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The Chen—Ruan Cohomology of
Weighted Projective Spaces

Yunfeng Jiang

Abstract. In this paper we study the Chen—Ruan cohomology ring of weighted projective spaces. Given
a weighted projective space Py ., we determine all of its twisted sectors and the corresponding
degree shifting numbers. The main result of this paper is that the obstruction bundle over any 3-multi-
sector is a direct sum of line bundles which we use to compute the orbifold cup product. Finally we

1 Introduction

The notion of Chen—Ruan orbifold cohomology has appeared in physics as a result
of studying the string theory on global quotient orbifold, (see [6,7]). In addition to
the usual cohomology of the global quotient, this space included the cohomology of
so-called twisted sectors. Zaslow [18] gave many examples of global quotients and
computed their orbifold cohomology spaces. But the real mathematical definition of
orbifold cohomology was given by Chen and Ruan [5] for arbitrary orbifolds. The
most interesting feature of this new cohomology theory, besides the generalization
of non global quotients, is the existence of a ring structure which was previously
missing. This ring structure is obtained from Chen—Ruan’s orbifold quantum coho-
mology construction by restricting to the class called ghost maps, the same as the
ordinary cup product may be obtained by quantum cup product. Since the Chen—
Ruan cohomology appeared, the problem of how to calculate the orbifold cohomol-
ogy ring has been considered by several authors.! Chen and Ruan gave several simple
examples. Park and Poddar [16] considered the Chen—Ruan cohomology ring of
the mirror quintic. In this paper we calculate the Chen—Ruan cohomology ring of
weighted projective spaces.

To achieve this goal, we take the weighted projective space as a simplicial toric
variety with local isotropy groups the finite cyclic groups. Using the properties of
toric varieties induced from the fans, we calculate the Chen—Ruan cohomology group
of any weighted projective space. To compute the Chen—Ruan cohomology ring of
the weighted projective space, we first prove that the obstruction bundle is the di-
rect sum of some line bundles; then we introduce the localization techniques which
should work for toric varieties to compute the 3-point function which is the key in
the orbifold cup product [5]. In particular, we give a concrete example.
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IRecently Borisov, Chen and Smith used the algebraic method to solve the orbifold Chow ring of all
simplicial toric varieties, see [3].
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On the other hand, a very interesting aspect of calculating the Chen—Ruan co-
homology ring of weighted projective spaces lies in a conjecture of Ruan. In string
theory, physicists suggest that the orbifold string theory of an orbifold should be
equivalent to the ordinary string theory of its crepant resolution. For the orbifold
cohomology, Ruan’s cohomology hyperkahler resolution conjecture (see [17]) states
that the Chen—Ruan cohomology ring of an orbifold should be isomorphic to the
ordinary cohomology ring of its hyperkahler resolution. I hope that my calculation
of the Chen—Ruan cohomology ring of the weighted projective space may contribute
to this interesting problem.

The paper is organized as follows. Section 2 is a review of some facts concerning
Chen—Ruan cohomology. In Section 3 we introduce the basic concept of the weighted
projective space. In Section 4 we discuss the Chen—Ruan cohomology group of any
weighted projective space. And in the Section 5 we compute the ring structure of the
Chen—Ruan cohomology of the weighted projective space.

2 Preliminaries on Chen-Ruan Cohomology
2.1 Orbifold and Orbifold Vector Bundle

Definition 2.1.1 An orbifold structure on a Hausdorff, separable topological space
X is given by an open cover U of X satisfying the following conditions.

(i) Eachelement U in U is uniformized, say by (V, G, 7). Namely, V is a smooth
manifold and G is a finite group acting smoothly on V such that U = V /G with 7 as
the quotient map. Let Ker(G) be the subgroup of G acting trivially on V.

(i) For U’ C U, there is a collection of injections (V',G',7") — (V,G, 7).
Namely, the inclusion i: U’ C U can be lifted to maps i: V' — Vandan injective
homomorphismi,: G’ — G such that i, is an isomorphism from Ker(G’) to Ker(G)
and i is i, -equivariant.

(iii) For any point x € U; N Uy, Uy, U, € U, there is a U; € U such that
X € U3 C U1 N U2.

For any point x € X, suppose that (V, G, 7) is a uniformizing neighborhood and
X € 7 !(x). Let G be the stabilizer of G at X. Up to conjugation, it is independent of
the choice of X and is called the local group of x. Then there exists a sufficiently small
neighborhood V, of ¥ such that (V,, G, 7,) uniformizes a small neighborhood of
x, where T, is the restriction 7|V, and (V,, Gy, ;) is called a local chart at x. The
orbifold structure is called reduced if the action of G, is effective for every x.

