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ABSTRACT. Th e obsenTd ra ti o oC remO\'a l of ma te ri a l by (i ) sc ra tches go uged b\' 
la rge c las ts a nd (ii ) polishin g by d ebri s sugges ts th a t the la tter is th e do mina nt fo rm of 
bedrock eros ion, \V e examine thi s with a multi-stage breakd oml mod el of g lac ia l 
d eb ri s, \I'hi ch includ es ac ti\'e e rosio n b y fin es , Th ese m od els sugges t th a t a mo th er clas t 
ca n , through th e ac ti on of its d a ughter d ebri s, erod e ,( \-e ra l tim es its oll'n \'o lum e or 
bed roc k. 

Till-sliding O\'e r bedrock is likel\' to be a po tent source o r sco urin g . By p ro posing a 
till /bedrock sliding law, we il1\ 'es ti ga te th e kin ema ti cs o l sliding till bod ies . lee now 
nat ura ll y tends to thin a nd extend till cO\·e r. e\'en in th e a bsence of longitudina l 
g radi ents in th e a ppli ed stress , Thicker till co\'e r h as a n increased cfTec ti \'e pressure a t 
its base, a lower sliding \'e loc ity a nd , fo r la rger thi ckn esses, a d ecrease in sedim ent flu x 
with thi ckn ess. This impl ies bac kll'a rd-m o\'jng kin e lTla ti c \I 'a \'es a nd shoc ks. It is 
sugges ted th a t thi s is rela ted to th e blunt upstrea m faces o f' drumlins, a nd tha t 
drumlini za ti on ca n be a consequence o f d ebri s sliding 0 \'(: 1' bedrock. 

INTRODU CTION 

A conserva tiv e ass umption III understa nding ho\\' ice 

shee ts a nd glaciers erod e must be th a t the d ebris \\'hi ch is 

ca rrying out a bras io n a nd g rinding is itse lf being 

comm i n u ted a nd i tse l f losi ng e rosiona l efTi cacy . Th e 
resulting problem o f how fresh d ebris is input to th e 
g lac ier bed in o rd er to continue erosio n is usua ll y reso h-ed 
by ass uming eith er (i) th a t d ebris is introdu ced supra - or 

englac ia ll y a nd d escend s to th e base, (ii ) th a t th e g lac ier 

qua rri es roc k, usua ll y j o inted a nd oft en furth e r weakened 

b y pe ri g lac ia l or o th er \,vea th ering, o r (iii ) th a t g laciers d o 
no t a lwavs erod e signifi ca ntl y (Sugd en a nd J ohn , 1976 ), 

Th e d omin a nt ex press io ns o Cice-shee t basa l ac ti v it ~ , in 
th e shi e ld a reas of Norrh Am eri ca a re inte rmittent cO\'e r 

by poo rl y so rted basa l m o ra ine a nd sc ra tched a nd 

polish ed bedroc k. In some a reas th e till cove r compri ses 
sepa ra te bodi es o r patc hes , whil e in o th e r a reas th e cover 
becomes continu ous, with intermittent ex posure of ba re 
roc k, \\'e shall concentra te on till pa tches in this pa per, as 
single sliding bodi es are mo re trac tabl e to mod el th a n 

continu ous co\'e r. It is expec ted th a t m a ny of th e 

comm ents rega rding se pa ra te pa tches will a lso a pply to 

o th er a reas where th e till cove r is mo re continu ous, 
Th ese cra toni c a reas a re o ld a nd Oa t, a nd so th e o ri g in 

oeth e till cover need s to be ex pl a ined , Input oJ'm a te ri a l to 

th e glac ier bed ca nnot be ll'om supraglacia l sources, 
w hi ch m ea ns eith er th a t th e ma te ri a l in th e till pa tches 

has bee n e rod ed direc tl y by th e ice shee t, o r th a t, a long 
with th e la rge clim a ti c flu c tu a tions which permit th e 
ex pa nsio n a nd d ecay of la rge ice shee ts, peri g lac ia l 
acti\ 'ity plays a c ru cia l ro le in providin g th e debri s 
which ca uses g lac ia l erosion, 

A commo n perceptio n in th ose m od els \I'hi c h consid er 
th e ac ti on o f'l a rge (2: I cm ) clas ts is th a t th ese a rc th e tools 
d oing th e e rosio na l work , a nd th a t th e\' a re d oing it by 

th e a cti on of ind entors (e,g . R a binowicz , 1965; h e rso n . 

