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On homologies in finite
combinatorial geometries

P.B. Kirkpatrick

Any subset II* of the set of all planes through a line in a
finite projective space PG(m, gq) determines a subgeometry

G(T1*) of the combinatorial geometry associated with PG(m, q) .
In this paper the geometries G(II*) of rank greater than three
in which every line contains at least four points, are
characterized in terms of the existence of a certain set of
automorphism groups TI'(C, X) ; where X 1is a copoint and C a
point not in X , and each non-trivial element of T(C, X) fixes
X and every copoint through ¢ and fixes ( and every point in
X , but no other point; and where T[(C, X) acts transitively on
the points distinct from € and not in X of some line through
C . As a corollary of the main theorem we obtain a
characterization of the finite projective spaces PG{m, q) with

m=z3 and q@ =2 3 .

1. Introduction

The Lenz-Barlotti classification of projective planes (see Lenz [6]
and Barlotti [2], or Dembowski [4]) in terms of "(C, a)-transitivity",
where (C 1is a point and a is a line, has been extremely useful and much
studied. In this paper we illustrate the fact that some results along
similar lines can be obtained for finite combinatorial geometries (of which
finite projective planes are a special case) or, equivalently, finite
geometric lattices. We shall conduct our main discussion in terms of

lattices, for reasons of economy.
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One difficulty which arises immediately when we generalize the notion
of a central collineation to combinatorial geometries is that an
automorphism of a combinatorial geometry may be central and yet not axial,
or axial and yet not centrai. Another difficulty is that.a non-trivial
automorphism with a centre and an axis may fix a point which is distinct
from the centre and does not lie on the axis. This leads us to use, rather
than the concept of ((C, X)-transitivity, the narrower one of "(C, X)-
regularity” (X here denotes a copoint). In Theorem 1 we give a sufficient
condition, in terms of the existence of certain transversal lines, for
(C, X)-transitivity to imply (C, X)-regularity.

The main Theorem 2, proved in §4, yields a characterization of the
geometry determined by a subset of the set of all planes passing through a
line, in a finite projective space PG(m, q) . As a corollary, we deduce
in 85 a new characterization for finite projective spaces PG(m, gq) with
m=3, q=3

2. Definitions

A finite lattice is geometric if it is semi-modular (x and y cover
x Ay implies x Vy covers x and y ) and if every non-zero element is
a Join of points (elements which cover zero). Every geometric lattice has

a semi-modular rank function (see Crapo and Rota [3]).

We shall use geometric language quite freely. Thus, if L isa
geometric lattice of rank n = 3 , we refer to the elements of rank 1, 2,
3, n-3,n-2 or n-1 in L as points, lines, planes, coplanes,
colines, or copoints, respectively. Points and copoints we denote by
upper case Roman letters, lines and colines by lower case Roman letters,

and planes and coplanes by lower case Greek letters.

A point C 1is a centre for the automorphism 6 of L if 6 fixes
every copoint above (through, containing) ¢ ; and a copoint X is an
axige for 6 if O fixes every point below (in, on, of, and so on) X .
An automorphism may have a centre but no axis, or an axis but no centre.
If the automorphism O has centre C and axis X we shall call 0 a
(C, X)-automorphism; or a (C, X)-homology if C ¢ X ; ora {(C, X)-
elation it C < X .

We say that L is (C, X)-transitive if the group I(C, X) of all
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(C, X)-automorphisms acts transitively on the points distinct from C and
not in X of some line, ¥ X , through C ; and that L is (¢, X)-
regular if it is (C, X)-transitive and no non-trivial (C, X)-automorphism
fixes any point A such that A4 #C and 4 X .

That a geometric lattice may be (C, X)-transitive and yet not
(C, X)-regular may be seen by considering the lattice of rank 3 whose
points and copoints are the points and lines of a 3-dimensional projective
space PG(3, F}) . The rank L4 lattice usually associated with PG(3, F)
is, as is well known, (C, X)-regular for all point - copoint pairs
(c, x) .

