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(Received 21 September, 1964)

1. Let L®(x) and H,(x) be the nth Laguerre and Hermite polynomials, respectively.
Two well-known bilinear generating formulas are the Hardy-Hille formula [1, p. 101}
® n!
2

n=0 (1 + d),,
and the Mehler formula [1, p. 377]

t
L) = (1—t)'“"e"‘””’“-%Fl(—; 140 (l—xyt—)) (1)

(1.2)

[ n 2
..‘_‘-:0 H..(x)H,.(y)% = (1—4t*)"*exp { JACTYY | Aot }

1—-4¢2 1-44

This suggests the following problem. Consider the equation

5 IO =S O 7%0g xye(o), 03

where f,(x) is a polynomial in x of degree n with highest coefficient equal to 1,

a(t) = i atl’, c()= i et (1.4)
n=k n=1
IORDWEAFIORS W 1 (1.9

Ag = By, = 1. We shall also assume that @, = 1 and yyy,9; ... 7~ # 0. We seek all sets of
polynomials {f,(x)} which satisfy (1.3), (1.4) and (1.5).
We shall prove the following

THEOREM. The only solution of the functional equation (1.3), such that (1.4) and (1.5) hold,

is given by
fs+nk(x) = n!A"st(:+25/k)(xk/A) (S = 0’ 1’ vy k—l)a
SO =Q+A4™"",
c(f) = cyt(1+ A2
tk
a0= e
and
v L4 2sfk; -
g(t)=s;07{0Fl<_3 o1+ S/ ’ _ZC_{‘>’

where a, A are arbitrary constants.

t Supported in part by National Science Foundation grant GP-1593.
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2. Proof of the theorem. If we replace y by 1/y and ¢ by ¢y in (1.3) and then put y = 0, we
get

Safir = g (et @1
This in the same way leads to
i::y,,t" = g(ct). (2.2
Formulas (2.1) and (2.2) give
W)= Bt (2.3)
By differentiating (2.3) s times (0 < s < k), we see that

O=s<k), (2.4)

sly,
P+ sfrflsc)-f- s(o) = )']
n

so that y,.+,#0fors=0,1, ..., k—1. This obviously implies that y, # 0 for all n.
Putting y = 0 in (1.3) we get

0 tnk
L Sl = f (00, 25
which yields, on putting x = 0,
5t . 2.6
Ly =IO 26)
From (2.6) we get
© fk(n+ 1)
tf'(t) = —_——— 2.7
0= Z n'("+1)'7’k(n+1) @7

On the other hand, if we differentiate (2.5) k times with respect to x, we get

Z fk"’(O)— =kla()f (). 2.8)
But we have from (2.3)
!
0=z,
so that (2.8) becomes
a(®f () = i —fﬂL. (2.9)

n! (n+ D! ey
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Comparing (2.9) with (2.7) we get

ntf (1) = ka(O)f (1) (2.10)
In the same way, we obtain from (2.5),
® tm (2k)!
Zolfk‘.?")(O) = —( ) (), (2.11)
which is rewritten as
{a}? 2 3 s 2.12)
a(t t) = —_— .
0 mn;on!(n+2)!y,‘(,,+2) (
On the other hand, we see from (2.6) that
k+1¢,1—k 2 tn(k+2)
t vt MY =k ——mm——— (2.13)
{ y Zn'(n+1)'yk("+2)
Now (2.12) and (2.13) give
Wt (O =2y {tf ()~ (k= Df O} (©). (2.14)
Hence
f@O=01+45)"""1 (2.15)
where A and « are constants.
From (2.15) and (2.10) we get
k
a(t) = m. (2.16)
Let us next differentiate (1.3) with respect to y and put y = 0. We get
nk+ 1
¢y Ef,.u, 1(x) = xf (Dc(t)e ®, (2.17)
Now if we differentiate (2.17) once with respect to x and put x = 0, we obtain
nk+1
F@®e(®) =14 Z (2.18)

o(n ')zynk i
on the other hand, if we differentiate (2.17) k+1 times with respect to x and put x = 0, we get

g1 +k(n+1)

