BuLL. AUSTRAL. MATH. Soc. 43420, 43A07, 43A15
VoL. 66 (2002) [69-73]

ORDER STRUCTURE ON CERTAIN CLASSES OF IDEALS IN
GROUP ALGEBRAS AND AMENABILITY

Yull TAKAHASHI

Let G be a separable, locally compact group and let J4(G) be the set of all closed left
ideals in L!(G) which have the form J, = {f — f*p: f € L'(G)}" for some discrete
probability measure p. It is shown that if J3(G) has a unique maximal element with
respect to the order structure by set inclusion, then G is amenable. This answers a
problem of G.A. Willis. We also examine cardinal numbers of the sets of maximal
elements in J4(G) for nonamenable groups.

Let G be a locally compact group, and let L!(G) and M(G) be the group and the
measure algebras on G, respectively. As usual, we shall identify L!(G) with the ideal
of M(G) consisting of measures which are absolutely continuous with respect to left
Haar measure. Let PM(G) denote the set of probability measures in M(G). For each
u € PM(G), define

Ju={f-f+p: feLlY(G)}
and
J(G)={J.:ne PM(G)}.

Then J, is a closed left ideal in L'(G) and J(G) is partially ordered by set inclusion.
We also consider two classes of ordered subsets J,(G) and J4(G) of J(G) defined by

Ja(G) = {Ju: 1 € PM,(G)}

and

JuG) = {J, - n € PMy(Q)},

where PM,(G) and PMy(G) denote respectively the sets of absolutely continuous and
discrete probability measures in M(G).

Willis [9, Theorem 1.2 (b)] characterised the amenability of G in terms of the order
structure of J(G) or J,(G) as follows: For a separable(that is, second countable), locally
compact group G, J,(G) (or J(G)) has a unique maximal element if and only if G is
amenable. It was also shown that J,(G) has a unique maximal element whenever G is a
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separable, amenable, locally compact group ([9, Proposition 1.3]). However the following
problem remained open ([9, Problem 6.1]: If G is a separable, locally compact group and
if J4(G) has a unique maximal element, then is G amenable? In this note we resolve
this problem affirmatively. It is also shown that J;(G) has uncountably many maximal
elements for some class of nonamenable groups.

Let L}(G) be the augmentation ideal of L'(G), that is

Lje) = {f e 1}@): [ 1=0}.

It is well known that L}(G) coincides with the closed linear span of {f — f * 4, :
fe L' (G),zeG }, where §, denotes the point mass at z € G ([6, Section 1, Proposition
1) or [7, Proposition 3.6.11}). In the following, this fact will be used repeatedly.

The following theorem shows that the answer to Willis’ problem is affirmative. Qur
proof of the theorem also reproduces a result of Willis {9, Theorem 1.2 (b)].

THEOREM 1. Let G be a separable, locally compact group and let X be one of
J(G), J.(G), and J4(G). If X has a unique maximal element, then G is amenable.

PROOF: Assume that X has a unique maximal element, J, say. We claim that
f—f*6, € J, for each z € G and f € L'(G). This is valid when X = J(G) or
X = Ju(G). In fact, since f — f *x 8, € Js, and every element of X is contained in a
maximal one ([9, Theorem 1.2(a)]), we have f — f * §; € J5, C J,. Now suppose that
X = J,(G), and let {ux}rea be a bounded approximate identity for L!(G) such that
uy € PM(G) for each A € A. (We may take a sequential bounded approximate identity
because of the separability of G.) Since f — f *x uy *8; € Jy, .5, and uy x 6, € LYG), we
also have

f=Fruyrxdz € Jyus, CJyu

for each A € A. Hence it follows from the closedness of J, that
f—f*é,:liin(f—f*u,\*éz) € Jy,

as desired. Since L{(G) is equal to the closed linear subspace generated by { f—fxb;:
f € LYG),z € G}, our claim implies that L}(G) C J,. But the converse inclusion
relation is clear, and so we have L{(G) = J,. Notice now that J, has a bounded right

= (An)eAxN !
bounded right approximate identity for the left ideal J, whenever {u,}ea be a bounded

approximate identity for L!(G). Thus L}(G)(= J,) has a bounded right approximate
identity. Therefore we may apply a result of Reiter [5] to conclude that G is amenable. 0

n .
approximate identity. Indeed it is easy to verify that {u,\ — Uy * (Z p,’) / n} sa
i=1

REMARKS 1. (1) Following [8] we say that y € PM(G) is ergodic by convolutions if
lim ”f * (Z p,‘) /n”1 = 0 for all f € L}{(G). Rosenblatt [8, Proposition 1.9] showed
i=1

n—00
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that if there exists a probability measure on a locally compact group G which is ergodic
by convolutions, then G is o-compact and amenable. It is obvious that g4 € PM(G) is
ergodic by convolutions if and only if L}(G) = J,. Recall also that if G is a o-compact
locally compact group, then every element in J(G) (or J,(G)) is contained in a maximal
one (see [9]). These facts may be combined with {8, Proposition 1.9 and Theorem 1.10]
to show that the following conditions (i), (ii), and (iii) are equivalent whenever G is a
o-compact locally compact group:

(i) G is amenable;

(i1) there exists an absolutely continuous probability measure on G which is

ergodic by convolutions;

(iii) J(G) (or J.(G)) has a unique maximal element.

