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Abstract. For a suitable choice of f, the Selberg integralZ
f

Y
34 i<j4 n

ðxj � xiÞ
aij
Yn
i¼3

xa1ii

Yn
i¼3

ð1� xiÞ
a2idx3 � � � dxn ;

is a homolphic function on aij. In this paper, we show that the coefficients of the Taylor expan-
sions of the Selberg integrals with respect to the variables aij can be expressed as linear com-
binations of multiple zeta values over Q.
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1. Introduction

In this paper, we show that the coefficients of the Taylor expansions of Selberg inte-

grals with respect to their exponent variables can be expressed as linear combinations

of multiple zeta values over Q. The Selberg integrals are the period integrals of an

Abelian covering of the moduli space of n-points in P1. Let 24 r4 n be an integer

and aij be positive real numbers. Let f be an element in C½ 1
xi�xj

�, and x1; . . . ; xr ele-

ments of R such that x1 < xr < xr�2 < � � � < x2. The integralZ
D0
f
Y
i<j

ðxj � xiÞ
aijdxrþ1 � � � dxn ; ð1:1Þ

where

D0 ¼ fðxrþ1; . . . ; xnÞ j x1 < xn < xn�1 < � � � < xrg

is called a Selberg integral. It is considered as a period integral for an Abelian cover-

ing of the moduli space of ðn� rÞ-distinct points in C� fx1; . . . ; xrg. It is a function

of x1; . . . ; xr and the exponent parameters aij. If r ¼ 2, the Selberg integrals are deter-
mined by their restriction to x1 ¼ 0 and x2 ¼ 1. In this case, the Selberg integrals are

essentially functions of the exponent parameters aij. It is natural to ask about the
arithmetic nature of these Selberg integrals.
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We recall the definition of the multiple zeta values introduced by Euler. Let

k ¼ ðk1; . . . ; kmÞ be a sequence of integers such that ki 5 1 ði ¼ 1; . . . ;m� 1Þ and

km 5 2. The multiple zeta value of index k is defined by

zðkÞ ¼
X

n1<���<nm

1

nk11 � � � n
km
m

:

The natural number jk j¼
Pm

p¼1 kp is called the weight of the index k and the multiple

zeta value zðkÞ. By using the iterated integral expressions, multiple zeta values are
regarded as the period integrals for the fundamental group p1ðP1 � f0; 1;1gÞ of
P1 � f0; 1;1g. (See Section 2.1 for the iterated integral expressions of multiple zeta

values.) Notice that the motivic weight of zðkÞ is equal to �2 jk j.
For a sequence of integers i3; . . . ; in such that 14 ik 4 k� 1, we define a formal

sum of graphs

g ¼
X
G

aGG ¼ ;ðRÞ ^ ð3; i3Þ ^ � � � ^ ðn; inÞ

(Section 3.1 (3.2)) and a Selberg integral Sg ¼
P

G aGSG. (For the definition of SG, see

Section 3.1 (3.1).) The integral Sg can be expressed as the restriction to x1 ¼ 0 and

x2 ¼ 1 of (1.1) with r ¼ 2 and a suitable choice of f 2 Z½1=ðxi � xjÞ; aij�. The main
theorem of this paper is

THEOREM 1.1. Let Sg be the Selberg integral as above.

ð1Þ The integral Sg is a holomorphic function on the variable aij at the origin.

ð2Þ The coefficients of the degree w monomials of aij in the Taylor expansion of the

Selberg integral Sg is a linear combinations of weight w multiple zeta values.

Let us illustrate a primitive example for this statement. By the well-known equality

logGð1� xÞ ¼ gxþ
X
n5 2

zðnÞxn

n
;

we have

Gð1þ aÞGð1þ bÞ
Gð1þ aþ bÞ

¼ exp
X
n5 2

zðnÞðð�aÞn þ ð�bÞn � ð�a� bÞnÞ
n

 !
:

In this example, we choose r ¼ 2; n ¼ 3 and f ¼ a=ð1� xÞ. (See [2] and [6] for another

expression of this quantity.) We can find a prototype of this theorem in [2]. This

choice of f is equal to a b-nbc base after Falk and Terao [3].
Let us summerize the method of the proof of the main theorem. Let ChhX;Y ii be

the formal noncommutative free algebra generated by X and Y, and Q½½ai�� and
C½½ai�� be the formal power series rings with (commutative) variables ai (i 2 I) over

Q and C, respectively. We construct a representation r :ChhX;Y ii !Mðr;C½½ai��Þ,
where all the matrix elements of rðXÞ and rðYÞ are homogeneous polynomial with
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rational coefficients of degree 1 in aij . To construct the representation r, we consider
the higher direct image of a local system for the projection Xn ! Xn�1, where Xn

is the moduli space of n-distinct points in C. We compute the differential equation

of the higher direct image in Section 3 and obtain an explicit description of r by a
combinatorial method in Section 4.

For any solution s of the differential equation

ds ¼
rðX Þ
x

þ
rðY Þ
x� 1

� �
s dx;

we have

lim
x!1
ðð1� xÞ�rðYÞsðxÞÞ ¼ rðFðX;Y ÞÞ lim

x!0
ðx�rðXÞsðxÞÞ;

where FðX;Y Þ is the associator in ChhX;Yii defined by Drinfeld. (For the definition

of FðX;Y Þ, see Section 2.) It is known that the coefficients of FðX;YÞ are expressed
as Q-linear combinations of the multiple zeta values by Le-Murakami [5], and as a

consequence, the coefficients of the Taylor expansions of all the matrix elements of

rðFðX;Y ÞÞ are also Q-linear combinations of multiple zeta values.

We construct a horizontal section s with the following properties.

(1) All the elements of limx!0ðx
�rðX ÞsðxÞÞ can be expressed as ðn� 3Þ-dimensional

Selberg integrals by taking a limit for some of ai ! 0.

(2) All the elements of limx!1ðð1� xÞ�rðYÞsðxÞÞ can be expressed as ðn� 2Þ-dimen-

sional Selberg integrals by taking the same limit ai ! 0.

The argument on the limit for x! 0, x! 1 and ai ! 0 in Section 5 gives the

proof of the main theorem.

2. Preliminary

2.1. THE DRINFELD ASSOCIATOR

In this section, we recall known facts about the Drinfeld associator. Let

R ¼ ChhX;Y ii be the completion of the noncommutative polynomial ring in sym-

bols X and Y with respect to its total degree on X and Y. Let V ¼ R. Then X and

Y act on V as left multiplication and under this action, X and Y are regarded as ele-

ments of EndCðVÞ. Now we consider the differential form o on C� f0; 1g with coef-

ficients in EndCðVÞ defined by

o ¼
X

x
dxþ

Y

x� 1
dx;

where x is a coordinate on C. Let EðxÞ ¼ expð
R x

x0
oÞ be the solution of the differential

equation for EndCðVÞ-valued function dEðxÞ ¼ oEðxÞ with the initial condition
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Eðx0Þ ¼ 1. Then by the standard argument for iterated integrals, expð
R x

x0
oÞ is expres-

sed as

exp

Z x

x0

o
� �

¼ 1þ

Z x

x0

oþ
Z x

x0

ooþ � � � : ð2:1Þ

Here we used the convention for iterated integrals defined by the inductive relationZ q

p

o1 � � �on ¼

Z q

p

o1ðq1Þ
Z q1

p

o2 � � �on

� �
:

The expression (2:1) implies expð
R x

x0
oÞ 2 ChhX;Yii�, and the shuffle relation for iter-

ated integrals implies that E ¼ expð
R x

x0
oÞ is a group-like element, i.e.

