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ABSTRACT. Perturbati on of divide positi on is conside red by a li nea ri za ti on a bout 
the Via lov- Nye so luti on a nd a lso a bo ut rela ted so lutions with O ( I) re li er. R elaxa ti o n 
times of one-six teenth the fund a menta l thi ckn ess/acc umula ti on-ra te time-scalc a re 
fo und fo r the Vi a lov- N ye configura tio n , whil e substa nti a l basal topogra ph y can ha lve 
th e ra te of relaxa ti o n. S tead y di vide positi on is mos t sensiti ve to a nti-symm etri c 
acc umul a ti o n- rate distri butions near th e d ivide, bu t tra nsient di\ 'ide mo ti on is mos t 
strong ly excited by a n ti-symm etri c acc umul at ion ra te vari a ti ons ha lfway bctwce n the 
ma rg in a nd th e d ivide. R elaxa ti on times for the Anta rctic Peninsul a d ivide positio n 
a re es tima ted to be a round 200 yea rs, whil e the la rge r G l'eenl a nd ice shee t has a 
dividc-position re laxa ti on time o f aro und 600 years . 

M odelling acc um ul a ti on ra te as a white-no ise process permits a na lysis of di vide 
pert urba ti on as a (stochas ti c) Ornstein- U hlenbeck process, where the sta nd a rd 
d ev ia ti on o f th e response is p ro porti o nal to the sta nd a rd devia ti on of th e forei ng , [f 
obse rved acc umul a ti o n- ra te varia bilit y in th e Anta rc ti c Peninsul a we re a nti
symm etri c abo ut th e d ivide, it woul d be sufTi eient to force the d ivid e pos ition to 
fl uc tu a te wi th sta nd a rd d evia tion 10- 20 Lim es the de pth or th e ice shee t. Th ere ap pears 
to be suffi cient no ise to cause Raym ond bumps to be spread signifi cantl y. M o re d a ta 
on the sta tistica l va ri a ti on of acc umula ti on with positi on a re need ed . R a ndom forcing 
will increase the complexity of a ny fold structures crea ted in the di vide region and in 
pa rti cul a r th e nu mbe r of such structures inte rsect ing a ny borehole. 

1. INTRODUCTION 

U nd ersta nd ing the fl ow 111 ice di vid es is of sing ul a r 
importa nce owing to their being favo ured loca tions for 
ice-co re d rilling . Th e non-linea r rheo logy of ice m eans 

th a t ove r a zo ne a few ice-shee t thi ckn esses wide the now 

in the vicinity o f ice di vid es canno t be d escribed by the 
sha llow-ice a pproxima tion (R a ymond , 1983) . I n pa rti
cul a r, the ve rti ca l stra in ra te is m a rkedl y different, 
leadin g to different predi c ted age- depth rela tionships 
(R ay mond , 1983; R eeh, 1988) in stat iona ry divides th a n 
in the rema ining pa rt o f the ice shee t. The different 
ve r tica l ve loei ties lead to a th eo re ti ca l prediction th a t 
ma rker layers in the di vid e a rea will be hig her th an in th e 
fl a nking a reas , a ph eno meno n po pul a rl y known as 
" R ay mond bumps" . Th e va ri a ti on of stead y di vide 
position with asymmetri c forcing of the ice shee t (e.g. 
by acc umulation ra te) has been considered by \IVeertm a n 

(1973) a nd , in the specifi c con tex t of the inn uence of 
di vid e mig ra ti on on now mod elling of the GRIP a nd 
GI S P2 co res , by Ana nd akrishna n a nd o lh ers (1994) . 

l\iovement oC the di vide ca uses these fl ow pa tterns to 
migra te hori zonla ll y thro ug h th e ice, which is itself 
fl owing . There is cl earl y a n import a nt iss ue of the 

ex pected t ransient va ri a ti o n of ice-di vid e pos ition; if thi s 
is onl y ex pec ted to be a few ice-shee t thi ckn esses , the 
complica ling influence will be concentra ted in a sm a ll 
a rea, whil e, if the ex pec ted \'aria ti o n of di vide positi on IS 

la rge, the complica ting influencc will o nl y exist in a 
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pa rti cul a r ice zone for a short tim e a nd it may be possible 
to neglec l it. La rge r va ri a ti on in di vide position will 
sp rcad out the R ay mond bumps. rr; as seem s likely, th e 
spec ia l fl ow fields in di vides a re li a ble to produce fo lding 
of the ice (All ey a nd others, 1995), th en rep ea ted reve rsa ls 

of di vide-migra tion direc ti on m ay po tenti a ll y produce 

repea ted folding e\'ellls within th e ice. On e purpose of thi s 
pa per is to inves tiga te whether stoc has ti c va ria bility of 
cl ima te can produce these reve rsa ls in di vide-mig ration 
direc ti on. This is potenti a ll y a n ex pl a na ti on for Cold ing 
seen in ma ny sites dista nt fro m th e di vid e; ice becomes 
heavil y folded under a (stochas ti call y) migra ting divide, 
a nd then is transpo rted , folded , to th e di sta nt sites . E ve n if 
pure shear is occ urring in th e res t of the ice shee t, th e 
fo lding will be preserved , a ltho ugh th e limbs will clearl y 
be heav il y a ttenua ted . 

Th e inves tiga tion in this pa per concentra tes on divid e 
moti on forced by a nti-symmetri c acc umula tion forcing. It 

is obvious tha t m a rgin pos ition can have a fa r greater 

innuence on di vide pos ition tha n a ny o ther fac tor, but in 
ice sheets like on Greenla nd a nd a ro und th e Anta rct ic 
Peninsul a , margin positi on is d etermined by th e heavil y 
red-shined sea-level reco rd , whi ch may not produ ce th e 
sam e short-term variabilii)l in di vid e position. 

Th e tec hni cal procedure Llsed in this pa per is based on 
the recognition tha t whil e th e now within ice di vid es 
canno t be calcula ted using th e sha llow-i ce a pproxima
ti o n, their position ( to th e o rd er of the ice-shee t thi ckn ess ) 
can . If the movement of th e di vide ove r a peri od of 
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int e rest IS greater th a n th e breadt h of th e region of 
a nomalous now, then the sha llO\·,'-i ce a pprox im a ti on can 

be used to d e te rmine how la rge a region th e mO\'ing 

di\'ide ca n be expec ted to cove r. N eve rth eless , we ex pect 

from the ana lysis p resented b y W eenma n ( 1973) th a t th e 
ex pec ted va ri at ion in di"id e positi on , norm a li zed by th e 
spa n , ,·vill be sm a ll , poss ibl y sm a ll e r th a n typ ica l finit e
difference g rid s, with th e implica ti on th a t mO\'ing-g rid 

techniqucs need to be used , a nd also implying th a t stud y 

of th e lin ea ri zed icc-shee t evo lution equations can yield 

appli cable equ a ti o ns. W e thus perform th e a nti-sym
metric perturbation aro und the Vialm'-Nye fixed-span 
so luti o n throug h a coord in a te stretc hin g , using the 

co rrec t regu larity conditi on fo r th e moving divide a nd 

sok e thc conseq uent eigen pro bl em. Ice di\ 'id es a rc 

dilIicult a reas to work with theoretica ll y, a nd thi s is also 

true when co nsid erin g app lica ti o n of th e sha ll ow-i ce 

app rox im a ti on (Hutter, 1983; Szidaro\'szky a nd others , 
1989 ) , The profil e is singu lar (e.g. Fowler, 1992 ) a nd th e 
nature of the sing ul a rity d escribing th e a nti-symmetri c, 

migrating di\'id e has o nl y been es tab li shed recentl y 

(Hindma rsh , unpublished ) , It is clearly importan t that 

ana lyses which have been correc tl y exec uted sho uld be 
used to examine the stochas ti c va ri a bilit y of di\'ides , 

