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Abstract  Given a left Noetherian ring R, we give a necessary and sufficient condition in order that a
complex of R-modules be DG-injective. Using this result we prove that if (K;);es is a family of DG-
injective complexes of left R-modules and K is the Ri-product of (K;);er (i.e. K C[[;c; Ki is such
that, for each n, K™ C [];c; K;* consists of all (z;);cr such that {i | z; # 0} is at most countable), then
K is DG-injective.
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1. Introduction

A ring R is left Noetherian if and only if the direct sum of any family of injective left
R-modules is injective. This result of Bass [2] led to a series of similar closure questions
concerning classes of modules and complexes of modules.

Perhaps surprisingly, we were able to prove that over a left Noetherian ring R it is not
true that the direct sum of DG-injective complexes is DG-injective [7]. This means that
the class of DG-injective complexes is not closed under Ng-products.

In this paper we prove that over such a left Noetherian ring R the class of DG-injective
complexes is closed under Ni-products.

We start by giving necessary and sufficient conditions for a complex to be DG-injective.
We prove first (Proposition 2.10) that over any ring R a complex K is DG-injective if
and only if Ext*(M, K) = 0 for every bounded-above exact complex M.

We use this result to show (Proposition 2.11) that if R is a left Noetherian ring, then
a complex K is DG-injective if and only if Ext* (M, K) = 0 for any bounded-above exact
complex M with each module M, finitely generated.

Using the previous result we show that, if R is a left Noetherian ring, (K;)ics is a
family of DG-injective complexes of left R-modules and K is the Rj-product of (K;);er,
then K is DG-injective.
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2. Preliminaries

Let R be any ring. A (chain) complex C' of R-modules is a sequence

o 19} 1e) o_
C= 50, 20, HC BC,—5HCy—---

of R-modules and R-homomorphisms such that 9,,_1 09, =0 for all n € Z.
A chain complex of the form
C=c?2 201 2, 00 1 202,
is called a cochain complex. In this case, "' 09" =0 for all n € Z. We note that a

cochain complex is simply a chain complex with C? replaced by C_; and &' by 0_;. So,
for example, it is more convenient to write a complex

0=>Ch—=C1 =>C_g— -
as

0-C' =0t —C? = ...,

Throughout the paper we use both the subscript notation for complexes and the super-
script notation.

When we use superscripts for a complex we will use subscripts to distinguish complexes:
for example, if (K;);cs is a family of complexes, then K[* denotes the degree-n term of
the complex K;.

If X and Y are both complexes of left R-modules, then Hom(X,Y") denotes the complex
with

Hom(X,Y), = [] Homg(X,,Y)
g=p+n
and with differential given by 0(f) = 0o f — (—=1)"f 00, for f € Hom(X,Y),.

We use the terminology of [1] and say that a complex I is DG-injective if each I™ is
injective and if Hom(FE,I) is exact for any exact complex E.

Throughout the paper, Hom(X,Y) denotes the set of morphisms from X to Y in the
category of complexes, and the Exti(X ,Y') are the right-derived functors of Hom.

Proposition 2.1 (see Proposition 3.4 in [5]). A complex I is DG-injective if and
only if Ext'(E,I) = 0 for any exact complex E.

Definition 2.2 (see p. 35 in [5]). A DG-injective complex
[=...y o1 972t n 9y ntl o,

is said to be minimal DG-injective if, for each n, Ker g,, is essential in I™.

Proposition 2.3 (see Proposition 3.16 in [5]). A DG-injective complex is the
direct sum of an injective complex and a minimal DG-injective complex. This direct sum
decomposition is unique up to isomorphism.
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Definition 2.4 (see [5]). A morphism of complexes @ : E — X is an exact precover
of X if F is exact and if Hom(F, F) — Hom(F, X) is surjective for any exact complex F.

If, moreover, any f : E — FE such that & = ® o f is an automorphism of F, then
@ : F — X is called an exact cover of X.

Theorem 2.5 (see Theorem 3.18 in [5]). Every complex X has an exact cover
E — X. A morphism E — X of complexes is an exact cover of X if and only if E
is exact, E — X is surjective and Ker(E — X) is a minimal DG-injective complex. If
E — X is an exact cover, E is injective if and only if X is DG-injective.

We recall that, for any n and for any complex X, X [n] denotes the complex such that
X[n|™ = X™*™ and whose boundary operators are (—1)"9"*™.

If f: X — Y is a morphism of complexes, then there is an exact sequence 0 — Y —
M(f) — X[1] — 0 with M(f) the associated mapping cone (M (f)" = X" &Y™ and
O(z,y) = (—0x, f(x) + y) for (z,y) € X" T Y™).

