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1. Introduction.

This paper has to deal with some topics suggested by a theorem
which is notorious in the theory of quadratic forms, namely that the
roots of the characteristic equation of any real quadratic form are
all real. For a proof of this theorem, the reader may consult
Fcrrar (1), p. 14G.

Take the quadratic form to be one in three variables, say

ax2 + by9- + czz + 2uyz -f 2vzx + 2wxy,

with a, b, c, u, v, w all real, so that the characteristic equation is the
cubic

a — A

w

= 0.W V

6 — A u

u c — A

A change of the unknown from A to y. by the substitution

3A = 3/i + 2a

deprives the cubic of it3 second term; wo then write

3a' = 3a — 2a, 36' = 36 — 2a, 3c' = 3c — 2a,

and the characteristic equation becomes

a — p, w v

w b' — y. u

v u c' —

= 0,

wherein a' + b' + c' = 0.

This is of the form fi? + 3Hfi + G = 0, with

9H = 326'c' - 32M2

= 26c - 2a2 - 32M2

and 210 = — 21 (a'b'c' + 2uvw - 2 a V )
= — FT (2a —6 — c) — bluvw + 92 (2a — 6 — c)u2,

the summations and product running over a, 6, c, or over u, v w, or
over a, 6, c and u, v, to jointly.

https://doi.org/10.1017/S0013091500021490 Published online by Cambridge University Press

https://doi.org/10.1017/S0013091500021490


102 G. N. WATSON

Now a necessary and sufficient condition for the reality of the three
roots of a cubic equation with real coefficients is that the product^of the
squared differences of the roots should be positive in the loose sense.
For the cubics in A and n this product is cqualjto — 27 (4#3 + G2);
we thus obtain the following theorem, due to Rummer (2):

THEOREM 1. Let

(1) 21F (a, b, c; u, v, w) s 4 (2a2 - 26c + 32u2)*
— {II (2a — b - c) + bluvw — 92 (2a — 6 — C)M2}2;

•then
(2) F(a, b,c; u,v,w)^0

for all real values of the numbers a, b, c, u, v, w.
It was remarked by Kummer that this theorem suggested that

it might be possible to express F [a, b, c; u, v, w) as a sum of squares,
and he proceeded to state such an expression after giving the corres-
ponding formula for the special case F (0, 0, 0; u, v, w); this expression
is given by formula (14) infra. He gave no indication of how he
discovered these results. Some forty years later Tannery (3) gave a
derivation of the formulae by the methods of analytical geometry;
although his work does not involve any complicated algebra, it
seemed to me to be very obscure, and I decided that it might bo
worth while to derive the formulae in as straightforward and natural a
manner as possible; apart from quoting one theorem about invariance,
I use nothing more than the elementary algebra of complex numbers.

It was noticed by Kummer that a, b, c enter F only by their
differences; and we can abbreviate the subsequent work substantially
by writing

(3) b — c = a, c — a = /?, a — b = y,

so that
(4) a + j3 + y = 0.

With this notation, the expansion of F (a, b, c; u, v, w) in
•ascending powers of u, v, w assumes the form

(5) F(a, b, c; u, v, w)

= a«)3y + 2 (4jSy + 2aiPy) u2 + 4LUVW II'(j3 — y)

+ 2 (4a2 + 8jSy) u* + 2 (20a2 - 2j3y) v2w2

- 3Quvw 2«2 (j3 - y) + 4 (2M2)3 - 108u W .

This result shows incidentally that, in the special case in which
a, b, c are all equal, Theorem 1 reduces to the theorem of the arith-
metic and geometric means for uz, v2, w2.
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2. Some special cases of the representation of F (a, b, c; u, v, w).

Eefore we attack the general problem of representing the ex-
pression F (a, b, c; u, v, w) as a sum of squares, we consider special
cases in which at least one of the numbers u, v, w is zero. First,
when at least two of them arc zero (say u = v = 0), we have th&
almost trivial formula

(6) F(a, b,c; 0, 0, to) s (y
2 + 4u>2) (a/3 + w2)".