Th e a na lyses re ported in this paper tell us that, for 
intern a l deformation of ice accordin g to a Glen rheo logy, 

th e time-sca le for d ecay of th e slowes t anti-symmetric 

mode is 16 tim es less th a n th e fund a m enta l thi ckn ess! 

acc umulat io n-rate time-scale for th e ice shee t, implying 
relaxa ti o n lim es of 200 yea rs fo r th e Antarctic Peninsul a 
di\'ides and around 600 years for th e central Greenland 
di\'ide. Steady-state di\'id e position is most se nsiti\'e to 

acc umul a ti on forc ing near th e di\'ide, but large divide 

motions are forced mos t e lIi cientl y by an acc umula ti o n 

distribution whi ch reaches its m ax imum ha lf-way be
tll'een di\'ide and margin, The co rresponding relaxation 
cons tan t fo r sym m et ri c co nfi g ura ti o ns is 9 tim es th e 
fund ame ntal tim e-sca le (Hindm a rs h , unpubli sh ed ) . 

Oth e r config ura tions w ith 0 (1) variations in basa l 

topography yield e ige nva lues of between 6 a nd 15 times 

the fund a m ental rate , with a n increase in relief of basa l 
topograp hy ca using divides to d ecay more slo ll'ly from 
a nti-symme tri c pe rturba ti o n . 

\Ve co nsid er the evo luti on of th e slowest mode be ing 

stochasti ca ll y forced by the a nti -symm etri c acc umulation

ra te va ri a ti on projected on to th e eigenfun cti on associated 
with th e slowes t mode, This yields a L a ngev in equati on 
whose asymptoti c behaviour is, [or forc ing by white no ise, 
a n Ornstein- Uhlenbeck process which relates th e ex 

pected \'ariation o f the di\'id e positi on to th e ex pected 

variation of the a nti-symmetri c accumulation ra te , 

2. THE STOKES' EQUATION AND THE ICE
SHEET EQUATION 

In thi s pa per wc sha ll res tri ct co nsid eration to pla ne flow , 
r n two space dim ensions th e Stokes ' eq ua ti o ns, whi ch 
describe mom entum balance, are 

O.r,Tij = o,r,p - g;, i,j= 1, 2 (1) 

where T;j represents th e compo nents of th e d evia to r stress 
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tensor and liT represen t th e ho ri zo ntal a nd vertical 
dimensio ns by XI , X2 o r X , z as cOIl\Tni ent. The accelera

tion due to g ra\ 'ity is represented by gi a nd th e pressure 

by p. Specification of a I"iscous re lationship a nd appro

pri a te bound a ry conditi ons permits solu tion of th e Stokes' 
eq uat io ns, whi ch a re usua ll y o bta in ed num er ica ll y , 
No rm a lly ''IT co nsid e r a reduced mode l obtained from 
an a ffin e sca ling of th e S tokes' eq ua ti ons, This sca ling is 

equi\'a lent to th e "s tre tched coordinates" used by Hulte r 

( 198 1) which are comple tely dilTerent from th e stre tched 

coo rdin ates \IT use la ter . Th e a fTin e sca ling yie lds simple 
functiona l forms for th e \'erti ea l l"Cu ia tion of th e stress fi eld 
a nd a conside ra ble com pu ta tional sa \ 'i ng. F u nh er m a
nipul a ti on of th e reduced mod e l res ults in th e ice-shee t 

equ a ti o n 

\I'he re H (x. t) is th e thi ckn ess of th e ice shee t, s(x . t) is the 
uppe r surfa ce , a is th e surface m ass-ba la nce exchange a nd 
t denotes time. Bound ary conditions [or thi s model a re 

H (±S) == O. (3) 

Th ese eq ua ti ons d escri be th e e\'o lu ti on of ice-shee t 

thi ckn ess where th e fl ow m ec ha ni sm is eilher inte rn a l 

deformation acco rding to som e no n-linea rl y \ 'isco us fl ow 

law or sliding acco rding to so m e W ee rtm a n-type law. The 
analyses we shall ca rry ou t are no t in princ iple limited to 
these situa tions but trac ta bilit y, which we are see king in 
th e first insta nce, does appear to impose such limits, 

Th e m ost important point to g rasp is th a t in a sma ll 

region of leng th a few ice-shee t thi ckn esses a round th e ice 

divide (where th e surface slope is ze ro ) th e reduced m od e l 
is kn ow n not to a pplv, H owever, while th e no li' in thi s 
region m ust th e re fo re be com puted usi ng th e Stokes' 
eq ua tions, large-sca le va ri a tions in i Is posi tion a re 

determined principally b y flow in regions where th e 

red uced m od el holds, a nd one can th erefo re co m pute 

di vid e transla tion on th e la rge sca le by so l u lion of th e 
e\'o luti on Equa ti on (2 ) . Beca use th e now in th e reg ion of 
th e di\ 'ide g i\'es different age-d epth rel a ti onships in co res 
(R ay m ond , 1983; R ee h , 1988 ) to those found in th e res t o f 

th e ice shee t, mi grati on of th e di v id e will di sturb age

d epth rela tionships. Th e purpose o f th e a na lysis is to 

es tim a te th e like ly m ag nitud e of this effec t. 
Th e quantity C is direc tl y rel a ted to eith e r a weighted 

\'enica l a\'erage ra te facto r Ad d efin ed below in Equ a tion 
( 17 ) o f th e rate facto r Ad used in th e \'isco us relat ionship 

(4) 

whe re E is a seco nd in va ri a nt orth e deformation ra te a nd 
T is a second ill\ 'a riant of th e d evia to r su'es. (G len , 1955 ) 

o r com es from a sliding re lation of th e form 

(5) 

(W eertm a n , 1957 ) where Ub is th e sliding ve locity. We 

construct the fo llowing quantities fo r use in the gene ral 
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evolu tion eC[ ua tion 

internal deformation 

sliding 

internal deformation 

sliding 

internal deformation 

sliding. 

