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Abstract

In this paper, it is shown that every compact Hausdorff K-space has countable tightness. This result gives
a positive answer to a problem posed by Malykhin and Tironi [‘Weakly Fréchet–Urysohn and Pytkeev
spaces’, Topology Appl. 104 (2000), 181–190]. We show that a semitopological group G that is a K-space
is first countable if and only if G is of point-countable type. It is proved that if a topological group G
is a K-space and has a locally paracompact remainder in some Hausdorff compactification, then G is
metrisable.
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1. Introduction

All topological spaces considered in this paper are supposed to be Hausdorff. Recall
that a topological space is said to be a K-space [8] if for any subset A of X and any
point x ∈ X such that x ∈ A \ A, there exists a countable infinite disjoint (CID) family
F of compact subsets of A such that for every neighbourhood V of x the subfamily
{F ∈ F : F ∩ V = ∅} is finite. For convenience, we denote the relation of x and F
above by x(K)F .

The K-property is a generalisation of the wFU-property [8], where one substitutes
compact subsets in a CID family for finite subsets in a CID family. In [11], Wang and
He proved that a regular K-space X is a wFU-space if and only if the tightness of X is
countable.

In [8], Malykhin and Tironi posed the following question.

Problem 1.1. Must a compact K-space have countable tightness?

The answer is ‘yes’ in the category of topological groups (see [11]). Now we
answer this question completely by means of free sequences, where a sequence {xα :
0 ≤ α < κ} in a space X is a free sequence of length κ if for all β < κ, {xα : 0 ≤ α < β} ∩
{xα : α ≥ β} = ∅.
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We also investigate the K-property in the category of topological groups and the
category of semitopological groups. Recall that a semitopological group is a group
G endowed with a topology τ such that the product map is separately continuous. A
topological group is a group G endowed with a topology τ such that the product map
is jointly continuous and the inverse map is also continuous.

For other terms and symbols we refer to [4].

2. Main results

The following theorem gives a positive answer to Problem 1.1 posed by Malykhin
and Tironi [8, Question 6.4].

Theorem 2.1. Every compact K-space has countable tightness.

Proof. Suppose to the contrary that there exists a compact Hausdorff K-space X whose
tightness is not countable. Due to a famous result by Shapirovskii [10], the hereditary
π-character coincides with the tightness for every compact Hausdorff space Y , that is,
hπχ(Y) = t(Y). Then it follows that hπχ(X) = t(X) > ω. By [7, Theorem 7.10], if Y
is compact and hπχ(Y) > κ, then Y has a free sequence of length κ+. This implies
that X has a free sequence {xα : 0 ≤ α < ω1} of length ω1. Since X is compact, it
follows that the subset {xα : 0 ≤ α < ω1} has a complete accumulation point x ∈ X, that
is, each neighbourhood U of x in X contains a subset AU ⊂ {xα : 0 ≤ α < ω1} such
that |AU | ≥ ω1. The condition that {xα : 0 ≤ α < ω1} is a free sequence implies that
x ∈ {xα : 0 ≤ α < ω1} \ {xα : 0 ≤ α < ω1}.

Since X is a K-space, it follows that there is a CID family F = {Kn : n ∈ ω} of
compact subsets of {xα : 0 ≤ α < ω1} such that x(K)F . Clearly, x ∈

⋃
F . Since each

Kn is compact and {xα : 0 ≤ α < ω1} is discrete, it follows that Kn is finite for each
n ∈ ω. Hence

⋃
F is countable. Then there is a β < ω1 such that

⋃
F ⊂ {xα : 0 ≤

α < β}. Therefore it follows that x ∈ {xα : 0 ≤ α < β}. On the other hand, from the fact
that x is a complete accumulation point of {xα : 0 ≤ α < ω1} in X one can conclude that
x ∈ {xα : β ≤ α < ω1}. This is a contradiction since {xα : 0 ≤ α < ω1} is a free sequence.
Therefore, every compact Hausdorff K-space has countable tightness. �

Theorem 2.2. If there exists a closed continuous mapping f : X → Y of a K-space X
onto a space Y, then Y is a K-space.