Since a (C, X)-automorphism 6 automatically fixes ( and all the
points of X , we shall call any other fixed point of 6 an extra fized
point. If L is (C, X)-transitive then L is (¢, X)-regular if and

only if no non-trivial (C, X)-automorphism has extra fixed points.

Let X and Y be copoints such that X A Y is a coline, and let A
be a point with 4 $ X, A ¢ Y . Then by a proper transversal for
(A, X, Y) we shall mean a line d through A such that d A X and

d AY are distinct points.

Finally, two lattice elements (flats) x and y are said to meet if
x Ay # 0, that is if there is at least one point which is contained in

both * and Yy .

We assume implicitly the elementary theories of geometric lattices and
combinatorial geometries (see Crapo and Rota [3]), of projective planes,
projective spaces, tactical configurations and block designs (see Dembowski

[4]), and of finite permutation groups (see Wielandt [71]).

3. Homologies and elations in geometric lattices

The following theorem describes a sufficient condition for the non-

existence of extra fixed points of homologies and elations.

THEOREM 1. Suppose that 6 <s a non-trivial (C, X)-automorphiem of

a finite geometric lattice L of rank n = 3, and that:

(1) every triple (4, Y, Z) with Y and 2 copoints of L ,
YAZ acolineof L, and A a point of L such that
A4Y and A § 2, has a proper transversal in L ;
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(i1) every line of L contains at least three points of L .
Then 8 has no extra fized points in L .

Proof. Suppose that 6 has an extra fixed point F . Choose a
coline y with C f Yy < X , and consider the copoint Y=y vF . If
c ‘# X and C *f Y then there is a proper transversal d for (C, X, Y)
and d AY 1is an extra fixed point, since Y is an axis (being a fixed

copoint which does not contain the centre C ).

If C ‘f X, C<Y, and the line € v F does not meet X , choose
any point 4 in X but not in Y , and consider a point F' on the line
FvA,with F'#F,A. Then C ¢ (y v F') and so by the argument above
there is a line, joining C to a point of X , which contains an extra

fixed point.

Now let F* be any extra fixed point such that (¢ Vv F*) A X is a
point, say B . (If 6 is an elation then B = ¢ .) Choose a coplane O

with B 4 0 < X ; choose distinct colines x and z, with B § xz, and

1 2
< x. < L = . = * = LI
o<z, X (£ =1, 2) ; and let X =a VF* and X,=x, VF Then
X and X are fixed copoints not containing C , and so they are axes.

1 2
If D 1is a non-fixed point then, since ¢ v D 1s a fixed line and any

proper transversal for (D, Xl, Xg] is a fixed 1ine, C v D 1is a proper
transversal for (D, X, X2) . But C v F* 1is not a proper transversal,
so F* { (C v D) . Thus every point of C v F* is fixed.

There exists a non-fixed point D . As above, C V D 1is a proper

transversal for (D, Xl, X2) . The point (C v D) A X2 is an extra fixed

point for 6 when 0O is considered as a (C, Xl] -homology, and the line

cCv ((CVD) A XZ) = (C VD meets Xl in a point. So every point of C v D

is fixed, in particular D is fixed. This contradiction completes the

proof.

4, A classification theorem

Let II* denote a subset of the set of all planes through a fixed line
e* in PG(m, q) . Then II* determines a geometric lattice L(II*) whose

elements are the intersections of the flats of PG(m, q) with the set of
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all those points of PG(m, q) which lie in at least one of the planes in
II* , The following theorem will yield a characterization of the lattices
L(II*) corresponding to sets N* which are "non-degenerate" in a fairly

mild sense. N

THEOREM 2. Let L be a finite geometric lattice of rank n =1l
satisfying:

(1) there exists a line ¢ in L such that, whenever C 1is a
point on ¢ and =z is a coline with C f=x, L is

(€, X)-regular for some copoint X containing x but not
¢ ; and

(i1) every line of L contains at least four points.