(6) 

(7) 

(8) 

The derivation of the evo lution Equation (2) using the 

sha llow-ice approxima tion is stand a rd (Hutter, 1983; 

Mori ancl , 1984; Fowler, 1992) . The following derivation 
is no t essen tially different [i"om these a nd m ay also be 
[ound in Hindm ars h (un published ). Let \ 'C'T ti eal distances 
be scaled by a thickn ess magnitude [H ], hori zontal 

distances by a magnitud e [S], acc umulation ra tes by [a], 
time by [t] = [HJ/[a] a nd rate factor [Cl by 

C = [a][5t+
1 

[ ] ([p][g])'/[H ]'"+v ' (9) 

Th e sca le magnitude of' th e shea r stress [TnJ is g i\'en by 

[p][g][H ]2 

[Trzl = [5] = E[p][g][H ] = E[Pl (10) 

where 

(11) 

is the aspect ratio o f the problem and [Pl is the pressure 
magnitude . \Ve a lso note that wc have used density and 
gra\' itat iona l acce lerati on magnitudes [p] a nd [g] . H ence

fo rth , a ll quantities a re ass umed to be dimensionl ess. 
The sha llow-ice ap proxim a tion (Hu tter, 1983 ) ex

pands the Stokes' equa ti ons in terms of the aspect ratio, 
treating it as a glo ba l parameter representing deviation 
from static cond i tions. Th e quasi-static form ul a for the 
shear stress introduced into glaciology by Nye (1952 ) 

Trz = -pg(s - z)orS (12) 

is re-obtained as th e asy mptoti c a pprox imati on 

TT: = -pg(s - z)o,s + 0(E2) (13) 

a nd the sha llow-i ce approxim ation a lso yield s 

(14) 

while th e \'iscous relationship may be a pproxima ted 

Substitution o f the a pprox im ate rel a tionship ( 13) a nd two 
integ rations with respect to z yields a formula fo r the ice 
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[lux q, 

where 

a nd where 

z -b 
(=

H 

(16) 

(17) 

(18) 

IS a norma li zed verti cal coordinate a nd b represen ts the 
base of th e ice shee t. [finstead we a re d ea ling with sliding, 
th en 

and use o[ th e continuity equation 

(20) 

results in th e non-linear diffusion t ypc Eq uation (2) , 
Th e Vialov- Nye (VN ) (Vialo\', 1958; N ye, 1959 ) 

solution is computed by se tting 8tH = 0 a nd a = alllO, 

C = CIlD, both consta nts, in Equation (2) a nd integrating 
the resulting ordina ry differenti a l eq ua ti on (ODE ) , It is 
cOll\'en ient to work in terms of a normalized profil e '17 (t;) , 
where 

Sd07)(~ , t) = H(x, t) , 

5~= x , 

Th e VN so luti on is 

a nd 

where 

SuO = 56/(-(+1 ) 'I + 1 amI) 
(( )

'/ ) l /h+l) 

(; C,"O 

( b ) " I(-(+ J) 
170(t;) = 1 - 1t;1 I') 

(; = v + 1, 'I = v + m - 1. 

\\' e sha ll a lso use th e cons tructi on 

(21) 

(22) 

(23) 

(24) 

(25) 

(26) 

Following \Neertm a n (1973 ), one may compute the 
efTec t of a step cha nge in the parameters on the diyide 
position, Consid er a n ice sheet where th e di sta nce from 
left a nd right ma rg ins to di\'id e a re 5L , SR, respective ly, 

Since th e eln'a tions or the two sec ti ons must be equa l a t 
the di\id e by definiti o n, we see th a t 

(27) 

where additional subscripts R and L indi ca te th e constant 
values 0 (' acc umula tion ra te or rate [aCLOr on the left or 
ri ght side of' th e divide. For e"ample , a 2: I rati o in 
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acc umul a ti o n ra tes yields 

Y ::: l.2 

\\'h en wc c hoose //= 3 =? b = 4, Th e no rm a li zed cl e \ 'ia 
ti o n oC th e di\ 'id e fi-o m th e centre position is g i\T n b\' 

fo r th e case me nti o ned a bO\'C , 
\\'e a rc a lso interes ted in m ore ge ne ra l cases , \\ 'here 

th e bed profil e is \ 'a ry ing sm oo thl y but \\'ith 0 (1) 
\'ariati o ns in ele \'a tion. Thi s does no t \ 'io la te reduced 

mod e l ass umpti o ns (:'forl a nd a nd J o hnson , 1980 ) but 
does no w m ea n th a t th e ze ro th-o rd e r so lutio n is no lo nge r 
a na ly ti ca l. \"'ith VN bo undary conditions, o ne Ill ay 
integrate from th e marg in wh e re th e di scharge a nd 

ele\'a ti o n a re kn o \\'n a nd o bta in th e di\'id e ele\ 'a ti o n 

with o ut a ny need lo r shoo ting . The equa ti o n [o r rh e 

stead y pro file is 

a.r ( CH 'lIla,sl//-la"s ) = -0, a,s(O) = 0, b(5) = s(5 ) = O. 

(28) 

which has first integra l 

(29 ) 

a nd s(x) is o bta ined by nUllleri cal so lutio n o f thi s ODE, 
This is sing ul a r at th e m a rg in :r = L. where it is known 

(e .g . Hindm a rsh , 1995 ) th a t th e loca l expansio n is ollo rm 

s ~ k(L - xr/(1+1), a,,8 ~ - k,: 1 (L - xr/h+ I)- 1 

(30) 

a nd we ca n sok e lo r k by no ting th a t a t thi s o rd e r a t and 
nea r th e m a rg in q = aL a nd substituting [o r sand a"s in 
th e flu x rel a ti o ns ( 16 ) a nd ( 19 ) to o btain 

(31) 

\\'hence we so h-e [o r k. 

(32) 

S ta rtin g th e integ ra ti o n a t th e m a rg in. a [o n n lrd Eul e r 

s ta rtin g step 0 \ 'C1' a di scrcti za tion inte J'\ 'a l .d., is g i\ 'C n 
by 

._ _ (( r+ 1) // (LL) I/h+l) 
S(.7 - L - .d ,) - .d"-

v
- C 

The pro fil e is th en int cg ra tcd bac k to th e di\'id e uSing 
T ay lo r expa nsio ns. A t th e fin a l ste p \\'(' use th e di\ 'id e 
loca l ex pa nsio n ( FO\d er . 1992 ) 

H indmarsh: S/oe/lOslle Ix rlurba/ioll 0/ diuide IJOJilioll 

wh ere kd is a co nstant. \\'e Ill a y compute 

.d,r//8,/,s 
s(O) = s( .d r ) +-

v + l 

a nd thus 8(0). a nd \\ 'C defin e 

T/o(O = s(x)/s(O) . 

3. ANTI-SYMMETRIC LINEARIZA TIONS 
AROUND THE VN SOLUTION 

Lin ea ri zati o ns around th e \,N so lution ha\ 'e been 

co nside red in d etail b y Hindm a rsh (unpubli shed ), There. 
s\ 'mm e tri c a nd a nti-symm t' tri c perturbatio ns a re co nsid
e red ill deta il , a nd th e resulting nume ri ca l eige ll\'a lu e 
pro bl em is so l\ 'Cd in a number 0[' wa \,s in ord er to en sure 

acc uraC\', using (i) finit e di sc re ti za li o n m e th ods and ( ii ) 

Pri.iler- Prucss shoo tin g me th ods (sce Pryce, 1993 ) . W e 

refe r th e interes ted read er to Hincimarsh (unpubli shed ) 
fo r furth er d e tails o[the techniqu es used. \\'e shall use th e 
mo re acc ura te PrLife r- Pru ess m e th od. In thi s sec ti o n \\T 

ext end th e analysis or Hindmarsh (unpublished ) by 

consid e ring bed s whi ch ha \'e genera l symm e tri c topog ra 

ph y in th e ze ro th-o rd er so lutio n. 

3.1. R egularity conditions for a lTIoving divide 

In th e ge ne ra l asy mme tri c case th e di\ 'id e will mo\'e . 