DðEÞ ¼ E� E in ChhX;Yii�̂ChhX;Yii;

where the comultiplication

D : ChhX;Yii ! ChhX;Yii�̂ChhX;Yii

is given by

DðXÞ ¼ X� 1þ 1� X and DðYÞ ¼ Y� 1þ 1� Y:

The set

Ĝ ¼ fDðgÞ ¼ g� g j g 2 ChhX;Yii�g

is called the set of group-like elements and closed under the multiplication. By the

theory of differential equation only with regular singularities, the limit

lim
x!1

exp

Z 0

x

Y

x� 1
dx

� �
exp

Z x

x0

o
� �

exists. In the same way, the limit

FðX;YÞ ¼ lim
x!1;y!0

exp

Z 0

x

Y

x� 1
dx

� �
exp

Z x

y

o
� �

exp

Z y

1

X

x
dx

� �
exists and belongs to ChhX;Yii�. The element FðX;YÞ in ChhX;Yii is called the

Drinfeld associator. Since

exp

Z 0
x

Y

x� 1
dx

� �
and exp

Z y

1

X

x
dx

� �
are elements in Ĝ, and Ĝ is a closed subset of ChhX;Yii�, the limit FðX;YÞ is an ele-
ment in Ĝ.

We recall relations between the multiple zeta values and the coefficients of the

Drinfeld associator. Let k1; . . . ; kn be integers such that ki 5 1 for i ¼ 1; . . . ; n and

kn 5 2. Set k ¼ ðk1; . . . ; knÞ. The series

zðkÞ ¼ zðk1; . . . ; knÞ ¼
X

m1<m2<���<mn

1

mk1
1 m

k2
2 � � �m

kn
n
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is called the multiple zeta value of index k ¼ ðk1; . . . ; knÞ. The number jk j¼
Pn

i¼1 ki
is called the weight of the index k. Let Lw be the finite-dimensional Q vector sub-

space of C generated by zðkÞ, with jk j¼ w. The following iterated integral expression

of the multiple zeta value is fundamental.

zðk1; . . . ; knÞ ¼
Z 1
0

dx

x
� � �
dx

x|fflfflfflfflffl{zfflfflfflfflffl}
kn�1

dx

1� x

dx

x
� � �
dx

x|fflfflfflfflffl{zfflfflfflfflffl}
kn�1�1

dx

1� x
� � �
dx

x
� � �
dx

x|fflfflfflfflffl{zfflfflfflfflffl}
k1�1

dx

1� x
:

By using this expression and the shuffle relation, we have Lw1 � Lw2 � Lw1þw2 . Using

this fact, we define the homogeneous multiple zeta value ring (homogeneous MZV

ring for short) H in ChhX;Yii by

H ¼ �̂
w5 0

�
W:word of length w on X;Y

Lw �W:

The following proposition is due to Le and Murakami [5].

PROPOSITION 2.1. FðX;YÞ 2 H.

It is very useful to specialize this universal result to a special class of representa-

tions of ChhX;Yii. Let R be a homogeneous complete ring generated by degree 1 ele-

ments a1; . . . ; am over Q, i.e. R is topologically generated by degree 1 homogeneous

elements a1; . . . ; am with homogeneous relations and is complete under the topology
defined by the total degree. The formal decomposition of R with respect to its degree

is denoted by R ¼ �̂d5 0Rd. Let RC be the completion of R� C with respect to the

topology defined by the total degree. A ring homomorphism r :ChhX;Yii !
Mðr;RCÞ is called a homogeneous rational representation of degree 1 if and only

if all the matrix elements of rðXÞ and rðYÞ are homogeneous elements of degree 1
in R. The homogeneous MZV ring HR for R is defined by HR ¼ �̂d5 0ðRd � LdÞ.

The following corollary is a direct consequence of Proposition 2.1.

COROLLARY 2.2. Let r: ChhX;Yii !Mðr;RCÞ be a homogeneous rational

representation of degree 1. Then all the matrix elements of rðFðX;YÞÞ are elements

of HR.

3. Selberg Integrals

3.1. COMBINATORIAL ASPECTS

Let ½n� ¼ f1; . . . ; ng. A graph G consists of sets of vertices VG and edges EG. We

assume that every edge has two distinct terminals. Moreover, we assume that for

any two vertices p and q, there exists at most one edge whose terminals are p and

q. An edge is written as ð p; qÞ, where p and q are its terminals. For a graph G, we
can associate a one-dimensional simplicial complex by the usual manner and we

use the standard terminologies, for example, connected component, tree, and so

on. Moreover, if the order of EG is specified, it is called an ordered graph. A specified
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vertex in a connected component is called the root of the component. If roots are

specified for all the components, the graph is called a rooted graph. The set of the

roots of a rooted graph G is denoted by R ¼ RG. For two sets V, R such that

R � V, we define Oi
ðV modRÞ by ^iðO1XV

=p�O1XR
Þ, where XV ¼ fðxiÞi2V j

xi 6¼ xj for i 6¼ jg, XR ¼ fðxiÞi2R j xi 6¼ xj for i 6¼ jg, and p is the natural projection

XV ! XR. Then it is easy to see that O
#V�#R

ðVmodRÞ is an OXn
module of rank 1

generated by ^i2V�Rdxi. For an edge e ¼ ð p; qÞ; p; q 2 VG, we define

oe ¼ d logðxp � xqÞ 2 O1ðVmodRÞ:

For an ordered tree, we define oG as

oG ¼ oer ^ � � � ^ oe1 in OðVmodRÞ;

where EG ¼ fe1; . . . ; erg and e1 < � � � < er. It is easy to see the following lemma.

LEMMA 3.1. Assume #E ¼ #V� #R. Then G is a tree if and only if oG 6¼ 0

Let R be a subset of ½n� such that f1; 2g � R. We define an order � on ½n� by

1� n� � � � � 3� 2. We define DðRÞ by fðx1; . . . ; xiÞi2R j xi < xj for i� jg. For

two subsets V and R of ½n� such that R � V, the fiber of the map DðVÞ ! DðRÞ at

ðxiÞi2R 2 DðRÞ is denoted by DðV=R; xiÞi2R. Let ai;j ði; j 2 VÞ be positive real numbers.

We choose a branch of FðVÞ ¼
Q

i� jðxj � xiÞ
ai;j on DðVÞ with F 2 Rþ. For an

ordered rooted graph G whose root set is R, we define a function

SG ¼ SGðV=R; xiÞi2R on DðRÞ by

SGðV=R; xiÞi2R ¼

Z
DðV=R;xiÞi2R

FðVÞ
Y

ði;jÞ2EG

ai;joG: ð3:1Þ

If R is fixed, it is denoted by SG. Then SG is a function of ðxiÞi2R and ai; j. The free
abelian group generated by the ordered rooted graphs whose root set and the vertex

set are R and V, is denoted by GðV;RÞ. For an element g ¼
P

aGG in GðV;RÞ, we
define Sg by Sg ¼

P
aGSG. The function Sg is called the Selberg integral for g.

Before the statement of the main theorem, we introduce several combinatorial

notions. For two natural numbers n; r such that 24 r4 n, we set R ¼ ½r� and

V ¼ ½n�. For an ordered rooted graph G, whose vertex set and root set are ½n� and ½r�,
we define an element G ^ ðnþ 1; iÞ in Gð½nþ 1�; ½r�Þ for i 2 ½n� by the following recipe.

(1) Choose a subset A of edges whose elements re adjacent to i. (Amay be an empty

set.)

(2) Replace the number i by nþ 1 for all the edges contained in A chosen in (1).

(3) Make a graph GA by adding the edge ðnþ 1; iÞ to the graph made in (2) and

extend the original ordering to the ordering of GA such that ðnþ 1; iÞ is the big-

gest edge.