Let pr: E — X be a rank k complex orbifold bundle over an orbifold X [5]. Then a
uniformizing system for E | U = pr~!(U) over a uniformized subset U of X consists
of the following data:

* A uniformizing system (V, G, 7) of U.
* A uniformizing system (V x CX, G, 7) for E | U. The action of Gon V x Ckis
an extension of the action of Gon V given by g - (x,v) = (g - x, p(x, g)v) where

p:V x G — Aut(C¥) is a smooth map satisfying:

p(g ! x,h) Op(xvg) = P(x, hg)agvh €GxeV.
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e The natural projection map pr: V x Ck — V satisfies m o pr = pro 7.

By an orbifold connection A on E, we mean an equivariant connection that satis-
fies A = g~ A g for every uniformizing system of E. Such a connection can always
be obtained by averaging an equivariant partition of unity.

2.2 Twisted Sectors and Chen-Ruan Cohomology

The most physical idea is twisted sectors. Let X be an orbifold. Consider the set of
pairs: B
Xe ={(p,(®s,) | PEX,g=(g1,--,8):8 € Gp},

where (g)g, is the conjugacy class of k-tuple g = (g1,...,8) in G,. We use Gk to
denote the set of k-tuples. If there is no confusion, we will omit the subscript G, to
simplify the notation. Suppose that X has an orbifold structure U with uniformiz-
ing systems (U Gy, my). From Chen and Ruan [5], see also [12], we have Xy is
naturally an orbifold with the generalized orbifold structure at (p, (g)g,) given by
(V8,C(g),m: VE — V§/C(g)), where VE = V3'N---NV5 and C(g) = C(g1)N -~

(gk) Hereg = (g1,...,8) and Vj stands for the fixed point set of g in V. When
X is almost complex, Xj inherits an almost complex structure from X, and when X is
closed, )N(k is finite disjoint union of closed orbifolds.

Now we describe the connected components of Xj. Recall that every point p
has a local chart (V,, Gy, 7,) which gives a local uniformized neighborhood U, =
7rp(Vp) Ifq € Up, up to conJugatlon there is a unique injective homomorphism

: G, — Gp. Forg € (G, ), the conjugation class i,(g)q is well defined. We define
an equwalence relation i, (g), = (g),. Let Ty denote the set of equivalence classes. To
abuse the notation, we use (g) to denote the equivalence class which (g), belongs to.
We will usually denote an element of T by (g). It is clear that X can be decomposed
as a disjoint union of connected components

|_| Xg)

(8) €Tk

where X = {(p,(g"),) | g € (Gp)*,(g)), € (g)}. Note that forg = (1,...,1),
we have X(g) = X. A component Xy is called a k-multisector, if g is not the identity.
A component of X, is simply called a twisted sector. If X has an almost complex,
complex or kahler structure, then X(g) has the analogous structure induced from X.
We define
={(8) = (81,8.8) € T5 | 818285 = 1}.

Note that there is a one-to-one correspondence between T, and TJ given by
(g,8) — (8.2, (@g) ™).

Now we define the Chen—Ruan cohomology. Assume that X is an n-dimensional
compact almost complex orbifold with almost structure J. Then for a point p with
nontrivial group G,, J gives rise to an effective representation p,: G, — GL(#n, C).
For any g € G, we write p,(g), up to conjugation, as a diagonal matrix

Sty g

my g
. 27— 271 .
diag(e™™ ™ ,... ¢ ™ diagr).
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where my, is the order of g in G, and 0 < m; ¢ < my,. Define a function ¢: X; —»Q
by

1P (g)p) = D oL

i=1 8

We see that the function ¢: X; — Q is locally constant and ¢ = 0 if g = 1. Denote
its value on X, by (). We call 1(y) the degree shifting number of X,). It has the
following properties:

* Ly is an integer if and only if p,(g) € SL(n, C);

* L t g1y = rank(p,(g) — Id) = n — dimc X(y).

Definition 2.2.1 ([5]) Let X be a closed complex orbifold, we define the orbifold
cohomology group of X by

Hy (X, Q) == @) H™9(X(p), Q).

(9)eT:

2.3 The Obstruction Bundle

Choose (g)= (g1,8,9) € T5. Let (p, (g)p) be a generic point in X(g). Let K(g) be
the subgroup of G, generated by g; and g,. Consider an orbifold Riemann sphere
with three orbifold points (S, (p1, pa, p3), (ki, k2, k3)). When there is no confusion,
we will simply denote it by S?. The orbifold fundamental group is

mO(82) = (A1, A, As | AF = 1A 0 = 1},

where ); is represented by a loop around the marked p;. There is a surjective homo-
morphism p: 7™ (8?) — K(g) specified by mapping \; — g;. Ker(p) is a finite-index
subgroup of Wf’h (8?). Let C be the orbifold universal cover of $2. Let C = C / Ker(p).
Then C is smooth and compact, and C/K(g) = S*. The genus of C can be com-
puted using the Riemann—-Hurwitz formula for Euler characteristics of a branched