199 1), a nd so prod uci ng sc ra tching , Em piri ca l studi es of 
wea r (e ,g , Ril ey, 1982 ) indi ca te th a t th e e ros io na l 
e ffi ciency of la rge clas ts with sha rp ed ges is fa r g rea te r 
th a n th a t of\'\'orn c las ts a nd \I'ea r p rodu c ts, whi ch im p li es 
th a t stri a ti o ns sh o uld be th e d o min a nt sm a ll-sca le 

ex pression of g lac ia l eros ion, 

Since th ere a re, in gen era l, re la ti\'ely lew stri a ti ons pe r 

unit width on a typi cal g lac ial surface , it is na tura l to in fe r 
th a t it is po li shing w hi ch rem m'es th e mos t ma teria l 
(Hindm a rsh , 1985 ), One sho uld qu es ti on whe th er th e re is 
a n esse nti a l diffe rence be twee n sc ra tching a nd polishing , 

as th e la tter co uld be due to th e ac ti on ol ma ny sm a ll 

sc ra tch es (e .g . H a mbrc y, 1994), While it is possible th a t 
po lishin g is being d one by th e blunted edges of c las ts, it is 
no t clea r that th ese a rc smoo th eno ug h to po li sh bed roc k. 
Polishing th a t results from grinding is lypi ca ll y ca rri ed 
o ut by \'c ry fin e silts (e.g , -j e\l'ell er 's rou ge ,. It d oes no t 

a ppea r to require \'erv large contac t stresses . In this pa per 

we ass um e th a t la rge clas ts erod e by sc ra tchin g, w hile 
polishin g is ca rri ed out by d ebris, 

FollO\\ing Hindm a rsh ( 1985 ), a \ 'e ry simpl e geo me
tri ca l mod el of th e eros ion of a surface b y sc ra tching a nd 
polishing is presented in Fig ure I, :\la tcri a l is removed 

from a surlace eith e r by a \'e ry fin e-sca le process w hi ch 

sm oo th s th e surface, o r by scra tchin g , In a tim e unit , a 
ce rta in a m o unt of ma te ri a l is rcmO\'Cd bv po lishin g a nd 
there a re a ce rta in number of scra tching e\ 'C nts, Exa mples 
a rc ta ken of o ne e\ 'ent pe r unit time a nd three e\'ents pe r 
unit tim e, a nd th e res ulting surfaces sholl'n . C lea rl y, if 
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Fig . 1. How the magnitude oJ removal b)l scratching and 
fJoLis lt ing 4jecls lite appearance oj a gLaciaL01 eroded 
sll1jace . 

mo re ma te ri al is rem oved by sc ra tching, th e surface will 
be m o re sc ra tc hed. Th ere is a lso a predi c ti o n o f 
obsen ·a ti ons of scr a tches of different d epth , because th e 

surface adjacent to th e sc ratch a t th e time orits form a ti on 

has bee n poli shed a wa y. 
Abras iona l tools a re th emse lves worn a way by th e ac t 

of erodin g th e bed (R o thli sberger , 1968 ), a nd th e size 
d istributi o n of a brading c1 as ts a nd tills refl ec ts thi s 
comminution process. M od elling studi es of th e a bra

siona l proce s have tended to ass ume th a t onl y th e la rge 

clas ts a re carrying out erosion. Th ose theories which 
ass ume th a t a tool has a limited life of e ffi cacy (L1iboutry, 
1994) sugges t th at th e origin of th e tools need ed fo r glacia l 
eros ion presen ts a th eore ti ca l p roblem if renewal from 
eng lacia l a nd supraglacia l sources d oes not occur. 1\10re 

so phisti ca ted models whi ch includ e wear products in th e 

a bras io n process (Hindm a rsh , 1985 ) suffer from th e sam e 
pro b lem s. In the co ntex t of li tholog ica l va ri a bility 
(im port a nt in ice-shee t e ros ion if not in \·all ey-glacie r 
e ros ion ), we should ex pec t hard tools to be worn away less 
when e roding so rt beds a nd yice versa (Sugd en a nd Jo hn , 

1976) . Furthermore, la rge clasts which conta in minera ls 

of different ha rdness will break down into tools ofdifTerent 
prope rti es, a nd th ere is ce rta inl y a case for a rg uing th a t 
th e very ha rd es t constitu ents will survive fo r a long tim e 
as wea r produ cts, a nd e!lec t substa nti a l erosion. 

The sim p le view of po li shing as th e res ult o f wea r by 

wea r prod uc ts wo uld agree wi th th e a bove obsern ltiQll s. 
If much of th e erosio n of bedrock is being d one by a \·e ry 
sm a ll size frac ti on which is itse lf a wear produ ct, there 
may be no need for substa nti a l suppli es of la rge mother 
clasts. Ind eed if th e ac ti o n o f ab rasio n is to increase reli ef, 
c rea tin g streamlined roc k [a rms which can subsequentl y 

be plucked , th en plucking of poli shed rocks m ay be a 
sig na l o f in tense a bras ion whi c h has c rea ted th ese 
streamlin ed forms. The adva ntages of having th e sma ll 
frac ti on carry a substanti a l pa rt of th e erosion are th a t it 
(i) considera bl y eases th e d ebri s produ ction problem , as 
a t the \·e ry leas t th e deb ri s is recycl ed once; (ii ) ma kes 

m ul ti-m od a l g ra in-size d istri bu ti o ns ra ther easie r to 
und ersta nd ; a nd (iii ) p rO\·ides a n intuitive expla na ti o n 

