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Convex Polynomial Approximation
in the Uniform Norm: Conclusion

K. A. Kopotun, D. Leviatan and I. A. Shevchuk

Abstract. Estimating the degree of approximation in the uniform norm, of a convex function on a
finite interval, by convex algebraic polynomials, has received wide attention over the last twenty years.
However, while much progress has been made especially in recent years by, among others, the authors
of this article, separately and jointly, there have been left some interesting open questions. In this
paper we give final answers to all those open problems. We are able to say, for each r-th differentiable
convex function, whether or not its degree of convex polynomial approximation in the uniform norm
may be estimated by a Jackson-type estimate involving the weighted Ditzian—Totik kth modulus of
smoothness, and how the constants in this estimate behave. It turns out that for some pairs (k, r) we
have such estimate with constants depending only on these parameters. For other pairs the estimate is
valid, but only with constants that depend on the function being approximated, while there are pairs
for which the Jackson-type estimate is, in general, invalid.

1 Introduction

Let C[a, b] denote the space of continuous functions f on [a, b], equipped with the
uniform norm

I fll{ap) = max | f(x)].

For I := [—1, 1], we omit the interval from this notation and write || - || := || - ||1-
Also, let P, be the space of all algebraic polynomials of degree < n — 1, and denote
by

E,(f) = p,}lellg,, If = paulls

the degree of best uniform polynomial approximation of f.
Finally, we denote by A2, the set of convex functions on I, and let

ED(f) = anf 1f = pull

2 EP,NA2

denote the degree of best uniform convex polynomial approximation of f € A% N
C[-1,1].

Throughout this paper we will have parameters k, I, m, r all of which will denote
nonnegative integers, with k +r > 0.
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With ¢(x) := v/1 — x2, we denote by B, r > 1, the space of all functions [ €
C[—1, 1] with locally absolutely continuous (r — 1)-st derivative in (—1, 1) such that
lle" f7|| < oo, where for g € L®[—1, 1], we denote

lg]l = ess sup.e_y 1ylg(x)-

We use the same notation for the L., norm on I, as there can be no confusion.

The following estimates of the degree of convex polynomial approximation of
functions f € B” N A? were proved by Leviatan [11] (r = 1 and 2) and by Kopotun
[6] (r =3andr > 5):

(1) B0 < S, nzr

Moreover, Kopotun [6] showed that, in general, (1.1) is invalid for r = 4. Namely,
for every A > 0 and n > 1, there exists a function f = f, 4 € B* N A2, for which

EP(f) > Alle*f2.

Nevertheless, Leviatan and Shevchuk [14] have recently proved that, for f € B*NA?Z,

c 1
E(N) < < (I Ol + ). n>1,

with an absolute constant ¢, which implies (1.1) for n > N(f) instead of n > r.

In fact, Leviatan [11] and Kopotun [8] have obtained estimates refining those
in (1.1) and involving, respectively, the Ditzian—Totik (D-T) moduli [3], and the
weighted D-T moduli of smoothness (see [16]), defined later in this section. In par-
ticular, the following result gives a complete answer, in the case of convex approxi-
mation, to a central question in approximation theory, namely, to characterize those
(convex) functions with prescribed degree of (convex) polynomial approximation. It
follows from [6-8,10, 11, 14], and finally this paper (the case o = 4) that,

Theorem 1.1  For f € A* and any o > 0, we have
E.(f)=0n"%), n—ooo < E,(f)(f) =0n %), n-— oco.

Let

©0s(x) == \/(1 —x—0p(x)/2) (1+x—dp(x)/2) = \/(1 — 6@(9:)/2)2 — %2,

provided the expression under the square-root sign is nonnegative. The weighted
D-T modulus of smoothness of a function f € C(—1, 1), is defined by

w;f.,r(f’ t) = Ssup H (p;h( ' )Aégo( . )(f’ : )|| )
0<h<t
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where

, otherwise,

AK(Fx) = {zfo ()Y (=1)F fx — kh/2 + ih), i |x+kh/2] <1,

is the k-th symmetric difference.
Ifr=0and f € C[—1,1], then

wi(f, 1) == wly(fir) = sup. IIA S

0<h

is the (usual) D-T modulus. Also, if ¢(-) in the above definition is replaced by 1,
then we get the ordinary k-th modulus of smoothness:

wi(f,) := sup [ AR(S, )l
0<h<t

Since @s5(x) < @(x) < 1, it is clear from the above definitions that, if f €
C[—1, 1], then

(1.2) wi, (f,1) S wf(f,t) < wi(f,1).

Also, for f € C(—1,1) and k > 1, it follows immediately from [3, Thm. 4.1.3], that

(1.3) Wi (i) < awf (f, 1),
and
(1.4) wi, (1) < cll"flI.

Here and in the sequel, we write ¢ for a constant which may depend only on k and r.
Moreover, it immediately follows from the definition that, forany [a, b] C (-1, 1),

(15) u)k(f7 t7 [aa b]) S Cw;fr(f; t)7

where C depends on k, r, and dist{[a,b], £1} > 0, and wi(f,¢, [a,]]) is the k-th
usual modulus of smoothness on [a, b], i.e.,

wi(f, 1, [a,b]) == sup [[AKCF, )|l {arkn/2,0—kn/2)-

0<h<t

The modulus wkr has many of the properties of the usual and D-T moduli of
smoothness. In particular (see [16, (18.14)]), forany k € N,r > 0,and f € C(—1, 1),

Wi (A0 < e+ D' (f, 1), A>0.