Lemma 2.6 (see Lemma 3.21 in [5]). Let I be a DG-injective complex and let
Id : I — I give the exact sequence 0 — I — M (Id) — I[1] — 0. Then M(Id) is injective
and M(Id) — I[1] is an exact precover. If I is minimal, then I — M (Id) is an injective
envelope and M (Id) — I[1] is an exact cover.

Lemma 2.7. If (K;);cs is a family of DG-injective complexes, then ||
injective.

iel Kz is DG-

Proof. Let M be an exact complex.
Each K; is DG-injective, so by Proposition 2.1 we have Ext!(M, K;) = 0 for any i € I.

Since
Ext! (M, 11 Ki> ~ [ Ext' (M, K;) =0
iel iel
for any exact complex M, it follows (by Proposition 2.1) that [,.; K; is DG-injective. [
Definition 2.8. Given an ordinal number A and a family (M,,)q4<x of subcomplexes of
a complex M, we say that the family is a continuous chain of subcomplexes if M, C Mg
whenever o < 8 < A and if Mg =J, 5 Ma whenever 8 < A is a limit ordinal. A family

(M4y)axn is called a continuous chain if (My)a<a+1 is one such.

A similar argument to that in the proof of Theorem 7.3.4 in [4] gives the following
useful result.

Theorem 2.9. Let M and N be complexes of left R-modules and suppose that M is
the union of a continuous chain of complexes (My)a<x. Then, if Ext'(My, N) = 0 and
Ext!(Ma11/Ma, N) = 0 whenever o + 1 < \, then Ext' (M, N) = 0.

Our first result is the following proposition.

Proposition 2.10. For any ring R, a complex K is DG-injective if and only if
Ext!(F, K) = 0 for every exact complex F = --- — Fy — F} — Fy — 0.
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Proof. («<.) Let

h h h A A
F= 5 F 2 F S F) "% L2 F2 22

be any exact complex. For any n > 0 let

Fo= o F M py o 2 g, 0,
where M,, = Ker A\, 11.
We have F,, C Fn+17 and

Foy1/Fy ~0— M,y 1d, Mp+1 — 0, for any n > 0.

F is the union of the continuous chain of complexes (F,)n>0.

By hypothesis, Ext'(Fy, K) = 0 and Ext'(F,/F,, K) =0 for any n > 0. By Theo-
rem 2.9, we have that Ext!(F, K) = 0.

Since Ext'(F,K) =0 for any exact complex F, it follows that K is DG-injective
(Proposition 2.1).

(=.) Since K is DG-injective, we have Ext'(F, K) = 0 for any exact complex F. [

Using this result we can prove the following.

Proposition 2.11. Let R be a left Noetherian ring. A complex K is DG-injective if
and only if Ext*(M, K) = 0 for any exact complex

M= — M 20 25 My -0,
with each M, finitely generated.

Proof. (<.) Let
M= — M2 M 25 My — 0

be any exact complex. Let n > 0 and let x € M,,. We can easily see that there is an
exact subcomplex S C M such that x € S,, and such that S; is finitely generated for each
1 2 0. For let S,, = Rz and let S,,—1 = f,(Rx) if n > 1 and of course S, = S5_1 =0
if n = 0. Then let S; = 0 for i« < n — 2. Then choose S;,+1 C M, 41 finitely generated
and such that f,+1(S,+1) = Ker f,, N S,,. Then, in a similar manner, let S, 12 C M2
be finitely generated and such that f,12(S,+2) = Ker fr41 N Sp4+1. Proceeding in this
manner we get the desired exact subcomplex S =---— Sy — 51 — Sy — 0.

Now let y € M, for some m > 0. Consider the quotient complex M/S (which is also
exact) and the element y + Sy, € (M/S)m = My, /Sm. By the argument above there
is an exact subcomplex T//S C M/S with y + S, € (T/S)m = Tin/Sm and such that
each (T'/S); is finitely generated. But then each T; is also finitely generated. So we have
S C T with both S and T bounded-above exact complexes of finitely generated modules
and such that x € T),, y € T,,.

Using this procedure we see that we can write M as the union of a continuous chain
(M®)o<a of complexes for some ordinal A such that each of MY and M®*T*/M®* for
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a+1 < \is a bounded-above exact complex of finitely generated modules. By hypothesis,
Ext'(M°, K) = 0 and Ext' (M*+' /M, K) = 0 whenever o + 1 < \. By Theorem 2.9, we
have that Ext'(M, K) = 0.