42 

fo r th e ubiquito us prese nce of poli shed surfaces. A 
po tenti a l pro blem is th a t wea r by la rge clas ts proceeds 

very much fas ter th a n wea r by fin e d ebris (Ril ey, 1982 ), 
a nd one must suppose tha t g lacia l ac tion proceeds fo r 
lo ng eno ug h for erosion by fin e produc ts to be signifi cant. 

Gjessing ( 1965) sugges ted th a t till slurri es slipping 
ove r bedrock were li kely to be a poten t scouring age nt, 

with th e implicatio n th a t a ll sediment frac ti ons were 

pa rti cipa ting in th e wea r process. There is no pa rti cul a r 
need [or till slurri es to be present fo r fin e-g ra ined ma te ri a l 
to carry o ut the erosion , as c1 as ts a re frequentl y o bsen ·ed 
to rid e o n a ca rpet of wea r p roducts, but this paper will 
concentra te on till slurri cs. 

One th en needs a th eo ry fo r th e sliding of till pa tches . 

On e such th eo ry, prese nted in thi s pa per, p redi cts 
backward-moving kin ema ti c waves , as found in tra fTi c 
(Whitham , 1974), with th e implica tion th at shocks form 
on th e upstream sid e of till pa tches. Tt is sugges ted th a t 
this is rela ted to th e process of drumlini za tion of sedimen t 

bodi es . This work is related to Boulton 's (198 7), but 

concentra tes on geo morph ologica l fea tures due to sliding 
of t ill o\·e r bedrock ra th er th a n th e intern a l deforma ti on 
o f till , a nd emphasises th e role of shock form a ti o n in 
d ru ml i niza tion. 

Th e aim of thi s pa per is to brin g toge th er the 

obse rva tiona l facts of intense polishing, scra tching, till 

pa tches a nd other sha ped till fea tures lying on bedrock and 
th e sedimentology of till s, in pa rt icul a r drumlins. M a ny of 
these (ea tures seem to be ex plicable by a model of till-sliding 
ove r bedrock, a nd this d ese rves furth er inves tigation . 

POLISH AND POLISHING 

Gl acia ll y a brad ed surfaces a re ty pica ll y d esc rib ed as 
" po lished ", i. e., the refl ec ted component o f li g ht is 
co herent, a situa ti on d escrib ed as spec ul a r refl ec ti o n . 

An y surface which is ro ugh will sca tter light, leading to a 

diffuse co mpo n ent o f re fl ec ti o n. Th e re fl ec ti o n o f 
electro magnetic waves from ro ugh surfaces has been 
considered by Berry ( 1973 ), wh o d eveloped a theo ry 
a pplicable to sm a ll-bump heig ht /spa n ra ti o, a nd found 
th a t coherent reflec ti on requires bump eleva tions to be 

compa ra ble with or le s th a n th e wavelength of visible 

lig ht, or th e bump spa n to be somewhat la rger tha n th e 
wave leng th of light. Spec ul a r refl ec ti on is a n asympto ti c 
limit , a nd if th ese geo metri c conditions a re no t met, a 
coherent li ght beam o f finite width will be r efl ec ted 
in coherentl y in ma n y direc tions (sca ttered ) according to a 

pro ba bility di stribution d epending upon th e sta tisti cs of 
th e surface geom etry. W e sha ll not a ttempt to ex pl a in 
how sediment grai ns of size 100 nm can produce sm ooth 
surfaces of th e ord er of the wa\·e leng th of li ght ( I nm ). 

The quality of polishes differs signili cantl y from site to 
si te. I n Figure 2 some si m pie com pu ter rcnd i ti ons o f" 

surfaces with different properti es a re given , using the 

M a tl a b visuali sa ti on routine, surn (The Math wo rks, 
1992 ). Fig ure 2a and b show how th e a lgo ri thm rend ers 
specula I' a nd Lamberti a n d iffu se sca ttering of a fl a t surface , 
whil e Figure 2c shows a g rooved , shin y surface, a nd Fig ure 
2d a sc ra tched surface, where the specul a r na ture of the 

surface is being d es troyed by the ra ndomness of th e surface 
in one direc tion . Very sma ll or infrequent scra tches yield 
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Fig. 2. l llllstratlolls qftlle ~[fect.l' oJ IlII/a[f rOllg/lI/n j 017 till' .I/}{'ot/ar /JlojJertie.1 of a Jlllla({'. ( a) is a SIIIOOtlt .111 I/a re , ( b) 
is a slI l/ace rtjlectillg diffilJ e(J' ( Lambertiall rtj7ectio ll ) . ( c) Is a groolw/ J/JecIlLar rtj7ector . ( d) 1.1 a ro llglt J/){'({{/ar Sill/are 
wlt ich ),IeiriJ a sOll7eu '/wt dijJilse reflect 10 11 . 