S (®c(®a(®) = c17eet Z (2.19)

on! (M+ DYy vae 1y

Comparing (2.19) and (2.18) we get
. {f(t)c(t)} kn,
t

P+t

— f(Dec(®a().
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Hence
c(t) = e t(1+ A%, (2.20)
where p is a constant.
If we now differentiate (2.9) with respect to ¢, we get
w  ka+1)

HaOF O+af O} = kn Y oo ——

If we take the kth derivative with respect to x and with respect to y and then put x = y =0,
we get

(2.21)

- (n+1)
c'{)’k Z

n=0Vk(n+1 (n ')2
Comparing this formula with (2.21), we obtain

ncit{a’(Df () +a(f (0} = knf e+ ket{a(OYf ().
This, together with (2.10), yields

FO{c@}+= {a(t)}’f(t).

ckta'(t) = k{c(n}: (2.22)
Formulas (2.22), (2.20) and (2.16) require that
uk = =2 (2.23)
To determine g (r) we differentiate (1.3) s times with respect to y and put y = 0 to get
s+kn
¢ Zfs+k,.(x) = x¥ ({c(OFe™™® (0 =5<k),
which itself leads to
e S+kll
AL =S O} (2.24)
[ s+ n )

Comparing coefficients of £***" we get

( - l)nA -"ys

=—"- (02 . 2.25
Vs+kn @t 14257k, 0=s<k) (2.25)
Consequently we obtain from (2.2) and (2.26)
k-1 y tk
giy=>% -:-tsoF1<—; a+1+2s/k; p ) (2.26)
s=0Cy A

Putting (2.26), (2.24), (2.20), (2.16), (2.15) in (1.3) we get
PRAAEIINE)

o (x +yk)tk k=1 ’stysts xkyktk
=(1+47! Ff —; a+1+2s/k; — ") (227
(4477 ex { 1+ At szo(1+At")2""° a+1+2sf A(1+ At%? @27
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Comparing (2.27) with (1.1) we see that
Formn(®) = 0! ALY 205k 4) (0 < s S k—1). (2.28)

Note that y5 =1, 7,, ¥2, -.., Px—1 are arbitrary.
This completes the proof of the theorem.
If k =1 we see that the only solution of the functional equation

¥, V) = OO {xye o),

where f (1), a(?), g (1), c(¢) are defined as before, is essentially (1.1).
In case k = 2 we see that the solution of the functional equation

Zo LS = 1 (1) D" Og {xye (1)} (2.29)

is obtained from (1.1) in the following manner:
Denote the right-hand member of (1.1) by F,(x, y, ). We then exhibit the general solu-
tion of (2.29) by replacing the right member by

Fa(xzyztz) +Bxtha+ 1(x2y2t2)9

where B is a non-zero constant,

The special case &« = —4 leads to the Mehler formula (1.2). However it is not necessary
to assume o« = —3.

We remark that

Jo%) = LP(x*)

Sansa(x) = X3 D(x?)

and

with « arbitrary.

3. Remarks and generalization. It may be of interest to examine the more general problem
of solving the functional equation

Y ufu(X)guX) = f(DeX O g {xye(n)}, 3.0
where f,(x), g,(x) are polynomials of exact degree # and highest coefficient equal to 1. Hence
we require

ao=a‘=...=ak_1=0, b0=b1=...=bk_‘=0.

If a, =0 we obtain from (3.1)
LSO = g{xeyt},

which leads to
Y 7at" = gley).

https://doi.org/10.1017/5204061850003519X Published online by Cambridge University Press


https://doi.org/10.1017/S204061850003519X

60 W. A. AL-SALAM AND L. CARLITZ
Hence
2 X" =Y v S0
We thus conclude that, if a, = 0, then
fo=x"
Similar remarks apply in case b, = 0. Since this solution is trivial, we assume that
a,=b, =1 3.2)
With (3.2) in mind we get from formula (3.1)
Y VS = g (xtey)
and
2 1gn (" = eg(ytcy),
which clearly shows that
Jox) = gu(x).

Hence the problem is reduced to the previous problem which was treated in § 2.
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