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ON THE BEHAVIOUR NEAR THE BOUNDARY
OF SOLUTIONS OF A SEMI-LINEAR PARTIAL

DIFFERENTIAL EQUATION OF ELLIPTIC TYPE
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Abstract

The purpose of this note is to investigate traces of the function ln(l + \u\), where u is a solution of a
semi-linear partial differential equation of elliptic type, belonging to an appropriate Sobolev space.
This article complements the results of Chabrowski and Thompson (1980), and Mihailov (1972),
(1976).

1980 Mathematics subject classification (Amer. Math. Soc.): primary 35 D 10; secondary 35 J 25.

1.

Consider the semi-linear operator of the form

(1) DfajWDju) - b&x)D,u - b(x, u) = 0

in a bounded domain Q c Rn with the boundary dQ of the class C2, Dtu =

d/dXj. The summation convention that repeated indices indicate summation

from 1 to n is followed here.

We make the following assumptions:

(A) There is a positive constant y such that

Y-'lll2 < a^x)^ < y\tf

for all | e /?„ and all x e Q.
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406 J. Chabrowski and B. Thompson U1

(B) The coefficients atJ are of the class Cl(Q). The coefficients Z>, are
measurable on Q and

f b({xfr{x)dx < oo, i = I, . . . , n,

where r(x) denotes the distance function defined by r(x) = dist (x, dQ).
(C) The function b(x, u) is defined for (x, u) G Q X R and satisfies the

Caratheodory conditions; that is,
(i) for almost all x EL Q, b{x,-) is a continuous function on R, and
(ii) for every fixed u G R, b(-,u) is a measurable function on Q.
Moreover we assume that

where L and a are nonnegative constants, 0 < a < 1.

REMARK. Under assumptions (i) and (ii) b(x, u(x)) is a measurable function
and

is continuous.

In the sequel we use the notion of a generalized solution involving the Sobolev
space W^(Q).

A function u(x) is said to be a weak solution of the equation (1) in Q if u G
^ and u satisfies

(2) f aJx)DjuDfv dx + f bi(x)Diuv dx + f b(x, u)v dx = 0
Q JQ JQ

for every v G W\£(Q) with compact support in Q.
It follows from the regularity of the boundary dQ that there is a number

80 > 0 such that for 8 G (0, 50] the domain Qg = Q n {x; min|x - y\ > 8),
with the boundary dQg, possesses the following property: to each xQ G dQ there
is a unique point xs(x0) = x0 — 8P(X^), where v(x^ is the outward normal to dQ
at x0. The inverse mapping x0 = xo(xs) is given by the formula x0 = xs +
8vs(xg), where fg(xs) is the outward normal to dQs at xs.

Let Xg denote an arbitrary point of dQg. For fixed xs introduce the sets

{x; \x - xs\ <e),

Be = {x; x = xg + Svg(xg), Xg G dQs n (x; \x - xs\ < e)}
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and put

dSs \Ae\

where \A\ denotes the Lebesgue measure of a set A. Mikhailov (1976) proved
that there is a positive constant y0 such that

(3) ^ < ^ < Y o 2

and

uniformly with respect to x0 G dQ.
It is well known that the distance function r(x) belongs to C\Q — QgJ if 80 is

sufficiently small (for the proof, see Gilbarg and Trudinger (1977), p. 382).
Denote by p(x) the extension of the function r(x) to Q satisfying the following
properties: p(x) = r(x) for x G Q - g^, p G C2(Q), p(x) > | « 0 in Q^ y?r{x)
< p(x) < Y,r(x) in Q for some positive constant y,, 3gj = {x; p(x) = 5} for
8 G (0, 80) and finally dQ = {x; p(x) = 0}, p(x) > 0 on g.

Introduce the surface integrals

h \u(xs(x))\)dSx

and

M(S)=f
•/3

where the values of u(xs(x)) on dQ and u(x) on dQg are understood in the sense
of traces (see Kufner, John and Fucik (1977), Chapter 6). Of course we suppose
that u G Wy£{Q). By Lemma 4 in Chabrowski and Thompson (1980) A/,(8)
and M(8) are absolutely continuous on [8,, 80] for every 0 < 8, < 80.

Our first objective is to characterise the continuity of Af, and M on the
interval [0, 80]. This characterisation will be described below. However we shall
first mention some preliminary results.