th c po li shed surfacc in Fig urc 2a . Th e pcrcc pti on of' 
po lish ing in th c fi e ld is pa rt ly subj cc ti\ ,(" but therc IS 

sufTi c ient difTerellce in observed surfaces (e .g . Huber. 198 7. 
p. +1 49 ) to sugges t th a t ve n ' d e tail ed cxaminatio n o f' 

po li sh ed surfaccs co uld yic ld info rm a ti o n a bout th e 

ma teri a l whi ch has ca rried o ut th e erosio n. 

MONOLITHOLOGICAL BREAKDOWN CHAINS 

R b thli sberge r 's principl e !R b lhli sbcrger , 1968 ) sta tcs th a t 

a ll el se being equ a l, \l'e sho uld expec t cqual cros io n of too l 

a nd bed , \I·ith th c impli cat io n th a t on t:' mass unit of' clas t 
sho uld produ ct:' t\l'O m ass units o r d e bri s. 

If the o nl y eflcc til ,(, a bradin g too l is a large clas t. th e n 
thi s wo uld predi c t bed s to be hea \' il )' scra tched. le 
fo ll o wing our ass umptio n that po li shing is ca rri cd o ut by 

a bras io n a l debri s, wc in c lud c d e bri s as a n act i" e 

ing redi e nt . th en R o thli sbe rgc r's principle can be used to 
predict scra tc h / po li sh ra ti os . 

Co nside r a two-stage brea kd o \l'n m od c l. 1\ S a bo \'(' , \1'(' 

input o ne m ass unit o fl a rgc cl a s ts. \I 'hi ch commin ute", a nd 

erod es th e bed , produ cing t\l'O units o f d eb r is \I'hi c h is 

no w supposed to be ac ti \'e . Thcse t\l'O m ass units a lso 

erod e th e bed by po lishin g . a nd producc fo ur m ass units 
o f d e bris. Onc unit o r th e bed \I'a s sc ra tc hcd a \l'ay by th e 
la rge ci as ts, \I 'h ile t\l'O units \I'e re poli shed. \ 'ie lding a 
scra tch /po li sh rati o o f o nc to two . 

I t is eas \' to scc that und cr mo no lith ological cond
iti o ns. a n N -stage brea kdo\l'n mod e l \I·ill yie ld 2'\' as 
mu ch d e bri s as \I'e m in a s la rge clasts. and a scratc h/ 
p o li sh ra ti o o r 21-,Y Scra tc h / po li sh rati os a re no t 

sys tcm a ti ca ll y mcas ured, but " a lu cs o f 1/+. ind ica tin g 

N = 3 a re nOt unrcason a ble . This mod e l has ig no red 

comminutio n betwcc n c las ts, \I 'hich is like ly to bc m os t 
c !Tccri\ 'e bc twec n la rge c las ts. res u ltin g in a reduced 
scra tch / po l ish rati o . 

[f d e bri s o f a gi" e n size ca n e rod e bed rock such th a t 

d e bris is produ ced of th e sa m e size, it is possibl e th a t th e 

ga in or d e bri s co uld exceed th e loss by comminutio n , so 

th a t th e co ncC lllrati o n in thi s size ra nge wo uld g ro \l' until 
prel'entec\ b>' o th e r limiting f ~ l c t o rs . Fo r cxa mple. o nce 
th e m o rain e CO ITr beco lll es suITi cie nrh- thi c k, no t a ll o r th e 
d e bri s \I 'ill be in contac t \I'ith th e bed . a nd its erosio na l 

e Oi caC\' \I·ill be dimin is hed . 

A. stead y di stributi o n o f' g rain -sizes can o nl y occ ur if' 

th e re is rccharge o f large clas ts a t a co nsta nt ra te . This 
m od el neglec ts crushing \I'ithin th e till. \I 'hi c h \I·ill c rea te 
fin es \I'itb o ut scra tchin g. a nd thus d ecrease th e scra tc h / 
po lish ra ti o fi 'o m th e th eo ret ica l p red ic ti o n a bo\T . . -\ 

reccnt di sc uss io n o n c ru shin g is b~' H ooke a nd h erso n 

19951. \I'ho po inr o ut th a t \I 'hen compa rcd \I'ith simpl e 

crushing Ill od c ls. tills a re O\'c r-represent ed in fin es . \I 'hi ch 
m a l' indi ca te th e ro le of' scra tching o f' bedroc k in 
produ cing fin es. 