Sin ce th e di vide cun'a lUre is in ge neral sing ul a r (W ccrt

m a n, 1961 ; FO\I'!cr, 1992 ) , \\, 1" need to exa min e th e na lUre 

o f th e expa nsio n aro und the mO\' ing di\'ide to ass ure 
oursel ves th a t wc a re res pec tin g reg ul a rity conditi o ns. \\' e 
summ a ri ze th e co nstructi o n o f Hind marsh (unpubli shed ) , 

Th ere a rc three requirem cnt s fo r a m oving di\ 'ide 

expa nsio n, whi ch wc suppose occ urs at a po int .r = .l'cI; (i) 

th e slo pe is ze ro; under redu ced mod el a ss umptions, th is 

impli es th a t th e flux is ze ro ; (ii ) th ere is a finit e 10\\'e ring 
ra te. i, e , aq/ a.r is finit e; I iii ) there is a finit e mi g ra ti o n 
ra te , U nd er shall ow-ice a proximati o ns. th e di\'id e slo pe is 
ze ro. Sin ce the di\ 'ide is the po int a,.$(.r = .1',,) == 0 , \\'e 

m ay \\Tite 

D(8'S(Xd))[ _ 8(8,s) !If 8(8,s) - 0 - + cl -. 
Dt '="d at a.I" 

(33) 

\\'here AId is the mi g ra ti o n \,(, Ioc ity o r th e di v id e , Th e 
difTr renti a ted fo rm o f th e mass co nse n a ti on conditi o n is 

8(8,s) 8(8,,.q) 
--+--= 0 

8,[' a.r 

isurfaee m ass-exc ha nge g radi e nt does not e nter into th e 
a na h-sis a t thi s o rd er ) a nd ass umin g th a t th e pro fil e s is 

suffi c ientl y \\ 'C II beha \ 'Cd a t th e di\ 'id e th a t a.I·a/s = u/cJ,,.$ 
(\I'hi eh ca n be confirm ed a jJosleriori ) \1' 1" can substitut e th e 

dilfe re nti a ted co nser\'a ti o n conditi o n into Equa tio n (33 ) 

to elimina te 0,.818 to obta in 

a') 
l\J =~q 

d a2s' 
.r ~ 

(34) 

\\'e co nsid er a m o re ge ne ra l case \\'here th e d i\ 'ide is a t 
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Fig. 1. The stretched coordillate 5)lstem. Vertical axis ~, 

horizontal axis ~ •. Solid line is the 5)Immetric fiN solution 
~ = rJ(~) , ~ = ~., while dashed line is a lion-symmetric 
so/ul ion 1]('; (.;. )) , .; = 1 +.;. - .;; . The dOlled line is Cl 

graph if'; - .;. = 1 - .;;, which re/Jresenls Ihe devialioll 
of the stretched coordinale 5)Istem from the corifiguwlioll 
y ielding a symmetric ice-sheet profile. In this paper, JlOIl

symmetric ice-sheet corifiguratiolls are described by similar 
coordinate slretcll ings. 

x = Xd a nd d efin e a loca l coordinate x = x - Xd, and se t 
"" = sgn (x - x,!) . Th e ex pa nsion consistent with th ese 

req uiremen ts is 

H H (1 ( , )1+1/11 ( , )1 +2/11 ) = d - e l ""X + ,""e2 ,""X (35) 

where the fir t two terms a re th e usual divide expansion 

(Fowler, 1992 ) and th e third term enab les th e di vide to 

move. The consta nts et a nd e2 emerge from solutions to 
the parabolic equ a ti on d esc ribing the evolution of ice
shee t profile (Equation (2)) . The consta nt el tell s us 
a bout th e curva ture of th e divide , (if e l = 0 , th e divide is 
nat ) , whil e th e consta nt e2 tells us about th e asymmetry of 
the divide. 

3.2. The s tretched coordinate systeIll 

If a divid e moyes, there will clearly be a position where 
th e perturbed slope is no n-zero but th e zeroth-order 
solutio n has zero slope. For nux relations where th e slope 

enters non-linearly (here, as a result of Glen 's power-l aw 

d eform ation relationship ), this will cause a n y ass umpti on 
abo ut th e perturbed quantities being much small er th a n 
th e zero th-ord er so lution q uan titi es to be viola ted . The 
sta nda rd reso lution to this techni ca l problem is to use 
stre tched coordin a tes (e.g . H a lfa r, 198 1; Fowler, 1992 ) 
illustrated in Figure I. R a th er th a n le t the profile perturb , 

we le t the ind ependent space coo rdin a te stretch in such a 
way that th e tra nsformed ice-sheet evolution eq uation 
sa tisfies the ass umptio ns of a perturbation being sma ll. 
' Ne then construc t an evo luti on eq ua ti on for th e profi le 
perturba ti on . Because this is an a nti-symmetri c perturba

tion , by construction th e average e leva tion and in 

pa rti cular th e eleva tion a t th e perturbed divide will not 
change. 

The procedure used has been given in d e ta il by 
Hindmar h (unpubli shed ) a nd th e important fea tures a rc 
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d esc ribed here. To construc t the stre tched coordin a te 
sys tem wc write 

1]('; , t) = 1]0(';. ), .; = X(';. , t . ), t = t . (36) 

a nd solve for ~ with ~., t. as the independent variab les. 

H ere ~. = 0 defines th e divide p osition which is give n 
direc t ly by ~ = X(O , t. ). Th e key point is that ~ is th e 
physica l coordinate but ~. is th e independ ent va ri a ble. 

"Vc may construct a n evolution equ a tion for 1] from 
Equa ti ons (2), (21 ) a nd (22 ) : 

SclOat'l] = Aa~ ( C'I]7n la~'I]I "-l a~rJ) + a. (37) 

Th en, by substituting into the a bove equa ti on the 
d yna m ic stre tching tra nsformation (Equation (36)) a nd 
eliminat ing 1](';, t) in favour of 1]0(';. ) a non-lin ear 

evoluti on equation for X(~., t) , given in Hindm a rsh 

(1996), is obtained. W e sha ll trea t th e sma ll perturba ti on 
case a nd consid er a lineari zed problem which can 
th ere fo re be superposed on to so luti o ns fro m th e 
symmetri c perturbation. H a lfar ( 198 1), who ca rri ed o ut 
an a nti- sy mm et ri c ice-sh eet perturbation usin g a 

stretched coordinate sys tem, found infinite ta ngents a t 

the divide , but no such problems are fo und here , 
presu mab ly beca use we ensure that we respect the 
regularity conditi o n for a n asymmetri c di vide (Equation 
(35 )) . Thus , we perturb the stretch ed coo rdin a te sys tem, 
again usi ng a sm a ll parameter }.L , wri ti ng 

.; = X(.;., t . ) ':::'..;. + }.LX] (.;., t . ). (38) 

W e must have X 1 ( - 1, t) = X1(1, t) = 0 , in order to 
ensure that the pos ition of th e margin is fi xed (a condition 

of th e VN so luti o n ) , whil e th e va lu e of Xl (0 , t) 
determines the pos ition of the divide in ~ space and in x 
space . ( P/~ysi({///)I, t . is identi ca l to t. ) W e a ll ow 
p ertu rba ti ons in the acc um ula tion 

(39) 

where the perturbed forcing function is a n anti-symmelric 
fUll ct ion of the spa ti a l coo rdinate . 