Next, let only one of the three numbers be zero (say u = 0, v #= 0,.
w =*= 0). We replace the variables a, B, y by new variables ax, ft, y i

defined by the formulae

- - a A - P - - y
V («2 + w2)' ri V(«2 + w«)"

Thi3 change transforms F(a, b, c; 0, v, w) / (v2 + w2) into a
homogeneous quadratic function of v2 and vr, the coefficients in the
quadratic being functions of au ftlt yt. In fact, some straightforward
simplifications show that

F(a,b,c; 0, v, w) / (u2 + w-)

= «• (/S,2 + 4) (a, y i + I)2 + w* (yi
2 + 4) (at /8, + I)2

+ vW {2a/ j3x
2
 Vl

2 + a,2 (4ft2 + 4Vl
2 -

An inspection of the expression on the right shows that the whole
of the terms in v* and ie*, together with a great part of the term in
v2w2, is accounted for by the sum

W i («i7i + 1) + "Vi M , + I)}2 + 4{«2 (alVl + 1) + w* (aJJ, + I)}3;

in fact, when we subtract this sum from the expression in question
and use (4) freely to reduce the result, we arc left with

«2u>2 {4a,2 (ft - y , ) 2 + 27a,8 + (ft - yi)
2},

and, by good fortune, this is a sum of squares. Hence we have

F(a, b,c; 0, v, w)/(v2 + to8)

= {(«* + u>*) a,ftyi + «8ft + ^V} 2

+ 4{v2alYl + w*a,ft + t>2 + w2}2

+ 4»Hc«o1« (ft - yi)» + r2u;2{27a1
8 + fa - n ) 2 } .
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When we return to the original notation, this result becomes

(7) F(a,b,c; 0, v, w). (v2 + »»)

s (v2 + w2 ) (aBy + v2B + ic'y)2

+ 4{v2ay + w*aB + (v2 + U>2)2}2 + iv2W2a*(B — y)2

+ V2W2 (V2 + W2) {21a2 + (B - y)2}.

This result can be simplified by rearranging the second and
third term? on tb.3 right in such a way that it becomes possible to
cancel a factor v2 + w2. To effect the rearrangement, observe that

v2ay + w2aB + (v2 + w2)2 ± ivwa (8 -y)
= (»T iw) {v(ay + v"' + w2) ± iw (aB + Vs + w2)},

where either all the upper signs or else all the lower signs are to be
taken throughout the ambiguities. B3' means of this pair of formulae
wo derive the following theorem from (7).

THEOBEM 2. The special function F (a, b, c; 0, v, w) can be repre-
sented as a sum of squares by the formula

(8) F(a, b, c; 0, v, w) = (aSy + v'-B + w2y)2

+ 4v2 (ay + V2+ W2)'
+ 4to2 (aB + V2 + W2)*

It was assumed that v2 + w2 is not zero in the course of proving
Theorem 2, but it is evident that the theorem remains valid when
this limitation is removed.

3. Bepresenlalions of the general function F (a, b, c; u, v, w).

Now that we have disposed of various special cases, wo direct
our attention to the general function F [a, 6, c; u, v, w) in which it is
not assumed that uvw is zero. We derive identities from Theorem 2
by a process which is quite straightforward but rather tedious.

It is well known (Ferrar, 1, p. 194) that the coefficients in the
characteristic equation of a quadratic form are invariant under
normal orthogonal transformations of the form; we take a special
transformation of this type, namely

x = X, y = Fcos 0 — ZsinO, z = Fsin 6 + ZcosO,

with a value of 8 which will bo chosen presently; the original form

ax2 + by2 + cz2 + luyz + 2vzx + 2wxy

is thereby converted into (say)
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AX2 + BY2 + CZ2 + 2UYZ + 2VZX + 2WXY,
with

A = a, U = \ (c -fc) sin 20 -f u cos 20,
/9j B=b cos2 0 + c sin 2 0 + 2M sin 0 cos 0,

C = b sin2 0 + c cos2 0 — 2M sin 0 cos 0,
F = u cos 0 — M> sin 9, W = v sin 0 + w> cos 0.

Since the product of the squared differences of the roots of a
•cubic equation is a rational function of the coefficients in the
equation, the theorem on invariance which has just been quoted
shows that

(10) F (a, b, c; u, v, w) = F (A, B, C; U, V, W);

this result, of course, can be proved by a lengthy piece of elementary
algebra, as a direct consequence of equations (9), without any appeal
to theorems on invariance.

We now choose 0 so that U vanishes, that is to say wo tako

(11) cos 20 = -£, sin 20 = - ^ ,

where R denotes ± \/(a2 + 4w2); it does not matter whether the
positive or the negative value is assigned to R so long as one value
is adopted throughout the work. With a value of 0 satisfying (11)
we have

(12) F(a,b,c; u, v, w) = F (A, B, C; 0, V, W)

= {{B -C)(C- A) (A- B) + V2 (C - A) -f- W2 {A - 5)}2

+ 4F2{ (B - C) (A - B) + F2 + W2}2

+ 4 W2{ (B - G) (C - A) + F2 + IF}2

+ V2W2 (B + C - 2A)2 + 27F 2 IF (B - C)2.