(4) Consider the sum
P

A GA of GA, where A runs through all the subsets of edges

adjacent to i. This summation is denoted by G ^ ðnþ 1; iÞ.
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We extend the operation ^ðnþ 1; inþ1Þ from Gð½n�; ½r�Þ to Gð½nþ 1�; ½r�Þ by linearity.
For an element g 2 Gð½l�; ½r�Þ and ðlþ 1; ilþ1Þ; . . . ; ðn; inÞ, where ilþ1 2 ½l�; . . . ; in 2

½n� 1�, we define g ^ ðlþ 1; ilþ1Þ ^ � � � ^ ðn; inÞ inductively by

g ^ ðlþ 1; ilþ1Þ ^ � � � ^ ðn; inÞ

¼ ðg ^ ðlþ 1; ilþ1Þ ^ � � � ^ ðn� 1; in�1ÞÞ ^ ðn; inÞ: ð3:2Þ

The graph G with VG ¼ R and EG ¼ ; is denoted by ;ðRÞ. A graph is denoted by

e1e2 � � � eb, where the set of edges is fe1 < e2 < � � � < ebg .

EXAMPLE 3.2. If R ¼ f1; 2g; i3 ¼ 2; i4 ¼ 2, then

;ðRÞ ^ ð3; 2Þ ^ ð4; 2Þ ¼ ð2; 3Þ ^ ð4; 2Þ ¼ ð2; 3Þð4; 2Þ þ ð4; 3Þð4; 2Þ:

We state the main theorem. Let Ha be the homogeneous MZV ring for

Qhhai;j; a1;k; a2;kii34 i;j;k4 n;i6¼j.

THEOREM 3.3 [Main Theorem]. Let R ¼ f1; 2g. For any i3 2 ½2�; . . . ; in 2 ½n� 1�,

put g ¼ ;ðRÞ ^ ð3; i3Þ ^ � � � ^ ðn; inÞ. Then Sgð½n�=½2�; 0; 1Þ is a holomorphic function of

ai;j, and is an element of Ha.

3.2. THE DIFFERENTIAL EQUATION SATISFIED BY THE SELBERG INTEGRAL

First we compute the higher direct image of local system for the morphism

p: Xn ! Xn�1 defined by ðx1; . . . ; xnÞ ! ðx1; . . . ; xn�1Þ, where Xn ¼ fðx1; . . . ; xnÞ j

xi 6¼ xj for i 6¼ jg is the moduli space for n-distinct points in C. Let Ai;j 2Mðd;CÞ

be matrices for 14 i 6¼ j4 n satisfying the following relations:

(1) Ai;j ¼ Aj;i.

(2) ½Ai;j;Ak;l� ¼ 0 for all distinct i; j; k; l.

(3) ½Ai;j þ Aj;k;Ai;k� ¼ 0 for all distinct i; j; k.

These relations are called the infinitesimal pure braid relations. The matrix valued

1-form

o ¼
X

14 i<j4 n

Ai;jd logðxi � xjÞ

defines an integrable connection H on Od
Xn
¼ fv ¼t ðv1; . . . ; vdÞg by Hv ¼ dv� ov: Let

v be a horizontal section of the connection H on Dð½n�Þ, i.e. dv ¼ ov. For i 2 ½n� 1�,
and ðx1; . . . ; xn�1Þ 2 Dð½n� 1�Þ, we define wi as

wi ¼

Z
Dð½n�=½n�1�;x1;...;xn�1Þ

An;i

xn � xi
v dxn:

Then wi is a function on ðx1; . . . ; xn�1Þ 2 Dð½n� 1�Þ. We have the following proposi-

tion. (See [1].)
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PROPOSITION 3.4. ð1Þ w1 þ � � � þ wn�1 ¼ 0.

ð2Þ Let W ¼t ðw1; . . . ;wn�1Þ. Then W satisfies the differential equation

dW ¼
X

14 i<j4 n�1

A0i;jðdxi � dxjÞ

xi � xj
W;

where

A0i;j ¼

Aij
i
� � �

j
� � �

0

..

.
Aij þ Anj �Ani

..

.

..

.
�Anj Aij þ Ani

..

.

0 � � � � � � Aij

0
BBB@

1
CCCA i
j
: ð3:3Þ

Proof. (1) By the equality

@v

@xn
¼
Xn�1
j¼1

Anj

xn � xj
v;

and Stokes’ theorem, we have the required equality.

(2) By using the differential equation for v, we have

@

@xi

Anj

xn � xj
v

� �

¼
Anj

xn � xj

X
k6¼i;j;n

Aikv

xi � xk
þ

Aijv

xi � xj
þ

Aniv

xi � xn

 !

¼
X
k6¼i;j;n

AikAnjv

ðxi � xkÞðxn � xjÞ
þ

Anjv

xi � xj
�

Aniv

xn � xi
þ
ðAij þ AniÞv

xn � xj

� �
:

By the commutativity condition of Aij, we have

@

@xi
wj ¼

X
k 6¼i;j;14 k4 n�1

Aik

xi � xk
wk þ

1

xi � xj
fðAij þ AniÞwj � Anjwig

for i 6¼ j. Using the relation in (1), we have

@

@xi
wi ¼ �

X
j6¼i;14 j4 n�1

@

@xi
wj:

Therefore we obtain the statement of (2). &

Remark 3:5. If the set of matrices fAijg satisfies the infinitesimal pure braid rela-

tions, then the set fA0ijg defined by (3.3) also satisfies the infinitesimal pure braid

relations for n� 1. Therefore the connection H0 on ðO�dÞ�ðn�1Þ given by

H0W ¼ dW�
X

14 i<j4 n�1

ðdxi � dxjÞA
0
ij

xi � xj
W

is integrable.
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Let Vn be the local system of horizontal sections of the connection H and Vn j

p�1ðx0
1
;...;x0

n�1
Þ its restriction to the fiber p

�1ðx01; . . . ; x
0
n�1Þ of p : Xn ! Xn�1. Then the

Euler–Poincaré characteristic of Vn jp�1ðx0
1
;...;x0

n�1
Þ is �ðrankVÞ � ðn� 2Þ. There-

fore under certain nonresonance condition, dimH1ðp�1ðx01; . . . ; x
0
n�1Þ;VnÞ is equal

to rankV � ðn� 2Þ. By a direct computation, the submodule

ðMÞ
red
¼ W ¼t ðw1; . . . ;wn�1Þ j wi 2 O�d;

Xn�1
i¼1

wi ¼ 0

( )

turns out to be a sub connection of M ¼ ððO�dÞ�ðn�1Þ;H0Þ. As a consequence, the
space of horizontal sections of ðMÞ

red is equal to the higher direct image of V under

the projection p. This construction is compatible with the sub local system in V.

We apply this inductive formula to compute the differential equations satisfied by

Selberg integrals. Note that the similar computation is executed in [1] with a different

choice of base of de Rham cohomology. In Section 5.2, we show that for our base,

the Selberg integrals are holomorphic with respect to aij. This base is nothing but the
b-nbc base introduced in [3].
Let R be a ring. For a set of elements a ¼ fapqg14 p<q4 k satisfying the infinitesimal

pure braid relation, we define a set of elements IndðaÞ ¼ fIndðaÞijg14 i<j4 k�1 in

Mðk� 1;RÞ by

IndðaÞij ¼

aij i
� � �

j
� � �

0

..

.
aij þ akj �aki

..

.

..

.
�akj aij þ aki

..

.

0 � � � � � � aij

0
BBBB@

1
CCCCA i
j
:

Let 24 r4 n be integers and Vr;n be a C vector space of dimension

rðrþ 1Þ � � � ðn� 1Þ whose coordinates are given by virþ1;...;in for 14 irþ14 r; . . . ; 1

4 in 4 n� 1. We define Að pÞ ¼ fA
ð pÞ
ij g14 i<j4 p for p ¼ r; . . . ; n� 1 by Að pÞ ¼

IndðAðpþ1ÞÞ and A
ðnÞ
ij ¼ aij.

