
GENERALIZED INTEGRALS WITH RESPECT TO 
FUNCTIONS OF BOUNDED VARIATION 

R. L. JEFFERY 

Introduction. A considerable literature has grown up around the analysis 
of the structure of a function in terms of its derivative, and the structure of 
functions F(x) which are integrals of various kinds. Some of this relates to 
derivatives and integrals of F(x) with respect to functions of bounded variation 
co(x) (1-6) or, in the case of a paper by Ward (4), with respect to a function 
of generalized bounded variation in the restricted sense. While functions of 
bounded variation have at most a denumerable set of discontinuities, yet this 
set can be everywhere dense, and in the studies to which we refer a considera
tion of these discontinuities enters, sometimes in a complicated way. In the 
present paper results are obtained without reference to the values of F(x) or 
co(x) at the points of discontinuity of co. The results lead to a descriptive 
definition of a Lebesgue-Stieltjes integral of a function with respect to co and 
a descriptive definition of a generalized integral with respect to co. The latter 
involves functions F(x) which are generalized absolutely continuous relatively 
to o). 

Because co (x) can be written as the difference of two non-decreasing functions 
there is no loss of generality in taking co(x) to be non-decreasing. We shall 
consider a function co(x) on a closed interval [a, b] with the understanding 
that w(x) = co (a), x < a, co(x) — co(cV), x > b. With co(x) given we shall 
denote by U a class of functions F(x) defined at the points of continuity of 
co(x) on [a, b]. Furthermore, if S is the set over which co is continuous, then 
F(x) is continuous over S at points of S, and if Xo is a point of discontinuity 
of co then F(x) tends to a limit as x tends to x 0 + and to G E. These 
limits will be denoted by F(xo+), F(x0 — ) . Also F(x) = F(a+) for x < a 
and F(x) = F(jb — ) for b > a. F(x) may, or may not, be defined at points of 
discontinuity of co. 

1. The co-measure of a set E on [a, b]. Let (a', bf) be an open interval on 
[a, b]. The co-measure of (a', b') is co(cV — ) — co(a ,+), and is denoted by 
| (a', br)\œ. Let E be any set on [a, b}. Let «i, a2j . . . be a set of non-overlapping 
open intervals containing E. The outer co-measure of the set E is the infimum 
of 2J|a*|w for all such sets of open intervals. This outer measure is denoted by 
I^Jo,0. Let Ë be the complement of the set E. If for e > 0 there exists a set 
of non-overlapping open intervals a = ai + a2 + . . . , o O - E and a similar 
set /3 D E for which |a/3|w° < e then the set E is said to be co-measurable. 
The co-measure of E, denoted by \E\a, is equal to \E\a°. 
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LEMMA 1. If a = a\ + a2 + . . . is a set of non-overlapping open intervals 
«i, #2, . . . then a is (^-measurable. 

Because co(x) is B V it follows that S|ai|w converges. Hence for e > 0 there 
exists an integer ^0 such that for n > no, 

]£ W« < €• 

Fix w > w0. Let at = (at, bt), i < w. Take a / , 6/ with at < a{ < b{ < bt 

and such that 
n 

X) {|(a<, a5)l« + |(*5, &<)!«} < €• 

Let jS be the open set complementary to the finite set of closed intervals. 
[ai, &/], . . . , [an', bn'}. Then p D Ë and 

M° = Z W-+ S {|(ai,ai)|.+ I («,&<) M <2e. 
ra+1 i = l 

Because e is arbitrary it follows that a satisfies the definition of measurability. 

LEMMA 2. Let E be any set on [a, b]. Let each point x Ç E be the left hand 
end point of a set of intervals (x, x + ht) for which hi —» 0 as i —> <». Le£ g 
denote the set of intervals thus associated with the set E. Let e > 0 be given. 

There exists a finite non-overlapping set A* of the intervals of g f° r which 

Ê |A,|. < |E|° + e, 2 1^1° > 1̂ 1- - e. 
i = i i = i 

Let 77 > 0 be given. Put £ in a set of open intervals «i, a2, . . . in such a 
way that ^\ai\œ < \E\œ° + 77. Now let a be a finite set of the intervals 
«i, «2, . . . , OL — ai + a2 + . . . + an where n is sufficiently great to insure 
that \aE\œ° > \E\œ° — rj. Let at = (ait bi). Let v\ be so fixed that if b{ is 
on (at, bt), ai < bi < bt and bt — b/ < r?' then 

n 

(1) Z |£(6'«i,)U°<i». 