To sUlllmarise, \IT ha\'(' di sc usscd th c \l'ay brea kd o wn 
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cha ins a fTec t erosion , a nd suggested th a t where preglac ia l 

weatherin g has not provid ed a read y d ebris suppl y, th e 
existence of b reakd own cha ins with ac ti\ 'e d ebris products 
ca n sig nifi ca ntl y a ffec t erosion , with three times th e 
\'olum e of p lucked moth er cl as ts being erod ed from th e 
bed by d ebri s. The predi cted sc ra tch /polish ra tio of one to 
two seems to be a littl e low. Of course, ti ll from prev ious 

glac ia ti ons is a lso a d ebris source, but thi s begs th e 
ques ti o n of how a n ice shee t mainta ins a read y suppl y of 
ma te ri a l to carry O\'e r to th e nex t g lac ia l cycle so as to be 
a ble to e rod e. 

KINEMA TICS OF SLIDING TILL 

We suppose th a t d ebri s ca n move ove r bedrock as till 
patches sepa ra ted by ex posed bedrock. Here, we mod el 
the till pa tch on a d efo rmin g or fa iling so il with quas i

sta tic stres. es insid e. Th e existence o f suc h a so il 

g uara ntees positi ve effec t ive pressures benea th it , a nd 
we sha ll di sc uss here th ose fac tors which a ffec t th e 
effec ti ve press ure . 

Consider a till pa tch lying on a fl a t bedrock surface. 
This may be tens of centim etres to m etres thi ck, a nd tens 

to hundreds of metres long; th e dimensions a re no t 

crucia l. The effective pressure is d efin ed by Pe = P - Pw, 
where P = f ps + (1 - f) pw is the bulk pressure of th e soil, 
f is th e porosity of th e so il , Pw is th e wa ter pressure, a nd Ps 
is th e pressure in th e sedim ent gra ins. l\1ixture theo ries for 
soils a ppropri a te to subglacia l conditions have been 
presented by Boulton a nd Hindm a rsh (1987) a nd by 

C larke (1987) who modell ed d eforming till as a non
linearly viscous materi a l. W e shall consider sliding of th e 
till over bedrock. 

\Ne assume tha t th e pressures are hydrostati c. This 
ass umption is valid wh en viscous stresses a re much less 
than gravita tional stresses (in the soil ) a nd when po tenti a l 

gradients a re mu ch less th an hydrosta tic gradients. Till 

seems to be inviscid eno ug h for this ass umption to be 
valid , a nd one requires quite hig h melt ra tes thro ugh 
impermeab le cl ays for th e potenti a l g radi ent to become of 
the same ord er as th e g ravita tional g rad ient. 

The bu lk stress P = Pi(S) + pg(s - z) where P is th e 

bulk d en ity of th e so il , 9 is th e accele ra tion due to 
gravity, a nd s represents the upper surface of th e ti ll 
pa tch. Th e wa ter pressure is g iven b y Pw = Pi(S) - Pe(s) 
+Pwg(s - z) where Pw is the d ensity o f' wa ter a nd Pe(s) is 
th e effect ive pressure a t th e ice/ till interface . The eflec ti ve 

pressure is give n by Pe = Pc(s) +( 1 - f)( ps - Pw) g(s - z) 
a nd a t th e base of th e pa tch by 

Pe = Pe(s) + (1 - f)( ps - Pw) gs . (1) 

\-Ve le t x be the hori zo nta l coordin a te, z th e ve rti cal co
ord ina te a nd t th e time uni t. \ Ve con id er p la ne Dow, a nd 

d eno te th e upstream a nd d ownstream ends by x = a, b. 
Awa y from th e pa tch se t, Pe = Pc, whi ch IS th e clean-i ce / 
bed interface effec ti ve pressure in h ydra ulic contac t: with 
th e patch, no t necessa ri ly th e thin-film effecti \'e press ure. 
For exa mple, if th e pa tch is in hydra uli c contac t with 

caviti es it wi ll represent th e cavity press ure, or if th e bed is 

permea b le it will represe nt th e pore-wa ter pressure. l fit is 

the thin-film pressure, th en Pe = O. 

44 

Th e hori zonta l pressure g radi ellls a long th e upper 

surface of th e ti ll a re 

dpi 0Pi os os 
d x OZ ox = - Pig ox ' 

dpw op\\' os os 
dx = OZ ox = - PlV g ox' 

whi ch , when combin ed with th e d efiniti o n of effec ti\'e 
pressure, yields 

dp,, (s) _ ( _ .) os 
d 

- Pw P, 9 £:l 
X u X 

a nd which integra tes to 

Pc(s) = (Pw - Pi) gS + Pc, 

i.e ., e leva ti on causes a n increase in th e elTec tive pressure. 