covering, and turns out to be

3
K
@ 20 =5 (2+ k@] - Y 5EL).
i=1 !

Since K(g) acts holomorphically on C, K(g) acts on H'(C,Oc). The “obstruction
bundle” E(g) over X(g is constructed as follows. On the local chart (V§,C(g), ) of
X(g)» Eg) is given by (TV,@H"(C, 0¢))X® x V& — V3§, where (TV,®H'(C, O¢))X®
is the K(g)-invariant subspace. We define an action of C(g) on TV, ® HY(C,0O¢),
which is the usual one on TV, and trivial on H'(C,Oc¢). The actions of C(g) and
K(g) commute, and (TV, @ H 1(C, O¢))X® is invariant under C(g). Thus we have
obtained an action of C(g) on (TV, ® H'(C,0c))X® x V§ — V&, extending the
usual one on V5. These trivializations fit together to define the bundle Eg) over Xq).
If we set e: X(g) — X to be the map given by (p, (g),) — p, one may think of E as
(e*TX ® H'(C,Oc))X®. The rank of E) is given by the formula (see [5])

(2.2) rankC(E(g)) = dimc(X(g)) — dlmc(X) + E’;’-Zlb(gj).
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2.4 Orbifold Cup Product
First, there is a natural map I: X(;) — X(,-1) defined by (p, (g),) — (p, (€ "))

Definition 2.4.1 Let n = dim¢(X). For any integer 0 < n < 2#, the pairing

(oms HEp(X) x H4(X) — Q

orb

is defined by taking the direct sum of
(oo HY 20 (Xgs Q) X HM 700 (X 15Q) = Q,

where
orb

(g) — I*
<aaﬂ>0rb /X a A (6)

)
for v € HY20 (X(g);Q), and 8 € H" 7261 (X(g-1; Q).

Choose an orbifold connection A on Eg). Let e5(E(g)) be the Euler form computed
from the connection A by Chen-Weil theory. Let n; € H% (X(g;);Q), for j = 1,2,3.
Define maps e;: X(g) — X(g,) by (p, (8),) — (P, (gj)p)-

Definition 2.4.2 Define the 3-point function to be
orb

(2.3) (M1, M2 M3 ) orb 1= / erm Aesm Aesns Aea(Eg).
Xig)

Note that the above integral does not depend on the choice of A. As in Definition

2.4.1, we extend the 3-point function to H}, (X) by linearity. We define the orbifold
cup product by the relation

(2.4) (M Uorb 725 M3)orb 2= (M1, M2, 13) orb

Again we extend U, to HYy (X) via linearity. Note that if (g) = (1,1,1), then

M Uorb 72 18 just the ordinary cup product n; U 7, in H*(X).

3 The Weighted Projective Spaces
3.1 The Orbifold Structure of the Weighted Projective Space

Definition 3.1.1 ([10]) Let Q = (qo, - . -, q.) be an (n+1)-tuple of positive integers.
The weighted projective space of type Q, P(Q) = Py . is defined by

P(Q ={z€(C™)" |z~ Ag -2z C}

where A(q) = diag(A%, ... 6 \).
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Remark 3.1.2 The above C*-action is free if and only if g, = 1 fori = 0,...,n. If
ged(qo; - - -, qs) = d # 1, then P
tion of A? with \).

seesfn o/ Gy

Weighted projective spaces are, in general, orbifolds where the singularities have
cyclic structure groups acting diagonally. Moreover, if all the g;’s are mutually prime,
all these orbifold singularities are isolated. In fact, as is usually done for complex
projective spaces, we can consider the sets

U; ={lz]lq € P(Q) : z; # 0} C P(Q)
and the bijective maps ¢; from U; to C" /1, (Q;) given by

2y Z; Z,

¢1([Z]Q): (W7.'.7Z7.'.’W)q,7

where (z;)Y/% is a gi-root of z; and (- )y, is @ f1g,-orbit in C" /14, (Q;) with p,, acting
on C"by £ -z = §(Qi)z, § € py,. Here Qi = (qo,---,4i,---,qn) and (Q;) =
diag(¢®, ..., €),

3.2 Toric Structure of the Weighted Projective Spaces
Given Q = (qo,...,q,) € Z"", define a grading of C[Xy, ..., X,] by degX; = g;.

projective space of type Q, and P(Q) is covered 'by the affine open sets D, (X;) :=
specS(Q)x;, (i =0, ..., n). The monic monomials of S(Q)x, are of type XfZHj#iX;-\j,
where lg; = ¥ 4;A;q; and I, \; are non-negative integers. So each such monomial is
uniquely determined by the n-tuple (Ao, ..., Ai—1, Ai41, - - ., Ay) of its non-negative
exponents. The exponents occurring are just the points lying in the intersection of
the cone e := pos{ey, ..., e,} and the lattice No 4, € Z" that is defined as follows.
Consider Q; = (qo, - - -, 4§i, - - -, qn) as an element of Hpm,(Z", Z) by setting