This, in turn, implies that if a function f is not a polynomial of degree < k — 1, then,
for some C = C(f) > 0,

(1.6) wi, (f,) > Ct*, forall0 <t < 1.
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For arbitrary f € C(—1, 1), the function w/ (f,t) may be unbounded. However,
it was shown in [12, 16] that a necessary and sufficient condition for w,fr( f,t) to be
bounded for all t > 0is that " f € L>°(—1, 1). Moreover, if r > 1, then w,fr(f, t) —

0, as t — 0, if and only if lim,—, 1+, ¢"(x) f(x) = 0. Therefore, we denote (Cg =
C[-1,1] and, forr > 1,

(1.7) C={feC(-1,)NC[-1,1]| lim © (%) f"(x) = 0}
Clearly C, CB". If f € B", then f € (Ci, forall0 << r,and

(1.8) wf (Y0 < et ' 7, >0,

Note that for f € (C;, and any 0 < I < rand k > 1, the following inequalities hold
(see [16, Lemma 18.4, (18.19)], and [8, (1.1)]).

(1.9) wh (FO0) < etWf (1), £ >0,

in particular, if I = 0, then

(1.10) Wi, (1) <et'wl (f7,0), t>0.

Finally, for 0 <1< r/2,

(1.11) c, cB cd[-1,1],

and (see [16, (18.18)])

(1.12) Wi (fO 0 < et Wf (f7), 1>0,0<1<7/2.

In this paper, we are interested in determining for which values of parameters k
and r, the statement

if f € A*NC,, then

C o/
(1.13) Eﬁ,”(f)g;w,:r(f(),l/n), n>N,

where C = const > 0 and N = const > 0,

is valid, and for which it is invalid. Here and later in this paper, for clarity of exposi-
tion, we denote wy ,(f,t) := ||¢" f||. Hence, in the case k = 0, (1.13) becomes:

C
EP(N) < LI SOl n=N,

for f € A? N B, which is the inequality (1.1).

It turns out that the validity of the above statement depends not only on our choice
of k and r but also on whether or not we allow constants appearing in (1.13) to de-
pend on the function f.

For the reader’s convenience we describe our results using an array in Figure 1.

» «

There, the symbols “—”, “©”, and “+”, have the following meaning.
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Figure 1: Convex approximation: validity of E}” (f) < Cnirw,‘fj(f(’), 1/n),n>N

>

e The symbol “—
such that

” in the position (k, r) means that there is a function f € A*N C,

. nEP(f)
ey GOy
In other words, the estimate (1.13) is invalid even if we allow constants C and N
to depend on the function f.
¢ The symbol “+” in the position (k, r) means that (1.13) (or (1.1) if k = 0) is valid
with C depending onlyon kand r,and N = k + r.
¢ The symbol “©” in the position (k, r) means that (1.13) is valid with C depending
only on k and r, and N depending on the function f; and there are no constants C
and N independent of f, such that (1.13) holds for every function f € A*N(C],.

These results are obtained in (or can be derived from) the papers listed in Table 1.

The structure of our paper is as follows. In Section 2, we state our main re-
sults, which allow us to complete the above figure and table. In Section 3, we col-
lect some auxiliary results, some unexpected properties of the weighted D-T moduli,
Lemma 3.3 and Lemma 3.4, which enable us to apply [13, Lemma 4.1] in order to
prove Theorem 2.1 in Section 4, hence, filling the gap for &« = 4 in Theorem 1.1. The
negative results are proved in Section 5, by constructing a counterexample which is
an essential development of ideas of [2, 6]. Finally, Appendix A is devoted to a short
proof of auxiliary inequalities involving Chebyshev polynomials.

2 Main Results
Theorem 2.1 If f € C, N A%, then

2.1  EP(f) < c(n 2y (f 1 /m) + 0| f "l 21pag2) s n =N,
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Positive results: “+” in position (k, 1)

1986 | (2,0), hence, {(k,r) | k+r <2} Leviatan [11, Thm. 1]
1994 | (3,0), hence, {(k,7) | k+r < 3} Kopotun [7, Thm. 2] (see also Hu,
Leviatan and Yu [5, Thm. 1])
1992 | {(0,r) | r > 5} Kopotun [6, Thm. 1]
1995 | {(k,r) |r>5k>1} Kopotun [8, Thm. 2]
Positive results: “©” in position (k, 1)
2003 | (4,0), hence, {(k,r) | k+r =4} Leviatan and Shevchuk [14, Cor. 3.2]
—_ (3,2), hence (2, 3) and (1, 4) This paper (see Corollary 2.2)
Negative results: “+” CANNOT be in position (k, 1)
1981 | (4,0), hence, {(k,0) | k > 4} Shvedov [17, Thm. 3]

1991 | (3,1), hence, {(k,r) | 4 —k < r < 1} | Mania (see [16, Theorem 16.1])
1992 | (0,4), hence, {(k,r) | 4 —k < r <4} | Kopotun [6, Thm. 2]

Negative results: “©” CANNOT be in position (k,r)

1992 | (5,0), hence, {(k,0) | k > 5} Wu and Zhou [18, Thm., p. 206]
2002 | (4,1),hence, {(k,r) | 5—k <r <1} | Nissim and Yushchenko [15, Thm. 2]
— | (2,4), hence, {(k,r) | 6 —k < r < 4} | This paper (see Corollary 2.4)

Table 1

where c and N are absolute constants. Hence,
(22) EQ(f) < en~2wf,(f", 1/n), 1> N(f).
By virtue of (1.9), an immediate consequence is

Corollary 2.2 Let2 <r<4,1<k<5-rIffeC, N A2, then

c
(23) ED(f) < <l (f71/m, n=N(p.
On the other hand, we have the following negative result.