Then L 1is isomorphic to a lattice L(TI*) for some set N* of planes
through a line ce* in a projective geometry PG(n-l, q) , q= 3.

The "non-degenerate' sets I[* referred to above are those which
determine a lattice g(II*) of rank m + 1 in which every line contains at
least four points. For such a TI* , g(]'[*) clearly satisfies the
hypotheses of the theorem.

We prepare for the proof of the theorem with & sequence of seven
lemmas; L and ¢ are assumed throughout to satisfy the hypotheses of the
theorem, The automorphism group of L generated by all the automorphisms

those existence is asserted in hypothesis (Z) is denoted by G .

LEMMA 1. Every line which meete ¢ contains at least as many points

as ¢ .

Proof. The number of points in a flat x , or "length" of &z , shall
be denoted by [:x,'] .

Choose a line @ meeting ¢ with [a| as small as possible, and
suppose |a| < |e|] . Let C=aAc; choosea point A #C on a; and
let A be the set of all lines # a which pass through 4 and meet ¢ .

If a € A then a; = (a ve) Az, for some coline x . So

|T(c, X)| = |a| - 2 for some copoint X with (a ve) A X

a Also,

=
no non-trivial element of TI{(C, X) fixes a line in A\{al} . Thus, if p

is a prime dividing |a| - 2 , each line in A 1is fixed by an automorphism
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of order p in I‘(C)“1 which fixes no other line in A , where I‘(C’)A is

the group of all automorphisms with centre ¢ which fix 4 . So A is a

complete line orbit of this group (Gleason [5], Lemma 1.7).

Let C'l =a, A ¢ and choose a point Al £ 4, Cl on There

1 a4 -
exists a copoint Y with (ave) AY-= Al v ¢ such that L is (C . .Y]—
regular. If ¢ € r(cl, Y) and ¢ #1 , then A' = Ap # A4 . Now
[a' v ¢| 2 |e| since:

l"(C')“1 acts transitively on the points # C of ¢ ;
I‘(C)A fixes A, A' vC , and ¢ ; and

a is a transversal line for (4, A'VC, e) .

So |a| = |4' vl = |e| , contradicting |a| < [e] .
LEMMA 2. Every plane through e is a desarguesian projective plane.

Proof. Let o be a plane containing ¢ . By Gleason [5], Lemma 1.7
again, T(C) is transitive on the lines in o which meet ¢ but do not
contain (¢ , for any point ¢ on ¢ . Thus all lines # ¢ in o which

meet ¢ have the same length, say ¢q + 1 .

If a and a a.relinesinawitha/\c=Cl;éc2=a Ae ,

1 2 1 2

and A, is a point # C, on a,» then a (or rather the lattice

2
interval [0, ol ) is (Cl’ az]-regular and F(Cl, ae) acts semi-regularly
on the non-fixed points of both ay and Cl v A2 . Since

[all = |Cl v A2| » a; must contain a second fixed point, that is a;
must meet g, .

2

Consider the tactical configuration whose points are the points of o
not on ¢ , and whose blocks are the lines # ¢ of o whichmeet ¢ . In

the standard notation,

v=q°, b=lelg, k=q, r=|e| .

There are g blocks through each point of ¢ .

ASSUMPTION. Suppose there exists a line d in o which does not
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meet ¢ .

By Lemma 1, |c| =g +1 . Choose a point C on ¢ , and let
T(C, d) denote the group of automorphisms of [0, o]’ induced by a group
T(¢, X) , where a AX=d and L is (C, X)-regular. Then r(c, d)
acts semi-regularly on the non-fixed points of any line in a through C ,
and so ve have |T(C, d)| divides both q -1 and |e| -1 . This shows
that |e|l #q +1 anda so |T(C, &) = Je| -1 and (le|-1)|(g-1) .