Qi(ar, ..., a,) := qoay + - - + quay,

where Z" is equipped with its canonical basis. Let ;: Z — Z,, denote the canonical
projection. Then N4, := Ker(m; o Q;) is a sublattice of Z". Denote by Mg, the dual
lattice. We have an isomorphism of semigroup rings

S(Q)x;) = CleN Nggl,
revealing D, (X;) to be the affine toric variety associated with & with respect to Mg ;.
Proposition 3.2.1 ([4]) Let C; = (c’i, ey c;) be a basis of Nq 4., and denote by
..., 1, the row vectors of C;. Let o; := pos{ri,...,r.}. Then there is an isomor-

phism of semigroups
FiNZ" ~eNNqyg,.
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From the above proposition we see that the weighted projective space P(Q) is a
toric variety. From Fulton [9], we construct the fan ¥ of P(Q) as follows. Let the fan
3 be generated by vectors {vy, ..., v, } so that govo + q1v1 + - - - + g,v, = 0. Then the
toric variety Xy is the weighted projective space P(Q).

Remark 3.2.2
(i) Conrad [4] gives a method to compute the lattice vectors {vy, ..., v,} such
that they generate a fan 3 for the weighted projective space P(Q);
(i) Ifged(qo,.-.,qn) = d # 1, we see that Py o and P;’O/d

an an/d have the same
fans, so they are homeomorphic.

seeey

4 The Chen-Ruan Cohomology Groups of Weighted
Projective Spaces

4.1 The Ordinary Cohomology Groups of Weighted Projective Spaces

Let Q = (qo, - - -, qun)> gcd(qo, - - -, qs) = 1 and P(Q) be the weighted projective space
of type Q. The ordinary cohomology group of P(Q) has already been studied by
several authors, see [1,11]. Here we only give the results.

Theorem 4.1.1 Let Q = (qo, . ..,qs) and P(Q) be the weighted projective space of
type Q. Then the cohomology group of P(Q) with rational coefficient is

Q ifi=2r0<r<mn,

H(P(Q,Q = {0 ifiisoddori > 2n.

4.2 Orbiford Structure from Toric Varieties

Let P(Q) be the weighted projective space of type Q. And let {vy, ..., v,} be the one
dimensional generators of the fan 3 of P(Q). We have the following proposition.

Proposition 4.2.1  P(Q) has the orbifold structure given by the following atlas.
{Us;, Goyy o) s ok = (Vo5 o ooy iy V) k=10, m}
In particular, G, = Z,, is the cyclic group of order qy.

Proof Because the fan ¥ of toric variety P(Q) is generated by {vy, ..., v,}, we have
all n + 1 of the n-dimensional cones oy, . . ., 0,. From Poddar [15], we see that

{Us;, Goyy T0) s 0k = (Vo5 oo+, iy V) k=0, m}

forms the orbifold structure of P(Q). Now we prove that for any oy, G5, = Z,,. Since
we have G,, = N/N,,, let mp: Z — Z,, be the standard projection. Define the map
Qx: Z" — Zsuch that Qx(ay, . ..,a,) = qoay +- -+ quan, Qc = (qoy - - - s Gy - - -y Gn)-
Then we let Ng 4, := Ker(m o Qx). From Proposition 3.2.1, No 4 = Ns,. Because
3 is simplicial, from the construction [9] of the toric variety we have N, = Nj,, so
Nok = No,. Thus we have: G,, = N/N,, = Z"/Nq 4, = Z,. [ |
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Remark 4.2.2  From the proposition above, U,y = C", so Uy, = U,/ /Gy, =
C"/Z,,, and the action of Z,, is the diagonal action. Its matrix representation can
be computed from Poddar’s method [15] which we will use in the following sections.

4.3 Twisted Sectors of Weighted Projective Spaces and Degree Shifting Numbers

The toric variety P(Q) has orbit decomposition P(Q) = | | .y O;. From Proposi-

TEX
tion 4.2.1, if ¢ € X is an n-dimensional cone, suppose o = (vy, ..., V,—1), then
G, = Z,,. We also know that G, = {k, = Ef’golaiv,» :k, € Nya; € [0,1)}. If
7= (vo,...,vi—1)isafaceof o, then G, = {g, € G, : q; =0if j+ 1 <i < n},ie,

Gr =1k, = E;;iajvj : ks € N,aj € [0,1)}. Furthermore, G; can be taken as the
local group of the points in O;.

