]

Since [Z’V/ d)y z] belongs to I'(N/d), W, maps g,(dz) into V,. Hence Lemma

= d"7g@)

4.1 is completely proved.

Let K, denote the completion of K at p and o, the closure of o in K,
We mainly consider V, ® K, and V,. ® K, (over K) in this section. It is
clear that W, is uniquely extended to the K,-linear isomorphism between
V,® K, and V,® K,, so we also denote this by W,. We define K -norms
N, and N] on V,® K, as follows: for any f=>7.,a.q4"c V,®K,, a,c K,
we define N, and N by

“.1) N(f) = sup wa,) ,
and i
4.2) N{(f) = NLfIW,) .

Hence by virtue of Proposition 4 of Chap II, §2 in [10], there exists the
following decomposition
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(4.3) Vx®Kp=V1®"'®de
of V,® K, into a direct sum of subspaces V, of dimension 1 such that

N,(X v) = sup N(vy) ,

and
N(Xv) = sup N,

whenever v, € V, for 1 <i < d, where d, denotes the dimension of V,® K,
over K,. Here we may assume that V, = K,-v, with v, € V, and N,(v,) =1
for 1 < i< d, Changing the order of i suitably, we may assume

(4.4) {N;(vz) < p/®-n fori<i<r,,

N/(v) > p/*-» forr,<i<d,.
THEOREM 4.2. The notation being as above, we have
4.5) r, = dime Si pin--1-0@, ¥) .

Proof. We use the same idea as in the proof of Theorem (8.4) in [4],
so we quote several results from [4]. For any odd Dirichlet character y
mod p, let
E,=1+c };) p(m)eimme |

m1>0
_ 2p
leas;:—l n(@)a

denote the normalized Eisenstein series of type (1,7) on I'(p). Then we

C, =

have
E.. [0 _1]= & YD _p
“lp © ¢, Clo) ™
where C(w) = > 221 o(a)e***/? is the Gauss sum.
For each v, 1< i< d, put
(4.6) h, = v(E, ;) @-D--1-n

Then &, is written by a K, -linear sum of elements in S,,(Np, V). Hence
we can define

T(h) = h; + ¥(p)"'p'~ “(h, | W,) | U(p) ,

as in [4].
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Then T,(h,) is written by a K,linear sum of elements in S, (N, ¥).
We shall prove

4.7 T(hy) = h, (mod p)
fori,1<i<r,
For any element f = > ~_, a,9" € K,[[q]], we define

N(f) = sup wa,) .
Then, in order to prove (4.7), it sufficient to prove
(4.8) N(p'-®Ph,|W,) <1
for 1<i<r, Itis clear that
0 —1]\=*
[p 0])
k

= @IW)( gg)ﬁj ) B

Therefore, using Proposition (1.2) in [4], we have

hW, = (vi] W»(E.,ﬁ

N(p'- P, | W,) = p~ 0=/ N/(p)pt- ¢/ -a/p-D) -0
= p~“@-ON/(v,).

Hence (4.8) holds for 1 <i<r,.
Since h; = v, (mod §), we have

T,(h) = v, (mod p)

for 1 <i<r, Hence{,1<i<r,} are contained in V,,. Since {§, 1<
i < r} are linearly independent over F, we have

4.9) r, < dimg S, (N, ) .
We apply the same argument to V,. Let
(4.10) u, = Nj(v)'(v;| W)

for 1<i<d, Then {4,1<i<d,} forms a basis of V,® K,. For 3, &
changes top — 1 — «.

Hence we have
Niu,) < p'-¢/@-m

for r, + 1 <i<d, Therefore we have
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(4.11) d, — r, < dimg S;,,(N, ¥) .

By virtue of Theorem 1.1, we have

(4.12) d, = dim¢ S,,(V, ¥) + dim¢ S, (N, ¥) .

Combining (4.9), (4.11) and (4.12), we obtain the proof of Theorem 4.2.

Proof of Theorem 1.2. For each v, 1 < i < d,, there exists an element
f: in V, satisfying v, = f, (mod p). As V,, and V,,, we can take the spaces
spanned by {f;,1<i<r} and {f,,r, +1<i<d,} respectively over K.
Then the proof of Theorem 4.2 shows that (1.12), (1.13) and (1.14) are true.

§5. Proof of Corollary 1.3

We use the same notation as in the proof of Theorem 4.2, except for
d,and r,, We simply write d and r instead of d, and r,. Let {v,, 1 <i<d}
be the basis of V, ® K,. For any positive integer n such that (n, Np) = 1,
we simply denote by 7T(n) the Hecke operator of degree n acting on
S.(Np, ¥X) or S, (IV,x). Since T(n) are K-linear endomorphisms of V, or
V.., T(n) are uniquely extended to K,-linear endomorphisms of V,® K, or
V. ® K,, which we also denote by T'(n). Let ¢ be a prime such that ¢t Np.
Then, for any v =3 7., a(n)g" € V, ® K,, a(n) € K,, we have

(5.1) v 70 = 3; {ano) + zk-‘«pxw)a(l;-)}q" ,

where a(n/f) = 0 if ¢ ) n.
Theorem 1.2 implies that, for each v,, 1 < i < r, there exists an element
f. in V,, ® K, such that

(5.2) v, = f; (mod p) .
Then it is clear that {f,, 1 <i < r} forms a basis of V,,® K,. For any
f=20.bmg"eV, ® K, bn)e K, we have

5.9 FIT@ = 3 {6ty + e-40p( 2 ) }a

n=1

Since fh~! = fED@sh-@-1-0-1 = gk-1, ge = ¥(£)4*-! (mod p), by (6.1), (5.2) and
(5.3), we have

(6.4) v,|T(n) =f,|T(n)  (modp)

for any i, 1 < i < r and for any positive integers n such that (n, Np) = 1.
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We should remark that V,, is closed under the action of T'(n), but the
space spanned by v, 1 < i < r may not be closed under the action of any

T(n).
Take suitable constants c, € K, satisfying
6.5) {Ug =v,|W,, .
u, =cv;, Nfu)=1 for1<i<d.
For any u = > 7., c(n)q" € V; ® K,, c(n) € K,, we have
(5.6) u|T() = 3, {c(nz) + Z""«]w(ﬂ)X(Z)c(%)}q" .