We define the Vk;n-valued functions S
ðkÞðx1; . . . ; xkÞ on Dð½k�Þ inductively by

SðkÞ ¼

R
Dð½kþ1�=½k�;xiÞi2½k�

A
ðkþ1Þ

kþ1;1

xkþ1�x1
S ðkþ1Þðx1; . . . ; xkþ1Þdxkþ1

..

.

R
Dð½kþ1�=½k�;xiÞi2½k�

A
ðkþ1Þ

kþ1;k

xkþ1�xk
S ðkþ1Þðx1; . . . ; xkþ1Þdxkþ1

0
BBBB@

1
CCCCA

for k ¼ r; . . . ; n� 1 and

SðnÞ ¼
Y

14 i�j4 n

ðxj � xiÞ
aij :

Note that the components of SðrÞ are indexed by fðirþ1; . . . ; inÞ j ik 2 ½k� 1�g. We have

the following corollary of Proposition 3.4.
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COROLLARY 3.6. The Vk;n-valued function SðkÞ satisfies the following differential

equation dSðkÞ ¼ OkS
ðkÞ, where

Ok ¼
X

14 i<j4 k

A
ðkÞ
ij dðxi � xjÞ

xi � xj
:

The next proposition is used in the proof of the Main Theorem 3.3.

PROPOSITION 3.7. Let S
ðrÞ
irþ1;...;in

be the ðirþ1; . . . ; inÞ-component of SðrÞ. Then we have

Xp�1
i0p¼1

Sirþ1;...;ip�1;i0p;ipþ1;...;in ¼ 0: ð3:4Þ

Proof. If p ¼ rþ 1, then it is nothing but the first statement of Propo-

sition 3.4. Suppose p > rþ 1. Then the ðirþ1; . . . ; ip�1Þ-part of S
ðrÞ is a linear com-

bination of

Z Yp�1
i¼rþ1

Að pÞpiqi

Yp�1
j¼rþ1

1

xj � xij
Sð pÞdxrþ1 � � � dxp�1: ð3:5Þ

Since the set fðaip;...;inÞ j
Pp�1

i0p¼1
ai0p;...;in ¼ 0g is stable under the action of A

ð pÞ
ab , (3.5) satis-

fies the relation
Pp�1

i0p¼1
ai0p;...;in ¼ 0. &

DEFINITION 3.8. We define

Vredk;n ¼

�
vðikþ1; . . . ; vnÞ

����Xp�1
ip¼1

vðikþ1; . . . ; ip; . . . ; inÞ ¼ 0

�
:

4. Combinatorial Propositions

4.1. STATEMENT OF THE COMBINATORIAL THEOREM

In this section, we present combinatorial facts which are used for the computation of

Selberg integrals. Let Pn be the quotient of the free noncommutative ring Chaiji by

the two-sided ideal generated by the infinitesimal pure braid relations. We induc-

tively define the set of matrices AðkÞ ¼ fA
ðkÞ
ij g14 i;j4 k in Mðkðkþ 1Þ � � � ðn� 1Þ;PnÞ

by the relations: AðkÞ ¼ IndðAðkþ1ÞÞ for k ¼ r; . . . ; n� 1 and A
ðnÞ
ij ¼ aij. We introduce

the degree of Pn by deg aij ¼ 1. Then all the matrix elements of A
ðkÞ
ij are of degree 1

for k ¼ r; . . . ; n and A
ðkÞ
ij satisfies the pure braid relations. In other words, a ring

homomorphism Pr !Mðrðrþ 1Þ � � � ðn� 1Þ;PnÞ is defined by attaching A
ðrÞ
ij to

aij 2 Pr. We inductively define the vector

wk 2 Pkðkþ1Þ���ðn�1Þ
n � C

1

xi � xj

� �
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by the relation

wk ¼

A
ðkþ1Þ

kþ1;1

xkþ1�x1
wkþ1

..

.

A
ðkþ1Þ

kþ1;k

xkþ1�xk
wkþ1

0
BBBBB@

1
CCCCCA ð4:1Þ

for k ¼ r; . . . ; n� 2 and

wn�1 ¼

A
ðnÞ
n;1

xn�x1

..

.

A
ðnÞ
n;n�1

xn�xn�1

0
BBBB@

1
CCCCA:

In this section, we express each coordinate of wr in terms of the combinatorics intro-

duced in Section 3.1. For an ordered rooted tree G with the vertex set ½k� and root set
R ¼ ½r�, we define A

ðkÞ
G by

A
ðkÞ
G ¼

Y1
i¼l

AðkÞpi;qi
2Mðkðkþ 1Þ � � � ðn� 1Þ;PnÞ;

where

EG ¼ fe1 < � � � < elg and ei ¼ ð pi; qiÞ:

Here we used the notation
Q1

i¼l ai ¼ alal�1 � � � a1 in a noncommutative ring. We

define the matrix-valued differential form ZG 2 Oð½k�mod½r�Þ �Mðkðkþ 1Þ � � �

ðn� 1Þ;PnÞ by ZG ¼ A
ðkÞ
G oG, where oG is defined in Section 3.1. For an element

g 2 Gð½k�; ½r�Þ, we define Zg by Zg ¼
P

G aGZG, where g ¼
P

G aGG.

THEOREM 4.1. Let us denote the ðirþ1; . . . ; inÞ-component of wr by wrðirþ1; . . . ; inÞ.

Then

wrðirþ1; . . . ; inÞdxn ^ � � � ^ dxrþ1 ¼ Zg;

where g ¼ ;ð½r�Þ ^ ðrþ 1; irþ1Þ ^ � � � ^ ðn; inÞ.

For the rest of this section, we prove Theorem 4.1.

4.2. SEVERAL LEMMATA

Let G be an ordered rooted tree with the root set ½r� and the vertex set ½n� 1�. The
edge set is denoted by E ¼ fe1 < � � � < elg, where ei ¼ ð pi; qiÞ. Suppose that p and q

are contained in the same connected component. Then there exists a unique path P

connecting p and q in G. We write P ¼ fet1 ; . . . ; etmg. The subgraph P looks like

Figure 1.
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LEMMA 4.2. Let A
ðn�1Þ
G 2Mðn� 1;PnÞ be defined as in Section 4:1

ð1Þ If the qth component of

A
ðn�1Þ
G

0

..

.

anp

..

.

0

0
BBBBBBB@

1
CCCCCCCA
2 Pðn�1Þn ð4:2Þ

is not zero, then p and q are contained in the same connected component, and

t1 < t2 < � � � < tm.

ð2Þ Suppose that t1 < t2 < � � � < tm. We write the vertices of the path P as

p ¼ k0; k1; . . . ; km ¼ q, ðsee Figure 1Þ and define Bi ði ¼ 1; . . . ; lÞ by

Bi ¼

� akj;n ðif i ¼ tjÞ;

apiqi þ anqi ðif tj < i < tjþ1 and

ei ¼ ð pi; qiÞ ajacents to kj and put pi ¼ kjÞ;

apiqi ðif tj < i < tjþ1 and ei does not ajacent to kjÞ:

8>>>><
>>>>:

(For the second case see Figure 2.) Then the qth component of ð1Þ is equal toQ1
i¼l Bi.

Proof. For a vector v ¼t ðv1; . . . ; vn�1Þ 2 Pn�1
n , we set SuppðvÞ ¼ fi j vi 6¼ 0g.

(1) If fi; jg \ SuppðvÞ ¼ ;, then SuppðAðn�1Þij vÞ ¼ SuppðvÞ and the kth component of

A
ðn�1Þ
ij v is equal to aijvk for k 2 SuppðvÞ.