Hindm ars h (unpublished ) showed that to ze ro th ord er 
the ice-s hee t evolution equa ti on is simpl y 

0 - _ a(ao~. ) + - a~. ao, 

which is true by construction, and to first o rder 

where 

if we write 

}.Lr 
PF =-· 

}.L 

( 40) 

(41 ) 

( 43) 

and multipl y Equ a tion (4 1) by Lt Sturm- Liouvillc multi-
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Fig. 2. <eroth-order projiles z = s(x) (solid lille) jor 
jive bed jJl'Ojiles z = b(x) (do lled lIlIf ) including a flal 
bed. H ighesl ice-sheel /Hofiles correspond 10 highesl bed 
profiles, e/c. Horizontal axis x , vertical axis z. 

plier S(.;.), we find th at we can write the e\'oluti on 
equation for Xl in a se lf-adjoint form 

where 

W(';. ) = 1';1 8;~~ ) .;~ /v ; S (.;.)=,;~ /v/I/; T( .;. )=~~+J / 11 

( 45) 

a nd wh e re wc have ta ke n (1/ - 1)/2 = 0(1). This 
equation is to be so lved over the domain .;. E [0, 1] a nd 
Xl will be a n eve n function about ze ro. 

The small p a ra meter f..L is now inte rpre ted an 

Hindmarsh: Slochaslic Ix rturbalioll if divide posilion 

accep tab le relalive modelling error If in th e perlurbed divide 

positi on , which will thus depend upon ho \\' th e solution is 

being used. U nd er s tead y conditions, th e Iefthand sid e of 

Equation (44) is ze ro, a nd ( 0 bal a nce th e r ig hth and sid e 
wc need 

f..Lr 
Pr = - = O( l /S(~.)) = 1/ =? f..LF = 1/f..L = I/g , (46) 

f..L 

i. e. th e accep ta ble (anti -symme tri c) forc ing magnitude is 
// times the acce ptable re laliYe erro r in th e perturbed 
pos iti on. Pro\· ided thi s is accep ted as a n o perat ional rule , 

it is now computationally cOll\'enient to take f..LlO = 
f..L = PlO = 1, a nd this conventi on \\·ill be foll owed in th e 

res t o f thi s paper. 

Le t us co nsider Lor th e mom ent th e homogeneo us 
problem, se tting F " = 0, we write X1(';., t .) in a 
separated form 

(47) 

substitute this into Equation (44) to ob ta in 

~ T. = A = 8~. (T(';. )8{.X.)0 
Aa T. W(~.)X.{" + 1) 

(48) 

Aa == aOI/{" + 1) 
. SdOO 

( 49) 

where A is the eigem 'a lue o f th e problem. The time 

eq ua ti on has solution 

T. = T.o exp(AA"t . ) (50) 

where T.o represents a n initi a l co ndition, and the second 

order eq uati on in space ca n be written in Sturm-Liou\'i ll e 

Table 1. Eigellllalues alld rela ratioll lime-s('{/les Jor liueari::.ed divide 1II01ioll . The meanillg oJ Ih e jJaral1lelers describillg 
cases 1- 9 are e,rplained in the le.\I, and the first eigenvalue Al and the value if Ihe corresponding eigell1'(llu f at the divide 
EdO) are indicated. The corresjJonding divide-molioll rela \(/Iion I illl es fo r Greenland (C,[H] = 3000 Ill , [a] = 0.3117 

)'ear', [t] = 10 OOO)ears) , An/arc/ic Pell1llsuia (AP,[H] = 1000 171, [a] = O.3m}ear' , [t] = 3000)'ems) , East 
Antarctica (EA, [H ] = 3000 m, [a] = 0.03 117)'ear " [t] = 10 OOO)'ears) are shoWII. Case 10 refers 10 the /mdictiolls oJ 
the re/cnaliolllime by the OD scale //Iodel, where the eigellvalul' is 1/( 217 +2) : Ihis correslJollds to a J)' lIIl1lelric Ix rlllrba/ioll 
(see I-lindmarsh, 1IlljJublished) 

Case 

2 
3 
4 
5 
6 
7 
8 
9 

10 

1/ 

3 
3 
4 

3 
3 
3 
3 
3 
3 
3 

{; l' 

,~ 7 
4 6 
,5 10 
4 7 
4 7 
4 7 
4 7 
4 7 
4 7 

7 

bo ~I 

0 
0 
0 

1/4 1/2 
1/2 1/2 
3/4 1/2 

I 1/2 
5/4 1/2 
1/2 1/+ 

-Al El (0) C/ a AP/a EA /a 

16 2.3 6.3 x I O~ 1.9 X 102 6.3 X 103 

15 2.4 7. 1 x 102 2. 1 X 102 7.1 X 103 

20 2.2 5.0 x 102 1.5 x 102 5.0 X 103 

14 2.3 7. 1 x 102 2. 1 X 102 7.1 X 103 

12 2. 1 8.3 x 102 2.5 X 102 8.3 x 10:' 
10 2.0 1.0 X 103 3.3 x 102 1.0 X 10+ 
8.2 1.8 1.2 x 103 4. 1 X 102 1.2x 10+ 
6.5 1.6 1.5 x 103 5.1 X 102 1.5 x 10+ 

1+ 2.3 7.1 x 103 2.4 X 102 7. 1 X 10"1 

8 1. 3 X 103 3.8 X 102 1.3 X 10 1 
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Fig. 3. Diz'ide posilioll sensilivil)' jzl1ldiollS K(O, y) Jor 
accllmlllalion Jor the rase lJ = 3. 8 = 4. "( = 7. Hor
izonla! a \ is y. 

form as 

o ( OX,) b+ 1) 
o~* T(~* ) o~, - -{j - '\W(';. )X. = o. (51) 

4. COMPUTATION OF THE EIGENV ALUES 

Solutions to th e linea ri zed e ige ll\'a lu e problem a nd 
computa ti on of Green 's functions hm 'e been consid ered 

for th e perturbation abo ut the V~ so lution a nd hm'C' been 

desc ribed in d eta il by Hindma rsh (unpublished ), \\'ho 
compared the results from finite-diffe rence di scre ti za ti ons 
and shoo tin g meth ods. The perturbation problem is as 
abO\'e, a nd \\'e note that th e Prlifer Pru ess soh 'Cr we use 
(SLEDG E; Pruess and Fulton , 1993 ) has au toma ti c end
poilll a na lyse rs, which dea l with th e sing ul a r na ture of th e 

bound a rY-\'a lue ordina ry di(ferentia l eq uation for th e 

perturba tion. 
\ Ve consid er res ults for [i" e different cases, a ll of which 

have a bed-runc ti on defined b y 

( 
.) ) ( ) II/{/+ I ) b(x)=bocxp -(~/~rt l _ ~b/ 11 (52) 

a nd wi th {bo} = 211/(-)+ 1) x [0, 0.25 . 0.5, 0.75 , 1, 1.25]. a nd 
v = 3, (j = 4, 'Y = 7 and ';1 = 1/2 . These a re "<dues 
suita bl e for in terna l deformation or the ice according to 
G len 's now re lation. The resu lts orthe computa ti on o rthe 
zero th-ord er solution are shown in Fig ure 2 a nd indi ca te 

fe a tures like th e maximum ice elevat ion, whi ch does not 
increase a t th e same rate as th e max imum bed ele, ·at ion. 