Th e effec tive pressure a t th e base of th e ti ll pa tch (i. e. a t 
z = 0) is g i\ 'en by co mbining th is ex press io n \\'ith 
Equa tio n (1 ) to o bta in 

Pe = "'(s + Pr 

where 

(2) 

\Ve sha ll ass um e th a t th e till pa tch is sufliciently la rge 
tha t the viscous stresses es ta blished in th e ice are sm a ll 
compa red with th e grav ita ti o na l-stress (i. e. pre sure) 
differences. 

W e suppose th a t th e shear stress 7b wi thin th e ice can 
be tra nsmitted to th e till patch. By a na logy with 
postul a ted sediment-deforma ti on la ws (e.g. Bou lton a nd 
Hindma rsh , 1987 ) we ass ume tha t th e ti ll slid es ove r th e 
bedrock with velocity Us according to 

T C, 
b (3) 

where T]" f., a nd m , a re consta nts. "Ve write it in this fo rm 
to emph as ise th e a ffinit y between th ese rela ti onships a nd 
the Co ul omb fri c ti on law, and justify the use of viscous 

ra ther th a n plas tic mod els by pointing out th at th e 

individua l constituents of th e till pa tch will have difTe rent 
coe ffi ciellls of fri c ti on , which when ac ting toge th er as a 
bu lk substa nce produce a visco us effec t. 

Our nex t step is to produce a kin ema tic-wave th eo ry 
(e.g . Whitha m , 1974), fo r wh ich we need to kn ow th e 

sedimen t-discha rge- th ickn ess rela ti onships. Substi tu tion 

of th e effec ti\ 'e-pressure- d epth rela tio nship (Equa tio n 
(2)) in to th e ph en0111 eno logica l rela ti onshi p (Eq ua ti on 
(3 )) yie ld s th e fo ll owi ng ex press io ns for th e sI id ing 
veloc i ty a nd sedi men t d ise harge 

-r,i, s/' 
u . = b . qo = b 

s [( )] m,'" [( )]"1, T]8 "'(S + Pr ' T]8 "'(S + Pc 

Sta ndard kin ematic-wave th eo ry (\Vhith a m , 1974) yield s 
th e fo ll owing express io n for th e kin em a tic wave \'e loe ity c: 
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The rat io ryslbs + Pc) < 1 b u t in c reases w ith s w hil e th e 

qua ntit y m, is ex pec ted to be g rea te r th an o n e 

pl as ti c ity th eo ry g i\ 'es i t as 00 . This ex pressio n permits 

kin em a ti c waves th a t m ove bo th fo r\l'ard s a nd bac k

\I'a rds, w ith \'e lociti es becoming m o re nega ti ve as th e till 
beco m es thi cke r. Th e impli ca ti o n o f thi s is th a t sh oc ks w ill 
fo rm o n th e SLOSS side orth e pa tches w hi ch will have blunt 

u ps trea m ends, as do d rumlins, [o r exa m p le. Fig ure 3 
illustrates th e d epend en ce or sedim en t disc h a rge, sliding 

\ 'e locity a nd kin em a ti c-wa \ 'e \ 'eloc ity o n till thi c kn ess. 

., ,', 
I: ' 

0.8 , ' , 
, , 

0.6 \ 

U.4 

, , , 

' . 

Kinematic wave propenies of till patches 

-Flux 

Velocity 

- - Wave Velocity 

- - Erosion rate 

-0.2 '----'---'---'----'---::'-:---'-~~---'-----'::__--' 
() 0.5 1.5 2.5 3.5 4.5 

Till Lhick.nes~ 

Fig, 3. Plo Is oJ lill discharge, killemalic-wave lleloci{»), 
sliding l'e!oci£)1 and erosion pOlenlia! agaill.ll Ihickness, T he 
a/J/Jlied shear slress T, Jar-Jield effeclive pressure Pc and 
verlical efJetlive-/JI'ess lI re gradient ry are all one unit . T he 
/Jooitioll oJ the 1Il{l\imllm ill the till }lUI is related to the 
Jar-Jield efJectil'e /Jlessllre. 

Th e thi ckn esS-C\'olution equ a ti o n is (as/at) + (oq/o:r) 
= e, Il'he re e is th e ra te of eros ion of bedroc k, a nd thi s can be 
written : 

as as aq 00 
- +c- +--=e 
EH ox 0(-) ox 

w h ere C) represe n ts th e o th er p a ra m e te rs w hi c h mi g ht 
h a \ 'e spa ti a l d e pend en ce, rC) r exa mple Tb a nd Pc . \\'e 
requi re th a t th e rate o r e ros io n be p ro po rti o n a l to th e 

produ c t o r , Iiding \'e locity a nd no rm a l stress : 

I , 

e = aUsPn(Z = 0) = Tb 
• , w, ( )m - I 

"I, rys + Pc ' 

w he re Cl, is a ph e nom en ologica l co ns ta n l. Th is eq ua ti o n 

indica tes a n e ros io n ra te d ec reas in g with thi c kn ess fo r 

m s > 1 (Fig . 3). 
l[ we now expli c itl y consid er th e spa ti a l va ri a ti o n OfTh 

a nd Pc, we o bta i n 

!-filldmarsh : Slidillg q/ tilt al'a bedrock 

a nd th e ra te o r c h a nge o f thi c kn ess lo ll o \l ' in g t h e 

kinema ti c \I'a \'( is g i\'e n by 

\.ve sh a ll prese nt so m e so luti o ns in dim ensio n less units. 