Proposition 4.3.1 Let 7 = (vy,...,v,—1) be a cone of . Then we have G, =
Z;, where d = gcd(qi,...,q,). In particular, (qi,...,q,) is the maximal subset of
(qos - - - qn) whose gcd is d if and only if the dimension of the fixed point set of Z; is
n—i.

Proof Since G; is a subgroup of G, foreachi < k < n, |G, | divides d. It remains to
show that G, has an element of order d. Let u = Z’j;(l)(q,»/d mod 1)vj; thenu € G-,
since Z?:o gjvj = 0. Now suppose u has order m. Then d divides m(q; mod d) for
each0 < j <i—1. Henced divides m-gcd{qo, - . ., qi—1}. Since gcd{qo, ..., qu} = 1,
d and ged{qo, . . ., gi—1 } have no common factor. Thus d divides m. But m < d. So
m = dand u € G, is an element of order d. 2

Suppose (g, . - ., g,) is a maximal subset of (qo, . . . , q,) that satisfies the condition
gcd(gi, - - ., qn) = d, while the dimension of the fixed point set of Z; is not n — i. Let
s = ag¥Vo + - - - + a;_1vi—; be a generator of G; = Z,;. Because the dimension of O,
is n — i, we must have a; = 0 for some s < i — 1. Ifwelet p = (vg, ..., V..., Viz1),
then G, = Z,, and from the first part of the proposition, d = gcd(qs, qi, .. ., 4n)>
contradicting the maximality of (q;, . . ., gn)-

Conversely, suppose the dimension of the fixed point set of Z; is n — i, i.e., the
dimension of the orbit O,. If we have a subset strictly bigger than (g, ..., gq,) with
ged d, say (g5, gi, - - -, 4,) Without loss of generality, then let

0= (Vo vy Vo1, Vosls oo o5 Vie1)-
From the first part of the theorem we have
Gs =Zs={ki=aovo+ - +a v +auiVen + - +ai_vio1a; € [0, 1)}

We see that the dimension of the fixed point set of Z; exceeds n—i+1, a contradiction.
|

Now we discuss the twisted sectors of the weighted projective space P(Q). From
the theorem of Poddar[15] for the twisted sectors of general toric varieties, we have
the following.

2This proof was suggested by a referee.
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Theorem 4.3.2 ([15]) A twisted sector of a weighted projective space is isomorphic to
a subvariety O, of Xy = P(Q) for some T € X. There is a one-to-one correspondence
between the set of twisted sectors of the type O, and the set of integral vectors in the
interior of T which are linear combinations of the 1-dimensional generators of T with
coefficients in (0, 1).

Proposition 4.3.3  Given a weighted projective space P(Q) of type Q = (qo, - - - , qn)-

Let ¥ = {vy,...,v,} be the fan of P(Q). If T = (vy,...,v,—1) is a cone in %, then O;
is the weighted projective space P(Q), where Q: = (qi, . .., qn)-

Proof From Fulton[9], O, is a toric variety and the fan Star(7) can be described as
follows. Let N, be the sublattice of N generated by 7 € N, and let N(7) = N/N,,
M(7) = 71 N M be the quotient lattice and the dual. The star of a cone 7 can be
defined abstractly as the set of cones ¢ in X that contain 7 as a face. Such cones o are
determined by their images in N(7), i.e., by

7 = (0 + (N;)r)/(N;)r C Nr/(N;)r = N(T)x.

These cones {7 : 7 < o} form a fan in N(7), and we denote this fan by Star(7).
The corresponding toric variety is n — k-dimensional. For the toric variety P(Q), let
Vi, ..., V, be the images of v, . . ., v, in the quotient lattice N(7). Since qovo + - - - +
qnvs = 0in N, we have q;7; + - - - + q,¥, = 0 in the quotient lattice N(7). So from
the definition of weighted projective space, we conclude that the toric variety cor-
responding to the fan Star(7) in the quotient lattice N(7) is the weighted projective
space P(Q;), where Q. = (gi, ..., qu)- [ |

Remark 4.3.4 The gcd of (q;, . . ., gn) need not necessarily be 1. In general, if d =
gcd(qi, - - -, qu), then P(Q;) is a nonreduced orbifold, and it has a corresponding
reduced orbifold P(Q/), where Q. = (q;/d, . .., q,/d).

Theorem 4.3.5 If 7 = (vo,...,vi—1) is a cone in X, then O, = P(Q,), where
Q. = (qi,...,qn). Let gcd(qi,...,q,) = d. Then O, = P(Q,) is a twisted sector
if and only if (qi, . . ., qn) is the maximal subset of (qo, . .., q,) that satisfies the condi-
tion gcd(qi, . .., qn) = d.
Proof If O- is a twisted sector, then suppose O, = X(o,), where g, = Z'j;(l)
generator of G, = Z;. If we have qi ¢ (q;,...,q,) with gcd(qx, gi, - - -, gn) = d, let
0 = (Vo,- -+, Vk; - .-, vi—1). Then by Proposition 4.3.1, G5 = Z,. Therefore G, = Gs
and g, € G;. However from Poddar [15], G5 = {E’];(l)ajvj 1 j # k,aj € [0,1)}.
Hence the coefficient a; in g, must be zero. Then by Theorem 4.3.2, O, cannot be a
twisted sector, which is a contradiction.