LEMMA 1. Suppose that Af,(8) is a bounded function on (0, 80]. Then for every
0 < a < 1 there is a positive constant C such that

L
for every 8 G (0, 80/2].
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LEMMA 2. Let u e Wj£(Q) and

f \D ln(l + \u(x)\)\2r(x) dx < oo,
JQ

then for every a £ (0, 1), there is a positive constant C such that

(P(x) - sy

for every 8 G (0, 80/2].

For proofs see Chabrowski and Thompson (1980), Lemmas 5 and 6.

THEOREM 1. Let u be a solution of (I) belonging to W^(Q), then the following
conditions are equivalent:

I. M(8) is a bounded function on (0, 80];
II. fQ\Dki(l + |«(x)|)|2r(x) dx < oo;
III. Af,(8) is a continuous function on [0, 80],

PROOF. The proof follows by a simple modification of the proof of Theorem 1
in Chabrowski and Thompson (1980).

Set

foTt> °'
for,<0,

where /? is a positive number.
Now we define

v(x) =

0 for x e Q - Qg.

By standard properties of weak derivatives it is evident that v is an admissible
test function in (2), hence

- / n u>o ̂ ^ ' " ^ " ( P -8)dx + J^^ ^ o foj.^'tfiP ~ 5> dx

T7n
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Using the assumptions (B) and (C) and the fact that u G W^{Q), letting
/? —> oo we obtain

- f OyAlnO + " + )£ , ln0 + «+)0> " *) dx

JQe

+ f ^,ln(l + « + )(P -S)dx+f b(x, u)!f^P
+ f a;yAln(l + u+)DjP dx = 0,

JQt
f

JQt

where

M + (X) = max(0, u(x)).

Now by the assumption (A)

/ D\n(l + u+)\\p-8)dx

(5) <
a

6sn(u>0)

J
Note that

J ao.Z),ln(l + M+

( a,7Z),ln(l + u+)DjPdx = f a,yln(l + u+)DjPDiPdSx
Qe JSQe

-f DXa.jDjpMl + u+) dx.

From (5) and the assumptions (A), (B) and (C), applying Young's inequality

[ |Z>ln(l + u+)\2(p -8)dx<y2f ln(l + u+)dSx

+ 2Y
2 f bf(p-8)dx+^f \Dln(l + u+)|(p -8)dx

(6) J& &

+ Ct[ ln(l + II + ) rfx + yL [ r(x)-l-"(P(x) - 8) dx
J n. JO.
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where

Q

The analogous inequality can be derived for u_(u_(x)) = max(0, -u(x)) if in
the definition of v we replace the function/^ by

\fit fOTt>0.
Thus we arrive at the inequality

f |Z)ln(l + M_)|2(p - 8) dx < y2 [ ln(l + u )dSx
JQ» JSQ»

+ 2y2 f b?(p-8)dx+±[ |Z)ln(l + «_)|(p - 8) dx

(7)

+ C, I ln(l + u_)dx + yLj r-l~a(p - 8) dx
JQ, JQ>

+ yLf u-(p ~ 8)
l + u_)ra+x dx.

Adding (6) and (7) and applying Lemma 1 and the Monotone Convergence
Theorem we obtain I =* II.

To prove II => III we note as in the first part of the proof

f ln(l + u+)aiJDipDjPdSx = f Z>,(<fy/>jp)ln(l + u+)dx
J3& JQ>

+ f fl^,k(l + u+)Djha(l + «+)(p -8)

- / btD,\n(\ + «+)(p - 8) dx
JQ*

6,n(u>0) ' "•" M+

and the analogous formula remains true for u_. First we prove the continuity of
M. It is clear that it suffices to prove the continuity of M(8) at 0. By the
Dominated Convergence Theorem

lim f ayDfril + \«\)*>Ml + M)(P -

exists. Since 1/y < a^DfiDfi < y is continuous on Q it follows by Lemma 2
and Assumption C that M(8) is continuous at 8 = 0. Since dSs/dS0 -»1
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uniformly as 8 -» 0, M(8) is continuous and

M(8) - M^d) = / ln(l + \u(xs(x)\))[^- - \)dS0.JQt \ dSo I

3/,(8) is continuous proving II => III.
Finally III => I follows from the proof II => HI.

THEOREM 2. Let u G W^{Q) be a solution of (I). Assume one of the conditions
I, II or III holds.

There is a sequence 8k -^ 0 as k -* oo and a Bore! measure fiondQ such that

lim f ln(l + \u(XSk(x))\)g(x) dSx = / g(x
k

for each g G C(dQ).