A sca lin g a na lys is no t repo n ed he re sho ws th a t th e de pth 

sca le is the d epth ove r w hi ch th e effec ti \ 'e p ress u re 

increases b y a n a m o un t compa ra bl e \,I·ith th e basa l shea r 
s tress . The a rg um ent is esse nti a ll \ ' th e sa m e as th a t 
presented b y H a rt a n d o th e rs ( 1990 ) , \I 'h o sugges ted th a t 

th e dep th sca le is a ro und 10 m . The ho ri zon ta l le ng th 

sca le is fix ed by th e rh eo logiea l pro perti es o f' th e m a te ri a l 

a nd th e app li ed shea r stress th ro ug h th e sliding rel a ti o n

sh ip . Th e aspec t ra ti o o f th e m ode l d oes not a ffect th e 
(sca led ) so luti o ns. Thus, in in te r p re tin g th e so luti o ns, o ne 
sho uld a pprec ia te th a t o n e \'e rti cal unit re presents a ro u nd 
10 m , w hile th e ho ri zo nta l unit is a rbitra ry, be ing fi xed b \' 

rh e rh eo logica l ass umpti o ns, but is a t leas t severa l tens or 

m e tres. 

The o rdin a ry diffe rent ia l equ a ti o ns a re eas il y so h-ed 

b:' nume ri ca l in tegra ti o n , a lth o ug h th e p rese n ce of shocks 
c rea tes so m e a lgo rithmi c comp lex ity. \\ 'e sh o l'" so luti o ns 

fo r three cases . In a ll o f' th ese th e pa ra m e te rs Th, "Is, ry a nd 

Pc were set to unity . a nd m, = -2.5. The first case has no 

e ros io n , a nd th e hasa l shea r stress a nd e fTccti\'e press ure 

fi e ld s a re co nsta nt in space . It is initi a lised with two 
p a tch es of pa ra bo lic fo r m, \I 'ith th e d o wnstream pa tc h th e 
la rge r of th e t\\'O ( Fig . 4) . As th e\' a r c m o \'ed b y th e 
g lac ie r , th e pa tc hes beco m e wed ges \V i th th e bl u n t face , a 

shoc k, o n th e upstrea m sid e, Th e sm a ll e r pa tch m o\'es 

ras te r , ca tc hing u p \\ 'ith th e la rge r p a tch. a nd th e t\l 'O 

th en coa lesce in to o ne pa tc h , This pa tc h m o\'es as a 
w ed ge with t he blunt face o n th e u ps trea m sid e a nd 
g radu a ll y le ng th ens a nd thi ns . 

\\' he re th e e ffec ti\ 'C press ure is in creas ing in th e 

direc ti o n o f [l o w , th e pa tch leng th ens m o re slowl y, a nd 

indeed seem s lo reac h a stead y, mi g ra tin g fo rm. Fig ure ;) 

sh ows a n exam p le w h ere aPe/ox = 0.01. Th e thi c kn ess o f 

Ti.1I pal!.:h cvohuiun by methuJ of charm.:lerislics 

IOU 

200 

3110 

TI me 
Po:-, ition 

Fig . -I. T he coalescellce of two ( 2D ) /)atr/les : ol/e 
Itori::,olllat {l\iJ is the time a.lis . Lilies fJaral/et to the s/Jace 
axis are isoc/lrones; the dashed hlles are characteristics , 
while heavier lilies indiwte shockJ. 
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J-lilldlll ({ rs/I: Slidillg of lill ol'er bedrork 

Til l patch evolution by method of charactl.!rislics 

SOO 

lOOIJ 

IS(]() () 

2S0 
Position 

Fig. 5. T he 1Il0/ioll of a lill /la/ch ill l/ie direc/ioll 0/ 
illcreasillg effeclh,e /JrfsslIre . 

thi s pa tch is less th a n th e initi a l thi ckn ess . Wh en one 

pe rmits eros ion to occ ur with a n a ttriti o n co nsta nt 

a = 0.01, (hickening, o f course, ta kes p la ce (Fig. 6) a nd 

th e pa tch grows la rge r , wi th Cl com 'ex upper sUl"face 
(m ore rea li s ti c? ) as compa red with th e Oa t o r co nca\ 'e 
SUl{aces see n in th e o th er cases . 