Figure 1.

Figure 2.
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(2) If fi; jg \ SuppðvÞ ¼ fig, then SuppðAðn�1Þij vÞ � SuppðvÞ [ f j g and the jth compo-

nent and the ith component of A
ðn�1Þ
ij v are equal to �anjvi and ðaij þ anjÞvi,

respectively.

Therefore if we define Si inductively by

Siþ1 ¼
Si ðif eiþ1 \ Si ¼ ;Þ;
Si [ fjg ðif eiþ1 \ Si ¼ fkg and eiþ1 ¼ f j; kgÞ;

�
and S0 ¼ fpg. Then Suppð

Q1
i¼l A

ðn�1Þ
pi;qi

Þv � Sl. If q 2 Sl, then t1 < � � � < tm. This proves

(1). For the claim (2), we can prove

Y1
i¼s

Aðn�1Þpi;qi

0
..
.

ank
..
.

0

0
BBBBB@

1
CCCCCA

0
BBBBB@

1
CCCCCA

2
666664

3
777775

kj

¼ an;kj �
Y1
j¼s

Bj�

if tj 4 s < tjþ1 by induction on s using the infinitesimal pure braid relation (1) and

(2). (In case s5 tm and s < t1, an;kj ¼ an;km and an;kj ¼ an;k0 respectively.) This com-

pletes the proof of (2). &

Next we rewrite ;ð½r�Þ ^ ðrþ 1; irþ1Þ ^ � � � ^ ðn; inÞ by using the notion of principal

tree.

DEFINITION 4.3. For an index set I ¼ ðikþ1; . . . ; inÞ, ð14 ip 4 p� 1Þ, we define the

ordered rooted tree PI as follows.

ð1Þ The set of vertices is ½n�,

ð2Þ the set of roots is ½k�, and

ð3Þ the set of ordered edges is fðkþ 1; ikþ1Þ < � � � < ðn; inÞg.

The tree PI is called the principal tree of the index set I.

Let p; q be two vertices contained in the same connected component of PI. The

unique shortest path connecting p; q in PI is denoted by gð p; qÞ and the minimal edge
of gð p; qÞ is denoted by minð p; qÞ. Then by the construction of the principal tree, we
have the following lemma.

LEMMA 4.4. Let us write a path gð p; qÞ connecting p; q in PI as in Figure 1: Suppose

that ets is the minimal edge of gð p; qÞ. Then t1 > � � � > ts < � � � < tm

A graph G is called a support of g ¼
P

G aGG if aG 6¼ 0. The set of supports of g is
denoted by SuppðgÞ. Let p; q 2 ½n� be vertices contained in the same connected

component in PI. We set g ¼ ;ðf1; . . . ; kgÞ ^ ðkþ 1; ikþ1Þ ^ � � � ^ ðn; inÞ. By the con-
struction of g, if G 2 SuppðgÞ and ð p; qÞ is an edge in G, then ð p; qÞ is the mth edge
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of G, where em ¼ minð p; qÞ. (To define minð p; qÞ, we used the principal tree PI.) Con-

versely, for any pairs ð pkþ1; qkþ1Þ; . . . ; ð pn; qnÞ such that

(1) pi and qi are contained in the same connected component of PI, and

(2) minð pj; qjÞ is the jth edge ð j; ijÞ of PI,

we have aG ¼ 1 for G ¼ ð pkþ1; qkþ1Þ � � � ð pn; qnÞ. We use the distributive notation

fð pkþ1; qkþ1Þ þ ð p
0
kþ1; q

0
kþ1Þgð pkþ2; qkþ2Þ � � � ð pn; qnÞ

¼ ð pkþ1; qkþ1Þð pkþ2; qkþ2Þ � � � ð pn; qnÞ þ ð p
0
kþ1; q

0
kþ1Þð pkþ2; qkþ2Þ � � � ð pn; qnÞ:

Here the right hand side has a meaning as a formal linear combination of ordered

graphs. The following proposition is nothing but a restatement of the definition of ^.

PROPOSITION 4.5. Let Si ¼
P
14 p<q4 n;minð p;qÞ¼ei in PI

ð p; qÞ. Then

;ðf1; . . . ; rgÞ ^ ðrþ 1; irþ1Þ ^ � � � ^ ðn; inÞ ¼ Srþ1 � Srþ2 � � �Sn:

We finish this subsection by computing Resxn!xk ðoGÞ for an ordered rooted tree

G ¼ ferþ1; . . . ; eng 2 SuppðgÞ, where g ¼ ;ðf1; . . . ; kgÞ ^ ðkþ 1; ikþ1Þ ^ � � � ^ ðn; inÞ.
Until the end of this subsection we assume G 2 SuppðgÞ and ðn; kÞ is an edge of G.
Put R� ¼ fk

0 j ðn; k0Þ 2 G;minðn; k0Þ < minðn; kÞg and Rþ ¼ fk
0 j ðn; k0Þ 2 G;

minðn; k0Þ5 minðn; kÞg. We introduce a labeling on Rþ ¼ fk1 ¼ in; k2; . . . ; ks ¼ kg

such that minðn; k1Þ > � � � > minðn; ksÞ. Set eti ¼ minðn; kiÞ. For the figure of princi-

pal tree see Figure 3. If s5 2, we put P ¼ PðG; kÞ as the power set of Rþ � fk1; ksg.
For an element p 2 P, we define the graph Gð pÞ 2 Gð½n� 1�; ½r�Þ as follows. For
i ¼ 2; . . . ; s, put mð p; iÞ ¼ maxf j j kj 2 p [ fk1g; j < ig. The tith edge of Gð pÞ is equal
to ðki; kmÞ, where m ¼ mð p; iÞ. The jth edge is the same as G if j 6¼ ti; n ði ¼ 2; . . . ; sÞ.

The set of ordered graphs fGð pÞ j p 2 PðG; kÞg is denoted by RðG; kÞ, and is called the
set of residue graphs of G with respect to k.

Figure 3.
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PROPOSITION 4.6. If # j Rþ j 5 2, then

Resxn!xkðoGÞ ¼
X

p2PðG;kÞ

ð�1Þ#pþ1oGð pÞ:

Here Resxn!xko ¼ Z jxn¼xk , where o ¼ d logðxn � xkÞ ^ Z.
Proof. We write d logðxp � xqÞ ¼ h p; qi for short. First we prove the equality

hk; k1i � � � hk; ks�1i

¼
X

p�fk2;...;ks�1g

ð�1Þsþ#phmð p; 2Þ; k2i � � � hmð p; s� 1Þ; ks�1ihmð p; sÞ; ksi

by induction on the cardinality of fk1; . . . ; ks�1g. By the inductive assumption for

fk1; . . . ks�2g, we have

hk; k1i � � � hk; ks�2ihk; ks�1i

¼
X

q�fk2;...;ks�1g

ð�1Þsþ#qhmðq; 2Þ; k2i � � � hmðq; s� 1Þ; kihk; ks�1i

¼
X

q�fk2;...;ks�1g

ð�1Þsþ#qhmðq; 2Þ; k2i � � � hmðq; s� 2Þ; ks�2i�

� ðhmðq; s� 1Þ; ks�1ihk; ks�1i � hks�1;mðq; s� 1Þihk;mðq; s� 1Þi

and the last expression gives the expression of fk1; . . . ; ks�1g. Therefore we have

Resxn!xkhn; k1i � � � hn; ksi

¼ ð�1Þs�1hn; k1i � � � hn; ks�1i

¼
X

p�fk2;...;ks�1g

ð�1Þ#pþ1hmð p; 2Þ; k2i � � � hmð p; s� 1Þ; ks�1ihmð p; sÞ; ksi:

This implies the proposition. &

4.3. PROOF OF THEOREM 4.1

We prove Theorem 4.1 by induction. By Remark 3.5, the morphism

r : A
ðn�1Þ
ij 7!IndðaÞij

defines a ring homomorphism from Pn�1 to Mðn� 1;PnÞ. We assume Theorem 4.1

for n� 1. We define Wk 2 P
rðrþ1Þ���ðn�1Þ
n�1 for k ¼ 1; . . . ; n� 3 inductively by the rela-

tion similar to (4.1) and

Wn�2 ¼

A
ðn�1Þ
n�1;1

xn�1�x1

..