Computations by S LEDGE yie lded th e eige ll\ 'a lues 
show n in T ab le 1 [o r the slO\\Tr mod es. These eigenvalues 
can be regard ed as re laxation-ratc constants in ill\ ·e rse 

time units se t by the sca le [a]jlH]. R elaxat ion time-sca les 

for a typica l Antarct ic Peninsul a ice ca p , th e Greenl a nd 
ice sheet a nd East Antarc ti ca are indica ted in this tab le. 
The com puted e igell\ 'a lues show th a t di, ·ide re laxa ti on 
times for th e Anta rc ti c Peninsula arc bet ween 200 a nd 

100 

500 yea rs, for Green la nd are 500- 1000 yea rs and for East 
Alllarcti ea a re 5000- 10000 veal's. Forcing at freq uencies 
high er tha n th ese " a lues will be filtered by th e ice sheet. 
This is likely to be true of lorc ings not cons idered 
exp licitl y in \ ' N -type model s, for example of margin 
position by sea -level r ise and fa ll. Sturm- Liouvill e th eo ry 

shows th a t 

This rela ti onship is acc ura te eno ug h [o r OLlr purposes for 

i 2 1 a nd th e consta nt of proportionali ty can be c1ed uced 

with sufTi cient accuracv from T ab le I as being th e sa me as 
the e ige l1\ 'a l ue for th e fi rst mode. 

5. DIVIDE MIGRATION 

5.1. Steady divide position 

It is shown in th e Appendix th a t wc may solve th c non
homoge neo us eq ua ti on throug h th e equ a ti o n 

x. (~* ) = .I K(~* , y)F(y) cly , (53) 

K (f: , ) - G(f: )S(' ) _ ~ [ i(';.) [ j(Y)S(y) 
"'" y - <.., * . Y Y - D _ .\ . 

"=1 J 

(54) 

where y is a dumm y \·a riab le. [i(~. ) is a n eigenfunc ti on 
for mode i, th e kernel K is a non-symmctric influence 
fun c tion (see Equation (66) in the Appendix ) a nd G is a 
symm etri c Green 's ['unc tion. 

This has been compu ted for the case v = 3 , 7n = 5 
=} 8 = 4 , "( = 7. \ Ve arc on ly rea ll y int eres ted in 

K(O , y). This is the sensiti vity of' divid e positio n to 
a nti-symmetric fo rc ing a t positi on y a nd is illustrated in 

O..l 
11.6 

0.8 
10 1 

Mode number HOI;zonlal Pusitiun 

Fig. 4. Sal/1j)/illg q/ aaumulalioll dislriblllioll ID' Ihe 
so/utioll modes, dil'ided ~J ' t/teir eige/ll'{l/ue so as to indicate 
t/teir relative illl/JOrtalla ill tillle-dejJel/dellt be/tm'iour. 
J-/ori,::,olltal /;osilioll coordinate is~ . ~ = 0 indicates diride. 
El'CI! L/zollgh Ihe modes sam/lle heCl1'i(J' lIear Ihe margill, Ihe 
sigil c/zallges u'ilh f{/c/z mode alld, ill general. the effecI lt'ill 
slim 10 .:ero. AI Ihe dil'ide, sampling is all jJosiliue. r'allles 
for lIoll-illtegral mode Illllllbns /ta ue 110 mathelllatical 
mUlIllllg and are OIl(J' drew'lI to illl/Hol'e t/le dis/J/a.v . 
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Fig ure 3, The ke y po int is that slea{{),-sla le cli\ ' icl e 

position is most se nsiti\ 'e ly afIeC'tecl b y accumulation 

close to th e cli\'ide, whi c h is perhaps ol)\'ious, but , as w e 

sh a ll shortl y see, the se nsiti\'it)' in the area around th e 

divide b e longs to the mod es with the fa stes t response 
timcs, with the impli ca tion th a t s toc has ti c exci tation of 
th ese modes wi ll not produ ce g reat \'a ri a ti o ns in di vide 

position, 

5.2. TiD1.e-dependent behaviour 

Th e dillc]'ent modes of th e so luti on can be fo rced or 
exc it ed b y accumulation-rate variations , Each mode 

sa mpl es th e a nti-symm etri c di stribution difTe rently in 

space, L e t us consider a se t of forci ng fun ct ions F i so tha t 

where R i(t) is a ('uncti on of tim e onl)" (H ere , a.si is 

redundant, but in the stochastic counterpart to this ODE, 

a s; will be see n to be equi\'alent to the sta ndard d e\'iation 
of th e forcing, ) 

Sturm- Liouvill e th eo ry shows that the eige nfunC'tioll 
so lutions to Equ at ion (51 ) 10rm a comple te se t, and are 

Orlhogonal with res pect to th e weight ing function W(~.) 
gi\'C'n b y Equation (45 ) , Th e form er fa ct means that lI'e 

can write arb itrary F as 

The completeness of the eigenCunC'tions means that we 

may wri te 

:x:; 

Xi (.;. , t . ) = L T,i(t)[i(';.) (57) 
k= l 

and by lI sing the d efinition of Fi(~)' orthogonalit y and 

th e origin a l partial differential equation (PDE ) in 

Equ a tion (44) we o btain 

T. i = AiT,; + a,Ri(t) , Ai < 0 , (58) 

i, e , a n ODE (or th e mode magnitud e , This standard 

deri\'a tion is sketched in the Appendix, 
The .;, depend ence of rh e functions f ; represen ts th e 

sampling ol'the accumula ti on rate by the different modes, 
This dependence is plotted in Figure 4, which clearl y 

shows that th e slower modes sa mple preferentia ll y 

approx im ately halfway between divide and margin , while 

the faster modes sa mple c lose r and closer to the di vid e, 
Even though for anyone mode there is strong sampling at 
the marg in , the sig n osci ll ates with mode number 
magnitude and wi ll cance l for smooth accumulation 

di stributions, I t must a lso be remembered that this is an 

ant i-symmetric perturbation, vl'ith an increase in accu 

mulation on one side of the ice sheet impl ying an 
equi\'a lent decrease on the other side, 

" 'e a re less interes ted in the actual eigenfunctions "'Y1, 
bu t we shall need the resul t tha t for v = 3,8 = 4, I = 7 

(interna l deform a tion according to a Glen rheology ) 

£(0) c:::: 2 [or all the cases considered here (Table I ) , 

Hilldlllarsh: Sloc/zaslic /Jerlllrbalioll fif dil'ide jiOJilioll 

6. STOCHASTIC FORCING OF DIVIDE POSITION 

\\'e now present the main a pplication of th e paper, \\'hi ch 

is co nsideration o[ th e stochastic forc ing of di\' iel e positi on 
Iw anLi-symmetric accumulation (orcing, Th e sc ientifi c 
issue is \\,het her random variations in e1ima te arc likel>' to 

ha \'e produced large enough \'ariations in c1i\' icl e position 

to afTect se riously dating , This question cannot be 

a ns\\'e red ILill)' without detailed mod elling of the transi

tion zone (see Schott and o thers (1992 \ for an example of 
modelling a sta tionary di\ 'icl e ) , 

Let us \\Titc down thc stochasti c co unterpart to th e 
determinist ic ODE in Equation (58 ) d eriwd in th e 

Appendix, 

(59) 

a Lang('\' in equation for mode i , where T. i IS now a 
stochas ti c process and '3 if d eno tes a \\,hi te-noise I'orci ng 
with unit \ 'a riance, i, e, where the spec tral power demit>, is 

ind ependenL of th e \\'a\'e number. At the moment \\'e are 

more interes ted in th e e\'olutioll and steady-sta te \ 'alu e of 
(T/), th e \ 'a rian ce of mode i , 

