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Fibonacci varieties

Ann Chi Kim

This is a report on a family of varieties of algebraic systems
that are groups with an additional unary operation satisfying
certain laws. The study was inspired by the theory of Fibonacci
groups, and the free one-generator algebras of our varieties turn
out to have, in fact, the abelianized Fibonnaci groups as their

underlying groups.

1. Introduction and preliminaries

Conway [3] introduced a family of groups, now called "Fibonacci

groups" and denoted by F(2, n) , with presentations

F(2, n) = gp(ao, Qs cees @ 35 Apun = ap G0, T mod n)

These groups were studied in detail by Johnson, Wamsley, and Wright [5],
and their paper also contains a brief history and bibliography of Fibonacci

groups, as well as certain generalisations.

F(2, n) has an obvious automorphism « , say, of order » , which

maps @, on a . (Z mod n) . 1In the present paper I study the effect of

introducing such an automorphism as an additional algebraic operation,
denoted by ¢ , with laws to correspond to the above situation. Thus the

set-up, in universal algebra terminology, is as follows.
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Our algebraic systems, or "algebras" for short, have a binary
"multiplication" M , a unary "inversion" ¢ , a nullary "neutral element"

e , and a further unary operation ¢ . However, we immediately simplify

the notation by writing xy for xyp and x_l for xt , in accordance

with usual group practice.

The basic laws are those of groups, which we do not 1list, plus those

that make ¢ a group endomorphism:

(xy)d = xdyd ,
(1) : et = (z9)7h
ep = e

"

We further postulate the "Fibonacci law

(2) x¢2 = zbx ,

and the law that gives ¢ finite order =n :

7

(3) xp =z .

This last law ensures that ¢ is invertible, and thus acts as an
automorphism on the underlying group. We write ¢_l for the inverse

(which equals ¢n—l )'of ¢ . We denote by Xn the variety defined.as

above. If A is an algebra in Xn , we denote its underlying group by

A0 .

We first show that AO is an abelian group.
LEMMA, If A <{s an algebra in v, then the underlying group AO
ig abelian.
Proof. The laws (1), (2) imply the laws
2
(xy)o" = (zy)day = xpydzy ,
2 2 2
(xy) 9~ = 2"y9" = xpaydy ;
whence

xoydry = xdxydy .
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The group laws simplify this to

yoxr = xyd ,

and, putting y = z¢-l , SO that y¢ =z ,

z2xr = x3 . //

2. The monogenic free algebras

We now consider the monogenic (that is one-generator) free algebra
G(n) , say, of ln ; let a be a free generator of it, and put
7

»ad =a

a=a, , ap = al, N i

0

The law (3) ensures that a, =a;,, a =a; , and so on. Thus the

n+l

underlying group Go(n) is generated, as group, by {ao, A eees @y l}

Now the law (2) ensures that

a. =a i mod n .

. .a.
142 i+l71

Thus Go(n) , in terms of the generators Qys @ys ees @ g s satisfies the
defining relations of F(2, n) , and thus must be an epimorphic image of

F(2, n) . We know already, from the lemma, that Go(n) is abelian; hence

it must, in fact, be isomorphic to a factor group of
A(2, n) = F(2, n)/F'(2, n) , the "abelianized Fibonacci group", F'(2, n)
being the commutator subgroup of F(2, n) , and the notation A(2, n)

being that of Johnson, Wamsley, and Wright [5].

We now prove that Go(n) is, in fact, isomorphic to this abelianized
Fibonacci group.

THEOREM. The group Go(n) underlying the monogenic free algebra

G(n) of the variety xn ig igomorphic to A(2, n) .

Proof. As we know already that Go(n) is an epimorphic image of

A(2, n) , it suffices to show that, with the obvious definition of the

action of ¢ on A(2, n) , the laws of lﬁ are satisfied. The action of

¢ 1is to be that induced on A(2, n) by the automorphism a of F(2, n)
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This clearly defines then an automorphism of A4(2, n) , and this
automorphism has order »n . Thus we need only 6erify the fact that the law

(2) is satisfied, not only by the generators ao, al, but by

ces Gy g oo
all elements of our group. But this follows immediately from the fact that
our group is abelian; for, if we know that for arbitrary group elements

g, h , say, the relations

g¢2 = gbg , h¢2 = hoh

hold, then also

2,.2 5
(gh)o® = go°he® = goghth = gohogh = (gh)ogh ;
that is to say, the corresponding relation holds for the product gh .
Similarly
-1,.2 2y-1 -1 -1 -1 -1 - - -
(670 = (g97) ™" = (gog) ™" = g™ Hgd) ™t = (g0) N9t = (gHeg™t

thus the corresponding relation also holds for inverses. As it holds for

the generators, it then holds throughout the group. //
We summarize below the structure of A(2, n) = Go(n) ; this appears

to have been first determined by Bumby (quoted in [§], where, however,
fewer details are given, and where, moreover, a slight error has crept in:
n 2 0 (mod 2) should read 7 = 2 (mod 4) ). The description uses the

well-known Fibonacci sequence {j%} defined by

fooo = Fqan ¥ fy s fy=0, f1=1.

The order of A(2, n) is then g, » where

9y = Fp1 * e m 1 - 1" 5

the sequence {gi} can also be defined by the recurrence
gi+3=2gi+l+gi+2’ gO=0’ gl=la 92=l'

A(2, n) is the direct product of two cyclic groups, of orders p and gq ,

say, vhere p divides g ; that is

A(2) n)=c xc 2 = .
p q pq =g,
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If p=1, then A(2, n) is itself cyclic. This is the case if, and only
if, n 1is odd and not divisible by 3 ; that is (n, 6) =1 . 1If n is
odd and a multiple of 3 , that is 7z = 3 (mod 6) , then

p=2, q=%(f_,+f,,5) = %9, -
If n is even, but not divisible by U4 , that is xn = 2 (mod 4) , then

p = q = fl;n-l + f«’sn*»l = (gn]i

Finally, if n is divisible by U4 , then

The following table summarizes these results.

n (mod 12) p q
0 me ' 5f;5n
1 1 gn
2 F1 * Tann Fon1 * T
3 2 %(fh-l+fh+l)
] Fin i
5 1 9,
6 P * T Fin-1 * T
7 1 a,
° T Tim
9 2 ¥(Fo1 1)
10 f%n—l + f%n+1 f%n-l + f%n+l
11 1 gn

It is clear that a number of generalizations can be investigated, and

I hope to discuss some of them in a later paper.

The references below list relevant source materials in addition to

references quoted in the text.
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