Since all the blocks through a point ¢ on ¢ have the same length,
and some of them meet d , they must all meet d (consider the action of
(¢, d) ). so |dl =q . If D is a point on d then the blocks through
D contain altogether |e|(g-1) + 1 points of the configuration; that is

the number of lines in o through D which do not meet ¢ 1is

[®-lel(q-1)-1](q-1)F =g +1 - [o] .

Now consider the tactical configuration consisting of the points of 0O
not on ¢ and the lines of o which do not meet ¢ . We have v = q2 .
k=q, r=q+1-le| ,and so b=gq{qtli-|e|) . Adding the blocks of
this configuration to those of the previous one, we form a 2-design whose

points are the points of & not on ¢ , whose blocks are the lines # ¢

of o , and whose parameters are v = q2 , b=gq(g¥1) , k=gqgq,
r=g+1, A=1. This 2-design is an affine plane of order ¢q . We
can form its projective completion & by adding g + 1 - |c| points to

the line ¢ to form a new line ¢ .

Every automorphism of the lattice [0, o] extends to an automorphism

(collineation) of & . If ¢ and C' are distinet points on ¢ and aé ,
(Z=1, ..., q) , are lines in o with aé A ¢ =C' , then there exists a
_non-trivial (C, aé)-homology of [0, a] which extends to a (C, aé)—

homology of & , for each Z . If 7 # j then {by André [1]) there exists
a (c, CV(a;:/\aJ’.))—elation in (I(c, a;:], r{c, aJ’.)) which maps a1': to

a3 . It follows that |T(C, &)| = q . Since this is true for a1l (and

therefore at least two) points C on ¢ , G is a translation plane with

respect to & . It follows that g = pr for some prime p and positive

integer r .
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If Cl, 6'2, C3 are distinct points of ¢ , and a; s a2 are lines in
o with al/\c=6'l , a2/\c=02 , and al/\a2=A (a point), then by
André [1] (again) there exists a non-trivial (03, 6'3VA) -elation ¢ of &

in (T(c,, al], F(CB’ a2)) . This elation ¢ must have order p , since

3
the translations of G have order p . But ¢ induces a (03, C3VA)-

elation in [0, a] . So pl|(]e|-1) , which contradicts (]|e|-1)[(g-1)

Our assumption was therefore false, and so o 1is a projective plane. From
the elementary results on the Lenz-Barlotti classification of projective
planes (see Dembowski [4], Chapter 3) it readily follows that a is

desarguesian.

DEFINITION., We call the copoint X of L a special copoint if L

is (€, X)-regular for some point C on ¢ but not in X .

LEMMA 3. Every special copoint meete every line, including c ,

which meets c .

Proof, With ¢, X as in the definition, we know that all lines
through ¢ have the same length ¢ + 1 , and some of them meet X . So,
by (C, X)-regularity, all lines through C meet X . It follows that, if

C' is any point on ¢ ,

|x]

the number of lines through (

(Z-l)q-l » where 1 is the number of points in L

the number of lines through C' ,
and so every line through C' meets X .

LEMMA 4. 1 4s (C, X)-regular for all C, X such that C is a

point on ¢ and X 18 a eopoint not containing C .

Proof. We first show that every copoint not containing ¢ is
special., Any such copoint contains a coline y which does not meet ¢ .

Choose a point Cl on ¢ ; then L Iis (C N Y) ~regular for some special
copoint Y containing y but not Cl . Let 6'2 =YAc and let Z be a
special copoint determined by C2, y. If ZAc# Cl then

(I‘(C s Y), I‘(C Z)) is transitive on the points # C, of ¢ &and so, in

2° 2

this case, every copoint which joins a point of ¢ to y 1is special. If,
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for all possible selections of Cl on ¢ , we always get Z Ae=0(C, ,
then again every copoint which joins a point of ¢ to y is special.

