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Abstract
We introduce some generalisations of the Euler—Kronecker constant of a number field and study their
arithmetic nature.
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1. Introduction and preliminaries

In 1740, Euler [2] introduced the Euler—-Mascheroni constant, which is defined as

1
y = lim(Z— —logx). (1.1)
X—00 n
n<x

This constant has been extensively studied (see [4]), but many questions about its
behaviour are unanswered. For example, it is not known if y is rational or irrational.
Diamond and Ford [1] introduced a generalisation of Euler’s constant as follows. For
a nonempty finite set of distinct primes €, let Pq denote the product of the elements
of Q and 6q = [],eq(l — 1/p). Then the generalised Euler constant is defined as

1
Q) = lim( Z - —%q logx).
X—00 n
n<x
(n,Pg)=1

Note that when Q = @, we have Pg = 1 = dg and y(€) = . In this context, Murty and
Zaytseva proved the following theorem.

THEOREM 1.1 (Murty and Zaytseva, [8]). At most one number in the infinite list
{y(Q)}, as Q varies over all finite subsets of distinct primes, is algebraic.
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We note that y appears as the constant term in the Laurent series expansion of {(s)
around s = 1. This observation led Ihara [3] to define the Euler—Kronecker constant
associated to a number field as follows.

Let K be a number field of degree n and let Ok denote its ring of integers. The
Dedekind zeta function of K is given by

1
&K= Y —— R@>L
(0)#aCOx oy
It has a meromorphic continuation to the entire complex plane with only a simple pole
at the point s = 1. Its Laurent series expansion around s = 1 is given by
f() = =+ e+ 06— ),
5 —

where pg # 0 is the residue of {k at s = 1. Ihara defined the ratio

YK = CK/PK

as the Euler—Kronecker constant of K. In the next section, an expression analogous to
(1.1) is given for yk.

The aim of this article is to study the arithmetic nature of generalisations of
Euler—Kronecker constants. To do so, we introduce some notation. Let Pk denote the
set of nonzero prime ideals p of Ok and let Q be a nonempty subset of Pk (possibly
infinite) such that

log N(p)

peQ
For K = Q, the set of Pjateckii—Sapiro primes is an example of such an infinite subset.
Let No = {pNZ|pe Q). We set

1
P(Q()) = d ox(Q) = (1 - —)
Q) pg([x) poand Sk(Q() pg([x) o)
where Q(x) = {p € Q| N(p) < x}. Then by (1.2), lim,_, o ((x)) exists and equals
1
ox@ =[1(1-5)
«@=| (1-55

peQ

Note that 6g(2) = 1 for Q = 0. The generalised Euler—Kronecker constant associated
to Q is denoted by yk(€2) and is defined as

1 1
lim (—  _ 5k(Q() log x).
DR \PK ¢;)K N(a)
N(a)<x
(0,P(Q(x))=1

In Section 3, we will show that this limit exists. We note that yg(Q) = yx when Q = 0.
With this set up, we have the following theorem.
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THEOREM 1.2. Let {Q;}ie; be a family of subsets of Px satisfying (1.2). Further,
suppose that No,\Ng, is nonempty and finite for all i,j € I and i # j. Then at most
one number from the infinite list

{'}’K(-Qi) ic I}
Ok (£2)
is algebraic.

We digress here a little to make an interesting observation. For K = Q, it is known
by Merten’s theorem that as x — oo,

e
0g(2(x)) ~ @~

This makes one wonder if yk appears as an exponent in the expression for K # Q.
A result of Rosen [9] shows that this is not true in general. More precisely, he showed
that as x — oo,

e Y
pk logx’

Ok (Q(x)) ~

2. Preliminaries and lemmas

Let K be a number field of degree n. Throughout this section, p denotes a nonzero
prime ideal of Og. We recall the following result on counting the number of integral
ideals of Ok.

LEMMA 2.1 [7, Ch. 11]. Let a,, be the number of integral ideals of Ox with norm m.
Then, as x tends to infinity,

X

D" an = pxx +OG' 1",

m=1

Using this result, we find the following expression for yk, analogous to (1.1).

LEMMA 2.2. For any number field K, the limit

1 1
lim (— —— —log x)
TTEAPK G ocok (@)
N(a)<x
exists and equals yk.
PROOF. Applying partial summation and Lemma 2.1, the result follows. o

The Mobius function uk and the von Mangoldt function Ak are defined on Ok as
follows:
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1 if a= OK,
px(a) =< (=1)" if ais a product of r distinct prime ideals,

0 otherwise;

log(p) if a = p™ for some p and some integer m > 1,
Ak () = .

0 otherwise.

We record the following identities satisfied by these functions which can be derived
using techniques similar to [6, Exercises 1.1.2, 1.1.4, 1.1.6].