Suppose (gi, - - - , g) is the maximal subset of (qo, . . ., q,) whose gcd is d. Let T =
(vo, - .., vi—1). Then by Proposition 4.3.1, the fixed point set of G, has dimension

n — i. Therefore, all coefficients a; in a generator g, = Z’];(l) a;v; of G; must be

ajvj 1S a

positive. Hence by Theorem 4.3.2, O, is a twisted sector. |
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Remark 4.3.6  From the above analysis, if 7 = (vy,...,v;—1) is a cone in X, we
describe the orbifold structure of twisted sector X(,,) = O; as follows. In the points of
O, the local group is Z;, d = ged(q;, - - ., qn), and C(g,) = Zj acts trivially. If § > 7
is a cone, then O5 C O, and the local group at a point y € Oy is the cyclic group Z,,
where § = (Vo, ..+, Vi1, Vs -« oy ¥) and £ = ged(Giy e oy Gryy - oo s Qras -« - 5 Gn)-

The degree shifting numbers can be computed easily. For instance, let X(,,) = O
be a twisted sector, and 7 = (vy, ..., v;—1). We can write g, as

i—1
&= Zajvj,aj € (0,1).
=0

The degree shifting number ¢(g,) of Xg,) is
i—1
Ug) = Z aj-.
=0

4.4 The Chen-Ruan Cohomology Groups of Weighted Projective Spaces

Based on Theorem 4.3.5, we can write the Chen—Ruan cohomology group of P(Q) as
follows.

Theorem 4.4.1  We write the orbifold cohomology group of P(Q) as

HD (P(QsQ = P H' (0, 2 PQt

ceX,leQ teo;

where o] = {Zv,ca a;v; € N:a; € (0,1), ZV,CU a; = 1}, and p is a rational number
in [0, n].

4.5 Example

For Q = (2,3,4),P(Q) = P%.3.4) and we have qo = 2, q; = 3, ¢, = 4. From Conrads
[4], we compute the generatdrs of the fan ¥: vy = (=3, —2),v; = (2,0),v, = (0, 1).
For oy = (vo,v1) = ((—3,-2),(2,0)), we have G,, = N/N,, = Z4. We use 3-tuples
ga = (ag,a1,ay) to represent the action of the element g, € G,,. For example,

o, = (%, i, 0) represents the matrix

1
627r1~ 3 0
0 eZﬂ‘i-i :

So Z, is generated by g,, and the action on U,; = C? is through the corresponding
matrix. For the later examples, we always use the n-tuple to represent the group
elements.
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For g1 = (VO)VZ) = ((_3a_2)3(071))) G(T] = Z3' We haVe gal = (%7052))
&, =(5,0,3),8, =1(0,0,0) =1
For oo = (vi,v) = ((2,0),(0,1)), G,, = Z,, we have the generator g,, =

(0’ 2 ) 0)
Then we have the twisted sectors: p; = [0, 1,0], p, = [0,0,1], Xg,,) = X(ggz) =
P2, U, = 2 W) = 2 Xg.) 2) and X(g, ) are the same twisted sector P(2,0, 4), and
1. — _
U = Ua) = 3 XK@ = Xi@2) = P1s g, = Ugz,) = 1. S0

H?,(P(Q); Q) = HP(P(Q);Q) & H = ({p,1;Q) @ H' " ({p,};Q)
@ H' %) (P(2,0,4);Q) @ 2H 2 ({p, 1;Q)

We compute the orbifold cohomology group of P(Q) as

HJ,(P(Q1Q) =Q, H,,(P(Q);Q) =Q,
H2(P(Q;Q =Q, HW(P(Q;Q =QeQeQ, HI(P(QsQ) =Q,
H},(P(QsQ) =Q, H.,(P(Q;Q) =Q.

All the other dimensions of the Chen—Ruan cohomology groups are zero.