Let £5 be the points of Ea which are such that if x is in E$ then there is an 
interval (x, x + h) of % with h > 8 and x, x + h on the same interval of the 
set a. If <52 < 8i then 

-Es2 Z) E^. 

Hence \Ei\a° —> |Ea:|w
0 as 5 —> 0. Fix ô < rjf and sufficiently near zero to insure 

that 
(2) | E , | ° > \Ea\°w-v> \E\Z-2r,. 

Now consider the interval «i = (&i, 61). There is a point x / > #i which is 
(a) the first point of E$ to the right of a\ or (b) the infimum of points of Ei on 
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(ai, bi). For case (a) let xi = x\ and let (xi, xi + hi) be an interval of % 
on (ai, ôi) with hi > 8. For case (b) take xi a point of Es and such that 

(3) |E(*i ,* i ) |2<€i 

where ei is the first member of a sequence of positive numbers ei, e2, . . . for 
which 2e* < iy/w, and take (#1, Xi + hi) an interval of g with hi > 8. 

In the foregoing replace #i by xi + Ai and arrive at x2' > #i + hi satisfying 
(a) or (b) and an interval (x2, x2 + h2) of g o n (#i> W corresponding to 
(xi, xi + Ai) with A2 > <5. If case (b) holds choose x2 so that 

( 4 ) \E(x'2, X2)\u < €2. 

Since each hi > 8, and 8 < rjf this procedure can be continued to get a finite 
non-overlapping set of intervals [xi, Xi + hi], [x2, x2 + h2], . . . , (xm, xm + AOT) 
of the set g for which no points of aiEs are to the right of xm + hm or 

(5) bi - (xm + Aro) < rj'. 

Also the intervals (xu Xi + A*), i = 1, 2, . . . , m, have been so chosen that 
m   

(6) E |£(*u,)|-< E «i<J. 
i = l '*• 

This procedure can be repeated for each of the remaining intervals a2f «3, . . . , 
aw of the set a. 

From (1), (5), (6) and the relations similar to (5) and (6) for the intervals 
a2, . . . , an it follows that the total set A* = (#*,#* + &*) obtained by this 
process are on a, are non-overlapping and 

£ |EWA,| > \oEB\ -2ri. 

This, with (2) and the fact that E8 is on a and A^Es C &tE, gives 2Aj£> \E\J 
— 4T;. Because A t is on a and because rj is arbitrary the lemma follows. 

Definition 1. A function F(x) defined on [a, b] and in class U is absolutely 
continuous relative to co, AC — co if for e > 0 there exists 8 > 0 such that for 
any set of non-overlapping intervals (xit x / ) on [a, Z>] with 2{a(x/ + ) 
— a(xt —)} < 8 the relation X\F(x/ + ) — F(xi — )\ < e is satisfied. 

2. The derivatives of F(x) with respect to co. Let F(x) be a function in 
class U. Define the function \p(x, h) by the relation 

F(iX 1 S ~~ FrX ~l > * > 0, «(* + A) - co(x - ) ^ 0, 
co(x + h) — co(x — ) 

*(*, « = -( F(x + A) - 7?(x + ) 
w ( x + h) _ ^ ( r + T ' A < 0, co(x + A) - co(x + ) * 0, 
0, co(x + h) - co(x ± ) = 0, 

for points of continuity x + h of co. If \f/(x, h) tends to a limit as A —-> 0 this 
limit is the derivative of F(x) with respect to co(x), DœF. The upper and 
lower limits of this ratio are the upper and lower derived numbers of F(x) 
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with respect to co. It is to he noted that DœF exists at points of discontinuity 
of ce even when F(x) is not defined at such a point. 

Definition 2. Let / (x) be defined on an co-measurable set E on [a, 6]. Let ea 

be the part of E for which /(x) < a. If ea is ^-measurable for every real number 
a then f is (^-measurable on E. 