Theorem 2.3 There is a function f € C} N A%, such that

. n*EQ) (f)
(2.4) hrrlrlsolip w7§4(f(4), ) = 00

Corollary 2.4  Let0 < r < 4dandk > 6 — r. Then there is a function f € (C:Q N A2,
such that

limsu T =
n—>o<>p wlir(f(r)v 1/”)
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3 Auxiliary Results

The following notion of the length of an interval J := [a,b] C I, relative to its
position in I, was introduced in [12]:

|J]
v (%)

where | J| := b—ais the length of J. The following was proved in [12, (2.20)—(2.22)]:

/1] =

(3.1) If J, C J,then /1/ < /J/-
(3.2) w11 1) < WECf /T))-
(3.3) wl(f, ]I, ) < wr(i gyl /1)), where w(a, b) i= /(L + a)(1 = b).

Let x; := cos(jm/n), 0 < j < n, be the Chebyshev knots, and denote I; :=
[xj,xj—1], 1 < j < n. Then, |I;| ~ 252

equivalence, and see [12, (3.1)])

+ n—lz (see (5.6) for exact constants in this

o
SE

forall1 < j<n.
Also, for 1 < j < nwe have

II;| < cw(xj,xj_l)n_1 )
Therefore,for1 < j <nand0<I[<r,
(3.4) L w1 (PPN, 1) < eI wr(F7, 1), 1))
Loﬁ (f(r) /1/)
=W (g, xj1) T

< cnfrw,fr(f(r), nil) )

In the cases j = 1 and j = n, we cannot use the same sequence of estimates since
w(xj,xj_1) = 0. However, we have

Wk(fatZ)Szw}f(f;t)v t>07 kZ 17

[12, (2.25)] or [3, Corollary 3.1.3]. Hence, since ||, |I,|] ~ n~2, we conclude by
(1.12) that, forall0 < I < r/2and j =l orn,

(3.5) il wreri(fO, 1], 1) < en™?wf,,(fP1/n)

< cn*’w,fr(f(’), 1/n).
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Let L,,—1(g520,21,--.,2m—1) denote the polynomial of degree < m — 1 which
interpolates a function g at the points zy, z;,...,z,—;. We remind the reader that
[zo, . ..,2m;g] stands for the m-th divided difference of a function g at the knots
29, . ..,z defined by

g(zm) - mel(g;Zle, cee ;mel)(zm)
(zm —20)(zm — 21) - . . (Zm — Zm—1)

(3.6) (20,21, .. 2m; 8] ==

The following Newton formula for interpolating polynomials is well known:

m—1
BT Lua(820,22, - 2m)(%) = Y _(x—20) -+ (x — zi1) |20, . -, 21538,
i=0

Also, assuming that zg, zi, . . ., z,, form either a non-increasing or a non-decreasing
sequence such that ming<;j<m,—1 |zi+1 —2i| ~ maxXo<i<m—1 |zi+1 — 2z, and using Whit-
ney’s inequality we have the following estimate:

(3.8) [20, 21, Zm3 8]
S C‘Zm - ZO|_me(g7 ‘Zm - ZO|a [min{ZOazm}a maX{Z(),Zm}]) )
where C depends on m and the ratio

min |z —z|/ max |z — zl.
0<i<m—1 0<i<m—1

Lemma 3.1 Let f < C,n > k+ 1, and let a polynomial py, of degree < k +

r — 1 be such that p(l) (x1) = D) foralli = 0,1,...,r — 1 and p(r) (x) =

ketr k+r

Lk_l(f(” 3 X1, X2, - -+, Xk)(x). Then,
C iy
(3.9) If = prerlln, < ;w,z,(ﬂ ), 1/n).

We remark that a similar estimate holds for the interval I, and a polynomial pi.,
defined analogously on I,,.

Proof First, wedenote Ly := Li_; (f(’) 3X1,%2, . . ., Xx) and note that it follows by
Whitney’s theorem and (3.3), that for any 8 € [x, 1) and the interval ] := [x, 0]
we have

L1 — fOUy < can(F7, 15 T)
C C

< szr(f(r)v/f/) < Wu;ﬁr(f(r), 1/n)

and, in particular,

(3.10) £41B) = fOO] < =i (71w,
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Now, since for any g € C'[a, b] and x € [a, b],

r—1 (i) X
g (a) i 1 r— r
o =3 s gy [ ot

using (3.10), we conclude that, for any x; < x < 1, the following holds:

[ o= (77 = pw) d

|f(x) = prar(x)| =

1)'
< c/ (= w1 £ ) — Ly ()] du

o —u)!