5 The Chen-Ruan Cohomology Ring of Weighted Projective Spaces
5.1 The Ordinary Cohomology Ring of Weighted Projective Spaces

In this section we recall the ordinary cohomology ring of the weighted projective
space. The readers may refer to [1]. Let Q = (qo, - - ., q,) and P(Q) = Pl o be the
weighted projective space of type Q. Let P” be the n-dimensional complex projective
space. Asin [1], let ¢: P" — P(Q) be the map taking [xy, - . xn] to [x{, ... xl].
Take k € {0, ...,n}, and consider I = {ip,...,ix} with0 < iy < --- < i} < n. Put
I =0y q) = iy - - - 9/ 8¢d(Gig s - - - » i )> and let

Ik = Ik(qoy- - qn) =lem{[|I C {0,...,n},|I| = k+1}.
Theorem 5.1.1 ([1]) Foreach k,0 < k < n, there exists a unique 3, € H*(P(Q); Q)

such that ©*(3) = LBY and {1,3,...,"} is a Q-basis of the free abelian group
H*(P(Q); Q). In other words there are commutative diagrams:

5

%)
H*(P(Q);Q) — H*(P;Q)

- Q
I
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So we can make precise the multiplicative structure of the cohomology H**(P(Q); Q).
Since ¢*: H*(P(Q); Q) — H*(P"; Q) is a ring homomorphism,

ei{i coifi+ 'Sn,
&'5]‘:{ 75 !

0 if not,

where e;; = Iil;/liyj,1 <i,j<n.

5.2 Three-Multisectors

In this section for a 3-multisector Xg, we suppose that g = (g1, £, ¢3) € T5.

Theorem 5.2.1 ([16]) If11[1] U 1 [1] generates an element of X2, then for every pair
&, € G(m) NInt(n), 8, € G(72) N Int(7,), we have a unique 3-multisector X(g),
which is analytically isomorphic to O, N O,,. As we vary over Ty, T,, we obtain all the
3-multisectors.

Since the fan ¥ = {v,,...,v,} of P(Q) for Q = (qo, . . .,qn) has n + 1 primitive
1-dimensional generators. If 77 and 7, are two cones of ¥ and the cardinality of
71[1] U 7[1] is less than #n + 1, then we have that 71[1] U 7,[1] forms an element
7 =71 [1] Un[1] of &, so O,, N O,, is a 3-multisector of P(Q). Moreover, we can
prove the 3-multisectors of P(Q) are actually twisted sectors.

Theorem 5.2.2  Let X = P(Q). Suppose X(q,) and Xg,) are two twisted sectors of X
corresponding to the cones T and T,, respectively, i.e., X(q) = O7,X(g,) = Or,. Then
Xig) = X(g .(012)-1) = On, N Oy, is still a twisted sector.

Proof _First, if m C 7, then from Theorem 5.2.1, 71[1] U 7»[1] generates 75, so
Xig) = Or, = X(g)- _

Ile[l] n Tz[l] =, let 7 = (Tl[l] U Tz[l]) ThenX(g) = X(glﬁgz,(glgz)’l) = OT.
Since G; = {}_, -, aivi | a;i € [0,1) }, we can always find an element g € G, such
thatg = > — aw; foralla; # 0. If wetake g1 = >, . aivi(a; # 0) and & =
Zvicﬁ a;vi(a; # 0), and let g = g4, then from Theorem 4.3.2, X(g) = 0, = X(g)-

If 71 and 7, do not satisfy the above two types of conditions, without loss of gen-
erality, we suppose

1= (Voy o, V), T2 = Vo, oo o, Vjy Vet ooy Vi), ] <5 < E < 1.

Thenlet 7 = 7 [1]Un[1] = (vo,...,Vj, ..., Vs, Vst1, - . ., V). We know from Propo-
sition 4.3.3 that O, = P(Q;), where Q. = (0,...,0,gs+1,...,9,). While O, =
P(Q:), where Q; = (0,...,0,4s+1,-- -9t Gi+15 - - - . qn)> We have O, = P(Q,),
where Q, = (0,...,0,gj41,--.,45,0,...,0,qr41,...,qu). Let

(5.1) dy = ged(gsn,..q,), d2 = ged(gjsns -, G5y Gee1s - -5 Gn)-

So from Theorem 4.3.5, (qs41,- . -,4,) and (gj11, ..., 45, Gi41, - - -, qn) are the maxi-
mal subsets of (qo,...,q,) that satisfy the condition (5.1). We conclude that
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gcd(gr1, - - -, qn) > lem(dy, d) and that (g4, - . . , q,) must be the rriaximal subset
of (qo, - - -, qn) that satisfies this condition. So from Theorem 4.3.5, O; is a twisted
sector. [ ]

Remark 5.2.3 From the above theorem, every 3-multisector of weighted projective
space P(Q) is actually a twisted sector, so we can refer to Remark 4.3.6 to describe the
orbifold structure of the 3-multisectors.

5.3 The Chen-Ruan Cohomology Ring of Weighted Projective Spaces

In this section we discuss the key point of computing the ring structure of Chen—
Ruan cohomology of weighted projective space P(Q). The most important part for
the orbifold cup product is the obstruction bundle which was constructed in Sec-
tion 2.3.