We now have to express the right-hand side of (12) as a sum of
squares of functions of a, /?, y, u, v, w. As a preliminary we give the
following results, which are easily obtained from (9):

B — C = a co3 20 + 2« sin 20 = R,

VW = vw cos 20 + I (v2 - ur) sin 29

= R-1 {vwa + u (v- — w2)},

4 (C -A) {A- B)= (B-C)2-{B + C- 2A)2

= 4j3y + 4w2,

2(V±iW) {V(C - A)±iW (B - A)}

= (F ± iW)- (B + C - 2A) - ( F 2 + W2) {B - C)

= e ±2tfl (v ± iwf (p-y)-R (v2 + w2).
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Of the five terms on the right of (12), the fifth gives no trouble^
since it is evidently equal to 27 {vwa + u (v2 — w2)}2. We deal with
the first and fourth terms by expressing their sum as the product of
conjugate complex factors and observing that

(B-C) {C—A) (A-B) + V2(C-A) + W2(A - B) ± iVW (B+C - 2A)
= R (j8y + u2) -f (V ± iW){V(C - A)± iW {B - A)}
= R (ySy + u2 - \ v2 — | w-) + \e * ™ (v ± iwf (p - y)
= e i M { ( a T 2m) (j3y + v2 - \v2 - \w2) + \{v± iwf (jS - y)}
= e±2'6 [ajSy + 2a« 2 =F i {2wjSy - vw (P — y) + U (2u2-V2-W2)}~\.

We deal with the sum of the second and third terms on the right
of (12) in a similar manner by observing that

2V{{B -C)(A -B)+V2+ W2}±2iW {(B - C) (C - A) + V2+W2}
= (V ± iW) {2V2 + 2W2 - (B- C)2} - (F =f iW) (B—C) (B + C - 2A)
= e ± i e {v±iw) {2v2 + 2w2 — a2 — 4w2) - e^ie (»T iw) R (jS - y)
= c * i e {{v ± iw) (2v2 + 2w2 - a2 — 4M2) - (VT iw) (a =F 2iu) (j3 - y)}
= 2e ±<fl [{vay + uw (£ — y) + v (v2 + w2 — 2u2)}

± i {waft +uv(P — y) + w (v2 + w2 — 2M2)}].

When wo substitute these results in (12), we obtain an identity
which is curiously unsymmetrical in appearance; it is comprised in
the following theorem.

THEOREM 3. The general function F {a, b, c; u, v, w) can be
represented as a sum of squares by the formula

(13) F (a, b,c; u, v, w) = (ajSy + Saw2) 2

+ 4 {vay +UU)(P-y)+V (v2 + W2 - 2u2)}-
+ 4 {waft + uv(fi — y)+w (va + w2 — 2u2)f
+ {2ufiy -vw(p — y)+u {2u2 - v 2 - U?)}2

+ 27 {vwa + u (v2 — w2)f.

This identity appears to be new. To deduco from it an identity
which is symmetrical in appearance (but of greater length when
written in full), change a, b, c and u, v, w cyclically and sum. This
process gives

3.F (a, b, c; u, v,w)=3 (a/5y + S aw2)2

+ 4S {w0y + vw (a — /S) + u(u2 + v2— 2w2)}2

+ 4S {«£y + vw (y — a) + u (w2 + u2 - 2u2)}2

+ 2 {2«£y - vw(p — y ) + u(2u2 - v2 — w-)}2

+ 27S {vwa + u(v2— w2)}*.
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Now apply the formula

ip- + 43
2 = 2(p + q)2 + 2(p - q)2

to like terms of the sums in the second and third lines of this result.

Wo immediately obtain Kummer's theorem as follows:

THEOREM 4. The general function F (a, b, c; u, v, w) can be
represented as a sum of squares by the formula

(14) F (a, b, c; u, v, w) = (ajSy + Zau3)2

+ S {2upY — vw^ — y)jrU (2u* — v2 — w2)}2

+ 152 {vwa + u(v*.- w2)}2.

If we take a = 6 = c in (14) and compare the result with (5), we
obtain an unusual proof of the theorem of the arithmetic and
geometric means for three variables.

Since this special case a = b = c is the only special case of (14)
which is mentioned by Kummer, it seems highly probable that his
method of constructing (14) and the method which I have just given
are completely different.

The reader may find it an interesting example to obtain the
ordinary conditions for the characteristic equation to have a pair of
equal roots directly from (14).
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