<wl (00w | G5E

1
< ewf,(f71/m) / (1 — w1 du
<l =)l (f7,1/m)
SCI’I r L” f 1/1’1

Note that since f — p4, is continuous, the above inequality is also valid for x = 1.
The proof of the lemma is now complete. ]

Lemma3.2 Leto,[3 € Rbesuchthata+ (3 > 1,andlet1 <v < |%]. Then,

L5] L5)
(3_11) Z |I,~\’“<p*“’"(x,~) ~ n2a+{3 Z ifaa{f < Cn2a+{3ylfaﬂ’3’
i=v i=v

where C and the constants in the equivalence relation depend only on o and (3, and are
independent of v and n. Furthermore,

(3.12) Z |1i|7aﬁ,07“3(x,‘) < Cr2o+8.

i=1

Proof Taking into account that, forany 1 <i < |5,

G pl) N S i
‘II|NT and Qo(xl)—\/l_xi—Sll’l(lﬂ'/ﬂ)fv;,

we have
Lﬂ n20¢+/f
-8 —a—f 20483 —a—f <
RIS WA wie e
i=v

Inequality (3.12) immediately follows from (3.11) with » = 1 taking into account
that o(x;) = @(x,—;) and |L,—;| = |Li1| ~ |L]|- [ |
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Lemma3.3 Letk>2,reN,1<m<k—1,n2>3m, andletjc N besuch that
(Xj4m,xj] C [—1/2,1/2] (which is equivalent ton/3 < j < 2n/3 —m). Then, for any
f € (C(_lv 1))

(3.13) |, %1, - Xjems f1] S € (nkw;fr(f, 1/n) + ||f||[71/2,1/2]) ;

where c depends only on k and r.

Note that Lemma 3.3 is valid if m = 0 and m = k as well. However, since (3.13)
becomes quite weak in these cases, they are excluded from the statement.

Proof First, recall the Marchaud inequality for a function f € C[a,b] and
1<m<k:

b—a

" wk(f,s, [a,D]) ds o
wm(f,t,[a,b]) < ct {/ ka + (b —a) " fllap ¢ -

t
Now, taking [a, b] = [—1/2,1/2] in the above estimate, using (3.8), and taking into
account that |xj — x| ~ 1/n forall jsuch that x; € [—1/2,1/2], we have

“xj;xj+1a oo 7xj+m;f]| < C(Xj - xj+m)7mwm(f7 Xj — Xj+m, [Xj+m,Xj])

S Cnmwm(f> 1/”7 [_1/27 1/2])

1
w(f,s, [—1/2,1/2])
S/ mtl / ds+c| flli—1/2.1/2]
1/n s
! —1/2,1/2
:C/ (Uk(f)sa[ k/7 /])'Sk_l_mds
1/n s
+cll flli=1/2./2

1
< enfwr(f,1/n, [—1/2, 1/2])/ k1= gs
1/n
+cll flli=12.12
< enfwe(f,1/n, [=1/2,1/2]) + cl| fll(=1/2.1/2)
< enfwf (f, 1/m) + | fll = 1/2.1/25

where the last inequality follows from (1.5). [ |

The following lemma generalizes Lemma 3.3 to the cases when x; can be close to
the endpoints of [—1,1]. Note that the condition r > k — 2m in its statement is
essential. In fact, this is the main reason why (2.2) is no longer valid with w,ﬁz, k>4,
instead of wy,.
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Lemma3.4 Letk>2,n>3k1<m<k—1,andletr € Ny, r > k — 2m. Then,
for f € C(—1,1) and foreveryl < j<n—m—1,

(3.14) [, %515 s Xjams f1]

k n r+2m—k o
<cn (m) wi, (f, 1/m) + el flli=1/2./2-

Proof It is sufficient to prove this lemma for 1 < j < |7, the other case being
symmetric. Also, recall that, forall 1 <i < [2], ¢(x;) ~i/nand |I;]| ~ i/n%.

Now, forall 1 < j < n — k — 1, the inequalities (3.8) and (3.3) imply
s X1 s Xk 1] < elL T wr(f, x5 — Xk, [x2k0 %7])
< el T 0 G ), (f, / Dok x71/)
< c|Ij|_kap_r(xj)w,ir(f, 1/n).

Therefore, if 1 < j < min{n—k—1,[%]}, then

n
2
im0 S < o (2t 1 /)

JoXjtly ooy Atk > ] kr\JS>s )

which is stronger than (3.14) for m = k. We now use induction in m (the case m = k
being its base). Suppose that k and r are fixed, that mis such that 1 < m < k—1and
m > (k —r)/2, and that (3.14) is valid with m replaced by m + 1. We will now show
that it has to be valid for m as well, which will complete the proof of the lemma.

Let 1 < g < | 5] be an index such that [x,,, x,] C [-1/2,1/2]. Lemma 3.3

implies that
X - s X s F1] < el f (F, 1/m) + [ fll=1/2.0/20)-
Also,
=[x %0y s X 1= (s - X 1= (%55 - o3 X5 1)
- [x/u cee ax/L+m;f]
pn—1
= Z(xi+m+1 - xi)[xi>xi+17 e Xivmtl ,f]
i=j
- [x/u cee ax/L+m;f]-
Therefore,
L5]
|, %51, - oy X f1] < CZ || [0, Xiv1s - - o s Xivmer s f1]
i=j

T anw}ir(f, 1/n) +c|| flli—1/2.1/25
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and using our induction hypothesis we have

|[xj;xj+1a"'axj+m;f]|
3] . " r2(m)—k

< CZ|Ii|<” (7) wi, (f,1/n) + ||f|[—1/2,1/2]>
-y

min{i,n—i}

+en*wf (f,1/m) + | flli=1/21/2)

5]
. n\ r+2(m+l)—k o
< enuf (f.1/m Y 11l( %) Fenwl (f,1/m+ el fli-12
i=j

o L5 nr+2m—k P
< enwi (f, l/n)z T Ten wi, (f, 1/m) + ¢l flli-1/2.1/2
=

ko n\ r+2m—k
<cn W;:,(fﬂ/”)(;) +ll flli=1/2,1/205
and the proof is now complete. ]

We need the following special case of Lemma 3.4 for j = 1, k = 3, r = 2, and
m=1or?2.