A simple counting argument, based on Lemma 3, shows that the g + 1
special copoints which contain y and meet ¢ are all the copoints

containing y . Thus all copoints not containing ¢ are special.

Now, with (C, X as in the statement of the lemma, there exists a

point Cl on ¢ such that Cl t X ana L is (Cl, X)-reg;ular. Let

02 =X A c¢ and choose a coline w meeting ¢ 1in a point #C, C,, 6‘2 H
02 and w» determine a copoint ¥ such that WA e=wAc and L is
(02, W)-regular. Some element of I‘(C2, W) maps _(Jl to € , while fixing

X, s0 L is (C, X)-regular.

COROLLARY. G <induces on the points of e a group which is
permutation igomorphic to the standard representation of PGL(2, q)

LEMMA 5. Every coline in L meets every plane containing c .

Proof. Let & be a coline not meeting ¢ . Then it is easily seen

that

|z = (Z-l)q-2 - q—l , where 1 is the number of points in L .

No plane containing ¢ meets x 1in more than one point, since if it did
the line joining two intersection points would be contained in x and

would meet ¢ (as every plane through ¢ is a projective plane). So

the planes joining ¢ to points of x account for |x|q2 +g+1=1

points of L .
LEMMA 6. Let Al, ...,An be n points of L such that

AlV...vAn=l, Al<c and A2<c; and let ai=chi

(=3, ..., n) . Then G 18 faithfully represented by its action on the

set of all points of L which lie in at least one o s and the induced
permutation group G* is wuniquely determined (to within permutation group
igomorphism) by q + 1 = |e| and n = rank L .

Proof. We note before beginning that A4 ces An is a basis for the

l,

combinatorial geometry associated with L , and that a basis with Al <e
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and A, < ¢ can certainly be chosen (see Crapo and Rota [3]).
Suppose that ¢ € G fixes every point of every plane oti . If x is
any coline not meeting ¢ , and Bi =z A LT then

Vv V ieo V > V s VO = P
c B3 Bn a3 Y 1, and so B3’ s Bn are

independent; that is B3 V... V Bn =x . It follows that ¢ fixes every

coline not meeting ¢ and so, since ¢ fixes every point of ¢ , ¢

fixes every copoint not containing e .

Let Z be a copoint containing ¢ . Choose a coplane 0O such that
ove=2 and OAc =0, and distinct points A4 and B such that ¢
(A VB)YAc isapoint but (AVB) tZ . Then ovd4d and 6 VB are
distinct colines which do not meet ¢ . So ¢ fixes
(0 VA) A (o0 VB) =0, and therefore ¢ fixes Z =0 V e . We have now

shown that ¢ fixes every copoint, and hence that ¢ =1 .

To prove the assertion about g’* , we first coordinatize the

desarguesian projective planes ai so that the coordinates of the points
of ¢ 'match". In each o, the coordinate system is chosen so that ¢

is the line at infinity and the same three points of ¢ are labelled
(0), (1), (@) . By virtue of the Corollary to Lemma L4, the coordinates

(mi) of the remaining points of e (considered as points of o:.i ) can be

described in terms of the group induced by G on the points of ¢ ,
uniquely to within a field automorphism of GF(q) . After suitable choices
for the field automorphisms, each point of ¢ will have the same

coordinate (m) in all #»n - 2 coordinate systems.

Now the permutation group G* is generated by those transformations

¢ = ¢(C, a3, cees Q3 Cl, 6'2) such that ¢ acts in each oti as does the

(C, ai)-—homology mapping Cl to (., ; where (C, C,, C. are points on

2

¢, a; is a line #c¢ in a., aiAc=C’ does not depend on 7 ,

and C, C', Cl, 02 are distinct. Thus G* depends only on g &and n .
LEMMA 7. The pointwise stabilizer H of ¢ in G acts faithfully

ag a Frobenius group of order qzn'h(q—l) on the qgn_h colines of L
which do not meet ¢ .
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Proof. It suffices (Gleason [5], Lemma 1.7) to show that, for any