Definition 3. Let f(x) be co-measurable on an co-measurable set E. Let 
(li-u li) be a subdivision of the range of / on E. Let et be the points of E 
for which lt_i < / < Z*. If S/t_i|gi|M Zends Z# a Zz'wwtf as Z/*e supremum of 
li — lt_i —•> 0 /&£# Zfc's /imi/ is Z&e Lebesgue-Stieltjes integral of f{x) over the 
set E. 

If x is a point on [a, &] and /(#) is co-measurable on [a, Z>] then 

F(x) = I f(x)do) 
v a 

is absolutely continuous relatively to co. Also F{x) is in class U and DUF = f 
except for a set of co-measure zero. This definition of a Lebesgue-Stieltjes 
integral is the usual one and the stated properties may be proved in the 
usual way. 

3. Properties of functions in class U. 

Definition 4. Let F(x) be a function in class U. The set [x, F(x)] is the 
union of the graphs [x, F(x+)] and [x, F(x — )]. For any interval of con
tinuity [x, F(x)] is thus the graph of F(x) in the usual sense. 

THEOREM 1. Let F(x) and G(x) be two functions in class U. If F and G are 
AC — co and if D^F = DJG, except at a set of u-measure zero, then the sets 
[x, F(x)], [x, G(x)] are identical or one is a translation parallel to the y-axis 
of the other. 

Set H(x) = F(x) — G(x). Then H is AC — co and DJI — 0 except for a 
set of co-measure zero. At a point of discontinuity Xo of co(x), H(xo — ) = 
H(XQ+). For otherwise 

l i m H(xo+) -H(xp±) ^ Q 

^o w(x0 + h) — co(x0 db) 

and it follows that DUH ^ O o n a set of co-measure greater than zero, which 
is a contradiction. If at points of discontinuity of co we set H(x) = H(x+) 
= H(x — ) then H(x) is continuous on [a, b]. We now prove that H(x) is 
constant on [a, b]. 

Let E be the set on [a, b] 2X which DœH = 0. Then \E\a = \[a, 6]|w. If x, 
is a point of E and e > 0 is given there is a sequence of intervals [x, x + hi], 
hi > 0, hi —> 0 as i —-> °o such that 

(i) 
gÇx + fei) - g ( x - ) 
co(x + fe,) — co(x — ) 

< €. 
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By Lemma 2 there is a finite set A* of these intervals associated with the 
set E such that 
(2) | 2 | A i | w - I [a, J] M < e, 2|S,L < e, 

where A3 is the finite set of intervals complementary to the set A*. It follows 
from the second member of (2) and the fact that H(x) is AC — œ that if 77 
is given then e can be so fixed that if [xj, x/] are the intervals of Aj then 

2\H(x/) - H(xj)\ < 77. 

It follows from (1) that for the intervals A* 

2|Jff(*/) - H(xi)\ < €Jkf 

where M depends on the function of bounded variation co(x). It then follows 
that \H(b) — H (a) | < eM + 77. Because e and 77 are arbitrary, e fixed after 
rj, it follows that 7 (̂6) = F (a). If a < x < b it can be shown in the same way 
that H(x) — H (a). Hence H(x) is constant on [a, b]. 

It now follows that F(x) — G(x) = C, a constant, at points where both 
functions are continuous, that is, at the points of continuity of co. Further
more, at points x0 of discontinuity of a>, 

lim [F(x) -G(x)] = C, 

x a point of continuity of co, from which it follows that at points of discontinuity 
of co the jumps, if any, of F and G are the same and in the same direction. It 
then follows that the sets [x, F(x)], [x, G(x)] are identical or one is a translation 
parallel to the ;y-axis of the other. 

THEOREM 2. If F(x) is in class U and is AC — co and if DœF = f(x), except 
for a set of ^-measure zero, then if a and x are points of continuity of œ 

Let 

F(x) - F(a) = j f(x) do>. 

G(x) = I f(x) do). 

J a 
Then G(x) is in class U, is AC - co , and D^G — f(x) except for a set of x-
of co-measure zero. Hence G and F satisfy the conditions of Theorem 1, andx, 
except at points of discontinuity of co 

F(x) - G{x) = C. 