Since Ext'(M, K) = 0 for any bounded-above exact complex M, it follows that K is
DG-injective (Proposition 2.10).

(=.) Since K is DG-injective, we have Ext*(M, K) = 0 for any exact complex M. [

3. The Rj-product of a family of DG-injective complexes over a
left Noetherian ring is DG-injective

Let (K;)icr be a family of complexes of R-modules (R any ring). The Ri-product of
(Ki)ier is the complex K such that, for each n, K™ C [],.; Ki* consists of all (x;);cs
such that Card{i | x; # 0} < Ny, that is, {i | #; # 0} is at most countable. We will
denote this product by [[,, Ki.

We use the following result to prove that the Nj-product of a family of DG-injective
complexes is still DG-injective.

Lemma 3.1. If M is a finitely generated left R-module, then Hom(M, ], K;) =~
[[, Hom(M, K;) for any family (K;)ier of left R-modules.

Proof. Let
T : Hom (M, HK) - HHom(M, K;).

Ny el
T(a) = (ai)ier with a; = p; o a, where pj : [[,o; Ki = Kj, pj((z4):) = ;.
Let {z!,...,2"} be a set of generators of M. Let a(x!) = (x!);¢;.
Since {j | x # 0} is at most countable for each I € {1,2,...,n}, it follows that

Ut 12} #0}
=1

is at most countable. This implies that {j | a; # 0} is at most countable.
So T'(a) = (a;)i € [[, Hom(M, K;).

(i) I T(a) =0, then o; = 0 for any ¢ € I, so a = 0. Hence T is injective.
(i) Let (ou)icr € HN1 Hom(M, K;) and let o = (v;)ser-

Since {7 | a; # 0} is at most countable, we have that a(z) = (ai(z)); € [[y, K, for any
e M.
So a € Hom(M, [ [, K;) and T'(«) = (a;)ier- Hence T' is surjective.

(iii) Since
T(a+B)=(pio(a+pB))i= (pioa)i+ (pioB)i=T(a)+T(B),
for any a, 8 € Hom(M, [[y, K;), it follows that T is a homomorphism.
So Hom (M, HNl K;) ~ HNl Hom(M, K;). O

https://doi.org/10.1017/50013091505000143 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091505000143

262 E. E. Enochs and A. Iacob

Proposition 3.2. Let M = --- — My — My — My — 0 be an exact complex with
each M, a finitely generated left R-module.

We have Hom(M, [ [, K;) ~ [, Hom(M, K;) for any family (K;)icr of complexes of
left R-modules.

Proof. Let p; : HNIKJ - K, p?((xj)j) = Ty, V(l‘j)j S HNI(K;-L). Let T :
Hom(M, [y, Ki) — [lie; Hom(M, K;) be defined by T(a) = (a;); with o = p; o a,
for each i € I. Then af' = p}’ o @™ for any i € I and and n > 0:

M = M, M, Mo 0
- O
[y, &5 = ——TLy, K] — Iy, K} — Ty, K —= 1, &' —
J{m ipb lpi J{Ih l i
K; = K? K} K? Kt

Since each M, is finitely generated, we have
Hom (Mn7 HK{’) ~ HHom(Mn, K!) (by Lemma 3.1).
Ny Ny

So for each n > 0 we have that the set {i | al # 0} is at most countable.
Then, since a; = (al'),, we have that

{i| i #0} = [J{i| o) #0}.
n>=0

Since a countable union of countable sets is still countable, it follows that {i | ; # 0} is
at most countable.

Hence (;); € [[, Hom(M, K;).

Thus 7' : Hom (M, [[y, K:) — [[x, Hom(M, K;).

(i) If (ci)i € [y, Hom(M, K;), then a = (a;); € Hom(M, [ [, Ki) and T'(a) = (a;);.
(ii) T(a) =0 ; =0,Vie I & a=0.

(iii) T(a+ B) = (pio(a+8))i = (pioa); + (pioB); = T(a) + T(B) for any «, 5 €
Hom (M, [Ty, i)

So T is an isomorphism. |

Lemma 3.3. If

is an exact sequence of left R-modules for each i € I, then the sequence
Nl Nl Nl

is exact (with h = [],c; hi|HN1 A, andl = Hiellih_[;ql B;)-

https://doi.org/10.1017/50013091505000143 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091505000143

The Ry -product of DG-injective complezes 263
Proof. (i) Since loh((x;):) = (li(hi(:))); = 0 for any x = (z:)ic1 € [[y, Ai, it follows
that Imh C Ker .