(2) The proof of Theorem 1 yields that if G is a separable, locally compact group,
then J;(G) has a unique maximal element if and only if L{(G) € J4(G). Thus it is
still true that if G is a separable, locally compact group, then the amenability of G is
equivalent to each of the following conditions (ii)’ and (iii)":

(i)’ there exists a discrete probability measure on G which is ergodic by con-

volutions;

(i)  J4(G) has a unique maximal element.
The statement that J4(G) has a unique maximal element does not necessarily imply the
separability of G. Indeed, let G be the Bohr compactification of Z. It is then easily shown
that G is a compact Abelian group which is not separable. Since G has a countable dense
subset (for example, the image of Z under the canonical continuous homomorphism of Z
to G), it follows from (8, Corollary 1.14] that L}(G) € Ju(G). We can also obtain some
examples of o-compact locally compact groups for which L}(G) & Ju(G).

The argument used in Theorem 1 may be applied to show that there exist many max-
imal elements in J(G), J,(G), and J4(G) for some nonamenable groups. The following
result gives a partial improvement of Theorem 1.

THEOREM 2. Let G be a separable, connected, locally compact group which is
nonamenable. Then Jy4(G) (or J(G)) has uncountably many maximal elements.

PROOF: We shall give the proof for J;(G) only. The proof for J(G) is exactly the
same. Suppose that the set of maximal elements in J;(G) has at most countably many
elements {J,, }n>1. We shall prove that G is amenable. Now define

Hﬂ:{IGG:Jng‘]ﬂn}

for each n. Then H, is a closed subgroup of G. Indeed, H,, is closed because the mapping
a — f *d, of G into L'(G) is continuous for each f € L'(G). That H, is a subgroup of
G follows immediately from the relations

f_f*‘sz:y=f_f*61+{(f*éz)_(f*‘sr)*éy}
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and
f=fxb = _{(f *61‘1) - (f * 6:") *61}’
where f € LY(G) and z,y € G. Since every ideal in J4(G) is contained in a maximal

element ([9, Theorem 1.2(a)]), we also have G = |J H,. Thus Baire category theorem
n21
implies that H,, is open for some ny. Noting now that G is connected, we have

G=Hno={1’€G2J5zC “"o}

But then Lj(G) = J,,,,, and so G is amenable, as desired. 0

We can also prove the following result on cardinal numbers of the set of maximal
elements in J,(G).

THEOREM 3. Let G be a separable, connected, nonamenable locally compact
group. Then J,(G) has infinitely many maximal elements.

PROOF: Assume that the set of maximal elements in J,(G) consists of finitely
many elements {J,, }2,. It will be shown that G is amenable. Choose and fix z € G. Let
{un}nenN be a sequential bounded approximate identity for L'(G) such that u, € PM(G)

foreachn € N. Since up x4, € LY(QG) for every n, Jy, .5, C Jy,,, for some i, (1 < 4p < M)
([9, Theorem 1.2(a)]), and so we have

N=O{n€N:Ju

i=1

nle = J }

Hence there exist some ¢ (1 < i < m) and a subsequence {un,} of {un} such that
Junyos. S Ju; for all k. Since hm (f f *un, %6;) = f— f*6, for each f € LY(G), it
follows from the closedness of Ju, that Js, C J,,,. Thus we conclude that

G= U{:c €G:Js, CJ.}.
i=1

Now the argument used in the proof of Theorem 2 may be applied to show that L}(G)
= Jy, and hence G is amenable. 1
REMARKS 2. (1) It is well known that SL(n, R) (n > 2) is a connected Lie group which
contains F; (the free group on two generators) as a discrete subgroup ([3, Proposition
3.2] or [4, Corollary 14.6]). Thus SL{n, R) is nonamenable, and so Theorem 2 implies
that 7 (SL(n, R)) and J4(SL(n, R)) have uncountably many maximal elements. It also
follows from Theorem 3 that J,(SL(n, R)) has infinitely many maximal elements. More
generally Theorem 2 and Theorem 3 may be applied to every noncompact, connected,
semisimple Lie group with finite centre (see [7, Theorem 8.7.6]).

(2) Both Theorem 2 for J(G) and Theorem 3 are also valid for all connected, non-
amenable locally compact groups. These may be shown by applying the theorem of
Kakutani and Kodaira which asserts that if G is o-compact, then it has a compact nor-
mal subgroup K such that G/K is separable (see [2] or [1, Theorem 8.7]).
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