coline & which does not meet ¢ , the group gm has order g -1 and

fixes no other colines not meeting ¢ . By Lemmas 5 and 6 there is no loss

of generality in supposing that the planes o, are n - 2 planes in
PG(n-1, q) which all pass through a line ¢ in PG(n-1, q) and which
span PG(n-1, q) , and that the points and lines of L which lie in a;
are the points and lines of PG(n-1, ¢) which lie in ®; . The colines of
L not meeting ¢ may be thought of as (n—2)-tuples (33, ceey Bn) , each
Bi being a point in ai not on ¢ ; and the copoints of L not
containing ¢ may be thought of as (n-2)-tuples [b3, cees bn) s where
each bi is & 1ine # ¢ in a, and the bi's all meet ¢ in the same

point.

The proof of Lemma T now reduces to a simple exercise on the geometry
of PG(n-l, q) .

Proof of Theorem 2. We apply the preceding lemmas to complete the
proof of our theorem. From Lemma 7 and the corollary of Lemma 4 it follows
that

lel

=

|a]. |peL(2, q)|

¢ 3q41)(g-1)? .

Our method of proof is to show that the points and copoints of L and the
incidence (order) relation between them, can be described in terms of the
permutation group G* (of Lemma 6) and the n - 2 desarguesian projective

Planes o, ("joined together" along ¢ in the appropriate way).

The elements of gf which are induced by the homologies of L which
generate G may also be thought of as being induced by homologies of
PG(n-1, q) , when the planes a, are embedded in PG(n-1, q) , as
described in the proof of Lemms 7. Then G* is the group induced
(faithfully) on a U ... v by a certain subgroup G** of
PGL(n-1, q) .

To avoid confusion, we shall denote ai by a; and ¢ by c* when

considered as elements of PG(n-1, q) . Now the copoints of L which do
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30 vees bn) of

lines bi in az which all meet c* in the same point. With what shall

not contain ¢ may be identified with (n-2)-tuples (b

we associate the copoints of L which contain ¢ ?

Consider the subset S* of G* consisting of those transformations

¢ in G* which induce an elation ¢. in each a* and are such that the
= 1 1

¢;'s all have a common centre on e* and the common axis c* . (Some of

the ¢i's may be trivial.) For a given point C* on ce* there are at

-2

most qn - 1 non-trivial ¢ € $* with centre C(* , since the group

T(Cc*, e*) for any plane ag has order ¢q , and so

Is*| = (¢"2-1)(q+1) + 1 .
We shall later see that this inequality can be replaced by equality.

Let Cl be a point on ¢ , Z a copoint containing ¢ ; choose a
coline 2z < Z meeting ¢ in a point # C, ; and choose two copoints
X, ¥ with XAY=3 and Z#X, Y. Then H = <r(cl, X, r(cl, Y)»

acts faithfully and sharply 2-transitively on the ¢q copoints # 2
through 2z , and induces a group of order g -1 on the g -1 points
#C, , 2Ac of e¢ . The Frobenius kernel of i is F(Cl, Z) and so

2
|r(c’l’ Z]l = q .
Now let 02 be a point # Cl , 8@ANe on ¢ . The Frobenius kernel
of &, 2
z = (F(Cl, z), F(CZ’ z)) , which (by the geometry of the desarguesian

= <r(02, x), Tlc,, 1)) is F(ca’ Z) . We assert that

planes containing ¢ ) is clearly elementary abelian of order q2 N
consists entirely of elations with axis Z and centreon e . Trivially,

all elements of Z have axis Z . If ¢ € 2 induces ¢£ in o s then

by considering the subgroup of G** corresponding to Z we see that the

¢i's all have the same centre ¢ on ¢ . If b is a line # ¢ through

C and a=b vVve,then b=qa AV for some copoint V , and V meets

every a. in a line through ¢ . Since ¢ fixes all the lines o, AV,

it also fixes V and therefore fixes b =a AV . Thus ¢ has centre (.
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We have shown that if Z 1is a copoint of L containing ¢ then the

elations with axis Z and centre on ¢ form a subgroup Z of G having

order q2 . Obviously 2Z 1is a normal subgroup of G , and corresponds to

a normal subgroup Z* of G* contained in $* and having order q2 .
The same argument applied to PG(n-1, q) and G** shows that the