(ii) Let © = (z;)ier € Kerl C HNlBi' For each i € I we have z; € Kerl; = Im h;, so
x; = h;(y;) for some y; € A;. Since y; # 0 implies x; # 0 (because h; is an injection) and
{i | ©; # 0} is at most countable, it follows that {i | y; # 0} is at most countable. Thus
x = (hi(y:)): = h(y) with y = (y;): € [ [y, Ai- Hence Kerl C Imh C Kerl.

(iii) Since each h; is an injection, it follows that h is an injection.

(iv) Let y = (yi)ier € [y, Ci- By hypothesis, for each i € I there is x; € B; such that
yi = li(x;). Let 2 = (23)ier € [[;,c; Bi with z; = z; if y; # 0 and z; = 0 if y; = 0. Then
I(z) = y. Since {i | y; # 0} is at most countable, we have that {i | z; # 0} is at most
countable. So z € [[y, Bi and I(2) =y. Thus [ is surjective. O

Corollary 3.4. If (D;);er is a family of exact complexes of left R-modules, then
[y, Di is an exact complex.

Corollary 3.5. Let R be a left Noetherian ring. If (E;);c; is a family of injective left
R-modules, then [[y, FE; is an injective left R-module.

Proof. Let J be a left ideal of R. The sequence 0 - J — R — R/J — 0 is exact and
each Fj; is injective, so the sequence

0 — Hom(R/J, E;) — Hom(R, E;) — Hom(J, E;) — 0
is exact for any ¢ € I. By Lemma 3.3, the sequence

0 — [[Hom(R/J, E;) — | [ Hom(R, E;) — | [ Hom(J, E;) — 0
Ny Ny Ny

is exact. Since R is left Noetherian, both J and R/J are finitely generated left R-modules.
Then by Lemma 3.1 we have that

[[ Hom(R/J, E;) ~ Hom (R/J, 11 E) [[ Hom(R, E;) ~ Hom <R, 11 E) :

Nl Nl Nl Nl

[ [ Hom(J, E;) ~ Hom <J, 11 E) )

Ny Ny
Hence the sequence
0 — Hom (R/J, HE> — Hom (R, HE> — Hom (J, HE) -0
Ny Ny Ny

is exact for any left ideal .J of R. By [4, Theorem 3.1.3], the module [y E; is injective.
O

We can now prove that over a left Noetherian ring R an N;-product of DG-injective
complexes is still DG-injective.
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Proposition 3.6. If R is a left Noetherian ring, (K;);cr is a family of DG-injective
complexes and K = HN1 K;, then K is a DG-injective complex.

Proof. Since K; is DG-injective, there is an exact sequence 0 — D; — E; — K; — 0
with F; injective, D; DG-injective and such that Hom(M, —) leaves the sequence exact
for any exact complex M (Lemma 2.6).

By Proposition 2.11, it suffices to show that Extl(M,K) =0 for a bounded-above
exact complex of finitely generated modules M = --- — M; — My — 0.

Let M be such an exact complex.

By Lemma 2.6, the sequence 0 — Hom(M, D;) — Hom(M, E;) — Hom(M, K;) — 0 is
exact for each i € I. By Lemma 3.3, we have an exact sequence:

0— l_IHom(M7 D;) — HHom(M, E;) — HHom(M, K;) = 0.
Ny Ny Ry

Since each M,, is finitely generated (n > 0) we have
HHom(M,Ti) ~ Hom <J\47 Hﬂ)
Nl Nl

for any family of complexes (T;);er (by Proposition 3.2).
Thus we have an exact sequence

0 — Hom (M, HDZ) — Hom (M, HE) — Hom (M, HKZ-) = 0. (3.1)
Ny Ny Ny

But the fact that 0 = D; — E; — K; — 0 is exact for each i € I implies that
0—>HD1'—>HE1'—>HK¢—>0
R, Ny N,

is an exact sequence (Lemma 3.3). Consequently, we have an exact sequence

0 — Hom <M, HD,;) — Hom <M, HEZ) — Hom (M, HKZ)
Ny

Nl Nl
— Ext! (M, HDi) — Ext! <MHE1> =0, (3.2
Nl Nl

since [[, Ei is injective (see Corollaries 3.4 and 3.5 and Theorem 3.1.3 in [6]).

By (3.1) and (3.2), we have Ext" (M, [y, D:i) = 0 for any exact bounded-above complex
M with each M, finitely generated. Consequently, HN1 D; is a DG-injective complex (by
Proposition 2.11). Since

O—>HDi—>HEi—>HKZ——>O
Ny Ry Ry

is exact and [[, Di, [[, E: are DG-injective, it follows that [ ]y, K is DG-injective (see
the remark on p. 31 of [5]). O
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Corollary 3.7. Let R be a left Noetherian ring and let (X;);c; be a family of
complexes of left R-modules. If F; — X, is an exact cover for each i € I, then
[Ix, Ei — [y, Xi is an exact precover.