This pa rticul a r Lange\' in equation in the stochasti c 
process T. i , with the resto rin g fo rce lin ea r in th e 

dn' ia tion , a nd with th e \\'hite-noise term enterin g 

acld iti\ 'e1 y, yield s as its so lution a n Ornstein- Uhlenbec k 

process, \\'e are interested in its asymptot ic beh a \'iour as 
t ---> 00, It ca n be show n (e,g, Grimmet and Stirza ker , 
1992, p,519 ) th at the resultin g probability distribution 
fo r T. i is Gauss ia n \\'ith th e followin g rel a tionship 
between the sta ndard de\ 'iations 

(60) 

\\'h en one is considering a sys tem or L a nge\'in 

equations, th e so luti on is more complica ted, because 

one must specify the co rrelation betwee n the white-no ise 

processes dri\ 'ing the different ODEs, Since, in our case, 
the different modes a re sampling the accumu lation rate in 
space accord ing to Figure 4, the eross-colTclation bet\\'Cen 
the noi se processes dri\ 'ing each or the mod es depends 
upon the spatial autocorre lation of the accumu lation , 

Such co nsiderations are somewhat beyond th e co\'erage of 

<I\'a ilablc d a ta, \\'e thus suppose that the accumu lat ion 
rat e, a lthough a white-noise process in time, is perfec tly 
autocorrclated ill space, Under these assumptions, the 
effects of random (orcing oC each mode are add i ti\ 'e a nd 

we sha ll [or simplicity cons id er th e dTects of [orcing th e 

slowest mod e as this \\'ill be a valid ord er-oC-magnitud e 

es timate, 
\\'e a re parti cularly interested in whether fluctuations 

in di\'id e position a re less or g rea ter than th e ice-shee t 
thickness, as thi s is the breadth of the region of anomalous 

f10w (R aymond , 1983; R ee h, 1988), The chide position is 

gi\'en by X (O, t ) = £(O)TJ' As a basis for comparison , let 

us consider the case v\,hen the horizonta l f1u c tuations in 
di\'ide position ha\-e th e same stand ard dn'iarioll as ha lf 
the ice-s heet d epth (we take hall' the ice-sheet depth 

beca use the divide position is flu ct ua tin g about both sid es 

oC the m ea n position ) , This occurs \"h en the standard 

dniation of di\-ide position is IJ,x = J( X 2) = E(O) J(T;) 
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= E/2. The criti cal sta nd a rd devia ti on O'f A of the a nti
symm etri c component of th e acc umula ti on ra te required 
to produ ce thi s magnitud e of di vide-pos ition flu ctua ti on 
m ay be com pu ted fro m thi s rela ri onsh i p a nd the 
Ornstein- U hl enbeck solution in Equa ti on (60), and is 
found to be 

T aking to = (0.001 ---> 0.01 ) for typica l ice shee ts, the first 
eigenva lu e of th e a nti-symmetric perturba tion to be 
(6 ---> 16) and [ (0) = 2 (see T a ble I), g ives us a ra nge 
of possible a nswers for the standa rd d ev ia tion of the 
critical sta nda rd dev ia ti on of the anti-symmetric acc u
mula tion-ra te distribution O'w , which a re given in T ab le 
2. The sma ll er this required standa rd d evia tion of anti
symm etri c accumulation-ra te di stribution, the more likely 

it will be th a t the age- d epth rela ti ons will have been 

influenced by stochas ti c forcing. T o ma ke thi s conclusion 
more precise, we need to look a t some observed standa rd 
devia tions. 

Table 2. Standard deviation of anti-symmetric acclIInula
tion rate required to produce a normal probability distr
ibution of divide position with standard deviation half the 
ice-sheet thickness 

A= 6 A = 16 

[ = 0.001 0.003 0.008 
[ = 0.003 0.009 0.024 
[ = 0.004 0.01 2 0.032 
[ = 0.01 0.03 0.08 

Problems in es tima ting sta nda rd devia ti ons of acc u
mula ti on ra tes have been di sc ussed by Fisher a nd o th ers 
(1985). Th ey es tima te norma li zed standa rd d evia ti ons of 
accumula tion ra tes as being between 0.12 a nd 0.14 fo r 
Greenla nd (computed from column 3, ta ble Il , Fisher 
a nd others (1985)) . The aspec t ra ti o in Greenland is 
a round 0.003. Fisher a nd o thers also sugges ted tha t the 
stoch asti c process is " blue", th a t is it conta ins p ro po r
ti ona ll y more power in the high-frequency part o f the 
spec trum th an in the low. 

D. A. Peel (person a l communicati on ) sta ted th a t in 
the Anta rcti c Peninsul a region the typical norma li zed 
standard deviation of inter- a nn ua l acc umula ti on-ra te va lues 
d etermined direc tl y from stra ti gra phic measurements on 
ice cores is 0. 3. Deposition noise (loca l spatial va ri a ti ons) 
and definition noise (error in assigning a calendar d a te to 

a stratig ra phi c hori zo n) a re es tim a ted to contribute a n 
effec tive sta nda rd d evia ti on of 0.1 3- 0. 17 (for acc umul a
ti on ra tes of 0.9- 0. 4 m wa ter yea r 1, respec tively) to this 
es timate. Th e standa rd devia ti on of th e true accumul a
tion rate is then es tima ted a t 0. 22- 0. 26 . The aspec t ra ti o 
in the Anta rcti c Peninsul a is a round 0.004. 

Unsmoothed periodograms of acc umul a ti on d a ta from 
the Anta rc ti c Peninsula (personal communication from 
R . Mulvaney) have been computed (see Fig. 5). Period-
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Fig. 5. Unsmoothed periodograms oj accumulation rates 
obtained ji-om jOllr Antarctic Peninsula sites ( jJersonal 
communication ji'OIlZ R. Nf ulvane} ) . HorizontaL axes ([ re 
loglo of the ji'eqIJency in a I, while vertical axes (/re the 
log 10 oJ the s/Jectml /Jower density . The periodogm171s show 
a fla t resjJonse indicative oj white lI oise. 

ogra ms a re simply Fas t Fouri er transforma tions (FFT) of 
th e da ta, a nd a re ve ry noisy, but do represent the data in 
its frequency doma in in its leas t processed form . All th a t 
has been d one here is to de trend the d a ta , whi ch removes 
th e ve ry lowes t frequency components. The spec tra , 
alth o ug h noi sy , a re Oa t, showin g th a t to a firs t 
approx ima ti on, th ese acc umulation di stributions can be 
viewed as a white-n oise process ra ther th a n typica l 
geo ph ys ical red-noise processes . This is consistent with 
the view of Fisher a nd o thers th a t accumula ti on-ra te 
processes a re white or blue ra ther tha n red. Norm a li zed 
stand a rd d ev ia tions a re between 0. 2 a nd 0.3. Elimina ti on 
of d epos ition noise a nd d efiniti o n noise still leave 
signifi cant high-frequency va ri a ti on whi ch can be rel a ted 
to regiona l clima te Oucrua tions such as the El N ino 
oscill a ti on (persona l communication from D. A. Pee l) . 