THEOREM 3. Let u e W^(Q) be a solution of (1). If one of the conditions I, II
or III holds then the function

G(8)= f ln(l + \u(xs(x)\))*(x) dSx

is continuous on [0, 80]for any ^ in C(dQ).

PROOF. The proof is similar to that of Theorem 4 in Chabrowski and
Thompson (1980), so we sketch the proof. By Lemma 4 in Chabrowksi and
Thompson (1980) G(8) is absolutely continuous on [8,, 80] for any 5, > 0 so it
suffices to prove continuity at 5 = 0. Since

is uniformly continuous, 1/y < F(x) < y, A/,(S) is bounded, and the elements
of Cl(Q) restricted to dQ are dense in C(dQ), it suffices to show that

G(8) = f ln(l + |«(;c)|)*(*)*W dS

is continuous for each * 6 C \Q)-
From (2) taking

for x G Q - Qs,
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where ̂  is the function defined in the proof of Theorem 1, then letting /? -» oo,
we obtain

•>Q, >J J +

f a^AMl + u+)DAn(l + u+)(p - 8) dx
Jn.

'Q*

Q> "

u+)Dj*(p - 8)dx

- f 6,Z),ln(l + «+)(p -8)dx
JQ»

ftn(«>0) i "•" " +

The analogous formula for u_ is true. The integrands on the right side of the last
equality are dominated by functions belonging to Ll(Q). Hence the result
follows from the Dominated Convergence Theorem.

In this section using the previous technique we derive a global estimate for the
gradient of ln(l + |«|). The most interesting feature of this estimate lies in the
fact that we do not require any knowledge of the boundary values.

Throughout this section we adopt Assumption (A) and the assumptions:
(B') The coefficients au are of the class C'((?). The coefficients 6, are

measurable on Q and

f b?(x)r(Xy dx < oo, i = \ , . . . , n ,
JQ

where 1 <p < oo;
(C) The function b(x, u) defined on Q n R satisfies the Caratheodory

conditions (see Assumption (C) in Section 1) and

\b(x, u)\ < C(x)\u\,
where C(x) is a non negative function on Q such that

f C(x)r(xf dx<oo,
JQ

1 <p < oo.
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THEOREM 4. Let u G W^(Q) be a solution of{\). Then

l + |M|)|2r(*y dx < C,

where C is a positive constant depending on p and the coefficients of (I).

PROOF. AS a test function in (2) we take

413

v(x) =
for x G Qs,

iorxGQ- Qs.

Thus, letting /? -» oo we obtain

- f auD,\n{\ + w+)Aln(l + M+)(P - 8f dx

X c (p — ^yi>IZ?fln(l + w+)(p — of dx + J 6(JC, tt)—
i2s 6>n(«>0) 1 + M +

+p I a,-Z),pln(l + u.)Djp(p — 8Y~ dx = 0.

•/a
Now

r 2 [ r
Jn. n "+ Y [ J e s '' ' " +

+/> f a.,Z)(pln(l + u^Djpip - I
Jn. J

f |
JQ>

f

Applying Young's inequality we obtain
1 f 2 v v f y

+ [ C(x)(p - 8Y dx + 3Cfr f (p - Sy~2 dx,
Jn. Jn.

where

A similar inequality can be derived for u_ and this completes the proof.

https://doi.org/10.1017/S1446788700024198 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700024198


414 J. Chabrowski and B. Thompson 11 o)

References

J. Chabrowski and B. Thompson (1980), 'On traces of solutions of a semilinear partial differential
equation of elliptic type', Ann. Polon. Math., to appear.

D. Gilbarg and N. S. Trudinger (1977), Elliptic partial differential equation of second order (Springer-
Verlag, Berlin-Heidelberg-NewYork).

A. Kufner, D. John and S. Fucik (1977), Function spaces (Noordhoof International Publishing
Leyden and Academia Publishing House of the Czechoslovak Academy of Sciences, Prague).

W. F. Mihailov (1972), 'Boundary values of solutions of elliptic equations in the ball', Mat. Sb. 100
(142), 1-13.

W. F. Mihailov (1976), 'Boundary values of solutions of elliptic equations in a domain with smooth
boundary', Mat. Sb. 101 (143), 163-188.

Department of Mathematics
University of Queensland
St. Lucia, Qld. 4067
Australia

https://doi.org/10.1017/S1446788700024198 Published online by Cambridge University Press

https://doi.org/10.1017/S1446788700024198