Proof. By Theorem 2.5, K; = Ker(FE; — X;) is a DG-injective complex for each i € I.
Since 0 - K; — E; — X; — 0 is exact for each i € I, it follows that

O%HKi%HEi%HXi%O
Ry Ny Ny

is an exact sequence of complexes (Lemma 3.3).
By Corollary 3.4, HNl F; is an exact complex.
Let D be an exact complex. Since the sequence

0—>HKi—>HEi—>HXi—>O
Ny Ny Ny

is exact, we have an associated exact sequence

0 — Hom (D, HK) — Hom (D, HE>

Ny Ny
— Hom (D, HXZ»> — Ext! (D, HKZ-) =0
Ny Ny
(since, by Proposition 3.6, [ [, K: is DG-injective).
Thus []y, £ — [y, Xi is an exact precover. O

Remark 3.8. With the hypotheses of Corollary 3.7, [y, Ei — [, Xi is not neces-
sarily an exact cover.
For example, let R = 7Z and let

Oth
X==20=2>7Z —=0—- .

Since 0 = Z — Q — Q/Z — 0 is a minimal injective resolution of Z, it follows that
the complex

Oth
E=-0-20—27Z—->Q—>Q/Z—0---

with the map E — X, which is the identity on Z, is an exact cover of X (see the example
on p. 37 of [5]).

Let X,, = X for any n € N and let F,, = E for any n € N. Thus E,, — X,, is an exact
cover for any n € N.

Suppose [y, En — [[y, Xn is an exact cover, ie. [[;2; En — [[,2; X, is an exact
cover. Then Ker([])", E, — [~ X,,) is a minimal DG-injective complex, i.e. the com-
plex

0— H(@n — H(Q/Z)n—w
n=1 n=1
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is minimal DG-injective (with Q,, = Q and (Q/Z),, = Q/Z for any n € N). Consequently,

ﬁ Zn, = Ker (f[l@n — ﬁ(Q/Z)n)

n=1

is essential in [[7 | Q, (with Z, = Z for any n € N).

Let (2,,)n = (1/pn)n, where p,, is prime, p, # pi for n # k. Since (xy,)n € [[1=; Qn,
(2n)n # 0 and [0 | Z,, is essential in [[7 | Q,, there exists r € Z such that r(1/p,) € Z
for any n > 1 [9, Exercise 3.25], which means that p,, | r for any prime number p,,. But
r € 7 is the product of a finite number of primes. Contradiction.

Remark 3.9. Using a few elementary facts about cardinal arithmetic it is not hard
to modify the arguments in this paper to prove that the Ng-product of DG-injective
complexes is DG-injective if 8 > 0 is not a limit ordinal (so § = a + 1 for some «) or if
0 is a limit ordinal which is not cofinal with w. For the sake of simplicity we restricted
ourselves to the Ny case.

Remark 3.10. For other results about N-products see [3] and [8].

References

1. L. AvRAaMOV AND H.-B. FoxBY, Homological dimensions of unbounded complexes, J.
Pure Appl. Alg. 71 (1991), 129-155.

2. H. Bass, Injective dimensions in Noetherian rings, Trans. Am. Math. Soc. 102 (1962),
189-209.

3. J. DAUNS AND L. FucHs, N-products of slender modules, Acta Sci. Math. 3(4) (1993),
205-213.

4. E. E. ENocHs AND O. M. G. JENDA, Relative homological algebra, De Gruyter Exposi-
tions in Mathematics, vol. 30 (Walter de Gruyter, Berlin, 2000).

5. E. E. ENocHS, O. M. G. JENDA AND J. XU, Orthogonality in the category of complexes,
Math. J. Okayama Univ. 38 (1996), 25-46.

6. J. R. GArciA Rozas, Covers and evelopes in the category of complezes of modules (CRC
Press, Boca Raton, FL, 1999).

7. A. IACOB, Direct sums of exact covers of complexes, Math. Scand., in press.

8. L. OYONARTE AND B. TORRECILLAS, N-products of injective objects in Grothendieck
categories, Commun. Alg. 25(3) (1997), 923-934.

9. J. J. ROTMAN, An introduction to homological algebra (Academic, 1979).

https://doi.org/10.1017/50013091505000143 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091505000143