Since G (a) = 0 it follows that C = F {a) and 

F(x) - F(a) = G(x) = J f(x)dw. 

This theorem gives point to the following definition: 
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Definition 5. Let f(x) be defined on [a, b] and be measurable relative 
to co. Let F(x) be a function in class U which is AC — co and such that 
Ao^F = /(#) except possibly for a set of co-measure zero. If the series 
2\f(Xi){o)(Xi+) — œ(Xi~-)}|, ^Âere x*, i = 1, 2, . . . , are Jfee points of discon
tinuity of co, converges and if F(xi + ) — F(Xi — ) = /(x*) {&>(#* + ) — co(Xi —)} 
then F{x) is the Lebesgue-Stieltjes integral of f{x): 

F(x) - F(a) = ff(t) dw{i). 

Definition 6. A function F(x) is generalized absolutely continuous with respect 
to co, ACG — co, over [a, b] if this interval is the sum of a denumerable sequence 
of closed sets over each of which F{x) is AC — co. 

THEOREM 3. Let F(x) and G(x) be two functions in class U each of which 
is ACG — o) on [a ,b], and such that DœF = DœF except for a set of œ-measure 
zero. Then the sets [x, F(x)], [x, G(x)] are identical or one is a translation parallel 
to the y-axis of the other. 

As in Theorem 1, let H(x) = F(x) — G(x) at points of continuity of co(x). 
Then DœH = 0 except for set of co-measure zero, and it follows as before that 
H(xo — ) = i J (x 0 +) at points of discontinuity of co. Hence if H(xo) is equal 
to this common value then H{x) is continuous on [ex, b]. We now have H{x) 
continuous and A CG — co on [a, b] and DœH = 0 except for a set of co-measure 
zero. We show that H(x) is constant on [a, b]. 

Because F and G are both ACG — co on [a, b] it follows that 

[a, b] = X) -SÎ» iai b] = 22 E2j, where E\, E) are closed, 

where F is AC — co over each Et
l and G is AC — co over each £ / . Hence 

H(x) is AC — co over each of the sets E^ Ej2, i, j = 1, 2, . . . This is a 
denumerable sequence @i, @2, . . . of closed sets which cover [a, b]. Let E 
be the set on [a, b] which is such that if x G E then in every interval co with x 
as an interior point H(x) fails to be constant. The set E is closed. It then 
follows from Baire's theorem that there is an integer n and an interval [/, m] 
such that E[l, m] is not empty, E[l, m] = @w[/, m\ — e. The set e is closed 
and H is A C — co over e. Hence, if e is given, there exists b such that if 
(Xix/) is a set of non-overlapping intervals on [/, m\ with xuXi points of e 
and with 2|(**, #/) |„ < ô then 2\H(x/) — H{x%)\ < e. Now let (*;,*/) be 
any set of non-overlapping intervals on [/, m] with 2|(#^ x/) |w < ô. If there 
are points of e on [xjt x/] let Xj be the first point of e to the right of xjf Xj = x^ 
if x ; 6 e. Let x/ be the first point of e to the left of x/, x/ = x / if x / Ç e. 
Because .H(x) is continuous, and constant on intervals of [/, m] which are 
complementary to the set e = Sn[Z, w], it follows that H{x) is constant on 
[xj, Xj] and on [xf, x/]. We now have H(xj) — H(xj) = H(x/) — H(x/) = 0 
and 
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£ \H(x'j) -H(Xj)\ < £ \H(xj) - H(xj)\ + 

Z {HW-HixM + E IWi) -H(x'M 

< Z Î W) -ff(^)| < e. 
The last relation follows because xJfx/ are points of ®„ and 2|(rcy,x/)|„ 
< 2\(xj, x/)\œ < ô. Then, because (xjy x/) is any set of intervals on [/, m] it 
follows that H(x) is AC — œ on [/ ,m]. Because D^H — 0 except for a set of 
co-measure zero it now follows from Theorem 1 that H(x) is constant on 
[/, m\. Consequently, there are no points of E on [/, m\. But this contradicts 
the fact that E is not empty. Hence the set E is empty. It now follows that 
every point of [a, b] is interior to an interval on which H(x) is constant. By 
the Heine-Borel theorem there is a finite set of intervals covering [a, b] on 
each of which H(x) is constant. Then, because H(x) is continuous it easily 
follows that H(x) is constant on [a,b]. The proof of Theorem 3 may now be 
completed as in Theorem 1. 