.

A
ðn�1Þ
n�1;n�2

xn�1�xn�2

0
BBBB@

1
CCCCA:

Then by the inductive assumption,
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Zg ¼Wrðirþ1; . . . ; in�1Þdxn�1 ^ � � � ^ dxrþ1

for g ¼ ;ðf1; . . . ; rgÞ ^ ðrþ 1; irþ1Þ ^ � � � ^ ðn� 1; in�1Þ in Pn�1 � Oð½n� 1� mod ½r�Þ.
HereWrðirþ1; . . . ; in�1Þ is the ðirþ1; . . . ; inÞth component ofWr. By applying the above

ring homomorphism r, we have

rðZgÞ ¼ rðWrðirþ1; . . . ; in�1ÞÞdxn�1 ^ � � � ^ dxrþ1

in Mðn� 1;PnÞ � Oð½n� 1� mod ½r�Þ. By the definition of wr, wrðirþ1; . . . ; inÞ is equal

to the inth component of the vector

rðWrðirþ1; . . . ; in�1ÞÞ

an1
xn�x1

..

.

ann�1
xn�xn�1

0
B@

1
CA:

Therefore by taking the residue Resxn!xk , it is enough to prove that

rðWrðirþ1; . . . ; in�1ÞÞ

0
..
.

ank
..
.

0

0
BBBBB@

1
CCCCCA

in

¼ Resxn!xk ðZ�gÞ ð4:3Þ

for all k ¼ 1; . . . ; n� 1, where �g ¼ ;ðf1; . . . ; kgÞ ^ ðkþ 1; ikþ1Þ ^ � � � ^ ðn; inÞ. We
compute the left-hand side and right-hand side by using Lemma 4.2 and

Proposition 4.6. The left-hand side of (4.3) is expressed as a linear combination of

ZG, where G is in the support of g. On the other hand, the expression given in
Proposition 4.6 gives an expression of the right-hand side by a linear combination

of ZG, where G is a support of g. By comparing the coefficient of oG, it is enough

to prove the following proposition.

PROPOSITION 4.7. Assume that G 2 SuppðgÞ, and k and in are contained in the same

connected component of G.

ð1Þ lengthðk; inÞ ¼ # pþ 1 if �Gð pÞ ¼ G. Here lengthðk; inÞ is the length of the path

connecting k and in in G.

ð2Þ ð�1Þlengthðk;inÞ
Yn

i¼rþ1

Bi ¼
X

f �G2Suppð�gÞjG2Rð �G;kÞg

A
ðnÞ
�G
;

were Bi is defined in Lemma 4:2 and Rð �G; kÞ is defined in Proposition 4:6.

Proof. Let G 2 Supp g and suppose Rð �G; kÞ 3 G. As in Lemma 4.2, we make the
labeling of the path in G from k to in as et1 ¼ ðn; k1Þ; et2 ¼ ðk1; k2Þ; . . . ; etm ¼ ðks�1; kÞ

and ks ¼ k; k1 ¼ in. First we claim the set L ¼ Lð �GÞ ¼ fl j ðn; lÞ 2 �Gg contains
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k1; . . . ; ks. Since Resxn!xk ð
�GÞ is not zero, �G contains ðn; kÞ, i.e. k ¼ ks 2 L. If the path

connecting k and in in the corresponding graph �Gð pÞ is k1; . . . ; ks, then

p ¼ fk2; . . . ; ks�1g. Therefore L � fk1; . . . ; ksg. If l 2 L� fk1; . . . ; ksg and q is the

minimal element satisfying minðin; lÞ < minðin; kqÞ, then �Gð pÞ contains an edge ðl; kqÞ
by the definition of �Gð pÞ. That is ðl; kqÞ 2 GðG; k; inÞ, where

GðG; k; inÞ ¼ fe : edge j There exists i such that e 3 ki;

minðki�1; inÞ4 e < minðki; inÞg:

Therefore L� fk1; . . . ; ksg � GðG; k; inÞ.
Conversely, for any subset L of f1; . . . ; ng satisfying

(1) L is contained in the same connected component of in,

(2) L � fk1; . . . ; ksg, and

(3) L� fk1; . . . ; ksg � GðG; k; inÞ,

there exists a unique �GðLÞ satisfying

(1) Lð �GðLÞÞ ¼ L,

(2) �G 2 Suppð�gÞ, and
(3) SuppðResxn!xkð

�GÞÞ 3 G:

Therefore

X
f �GjG2Rð �G;kÞ; �G2Suppð�gÞg

A
ðnÞ
�G
¼

X
L�fk1;...;ksg;L�fk1;...;ksg�GðG;k;inÞ;

L is contained in the same connected component of in

A
ðnÞ
�GðLÞ

¼ ð�1Þlengthðk;inÞ
Yn

i¼kþ1

Bi: &

5. Proof of The Main Theorem

5.1. SOME LEMMATA FOR THE ASYMPTOTIC BEHAVIORS

In this subsection, we investigate the asymptotic behavior of solutions of a linear dif-

ferential equation with regular singularities. Let A 2 ð1=xÞMðd;OxÞ, where Ox

is the germs of holomorphic functions at x ¼ 0. We are interested in the differential

equation for r� r-matrix-valued function V: dV=dx ¼ AV. We write

A ¼ Rx�1 þ
P1

i¼0 Aix
i, where R;Ai 2Mðr;CÞ. If all the eigenvalues of R are small

enough, then the solution V can be written as V ¼ FxRC0, where F is an r� r-valued

holomorphic function of Iþ xMðr;OxÞ, and C0 2 GLðr;CÞ. In the rest of this sec-

tion, we assume that all the eigen values of R are sufficiently small positive real num-

bers and R is semi-simple. The eigenvalues of R are denoted by 0 < l1 < � � � < ls.
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LEMMA 5.1. Let Cr
¼ �s

i¼1Wi be the eigenspace decomposition of Cr with respect

to R.

ð1Þ If wi 2Wi, then each component ak of the vector FxRwi satisfies the estimation

jakj4 jxjli c, for some constant c for k ¼ 1; . . . ; r. Moreover we have

limx!0ðx
�liFxRwiÞ ¼ wi.

ð2Þ Let l > li. If wi 2Wi and all the components ak of FxRwi satisfy jaij4 xlc for

some constant c, then w ¼ 0.

ð3Þ Let p :Wi ! Cl be a linear map and denote by ~p the composite Cr
!Wi ! Cl.

Then we have

~p lim
x!0

x�liFxRw

� �
¼ ~p lim

x!0
x�RFxRw

� �

for any w 2W.

Proof. Since F ¼ Iþ xm;m 2Mðr;OxÞ, using the identity limx!0 x
�lxmxR ¼

limx!0 x
�RxmxR ¼ 0, we get the statements. &

Let n; k be integers such that 24 k4 n and define A
ðkÞ
ij (14 i < j4 k) and the

reduced part Vred ¼ Vredk;n as in Section 3.2. The restriction of A
ðkÞ
ij to Vred is denoted

by A
ðkÞ
ij;red. For a subset S of ½i; k�, we define A

ðkÞ
S and A

ðkÞ
S;red by

A
ðkÞ
S ¼

X
i<j;i;j2S

A
ðkÞ
ij ;A

ðkÞ
S;red ¼

X
i<j;i;j2S

A
ðkÞ
ij;red:

From now on, aij are sufficiently general small positive real numbers. For a semisim-
ple matrix A, the formal sum of eigenvalues of A counting their multiplicities is deno-

ted by sðAÞ: sðAÞ ¼
P
ðeigenvalues of AÞ. The set of eigenvalues is denoted by

SuppðsðAÞÞ.