Corollary3.5 Letn>9,m=1orm=2,and f € C(—1,1). Then,
(3.15) 1, %2, - ooy Xt 5 f1] < en®™* Wi (f, 1/n) +cl| flli=1/2.1/21-

4 Proofs of Positive Results

Let ¥ , be the collection of all continuous piecewise polynomials of degree k — 1 on
the Chebyshev partition {x;}%_, = {cos(jr/ n)}?zo.
The following lemma is a corollary of (more general) [13, Theorem 3].

Lemma 4.1 For every k € N there are constants ¢ = c(k) and ¢, = c.(k), such that
ifn € Nand S € Xy, N A% then there is a polynomial P, € A? of degree < c.n,
satisfying

(4.1) IS — Pull < cwf (S, 1/n).

Hence, in order to obtain direct estimates for polynomial approximation, we only
need to construct suitable piecewise polynomials S € i, N AZ.

In order to construct such piecewise polynomials, we use the following result
which was proved in [14, Corollary 2.4].
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Lemma4.2 Letk € N, andlet f € C*la,a+ h], h > 0, be convex. Then there exists
a convex polynomial P of degree < k + 1 satisfying P(a) = f(a), P(a+ h) = f(a+ h),
P'(a) > f'(a), and P'(a+ h) < f'(a+ h), and such that
| f = Plliaasny < c(ORwi(f" b, [a,a+h]).

Lemma4.3 If f € C2 N A? then for n > 9, there is a continuous piecewise quartic
polynomial s, € X5, N A%, such that

(4.2) | f = sl

i) < 5 W (F1/m)

and, for j = 1l and j = n,

(4.3) 1f = sully, < en™2 w5, (f", 1/n) +en™ || £l (12.1/21-

Proof First, we apply Lemma 4.2 on each interval I;, j = 2,...,n — 1 (ie., set

a:=xjand h:= |[;| = xj_, — x;), with k = 3, and define s, |1,:= P.
On the intervals I; and I,,, we define s, as follows

sD(x+) = fP(xy), i=0,1 and s"(x) = f"(x1), x € I,
and
s (tu1—) = fP(x-1), i=0,1 and 5,/(x) = f"'(x,-1), x € I,

Then, s, is a continuous piecewise quartic polynomial on [—1, 1] which is convex
(since s/ is non-decreasing for all x € [—1,1]) and such that, for every j = 2,...,
n—1,

”f_ Sn”Ij < C|Ij‘2w3(f”a |Ij|71j)~

Now, we use the estimate (3.4) with [ = r = 2 and k = 3 to conclude

¢
(4.4) 1f = sullyy < —5 @i (f751/m)

for j = 2,...,n—1. Hence, (4.2) is proved, and it remains to estimate || f —s,||;, and
Il f — sullz,- We only estimate the former since the latter can be dealt with analogously.

First, Lemma 3.1 with k = 3 and r = 2 implies that
c o
(45 IF =l < 5 a7 1/m),

where the polynomial /; of degree < 4 is such that l(li)(xl) = f(i)(xl), i=0,1,and

I'(x) = Lo(f" 501, %2, %3) (x) = " (x1) + (x — x1)[x1, %25 f']

+ (X—xl)(x—xz)[xl,xzvxa;f”]-
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Now, using Corollary 3.5, we have for every x € I
1 (x) = 5,/ (0] = 1 (x) = " (1)
= | (o — x) ey, 225 /7] + (x — 1) (x — x2) [0, 500, 35 ]|
<n 72 [x, x5 £ 40t oy x, x5 ]|
< Cniz(”4w§2(f”a 1/n) + ||f”H[—1/2,1/2])
+ 6”74(”6"‘);9.,2”“7 )+ £ i=1/21/21)
< anw;2(f”a 1/n) + C”_2||f”||[—1/2,1/2],

and, therefore,

[ (x) — su(x)| =

/ (x = u) (If' () — 5,/ () du
<en I =5l

< en 2w, (" 1/m) +en” | £ l21 /202

Combining this with (4.5) and using the triangle inequality we get (4.3). ]

Proof of Theorem 2.1 By virtue of Lemma 4.1, the inequality
If = sull < en™2wfy(F7,1/m) +en™ |l £ 1212020,
which follows from Lemma 4.3, and the estimate
WE(sp, 1/m) < || f = sull + cwf(f, 1/n) < c||f — sall + cnfzwiz(f", 1/n)

(see (1.10)), we conclude that there exists a polynomial P, € A? of degree < cn such
that

If = Pull < [If = sull + llsn — Pul
< f = sall + cw? (54, 1/m)
< cnizwf,z(f”a 1/n) + Cn76||f”||[71/271/2]~

This completes the proof of the estimate (2.1).
In order to prove (2.2) note that (1.6) implies that

n3w§2(f”’ 1/n) > C(f), forallneN.
Hence, for n > || f"'[|{-1/2,1/2)/C(f) =: N(f),

1 5
;||f”||[—1/2,1/z] <C(fH) < n3w§2(f”, 1/n).