THEOREM 3. Let F(x) be a function in class U which is ACG — w on [a, b]. 
Letf(x) be a ^-measurable function on (a, b) and let DœF = f except for at most 
a set of œ-measure zero. Then F(b+) — F(a — ) can be determined in at most a 
denumerable set of operations. 

LEMMA 2. Let E be a closed set on [a, b]. If F(x) satisfies the conditions of 
Theorem 3 there is an interval [I, m] on [a, b] such that E[l, m] is not empty, such 
that DWF is Lebesgue-Stieltjes integrable with respect to œ over E[l, m], and such 
that if [ait /3i] are the intervals on [I, m] contiguous to E[l, m]y then 2\F(/3i+) 
— F {ai — )\ converges. 

Let [a, b] = @i + (§2 + • . . where each @w is closed and F is AC — co 
over Dw. There is then an integer n and an interval [/, m] such that E[l, m] 
= ©J/, m] = e. We now turn our attention to the function F(x) on [/, m\. 
F is AC — co over e. It then easily follows that there exists a positive number 
M such that for any set of non-overlapping intervals (xi} x/) on [a, b] with 
xiy x/ points of e the relation X\F(x/+) — F(xi~)\ < M holds. We use this 
fact in showing that \DUF\ = | / | is Lebesgue-Stieltjes integrable with respect 
to co over e .Let {U-i, h), i = 1, 2, . . . , be a subdivision of the range [0, «5]. 
Let et = E(li-i < \f\ < lu x Ç e), i > 1, e0 = E(l0 < / < h). Suppose that 
2li-i\ei\a diverges. Fix n so that 

n 

X U-^etl > 2M. 

If x Ç et there is a sequence of intervals (x, x + hi), ht > 0, ht —» 0 such that 

so\ \F(x + hj) - F(x-)\ 
{ô) \a(x + hi) - a ( * - ) | > '-1' 
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Let €0, €1, € 2 , . . . be a sequence of positive numbers with en —» 0. By Lemma 2 
there is a finite set A*0 of non-overlapping intervals of the set associated with 
the set e0 by means of (3) for which 

(4) 2 |Ai°l« > \eo\a — €0, 2 |2bAi°|„ < €0. 

Because of the second relation of (4) there exists a finite set A*1 of the intervals 
associated with e± by means of (3) such that 

2 |A/|W > \ei\„ — €0 — ei, X |êi(Ai° + Ai1) |w < e0 + €1, 

and 2A*1 does not overlap 2A*0. If this process is continued there is obtained 
a set of intervals A/ , which do not overlap the set 2At° + 2A*1 + . . . + S A / - 1 , 
such that 

x < |AÎ |w > 10*1 a — €0 — ei — . . . — ekl 

a n d 

£ |̂ (A,° + A,1 + . . . + A/)!. < 60 + ex + . . . + e*. 
Also, because of (3), it is true that if (xiy x/) are the intervals of the set At

k 

then 

F(xt'+) - F(xt-) j 

and 

X) {F(xt' + ) - F(xt — )} > h-i(\ek\u - €0 - €1 - . . . - €*). 

Combining all the sets A / into a single set A* = (xt, x/) and summing over 
this set we get 

n 

^ \F(xt+) — F(Xi—)\ > X 4-ik-lco - w/0e0 — {n — l)/iei — . . . - Zn_ieM. 

The first sum on the right is greater than 2M. The numbers e0, ei, . . . , en 

are independent of n, and independent of the numbers /0, h, . . . , 4-i- Hence 
the left side is not less than 2M. But xiy x/ are points of e which compels 
the left side to be less than M. Thus there is a contradiction and we may 
conclude that 2)Zi_i|̂ i|£0 converges. It then follows that \DUF\ is Lebesgue-
Stieltjes integrable with respect to co over e. 