PROPOSITION 5.2. Under the above notations and assumptions, A
ðkÞ
S and A

ðkÞ
S;red are

semi-simple and

sðAðkÞS Þ ¼
X

T�½kþ1;n�

ðk� l; j T c jÞðl; j T jÞaS[T;

sðAðkÞS;redÞ ¼
X

T�½kþ1;n�

ðk� l� 1; j T c jÞðl; j T jÞaS[T;

where aU ¼
P

i<j;i;j2U aij for a subset U � ½1; n�. For a subset T � ½kþ 1; n�,

T c ¼ ½kþ 1; n� � T and l ¼ # j S j �1 and ða; bÞ ¼ aðaþ 1Þ � � � ðaþ b� 1Þ.

To prove the above proposition, we use the following two elementary lemmata.

LEMMA 5.3. Let X be a kN� kN-matrix. We assume that there exist semi-simple

matrices B;D 2MðN;CÞ and matrices C1; . . . ;Ck 2MðN;CÞ such that
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A

0

..

.

1

�1

..

.

0

0
BBBBBBBBB@

1
CCCCCCCCCA

i

iþ 1
¼

0

..

.

B

�B

..

.

0

0
BBBBBBBBB@

1
CCCCCCCCCA

A

C1

..

.

Ck

0
B@

1
CA ¼

C1D

..

.

CkD

0
B@

1
CA;

with SuppðsðBÞÞ \ SuppðsðDÞÞ ¼ ;. Then

ð1Þ sðAÞ ¼ ðk� 1ÞsðBÞ þ sðDÞ.
ð2Þ The ðk� 1ÞN-dimensional subspace Vred ¼ fðv1; . . . ; vkÞ j vi 2 CN;

P
vi ¼ 0g is

stable under the action of A. Let Ared be the restriction of A to Vred. Then

sðAredÞ ¼ ðk� 1ÞsðBÞ.

LEMMA 5.4. Let aij 2 Pk and set Aij ¼ IndðaÞij for 14 i < j4 k� 1,

A½1;k�1� ¼
X

14 i<j4 k�1

Aij; a½1;k�1�

¼
X

14 i<j4 k�1

aij and a½1;k� ¼
X

14 i<j4 k

aij:

Then we have

A½1;k�1�

0

..

.

1

�1

..

.

0

0
BBBBBBBBB@

1
CCCCCCCCCA

i

iþ 1
¼

0

..

.

a½1;k�

�a½1;k�

..

.

0

0
BBBBBBBBBB@

1
CCCCCCCCCCA
;

A½1;k�1�

ak1

..

.

ak�1

0
B@

1
CA ¼

ak1a½1;k�1�

..

.

akk�1a½1;k�1�

0
BB@

1
CCA:

Proof. The first equality follows from the expression

A½1;k�1� ¼

a½1;k�1� þ
P

j 6¼1 ak;j �ak1 � � �

�ak2 a½1;k�1� þ
P

j 6¼2 akj � � �

�ak3 �ak3 � � �

..

. ..
.

0
BB@

1
CCA:

SELBERG INTEGRALS AND MULTIPLE ZETA VALUES 19

https://doi.org/10.1023/A:1016377828316 Published online by Cambridge University Press

https://doi.org/10.1023/A:1016377828316


The second equality is obtained directly by the equality

Aij

ak1
..
.

akk�1

0
B@

1
CA ¼

ak1aij

..

.

akk�1aij

0
B@

1
CA: &

Proof of Proposition 5.2. We prove the proposition by induction. By the two

lemmata, we have

sðAðkÞS Þ ¼ ðk� lÞsðAðkþ1ÞS Þ þ lsðAðkþ1ÞS[fkþ1gÞ;

sðAðkÞS;redÞ ¼ ðk� l� 1ÞsðAðkþ1ÞS;red Þ þ lsðAðkþ1ÞS[fkþ1g;redÞ;

using the homomorphism Pðkþ1Þ !Mððkþ 1Þðkþ 2Þ � � � ðn� 1Þ;CÞ and the assump-

tion of the independence of aij. &

5.2. RELATION BETWEEN SELBERG INTEGRALS AND THE DRINFELD ASSOCIATOR

In this section, we will compare vectors whose elements are given by Selberg integrals

with the Drinfeld associator. Let n5 3 be an integer and we define A
ðkÞ
ij as in

Section 3.2. We set V ¼ V3;n ¼ C3�4���ðn�1Þ. Let S ¼ Sð½n�=½3�; x1; x2; x3; aijÞ be a
V-valued function on x1; x2; x3 whose ði4; . . . ; inÞ-component is given by

S;ðf1;2;3gÞ^ð4;i4Þ^���^ðn;inÞð½n�=½3�; x1; x2; x3; aijÞ:

Then by Theorem 4.1 and Corollary 3.6, S satisfies the differential equation

dS ¼ fA
ð3Þ
13 d logðx1 � x3Þ þ A

ð3Þ
23 d logðx2 � x3ÞgS:

We set �Sðx3Þ ¼ Sð½n�=½3�; 0; 1; x3Þ. Then �S satisfies the equation

d �S

dx3
¼ A

ð3Þ
13

dx3
x3
þ A

ð3Þ
23

dx3
x3 � 1

� �
�S:

Since all the elements of A
ð3Þ
13 ;A

ð3Þ
23 are homogeneous polynomials of degree 1 in aij,

the representation

r: ChhX;Yii !Mð3 � 4 � � � ðn� 1Þ;Q½½aij��Þ

given by rðXÞ ¼ A
ð3Þ
13 ; rðYÞ ¼ A

ð3Þ
23 is a rational representation of degree 1. By the defi-

nition of the Drinfeld associator, we have

lim
x!1
ð1� x3Þ

�Að3Þ
23 �Sðx3Þ ¼ rðFðX;YÞÞ lim

x3!0
x
�A

ð3Þ
13

3
�Sðx3Þ:

LEMMA 5.5. ð1Þ For i4; . . . ; in such that ik 2 ½k� 1�, we put g ¼ ;ðf1; 2; 3gÞ^
ð4; i4Þ ^ � � � ^ ðn; inÞ. Then for sufficiently small x3, we have an estimation

jSgð½n�=½3�; 0; 1; x3Þj< cxamax3 ð5:1Þ
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for some constant c. Here amax is the maximal eigenvalue
P
14 i<j4 n;i;j6¼2 aij of A

ð3Þ
13 .

ð2Þ For G 2 Gð½n�; ½3�Þ,

lim
x3!0

x�amax3 SGð½n�=½3�; 0; 1; x3Þ

¼
SG0 ð½n� � f2g=f1; 3g; 0; 1Þ ðif there is no edges containing 2Þ;

0 ðotherwiseÞ:

�

Here G0 2 Gð½n� � f2g; f1; 3gÞ is the ordered graph obtained by deleting 2 from the

graph G.
Proof. By Proposition 5.2, we have amax ¼

P
14 i<j4 n;i;j6¼2 aij. To prove the

statement, it is enough to prove thatZ
D

Y
14 i<j4 n

ðxi � xjÞ
aijoG jx1¼0;x2¼1

satisfies the estimation of (5.1) for an ordered rooted tree G with the root set ½3�. We
change the variables by xp ¼ xpx3 for p ¼ 4; . . . ; n. Then

og ¼  
Y

ð pi;qiÞ2EG;not adjacent to 2

dxpi � dxqi
xpi � xqi

Y
ð pi;2Þ2EG

x3dxpi
�1

� ð1þ oð1ÞÞ ð5:2Þ

and Y
14 i<j4 n

ðxi � xjÞ
aij ¼

Y
14 i<j4 n;i; j 6¼2

ðxi � xjÞ
aij � xamax3

_ð1þ oð1ÞÞ:

Here we put x3 ¼ 1; x1 ¼ 0. In particular, limx3!0 x
�amax
3

R
D FoG ¼ 0 if G contains an

edge adjacent to 2. The signature in (5.2) arises from the substitution for separating

edges of G adjacent to 2 and those which are not adjacent to 2. If G contains no edges
adjacent to 2, we get the second statement. &

From Lemma 5.1, we have the following corollary.