Therefore,
||f_Pn||Scn_zwiz(f”;l/n), ”ZN(f),
which completes the proof of the theorem. ]
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5 Proofs of Negative Results

In order to prove Theorem 2.3,let b € (0, 1) and, for x € [—1, 1], set

&(x) :==1In

T5x50 and Gp(x) := _l(x — u)gp(u) du.

Clearly, Gy is in C*°[—1, 1] (note also that Gy, is concave on [—1, 1]).
First, we prove

Lemma 5.1  The following estimates hold:

(5.1) Wi, (G 1) < ¢
and
1 3¢?
. - <
(5.2) blnb|gb(x)\ _(1+x)ln1+x

Proof First, taking into account that Gg‘) =g/(x)=10+x+ b)~% we have
. 4 ,
W (G, 1) = Wiy (g ) < cllp’y <e.

To prove (5.2) we have to check the inequality

1. l+x+b 3¢?
bln-ln—— < (1 +x)1 .
nypln—p— sU+xhe
Indeed, this inequality holds for x = —1. At the same time, for the derivatives of

both sides we have

i(blnllnl+x+b) bln1/b < 3e

VT ) T Texab s T laxtb
3e d 3e?
< ==
*ln1+x dx((ler)lnl+x)7
which completes the proof. ]

Denote by P the set of polynomials p, of degree < n — 1, such that
py(=1) > 0.
Clearly, every polynomial p, from I?,, N A? is also in P’}.
In the proof of Lemma 5.3 below we need the following Dzyadyk type inequality

(see [16, Lemma 14.1 and (14.9)]) which is a generalization of the classical Dzyadyk
inequality [4].
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Lemma 5.2 (Dzyadyk type inequality) Let m € Ny, n € N, and y be any point in
[—1,1]. Then, for any v € Ny, and any polynomial P, of degree < n — 1,

(5.3) IPY)(y)] < C(m, V)pT”(Y)H 0
(|- =yl +pa(»)]

where p,(x) := —”;xz + %
Since the references [4, 16] may not be readily accessible, for the sake of complete-
ness we give a short proof of Lemma 5.2 here.

Proof Everywhere in this proof, C denotes constants that may depend only on m

and v. Now, we recall that x; = cos(jm/n), 0 < j < n, I; = [xj,xj_], and
let £j := cos(j—3)Z%, 1 < j < n, be the zeros of the Chebyshev polynomial

T,(x) := cos(n arccos x) of degree n.
Foranyl < j<mandx € I;,

4
(5.4) Sl - 5 < @I < 4k - 5,
(5.5) |I;| < 4min {|x;_, — %], ||x; — %]},
and
,]TZ
(5.6) pulx) < ‘Ij| < 7pn(x)~

We note that all constants in (5.4)—(5.6) are exact. Estimates (5.5)—(5.6) are simple
trigonometric inequalities and so we omit their proofs. Inequalities (5.4) can also
be verified using standard calculus techniques, and are certainly known (perhaps not
with the exact constant). For reader’s convenience, we give a short proof in the ap-
pendix.

The right inequality in (5.4), (5.5), and the observation ||T,|| = 1 imply that, for
anyx € [-1,1]and 1 < j <mn,

(5.7) | T ()| ([;] + [x — %) < 5]x — %] .

Now, let y € [—1, 1] be fixed and denote by p the index such that y € I,, 1 <
p < n. Without loss of generality, we assume that y # X, and

Pn( : ) _ —m
il =P (¥).
[ =yl + ()]
Hence, we need to show that, for every v € Ny,
(5.8) IPY ()] < Cpy " ().
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Now, x)
y — %, Tulx
n(x) = ————
1 x =%, Tu(y)
is a polynomial of degree n — 1 such that g,(y) = 1, and inequalities (5.4) and (5.7)
imply
ORI~ TG YPETA N S A
" T.(y) x— X, 4 x— x|+ |1, 4 |x—x,+ |1

forall x € [—1, 1]. Using (5.6) we get

_ _ = = 2 _ = 2
[x =yl + pu(y) < e =%l 1% — < L T R S
on(y) pn(y) pn(y) 2|1 2
<6. |x — | + |1,]
B (L]
and, therefore,
23p,,
g, (x)| < A, x € [-1,1].
lx — y| + pul(y)

Hence, Q,(x) := (g,(x))™ is a polynomial of degree m(n — 1), and the following
inequalities are satisfied:

p,(:
1Bl < 23510 e |-c

— ¥+ o]

and
[Qull <C.