D (- 55)

I il

px(DlogR(D) = = > Ak(Dpx(tI ™).
JI

We end this section by stating the key ingredient in the proof of Theorem 1.2.

LEMMA 2.3 (Lindemann, [5]). If @ #0,1 is an algebraic number, then log« is
transcendental, where log denotes any branch of the logarithm.

3. Generalised Euler-Kronecker constants

Let Pk denote the set of nonzero prime ideals of Ok. For any nonempty finite set
Qr C Pk, we set

P@p=[]» and ox@p=[](1- %)

peQ)y PeQ;

with the convention that P(Qf) = 1 = 6k(€y), when Q/ = . Since Ok is a Dedekind
domain, every integral ideal can be uniquely expressed as a product of prime ideals.

For ideals
a= n pvv(a), b - n pvv(b),

pePk pePk

where all but finitely many v,(a), v,(b) are zero, we define the greatest common divisor
(gcd) of a and b by

(a,b) = ged(a,b) = 1—[ pminCe(@:ve ()
pePk

where we have denoted p° by Ok. Hence, if the prime factors of a and b are all distinct,
(a,b) = Ok. We notice that (a,b) = a+ b as vy(a + b) = min(v,(a), v,(b)). From now
on, Ok will be denoted by 1.
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LEMMA 3.1. For a number field K and a finite set Qy, the limit

}LIEO(,%K > %‘&((Q)‘)logx)

0+#IcOk
N(H<x
IP(Qf))=1

exists and is denoted by yg(Qy).
PROOF. Let Qf C Pk and p € Pk be a prime ideal not in Q. Using

D 1 1 1 1

0£1COx ‘J?(I) 0+ICOx ?R(I) m(p) 0#1COx TR(I)
N(H<x N(H<x N)<x/N(p)
,pP(Qf))=1 (1L,P(Qy))=1 (L,P(Qf))=1

the result follows by induction on the cardinality of Q.

LEMMA 3.2. Let Qf be a finite set of nonzero prime ideals. Then,

log 9t(p)
7)) = @)y + D o)
pGQf p
PROOF. We have
1 1
> == — p()
0#1cOx m(l) 0#;)]( m(l) JI(I;S:}/))
R(D<x N()<x
(LPQ)=1
u(J) 1
JIP©Qy) R(J) 0#J0COx N(Jo)
R(Jo)<x/NR()
u(J) { x
Z ~ {Pklog —— + pkyk +o(1)
Jib@) N N(J)
()
= 5K(Qf)(p[( Ing + PKYK + 0(1)) — PK gtm
JIP(Qy)

‘We now consider the last term:

u(J) 1 i
= Y S logh() = Y = AU
sk, RO le(zgf) N(J) ,Z,J 0

Z A(Jo) Z u(Jr)
JolP(L2) o) AIZ(eRY R
_ AY) u(J1)
péf n) IP(QZW[ N(J1)
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_ Z log‘ﬁ(p’)( Ok (Qy) )

A a1/
log 9t(p)
= 0k(Qp) ) T
230
Thus,
) 1 1 log m(p)
lim (— =~ — Ook(Qy)log x) = 5K(Qf)(7K + )
o0 \ pg o;t;o 0 o N -1
RN(<x
(I,P(Qy))=1

COROLLARY 3.3. For a number field K and any set Q C Pk satisfying (1.2), the limit

1 1
lim (—  _ 5k(Q() log x)
¥oRA\PK #ék N
R()<x
(I,P(Q(x))=1

exists and equals

log N(p)
(@) + Z{; )

We denote this limit by yk (Q).

PROOEF. Follows from Lemma 3.2 since Q(x) is a finite set. O

4. Proof of Theorem 1.2

Suppose there exist i,j € I such that
k(&) and &QJ)
ok (£2) ok (£2)
are algebraic. Using Corollary 3.3,
() k() _ log N(p) log N(p)
ok(Q)  ok(Q) A RM-1 LR -T

which is also an algebraic number. Since the sets No,\Ng, and Nq,\Ng, are nonempty
and finite, the sets ;\€2; and €;\Q; are also finite. Let

Ql\Qj = {plv pz’ cet pn}7 QJ\QI = {qla q2’ crt qm}
Then (4.1) implies

.1

n m

5 4 n B Sﬁv—l
logN(p) 0 logN(p) _ Z log p* ) Z log gy’ _ . [T, pir=n
‘R(D) - 1 per ﬂt(p) - 1 psfs _ 1 qz[?t _ 1 m q(gz/qf’—l) 5

=19
4.2)

peQ); s=1 =1
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where N(p,) = p‘sfs and N(q,) = ¢%'. Using Lemma 2.3 and unique prime factorisation
of natural numbers, the expression in (4.2) becomes a transcendental number, which
gives a contradiction.
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