COROLLARY 5.6. The ði4; � � � ; inÞth component of limx3!0 x
�Að3Þ

13

3
�Sðx3Þ is equal to

Sgð½n� � f2g=f1; 3g; 0; 1Þ if ip 6¼ 2 for p ¼ 4; . . . ; n, where g ¼ ;ðf1; 3gÞ^
ð4; i4Þ ^ � � � ^ ðn; inÞ, and 0 otherwise.

Proof. By the definition of g ¼ ;ð½3�Þ ^ ð4; i4Þ ^ � � � ^ ðn; inÞ, if ip ¼ 2 for some p,
then all G 2 SuppðgÞ have an edge adjacent to 2. If ip 6¼ 2 for all p, then all

G 2 SuppðgÞ contains no edges adjacent to 2. Therefore the statement follows from
Proposition 5.5. &

Next we consider the asymptotic behavior for x3! 1. Let I be the set

fI ¼ ði4; . . . ; inÞ j ip 6¼ 2; 3g. By the definition of A
ð3Þ
23 , the projection p: V! CI to

the I-th components factors through a23 eigen projection. Therefore we have

p lim
x3!1

ð1� x3Þ
�A

ð3Þ
23 �Sðx3Þ

� �
¼ p lim

x3!1
ð1� x3Þ

�a23 �Sðx3Þ

� �
:
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by Lemma 5.1. On the other hand, it is easy to see the following lemma.

LEMMA 5.7. If G contains no edges containing 2 and 3, then

lim
x3!1

ð1� x3Þ
�a23SGð½n�=½3�; 0; 1; x3Þ ¼ SG0 ð½n� � f3g=½2�; 0; 1; a

0
ijÞ;

where G0 is the ordered graph obtained by deleting 3 from the graph G, and aij ¼ a0ij if
i; j 6¼ 2 and a02j ¼ a2j þ a3j.

DEFINITION 5.8. The vectors

lim
x3!0

x
�A

ð3Þ
13

3
�Sðx3Þ and lim

x3!1
ð1� x3Þ

�Að3Þ
23 �Sðx3Þ

are denoted by Vð1Þ and Vð2Þ, respectively. Then we have

pðVð2ÞÞ ¼ pðrðFðX;Y ÞÞV ð1ÞÞ ð5:3Þ

By Lemma 5.7, the ði4; . . . ; inÞth component of Vð2Þ with ip 6¼ 2; 3 is equal to

Sgð0; 1; a0ijÞ, where a0ij ¼ aij if i; j 6¼ 2 and a02;j ¼ a2j þ a3j, where g ¼ ;ðf1; 2gÞ^
ð4; i4Þ ^ � � � ^ ðn; inÞ. We compute the limit of all the components of V

ð1Þ for the limit

a3i ! 0. For this purpose, we compute in the next subsection lima3i!0 SgðaijÞ for
g ¼ ;ðf1; 3gÞ ^ ð4; i4Þ ^ � � � ^ ðn; inÞ with ip 6¼ 2.

5.3. LIMIT FOR a3i ! 0

In this subsection, we change numbering from that of the last subsection. Let G be an
ordered graph with the root set ½2� and vertex set ½n�. We set F ¼

Q
i�jðxi � xjÞ

aij , and

SðaijÞ ¼
Z
Dð½n�=½2�;0;1Þ

ZGF:

Before proving Proposition 5.10, we remark the following lemma.

LEMMA 5.9. Let FðxÞ be a continuous function defined on ð p; 1�. Suppose that FðxÞ is

integrable on ð p; pþ E�. Then we have

lim
a!0

Z 1
p

að1� xÞa�1FðxÞdx ¼ Fð1Þ:

Proof. This is a fundamental property of d-function lima!0 að1� xÞa�1. &

PROPOSITION 5.10. ð1Þ If lima2i!0 SðaijÞ 6¼ 0, then ð1Þ G contains no edges adjacent

to 2, or ð2Þ ð2; 3Þ is the unique edge adjacent to 2.

ð2Þ If ð2; 3Þ is the unique edge in G adjacent to 2, then lima2i!0 SðaijÞ is equal to

SG0 ða0ijÞ, where G0 is the ordered graph obtained by deleting the edge ð2; 3Þ and by

replacing the numbering 3 of the original edge by the new numbering 2 and a0ij ¼ aij
if i; j 6¼ 2 and a02;k ¼ a3;k.
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Proof. Suppose that G contains an edge adjacent to 2. Let p4 3 be the minimal

number such that ð2; pÞ is an edge of G. Set

Fðxp; . . . ; xnÞ ¼
Y

ð pqÞ2EG; 6¼ð2;pÞ

apq
Y

14 i4 n;p4 j4 n;i<j;ði;jÞ6¼ð2;pÞ

ðxi � xjÞ
aijþEij�

�

Z
fxp<���<x3<1g

Y
14 i<j4 p�1

ðxi � xjÞ
aijþEij dxp�1 � � � dx3;

where Eij ¼ �1 if ði; jÞ is an edge of G, and 0 otherwise. Then

lim
a2p!0

SG ¼

Z
f0<xn<���<xp<1g

Fðxp; . . . ; xnÞa2pð1� xpÞ
a2p�1:

Therefore SG ¼ 0 if p 6¼ 3, or there exist at least two p’s such that ð2; pÞ is an edge

of G. If p ¼ 3 and there is no edge adjacent to 2 other than ð2; 3Þ, then

lima23!0 SG ¼ SG0 ða0ijÞ. &

We define SgðaijÞ by
P

aGSGðaijÞ, where g ¼
P

aGG 2 Gð½2�; ½n�Þ.

COROLLARY 5.11. Let g ¼ ;ðf1; 2gÞ ^ ð3; i3Þ ^ � � � ^ ðn; inÞ.

(1) If there exists k 6¼ 3 such that ik ¼ 2, then lima2i!0 SgðaijÞ ¼ 0
(2) If i3 ¼ 2 and ik 6¼ 2 for k 6¼ 3, then

lim
a2i!0

SgðaijÞ ¼ Sg0 ða0ijÞ;

where g0 is ;ðf1; 3gÞ ^ ð4; i4Þ ^ � � � ^ ðn; inÞ.

Proof of the Main Theorem 3.3. We can proceed by the induction on n. We

consider the limit of (5:3) for a3i ! 0. Then all the entries of lima3i!0ðrðFðX;YÞÞÞ are
contained in Ha by Corollary 2.2. By Corollary 5.11, all the entries of lima3i!0 V

ð1Þ

are contained in Ha. Therefore all the entries of lima3i!0 pðV
ð2ÞÞ are also contained in

Ha. Therefore Sgð0; 1; aijÞ is an element of Ha for g ¼ ;ðf1; 2gÞ ^ ð3; i3Þ ^ � � � ^ ðn; inÞ
under the restriction ðRÞ: ik 6¼ 2 for all k: On the other hand, by the relation (3.4),

the restriction (R) is not necessary. This completes the proof. &
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