Proof. Suppose that A ⊂ Y and y ∈ Y such that y ∈ A \ A. For each a ∈ A fix a
point xa ∈ f −1(a). Assume that B = {xa : a ∈ A}. Since f is closed, it follows that
f −1(y) ∩ B , ∅. Fix a point x from f −1(y) ∩ B. Then there is a CID family F of
compact subsets of B such that x(K)F . Put L = { f (F) : F ∈ F }. It is clear that L is
a CID family of compact subsets of A satisfying that y(K)L. Therefore, we conclude
that Y is a K-space. �

Corollary 2.3. Let G be a topological group and H be a locally compact subgroup
of G. If G is a K-space, then the quotient space G/H of all left cosets aH of H in G is
a K-space.
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Proof. Suppose that A ⊂ G/H and y ∈ G/H such that y ∈ A \ A. Since G/H is a
homogeneous space, we can assume that y is π(e), where π : G→ G/H is the quotient
mapping and e is the neutral element of G. By [1], there exists an open neighbourhood
U of e such that the restriction of π to U is a perfect mapping of U onto the subspace
π(U). Since U is a K-space, it follows from Theorem 2.2 that π(U) is a K-space.
Notice that π is an open mapping [3, Theorem 1.5.1]. It follows that π(U) is open in
G/H. Then the homogeneity of G/H guarantees that G/H is a K-space. �

Lemma 2.4. Suppose that K is a compact subset of a Hausdorff space X such that K
has a countable base {Un : n ∈ ω} of open neighbourhoods in X and s ∈ K. If K has a
countable π-base {Vn : n ∈ ω} at s, then X has countable π-character at s.

Proof. For each n ∈ ω fix a sequence {Oi
n : i ∈ ω} of open subsets of X such that

Oi
n ⊂ Ui ∩ (X \ (K \ Vn)) and Oi+1

n ⊂ Oi
n for each i ∈ ω. Put Kn =

⋂
i∈ω Oi

n for every
n ∈ ω. Clearly Kn ⊂ Vn. We claim that {Oi

n : i ∈ ω} is a π-base of X at Kn. Take an open
neighbourhood W of Kn in X. Then there is an Oi

n contained in W. Otherwise, take an
xi from Oi

n \W for each i ∈ ω. Since xi ∈ Ui, it follows that the subset {xi : i ∈ ω} has
a cluster x. Clearly x ∈

⋂
i∈ω Oi

n = Kn. This is a contradiction.
We show that the family {Oi

n : n, i ∈ ω} is a countable π-base of X at s. Take an open
neighbourhood O of s in X. Since {Vn : n ∈ ω} is a π-base of K at s, there is some
Vn contained in O. Since Kn ⊂ Vn, it follows that there exists an Oi

n contained in O.
Therefore X has countable π-character at s. �

Recall that a space X is of (point-) countable type if every (point) compact subspace
of X is contained in a compact subspace of X with countable character in X.

Theorem 2.5. A semitopological group G that is a K-space is first countable if and
only if G is of point-countable type.

Proof. Obviously, every first countable space is of point-countable type. So it is only
necessary to prove the ‘if’ part. Fix a point x of G. Then there is a compact subset F
of G such that x ∈ F and F has a countable base of open neighbourhoods in G. Since
F is a K-space, it follows from Theorem 2.1 that F has countable tightness. Thus the
π-character of F is countable [10]. By Lemma 2.1, G has a countable π-base at x.
Since G is homogeneous, it follows that G has countable π-character. According to
[3, Corollary 5.7.5], every semitopological group with countable π-character has a
Gδ-diagonal, so G has a Gδ-diagonal. This implies that F has a Gδ-diagonal. Since
each compact space with a Gδ-diagonal is metrisable [5, Theorem 2.13], it follows that
F is metrisable. Particularly, F is first countable. Notice that F has a countable base
of open neighbourhoods in G. It follows that G is first countable at x. �

Theorem 2.6. If G is a topological group that is a K-space and H is a locally compact
subgroup of G such that the quotient space G/H is first countable, then G is metrisable
and G/H is locally metrisable.
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Proof. Obviously, H is a K-space. Since H is locally compact, it is of countable type.
Then it follows from Theorem 2.3 that H is first countable. Taking into account that
G/H is first countable, one can conclude that G is first countable [3, Corollary 1.5.21].
Therefore, G is metrisable since it is a topological group. Let π : G → G/H be the
quotient mapping. Then there exists an open neighbourhood U of the neutral element
e such that the restriction of π to U is a perfect mapping of U onto the subspace π(U).
Since the image of a metrisable space under a perfect mapping is metrisable, it follows
that π(U) is metrisable. Since π(U) is an open subset of G/H, it follows that G/H is
locally metrisable. �

Theorem 2.7. Suppose that G is a semitopological group which is a paracompact p-
space. If G is a K-space, then G is metrisable.

Proof. Since each p-space is of countable type, it follows from Theorem 2.3 that G
is first countable. Therefore G has a Gδ-diagonal [3, Corollary 5.7.5]. Since every
paracompact p-space with a Gδ-diagonal is metrisable, so is G. �

Theorem 2.8. Let G be a topological group and bG be a Hausdorff compactification
of G such that the remainder Y = bG \G is locally paracompact. If G is a K-space,
then G is metrisable.

Proof. We consider two cases.

Case 1. G is locally compact. In this case we can conclude that G is a paracompact
p-space since G is a topological group [9]. By Theorem 2.5, G is metrisable.

Case 2. G is nonlocally compact. Then G is nowhere locally compact since it is
homogeneous. Thus Y is dense in bG. Since Y is regular and locally paracompact,
for each y ∈ Y one can take an open neighbourhood U of y in Y such that U

Y
is

paracompact. By [2], every remainder of a topological group in any compactification
is either Lindelöf or pseudocompact. We show that Y cannot be pseudocompact.
Suppose to the contrary that Y is pseudocompact. Then U

Y
is pseudocompact since

U
Y

is a regular closed subset of Y . Thus U
Y

is compact since it is also paracompact.
Then it follows that Y is locally compact. Therefore, Y is an open subset of bG since
Y is dense in bG. This implies that G is compact, which is a contradiction. Hence
Y is Lindelöf. According to a famous result due to Henriksen and Isbell [6] that a
Tychonoff space X is of countable type if and only if the remainder in any (or some)
Hausdorff compactification of X is Lindelöf, one can conclude that G is of countable
type. Notice that G is a topological group. Then it follows that G is a paracompact
p-space [9]. By Theorem 2.5, G is metrisable. �
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[8] V. I. Malykhin and G. Tironi, ‘Weakly Fréchet–Urysohn and Pytkeev spaces’, Topology Appl. 104
(2000), 181–190.

[9] B. A. Pasynkov, ‘Almost-metrizable topological groups’, Dokl. Akad. Nauk SSSR 161 (1965),
281–284.

[10] B. Shapirovskii, ‘On π-character and π-weight of compact Hausdorff spaces’, Soviet Math. Dokl.
16 (1975), 999–1003.

[11] H. F. Wang and W. He, ‘Notes on K-topological groups and homeomorphisms of topological
groups’, Bull. Aust. Math. Soc. 87 (2013), 493–450.

HANFENG WANG, Institute of Mathematics,
Nanjing Normal University, Nanjing 210046, China
and
Department of Mathematics, Shandong Agricultural University,
Taian 271018, China
e-mail: whfeng@sdau.edu.cn

WEI HE, Institute of Mathematics,
Nanjing Normal University, Nanjing 210046, China
e-mail: weihe@njnu.edu.cn

https://doi.org/10.1017/S0004972714000112 Published online by Cambridge University Press

mailto:whfeng@sdau.edu.cn
mailto:weihe@njnu.edu.cn
https://doi.org/10.1017/S0004972714000112

	Introduction
	Main results
	References