It is no t known to wh a t ex tent th ese acc umula ti on
ra te processes are symm etri c o r anti-symmetric a bout the 
di vides . If th ey a re a nti-symm etri c (unlikel y), th e 
Anta rcti c Peninsul a va lues would ca use di vide Ouctua
tions to be 10- 20 times g rea ter tha n the breadth of the 
anomalous zone, which actuall y helps core dating, as the 
disruption is spread ove r a wider a rea. If the a nti
symmetri c component were a one-tenth of th e measured 
sta nd a rd d evia tion , Ouc tu a ti ons would be concentra ted in 
the bread th of th e anoma lous zo ne, a nd increase the 
number of re foldin g events as each a rea would experi ence 
a la rger number of fl ow-direc tion reversa ls. 

In Greenland , if a ll the noise were a nti-symmetri c, thi s 
would ca use th e di vid e position to Ouctu a te ove r a zo ne 
5- 13 tim es the bread th of the anoma lous zo ne. If one
tenth of the noi se were a nti-symm etri c, thi s would ca use 
divid e flu c tuations to be one-h a lf o f th e zo ne of 

anom alous mecha nics (th e case A = 6 corresponds to 
high elevation immedia tely benea th the divide and may 
no t be rea li sti c) . This is likely to be enough to ha \'e 
signifi cant observable effects. 
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When the estimated sta nda rd dev iation of the di vide is 

less th a n th e bread th of the a nom a lous zo ne, th e a nswer is 
not robust, as th e Oow within the a nomalo us zo ne can be 
ex pec ted to a iTec t th e stand ard de\·iat ion. It is not kn own 
whether it will damp or a mplify the sta nd a rd d eyia ti on . 

7. CONCLUSIONS AND SUGGESTIONS FOR 
FURTHER WORK 

W e ha\·e considered th e probl em of forcing of di\·id e 
position throug h a linea riza tion a bout the VN solution 

which includes the co rrec t regula rity condition for divid e 
motion. A time consta nt [or divide relaxation has been 
com pu ted , a nd fou nd to be 16 rim es st1l.all er th a n the H / a 
time-sca le for ice sheets, with plausible ra nges of between 
6 a nd 20 times the [undamental tim e-scale. High basa l 

re li ef reduces the rate of relaxa ti on. Divid e-positi on 

relaxa tion tim e-sca les a re es timated to be about 200 
yea rs for the Antarctic Peninsul a and 600 yea rs [or 
Greenland. 

D epending on th e geo metry of the ice sheet a nd th e 
bed topography, sta ndard d e\·ia tion s of anli-symmetrzc 

acc umulation dist ributions of between 0.003 a nd 0.08 

are required to cause the di vide to flu ctua te in position 
with sta nda rd deviation half th e breadth o f the a nom
a lo us zo ne of ice Oow. La rge r d evia ti ons will spread th e 
di sruption over a la rge r area, diluting its effect, whil e 
sm a ller d evia ti ons will conce ntra te it , m a kin g OOW 
modelling easier. Given th a t observed standa rd deviations 

(whose symm etry properti es are not kn own ) can be as 
high as 0 .25 , it seems \·ery likely th a t di\·id e position 
exhibits signifi can t stochastic va ri at ion dri ve n by acc u
m u la tion-gradien t va ri a bili ty. 

Asymmetri c migration of m a rg in positi on has th e 
domina ting secul a r ciTect on divid e position , but in much 

o f Green la nd and most of Anta rcti ca thi s secul a r cha nge 
will be forced by sea-l evel cha nge, and not produce th e 
hig her-frequ enc y forcing th at seems to be present in the 
clim a te reco rd a nd thus in accumulation for cin g . 
R epea ted reversa ls in di v id e-mig ra tion direc tion will 
prod uce cond i tions favo ura bl e [or m ul ti pIe-folding 

events, and thus forcing of di vid e position by accumula
tion-ra te vari a tions m ay ha\·e a m ore disrupti ve eiTec t on 
ice co res th a n the larger changes indu ced by marg in 
migration. 

Th ere is clea rl y a need for knowledge of th e sta tisti ca l 
cha racte ri stics of acc umula tion in time a nd in space. 

R ad ar-echo transec ts from divid e to both m argins might 

be a ble to pi ck up sufli cient sha llow layerin g to d etermine 
whether th e ra ndom anti-sy mm e tri c compo nent o f 
acc umulation varia ti on is suffi cientl y strong to di srupt 
flow in divide areas . 

It is likely that there is a sufIiciently la rge a nti

symmetric noise component to cause R aymond bumps to 
be spread out both in the Antarc tic Peninsul a a nd in 
Greenla nd. 
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APPENDIX 

KERNEL FUNCTIONS AND MODE-EVOLUTION 
EQUATIONS 

Consid er an inhomoge neous pa rti a l differential equat ion 

111 self- ad joi n t form 

(61 ) 
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H ere, F is a forc ing functi on with some ph ysical meanin g 
- for exampl e, th e first-o rd e r accum ul a ti on al. If we 
consid er th e co rresponding homogeneous equation , 

(62) 

a standard sepa ration of \'ari a blc technique (i.e. se ttin g 
XI (~. , t) = X. (~. )T(t) ) can be used to yield two ordinary 
difTtTenti a l eq ua tions, th e spa ti a l o nc being in Sturm 

LioU\·ill e fo rm i. e. 

(63) 

Such a n equation h as e ige nfuncti on so lutions [;(~.) , 

i E N which a re orthogonal w ith respec t to the weig hting 

fun c tion , i. e . 

w here Dij is th e Kron ecker d elt a a nd we have normalized 

th e eigenfunct ions appro pri a te ly. Th e e igenfuncti ons 
fo rm a complete se t a nd we may thus \\Tite 

"" Xl(~. , t ) = LT.;(t)[;(~. ) . 
k= l 

Substituti on of thi s rela ti on into the PDE In Equation 
(6 1) yields 

:x; :x; 

L T.;W (,. )[ ; = LT'iadT(~. )a~, [;) + S('. )F(~. ) 
;= 1 ;=1 

whi ch if onc uses Equation (63 ) ca n be written 

oc :x; 

L T.;W(~. )[; = - LT'i A ;W(~. ) [;(~. ) + S (~. )F(~. ), 
;= 1 ;= 1 

(64) 

I f wc th en mu ltipl y the whole eq ua ti o n by th e eige n 

fun c ti ons [ j{x),j EN a nd integra te over th e d omain of 

th e different ia l equation using y as a dumm y variable wc 

104 

obta in 

~t.; J [ jW[, dy = tT.;A; J [ jW[; dy 

+ / [jSF dy, j E N 

w hi ch , upon using th e o rthogona li ly rela tionships a nd 
Equations (55 ) and (56) , becomes di ago na li zed, yielding 

the sys tem of eq ua lions 

\Vc arc particula rl y inte res ted in stead y statc, when 

a nd usi n ')" 
'" 

x 

T. (x, (0) = L T.j [ j(x) 
j = 1 

we obta in th e stead y di stribution in th e form 

By d efinin g a Green' s fun c tion 

(65) 

we may sok e th e non-homoge neo us eq ua tion throug h th e 

eq uati on 

X . ((. ) = J G((., y)S(y)F(y) dy . 

On c ma y equa ll y rewrite thi s as 

x. (~. ) = / K (~., y)F (y) dy , 

K(~., y) = G(~., y)S (y) = t [; (~. )~~Y)S(Y) 
.. = 1 .I 

(66) 

a nd one has an equation with a no n-symmetri c kernel K 

wc sha ll ca ll the infTuenee fun c ti o n. 
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