Theorem 1.2 implies that for each i, r + 1 < i < d, there exists an element
g in V,, ® K, such that

(5.7 u, =g, (modyp).

For any g = > 7..d(n)g" e V,,® K,, d(n) € K,, we have
< ka—1 n n

(5.8) g17(0) = 33 {dn) + 1 4(0d (2 )"

Since g1 = JEDE@D-e-1 = gh-1, g-r = gE-15(4) (mod p), by (5.6), (6.7) and
(5.8), we have

(5.9) % |T(n) =g|T(n) (modyp),
for any i, r + 1 < i < d and for any positive integer n such that (n, Np)
= 1. Let
[Ur+1, ] vd] I T(n) = [Ul, ) vd]A(n) »
(5°10) [u1+19 ) ud] l T(n) = [ul, ) ud]C(n) ’
[gr+1, ] gd] ‘ T(n) = [gr+1, R gd]D(n) ’

where A(n), C(n), D(n) are d X d —r, d X d —r, d —r X d — r matrices
whose elements are in o,. Then (5.9) shows that

[ O 1
(.11) C(n) (mod p) = [ e ] (mod p) .
In [1], Asai proved that, for any positive integer n such that (n, Np) =1,
it holds
(5.12) Wn){v, | Wi} T(n) = {v;| T(n)} | W, ,

for any i, 1 < i< d. We should remark that he considered only when
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the level is square free but it is easily shown that his method is applicable
to our case.
Therefore we have

[Ur+11 D) Ud]lT(n)le = [Uu R vd]A(n)l Wp
= ([vy -+ -, v] | W,)A(n)

et 0
= [uu LICICIN ud] .‘_ A(n)
0 cit
and
[ 0
x(n)[vrﬂ’ Tty Ud]l WPIT(n) = X(n)[u”'“ T ud] R . T(n)
0 ¢!
[ 0
= x(n)[un tt ud]C(n)
0 c;t
Hence we have
et 0 crn 0
A(n) = 1(n)C(n) - ,
0 ot 0 o
SO
_Cfl 0 Cret 0
C(n) = 1Un)? . . A(n) .
(5.12) L0 o0
*® }r 1)
= %(n)"! Qrit,r41 *
* ad’d

where A(n) = (a,,).
Then combining (5.4), (5.9), (5.11) and (5.12) we have

(513 trT(n) onV,=trT(n) on V, + xn)trT(n) on V,, (modp).
This completes the proof.

https://doi.org/10.1017/50027763000020262 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000020262

106 MASAO KOIKE

Remark 5.1. In subsequent papers [6], we shall give another method
to prove these congruences. It is to compute tr T'(n) on V, (mod p),
tr I'(n) on V,. (mod p) directly by using Hijikata’s explicit trace formulae
for Hecke operators [2], and to compare both hands sides of (5.13).

Remark 5.2. If (5.13) is proved by an another method, we can get
simpler proof of Theorem 1.1 applying (5.13) to the case n = 1.

§6. Supplements to Theorem 1.2

Here we assume that p =1 (mod 4), kis odd, 2 >3 and yX(— 1) = — 1.
In Theorem 3.3, § 3, we proved certain identities of dimensions of spaces
of cusp forms analogous to Theorem 1.1. Hence it is natural to study a
statement analogous to Theorem 1.2 in this case. We slightly modify the
proof of Theorem 1.2 at following points:

(i) K must be enlarged to contain 4/ d for all positive divisors d

of Np.
(ii) We consider S, (INp, ¥Xo® /%) instead of S(Np, ¥vX). Since p=1
(mod 4), we have w® V*(—1)=1 and yXw® "% —1) = —1. Hence the

order of Xo?~"* coincides with that of X. Therefore we have
dim¢ S,(Np, ¥Xw®~7%) = dim¢ S,(Np, ¥X) .
Since w?~"? is a real valued character, we have
@ D7) = ype-1r

(iii) V, should be changed as follows:
V,= {f(z) = i a,q" € S,(Np, ¥Xo®Y?)|a,e K for all n > 1} .
=1

(iv) Since k is odd, we have

FE-DED-(@-1-5) — H@-D/2gr — H@-Di2ge

Hence, following the arguments in §4, §5, we can prove

THEOREM 6.1. The notation being as above, there is a decomposition
of V, into a direct sum of subspaces V,, and V,, satisfying following
properties:

dim, V, , = dimg S,.(N, ) ,
dim, V, , = dimg S, (N, ) .

(6.1)

https://doi.org/10.1017/5S0027763000020262 Published online by Cambridge University Press


https://doi.org/10.1017/S0027763000020262

MODULAR FORMS MOD p 107

6.2) Vin="V..
(6.3) (V.. TW) = V,,.

COROLLARY 6.2. For any Hecke operator T(n), with (n, Np) = 1, the
following congruence holds:

(6.4) tr T(n) on S(Np, Xo®Y?) = tr T(n) on S, (N, )
+ ntr T(n) on Si,(N,¥) (modp).
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