We now use the well-known Markov-Bernstein inequality

ey 23”1 < Cllpull

which is satisfied for every polynomial p, of degree < n — 1, to conclude that

P.(1) Q™| < Cpy iy (1) < Cpy " (1)

and
QYW < Cppt () < Cpy " (7)

for v € Ny. We will now use strong induction in v to prove (5.8). If v = 0, (5.8) is
obvious. Suppose now that (5.8) is proved for all 0 < I < y — 1. Using the Leibniz
identity for derivatives

[£x)g0)] ") = <7> OG0 ),
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the fact that Q,(y) = 1, and the induction hypothesis we have

v—1

PV (] = 1PV ()Qu(] < [[Pa0)Qu ™+ <7> PPN ()]

1=0

v—1

<Cp,"(N+CY (7) pr e () = Coy Y (),
1=0

and so (5.8) is verified for | = v as well. This completes the proof of the le(mma. H

Lemma 5.3 Foreachb € (0,n™2), and every polynomial p, € P}, we have

1 1

C
|Gy — pull > Fln% A

Proof Put
g (x) = —In(*(1+x+b), Ux):=gx) — g (x) =Inn’b,

so that [(x) is a constant. Let

X

Gy (x) :== (x—u)g,(u)du and L(x):= (x —w)l(u) du = %(x+ 1)?lnn*b
—1 —1
Then we have
Gj(x) + L(x) = Gp(x).
Also, for every p, € P,
(5.9) pr(—1) = L"(~=1) > —I(~1) = In1/n’b.
Straightforward computations yield
/ lgr (W) du < ¢/n* +cn*(1+x)?, —1<x<1,
-1
whence
Gi)| < (x+1) [ g (w)| du < c(1+x)/n? + cr*(1 +x)° < %(1 +n2(1+x)).
-1
Hence,

1n(x) — L)| < || pn — Gyl + |GE ()] < cné(Hpn — Gyl + %) 1/ + (1 +x))°.

We now apply (5.3) with y = —1,k = 2,and m = 3:

Pnlx) — L(x) 1
o0 = L) < e PR E] <ent (o — Gl + )
This combined with (5.9), in turn completes the proof of the lemma. ]
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We are now ready to prove Theorem 2.3 by constructing a counterexample.

Proof of Theorem 2.3 Let b, € (0,1/e), n > 2, be such that

and set .
falx) == C;Gbn(x),

where ¢ < 1 (which is independent of ) is taken so small that (5.12) and (5.13)
below are fulfilled. We summarize the properties of f, as follows from Lemma 5.1.
Namely, for every n > 2,

fo € €111,

(5.10) £ < (40 =5
' " - 1+x’
(5.11) ful=1) = f/(=1) = £/ (=1) =0,
(5.12) If9) <1, j=0,1,2, and [¥*fP| <1, j=3,4,
and
(5.13) Wi, (Y, 1/n) < n2.

The definition of b, yields

1
< 2 < =Iln—.
Inlnn <Inlnn” <Ilnln1/b, lnn2bn

Hence, by virtue of Lemma 5.3, there exists n; > 2 such that, for all # > n; and
pn € P,

Inlnn
(514) ||fn - an 2 Cx 1’16 )

for some suitable constant ¢, > 0, where we used the fact that g, := cn*p,, € P;.
Now, we put Dy := 1 and

D, 1 1
1

ns n ns’
where 7, is defined by induction as follows. Suppose that n,...,n,_1, 0 > 1, have

been selected. We write
o—1

F,_i(x):= Z Dj—1fu,(x)

j=1
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and select n, > n,_ to be so large that the following inequalities are satisfied:

(5.15) max{o, |[F® |} < D, Inlnlnn,,

(5.16) IF? || < Dy_1n,.
Note that (5.16) implies

D,_in
(5.17) E, _5(F' ) < n—||F,, A <e "ni;" = cD,.
o o

Now, let
Dp(x) := > Dj_ify (x),
j=o

where the uniform convergence of the series as well as its four times term-by-term
differentiation for x € (—1, 1), is justified by (5.12). In fact, since

(518) ZDjil = D(,-,l W < D(;,1 (n_G)
- i—g O j—1 j=o o
D ,11’16
= ﬁ <2D,_y,
the inequalities (5.12) imply that
(5.19) |®,]| <2Dy_; and [p*®W| < 2D, ;.

Setting
fi(x) == ®1(x),

and using properties of the wa modulus, we have by (5.13), (5.15) and (5.19):
(5.20) ¥, (f(“) )

1 . 1 , 1
(4) 4 p (4)
Swa(Fg_l,—n ) +w;j4(DU_1 ;g,_n ) +w54(q>0+1,—n )
g (o2

(o

1 D,
< —||IF9 ||+ ==L + D,
n2 !
a U
D,_ D,_
< (lnlnln ny, +c) <2 !Inlnln o
nU 0'

for sufficiently large o.
On the other hand, by virtue of (5.11) and (5.17) there exists a polynomial g,,, of
degree n, — 3, such that

qn, (=1) = F;_1(=1) =
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and
HFél—l - QnaH S ZCDJ-
Hence, for .
Qn, (x) :=/ (x — u)qy, (u) du,
—1

we have

Q:,:(_l) - Qrtﬁ(_l) = 07
and
(521) ”Fafl - Qn(,H S 4CD0'>

where we have used the relations
F,_1(=1)=F._,(—1)=0.
Now, if p,,, € P;, , then
fi = pn, = (Fo—1 — Qu,) + Do—1(fu, — Ru,) + Poi1,

where we observe that R,,, := ﬁ( Pn, — Qu,) € P, . Therefore, by virtue of (5.14),
(5.19) and (5.21),

(5.22)  Ifs = pu, | = Dol fa, = R, || = IFo—1 = Qu, [l = |01 |

> DU_I;—E Inlnn, — (4 +2)Dy = D,(c. Inlnn, — (4¢ +2))
(e

> —Dyc,Inlnn,,

| —

where the last inequality holds for all sufficiently large o.
The inequalities (5.10) and (5.18) imply that
3¢