(qn-z—l](q-l)-l copoints of PG(n-1, q) containing e* give rise to

(qn—z—l)(q—l)-l "elation subgroups" (normal in G* ) of order q2

contained in g‘ . Since any two of these have trivial intersection,

n-2

Is*] = (" "-1)(qx1) + 1,

as was asserted earlier.

That these [qn_e-l)(q—l)“l subgroups include all of the subgroups 2

follows from the fact that S* contains no other normal subgroups of G*
having order q2 , which is easily verified by showing that each non-

trivial element of S* has at least q2 -1 conjugates in g* . We have
nov answered the question: with what shall we associate the copoints of L

which contain ¢ ?

In order to describe the points A of L not on ¢ , we consider the

on-h

Frobenius kernel K of the group H (see Lemma 7). Now |K| =g and

the orbit Aé clearly consists of the q2 points of 0 = ¢ VA not on

¢ , that is IA-K—I = q2 and so |£4| = q2n—6 . Tt follows that K, acts

transitively on the set of all colines of L which contain 4 but do not
meet ¢ . So the point A may be associated with a coline orbit of the

group A = & . Recall that colines (not meeting ¢ ) are easily described

in terms of a +evs & . The subgroup A* of G* corresponding to A

3 n

is the group generated by the elation subgroups corresponding to the

various copoints containing o = ¢ V 4 . Any subgroup of G* having order
q2n_6 wvhich is generated by elation subgroups corresponds to a plane in
PG(n-1, q) containing e* . The orbits of colines (not meeting e* )

under this subgroup correspond to the points (not on e* )} of that plane.

When the subgroup can be generated by elation subgroups which correspond to
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copoints of 1L , then the plane in PG(n-1, q) also corresponds to a plane
in L .
The description of the incidence relation between points and copoints

of L in terms of g* and a3, vees an is now obvious. TFor example, a

point A not on ¢ 1lies in a copoint 2 containing ¢ 1if and only if
the elation subgroup 2* 1is contained in A* . The point A lies in a

copoint Y = (b3, cees bn) not containing ¢ 1if and only if one of the

colines (B oesy Bn) in the orbit corresponding to 4 1is contained in

3’
Y ; that is Bi<b1l’ 1 =3, ceey 1 -

We have completed the proof of Theorem 2.

5. A characterization of finite projective spaces

Let L be a finite geometric lattice of rank n = 4 satisfying the
hypotheses (i) and (iZ) of Theorem 2. Then by Lemma 5 every coline of L
meets every plane containing ¢ . So, if x 1is a coline not meeting ¢ ,

then
lxl = the number of planes through e .
Now, in PG(n-1, q) , the number of planes through a line is

(qn-z—l] (q—l)-l . Consequently, we deduce from Theorem 2 the following
characterization of finite projective spaces PG(n-1, gq) with n-l = 3
and q = 3 .

/
THEOREM 3. Let L be a finite geometric lattice of rank n =k .,
Then L +is isomorphic to the lattice of a projective space PG(n-1, q)
with q =23 1if and only if

(1) there exists a line ¢ in L such that, whenever C 1is
a point on ¢ and x is a colinewith Ctx, L is
(€, X)-regular for some copoint X containing x but not
C;

(i1) every line of L contains at least four points; and
(iii) there exists a coline y in L such that y does not

meet ¢ and |y| = (qn_z-l)(q-l)"l , where q +1 = |e| .
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