Let (au Pi) be the intervals on [/, m] complementary to e. Let e > 0 be 
given. Fix n0 with 

t, \F(pf+) - F(at-)\ < é. 
no+l 

Take (h-i, lt) a subdivision of (—°o, <*>)• Let eu e/ be respectively the parts 
of e for which Z*_i < A ^ < lu h-i < A ^ < /*. Let the subdivision (/z_i, lt) 
and the integer wi be such that 

ni n\ 

2^, li-i\ei\ut 2Li li\ei\*> 
—n\ —wi 
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differ from the Lebesgue-Stieltjes interval of DaF over e by not more than 
e. By working as before with the sets et we can get a set of intervals A* with 
end points xu %/ belonging to e and such that the intervals A* do not overlap 
the intervals (at, fit), i = 1, 2, . . . , n0, such that 

k k /» 

£ F(x/+) - F(xt-) > E li-ildl - € > D„Fda - 2e, 

and such that the finite set of intervals Âj complementary to the set At and 
the set (aif Pi), i = 1, 2, . . . , n0, satisfy S|Â |̂W < ô, from which it follows that 
2\F(x/) - F(xj)\ < e. Hence 

no  

F(tn+) - F(l-) = £ {F(0,) - F(at)\ + £ { W + ) - F(x{-)\ 
1 

> £ t̂ C/S,) - F(a,)} + f z ? . ^ - 3e. 
1 */e 

If a similar procedure is used with the sets e{ it may be shown that 

F(m+) - F(l-) < £ {F(fi(+) - F(fx,-)} + D.Fdu + 3e. 
1 */e 

Because e is arbitrary we conclude that 

F(tn+) - F(l-) = JD.Fdœ + £ {Ftft-) - F(at+)}. 

We can now state that if E is any closed set on [a, b] there is an interval 
[/, m] containing points of E such that DUF is summable over E[l, m] and 
such that if (ai} Pi) are the intervals on [/, m] complementary to the set 
E[l, m] then 

F(m+) - F(l-) = f DuFdo + £ {F(pt+) - /?(««-) J. 

Let Ei be the points of non-summability of DœF over [a, £], (a<, 0*) the 
intervals complementary to E±. If (a, P') is an interval such that at < ar 

< pf < pt then DaF is Lebesgue-Stieltjes integrable over [ar, pf] and 

Cp' 
F(P'+) - / V - ) = D»Fdœ. 

•)a' 

Because of the continuity properties of F it follows that as a! —> au P' —> pt 

F(p'+) - F(a'-)->F(pt-) - F(at+), 

and 
F(pt+) - F(at-) = F(pi-) - F(at+) 

+ I DvFdœ - j D„Fdœ. 
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Thus F(j8 i+) — F(ai — ) is determined for all intervals (au pt) contiguous to 
the set Ei. Now let E2 be the points of Ei which are such that if x £ E2 

there is no interval [/, m\ containing x with DUF summable over Ei[l, m] and 
2{7?(/3i+) — F ( a j - ) } converging where (ait @i) are the intervals on [/, m] 
contiguous to the set Ei[l, m\. The set E2 is closed and, by Lemma 2, non-
dense on Ei. If (aif Pi) are the intervals complementary to E2 the procedure 
used for the intervals complementary to Ei can now be used to obtain 
F(Pi-\-) — F(oci — ) for these intervals (aif fii) complementary to E2. This 
process can be continued by transfinite inductions to arrive at F(b+) — F (a — ) 
in a denumerable number of steps. 

A consideration of Theorem 3 leads to the following definition. 

Definition 7. Let w be a non-decreasing function on [a, b] and let f(x) be 
defined on [a, b] and be measurable relatively to co. If there exists a function 
F(x) in class U which is ACG - w o n [a, b] and is such that DUF = / except 
for a set of co-measure zero, and for which the relations of Definition 5 are 
satisfied at the points of discontinuity of co, then F(x) is an indefinite Lebesgue-
Stieltjes integral of f with respect to co. 

The descriptive definition of an integral with respect to a non-decreasing 
function co given here appears to be equivalent to the constructive definition 
given in (3, p. 666). This requires proof. Another problem for investigation 
is that of extending the methods of the present paper to the case in which 
the base function co is VBG. 
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