1+x’

If1/(x)] <2(1+x)In

so that if we put
2

3e
"(x):=2(1 1
5 (%) ( +x)n1+x

and

() = / (s — Wil (u) du,

-1

and if we denote

flx) == f1(x) + T2 (x),

then f is a convex function on [—1, 1].
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Note also that f, is twice continuously differentiable in [—1, 1], and it is in B®. We
will show that there exists a polynomial Q,, € IP,, such that Q;/(—1) = 0 and

Cc
(5.23) I, — Qull < <.
n

It follows from [9, Theorem 1] that there exists a polynomial R, such that

T2 = Rall < cwg (f2,1/n)

and
11 = Ry || < cwi (73, 1/n).

Therefore, since (see (1.8))
W (f2,1/n) < en™ (|1 < en™®
and (see (1.9))
wi (), 1/n) < cnfzwfg(fgl), 1/n) < cn 2|V < en™2,

we conclude that R, satisfies the inequalities ||f;—R,|| < cn™°and ||fj'—R}/|| < cn™2.

In particular, since f5'(—1) = 0, the estimate |[R//(—1)| < cn~? holds.

Now, it follows from [6, Lemma 8] (or see [8, Lemma 14c]) that there exists a
polynomial M,, € P, such that ||[M,| < cn~*and M)/(—1) > 2710

We now define Q,, as follows:

R/(=1)

Q, (%) := Ry (x) — m

M, (x).

Clearly, Q//(—1) = 0, and

R/(-1)

12 = Qull < I = Rall + | 3775

[IMA] < 12 = Ryl + en™2|M, | < en™

which proves (5.23).
Now, (1.8) implies that

5 1 _ _
Wty (1, 2) < en 20 < en?,

and hence, using (5.20) and (5.15), we have

. 1 1 1
p 4 ; (4) (4)
ng(f(),n_) gwa(fl ’n_) +w§4( 5 ’n_)
g o

(o2
2
< —2(D,,,1 Inlnlnn, +c)
n
a

3DJ—1

2
ns

<

Inlnlnn,,
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for sufficiently large o.
On the other hand, (5.22) and (5.23) imply that, if P,,, € Py, then

If = Pu, | = [[f1 = (Pu, = Q)| = [IT2 = QQu, ||

¢y Dy C ¢y Dy
> = ”1lnlnn,,——2—* o1
2 b nS — 4 nd

Inlnn,

for sufficiently large o, where we used the fact that P,, — Q, € P .
Thus, taking into account that E(f) > inf, cp: ||f — pal| we have

_ B ® e mbn, o
wy,(f®,1/n,) = 12 Inlnlnn, ‘

This concludes the proof of Theorem 2.3. ]

A Appendix

Lemma A.1 Letn € Nand1 < j < n. Denote

T, (x) ~ _ ~
tj(x) = —~|Ij‘, X 7é xj, and tj(xj) = Tn'(xj)\Ij|,
X = Xj
where T,(x) = cosnarccosx is the Chebyshev polynomial of degree n, and x; :=

cos(j — 1/2)% is the zero of T,, lying in I;. Then, for every x € I;, we have
4

(A.1) 3 < ti(x)] < 4.

Moreover, the constants in (A.1) are exact and cannot be improved.

Proof First, we observe that |t,_ ;1 (—x)| = [tj(x)] and {—x | x € [,_j1} = I;.
Hence, without loss of generality, one can assume that j < |(n + 1)/2]. Note that t;
is a polynomial of degree n — 1 having exactly n— 1 real zeros %;, 1 < i < nandi # j.
Therefore, by Rolle’s theorem, t J’ has exactly n — 2 distinct zeros. In particular, t/ has
a unique zero in [Xj,1,%j—;] D I;if j > 2,and so [t;(x)| > min{|t;(x;)|, |t;j(xj—1)|}
forx € I; and j > 1. Hence, for x € I},

I L] 4cos*(m/4n) 4
37

=X X —x - 4 cos?(m/4an) — 1

V

[t = [t ()] = —

which is the lower estimate in (A.1).

To prove the upper estimate, we use
(i) sin(af) < asinf, foralla > 1and 0 < 0 < 7/a, and
(ii) |sind| < 160], forall 6 € R.
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Denoting 7 := arccos x (and hence x € I; implies that (j — Dr/n <7 < jr/n)
and 7j := (j — 1/2)Z we have, for x € I},

sinn(r — 7;)/2 sinn(t + 75)/2 n|Ij|
Iti)| = || | = : < -
sin(t — 7j)/2  sin(7 +7;)/2 sin(7 +7;)/2
n|1j|

“osin((j - 1T +715)/2
2nsin 5 sin(j — 1/2)% ji—1/2
sin(j—3/9f  ~ " j—3/4

Therefore, if j # 1, then [|t;]|;; < 67/5 < 4.
Finally, if j = 1, since 1, is positive and strictly increasing on [%;, 1], we have

I
0<ti(x) <ti(1)= ‘1|~ :4cosz(1)<4, x€el.
l—xl 4n

The inequalities (A.1) are now verified. The constants in (A.1) are exact since
ti(1) = 4cos’(£) — 4and t)(x;) = 4cos’( L) /(4cos’( ) — 1) — 4/3 as
n — oQ. |
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