O.S 

o 
o 

50 

Till patch evolution by method of characlCristit'~ 

lOO 

150 

n me 200 250 
Position 

Fig . 6. A mOI'ing lill jJalr/z erodillg il.) bed. 

o 

Th e success of th e th eo ry is th e ex tent to \\'hi ch it 
predi cts drum lini za ti on, i.e . th e ge nerati on of th e blunt 

upstream faces o f sedim ent bodi es. Lts m ajo r problem is in 

predi c ting (h e ord er 10 m or g rea ter thi ckn ess o f drumlins, 

since thi ckenin g ca n onl y be acco mp lished by erosion. 

La rge r ti ll bodi es will move more slowlv a nd entra in 
th inn er , fas ter mo\'ing pa tches . The fact th at th e upstrea m 
edge is rat her blunt er th a n obselyed drumlins is no t a 
prob lem , as one can in\'oke a large number of d yna m ica l 

processes whi ch \\·i ll sm oo th thi s ofT. Lt is a lso wo rth no ting 

th a t a t sm a ll th ickn esses th e ac ti on of d e fo rm a (i on \\·i t h i n 

th e till can be shown to prod uce shocks on th e dOI\'nstream 
f~l ce , which m ay ex p la in why som e druml ins a re a li gned in 
th e opposit e d irec ti on to no rm a l. 

46 

Ba rkh a n fo rms a re qu a lit a til'ely ex pla ined b y thi s 

m od el. Consider a hem i-ellipsoid wh ose long axis is 
perpendi cu la r to th e 0 011' . Th e lower fl a nks will m O\T 
fas ter by the sliding rela ti o nship , c reating a cresce nti c 
sha pe . .\lo re ge ne ra ll y , a n I" fo rm para ll e l to th e Oow Iyill 

find its thinne r pa rts m O\'ed fas te r, lea l·ing th e hi g he r 

pa rts behind. C lea rl y thi s wo rk is c losely re la ted to 

Bouiton 's ( 198 7) theo ry o f drum li n fo rma tion , but its 
[c)e us is o n ti ll sliding O\Tr bed rock. 

'1'he rc is m uc h to criti c ise in th e simpiifi ea ti o ns usecl 
in the fo rmul a tion of th e m odel prese nted h ere, but th e 

sim pi e ass um pti o n th a ( di sc ha rge can d ec rease lI' i th 

thi ckn ess crca tes m os t o f th e phe no m eno logy a nd is 

like ly to be ro bust to cha nges to th e m od e l th a t 
in corpo ra te m o re rea li stic d esc ripti o ns o f the ph ysics . 
G i\ 'en th a t som e so luti o ns sugges t s ta b le fo rms mi g rating 

aC rOSS th e la nd sca pe, a n in tri g uing poss ibility is th a t th e 

firs t-o rcl er evo lutio n co u lcl , throug h th e in c lusion o f 

di sp e rsive te rm s, beco m e s imil a r in fo rm to th e 

K ortcweg- d eVri es equ a ti o n (e .g . Draz in , 1983 ) a nd 
thus a dmit so li to n so lut ions. I n such a case, fo rms wo uld 
pe rsis t, ne ith e r thi ckening n o r thinning . '\[ o reO\Tr, 
ra th er th a n coa lesc ing, drum lins wo u ld pass th ro ug h 

eac h o th e r , w hi ch mi g ht be on e exp la n a ti o n o f th e 

superimposed drum li ns o bse lyed by R ose a nd L e tzer 
( 1977.. 

SUMMARY AND CONCLUSIONS 

\V e ha l'e constru c ted th e o utlin cs o f a model o f ice-sh ee t 
e rosion of ha rd beds. The m a in id eas a re: 

(i) th e existence of p o li sh indi ca tes th a t mos t erosion is 
ca rri ed o ut by a fin e d ebris frac tion - sil ts a nd 

m a ybe clays . 

(ii ) This d e bri s frac ti on is p roduced by subg lacia l ac tion , 
a nd m eans th a t th e produ c ti on of d ebri s to carry o ut 
e rosio n is n o t su ch a n ac u te pro b lem as h as 

pre\' iously been sugges ted. 

(iii ) D e bri s m oves as sliding t ill wh ich sco urs th e bedroc k. 

(i\ ) A simple but robust m od e l of ti ll-sliding produces 
Cju a li ta ti\'e predi c tions o f th e ge nes is, but no t th e 
sUly i\·cll. o f b lunter upstream faces a nd ba rkh a n 
fo rms o f ti ll bodi es. Ln pa rt icu la r , thi ck bodi es 

produ ced by o th er sedim enta r y processes, e .g . 

outwas h fa ns, becom e drum lini zed by being sli d 

OI'e r th e bed. 
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