Let X(g) be a 3-multisector of X = P(Q), g = (g1, %,8) € T3. Let Eg) — X(g) be
the obstruction bundle defined in Section 2.3.

Proposition 5.3.1 Let o € H}, (X();Q), 8 € Hyy (X(g)5 Q) ifZ?:1 Lg) > 1
then o Ugp, 8 = 0.

Proof From (2.2), we have Z?:lb(gj) —n = rankc(E(g)) —dime(X(g)). IfX:?Z1 Ug) >
1, then rankc(Eg)) > dimc(X(g)), so the integral (2.3) is zero, oo Ugr, 3 = 0. |

Now in the next three sections we concretely discuss how to compute the 3-point
function defined in (2.3).

5.4 A Simple Case: q, ..., q, Mutually Prime

Let Q = (qo, - - -, qn), where the g;’s are mutually prime. Let P(Q) be the weighted
projective space of type Q. Then the orbifold singularities are the n + 1 isolated
points: p; = [0,...,4,...0] (i = 0,1,...,n) with local orbifold groups Z,, (i =
0,1,...,n). If welet co,...,c, be the generators of Z,, ..., Z, , respectively, then
we have gy — 1 twisted sectors isomorphic to X(,) = po,...,qn — 1 twisted sectors
isomorphic to X(.,) = p,. And we can also see that the 3-sectors are all isolated
points.

If we have o € H*(X(,); Q) and 8 € H*(X(g,); Q), then Xy, o, (¢100-1) = {pt} if
and only if g, g» belong to some Z,, (i = 0, 1,...,n). Without loss of generality, we
assume g1, g € Z,,. Then from the formula [5, (4.1.7)],

(5.2) aUorh =Y (@ Uorb Bt )
(h1,hy)
hi€(gi)
where
(53) ({0 Uomb By Vorb = / GaneB ey AeEg),
Xihy )
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e;: X(g) — X(g) is the map mentioned above, and Eg) is the obstruction bundle over
X(g). From formula (2.2), the dimension of the bundle E(4) is

dim(e(Eg))) = 2(1(g) + L(g) + L(gy)) — 21

Because X(g) is a point, the integral (5.3) is nonzero if and only if o« € H’(X4,); Q),
B € H'(X(,3Q), v € H(X(g,);Q), and dim(e(E(g))) = 0. At this moment, ¢(y,) +
Ug) * L(g) = 1. Suppose o and (3 are the generators of H(X(,,); Q) and H’(X(y,); Q)
respectively. Let y be the generator of H(X(y,); Q). Then the integral (5.3) is

* * * 1
<(Oé Uorb ﬂ)(gl,gz)7'y>orb = ela/\ezﬁ/\e3’y = %

@ {pt}
If we let & be the generator of H(X(4,¢,); Q), then
<577>orb=/ 5/\1*7=i-
Xigy2) 9o
So we have
(5.4) a U, B = 0.

Example 5.4.1 For Q = (2,3,5), P(Q) = P555, wehave qo = 2,4, = 3,4, = 5.
From Conrads [4], we compute that the fan of P(Q) is generated by vy = (-3, —4),
vi = (2,1), v2 = (0,1). For o = (vo,n1) = ((—=3,—4),(2,1)), we have G,, =
N/N,, = Zs. We write the generator g,, = (1, #,0) of Zs as a 3-tuple as in Example

4.5,
For oy = ((—3,—4),(0,1)), we have G,, = Zs;. We have the generator g,, =
1.0, %)
3093
For oy = (v1,v2) = ((2,1),(0,1)), we have G,, = Z, and the generator g,, =
0,3,3)-

Then we have the twisted sectors py = [1,0,0], p; = [0,1,0],p, = [0,0,1],
Xig,) = Xig2) = Xig) = Xgt) = Po» Xg,,) = X(2) = p1rand Xg, ) = p3. Then
Lo Tlgh =20 Ly tig) =2
Ug) T lg) T lg) =2, Lt bgh = 2, g T lg) = 2
Let av1, 3, @3, g be the generators of H(X(g, )3 Q), HO(X(ggz); Q), HO(X(ggz); Q),
H° (X(ggz); Q), respectively. Then let 31, 3, be the generators of
HO(X(gal);Q) and HO(X(g(%]);Q)a

and let v be the generators of HO(X(g”O);Q). We also let ey be the generator of

H°(P(Q); Q). So from the above discussion in Section 5.4. and the formula (5.4),
we have

ay Uoh g = €9, 2 Uorh 03 = €,

B1 Uors B1 = B2, B Uorb B2 = e,
Y Uorb ¥ = €o-
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5.5 The Obstruction Bundle

In this section we determine the obstruction bundle over any 3-multisector. Let
Eg — X(g) be the obstruction bundle over the 3-multisector X constructed in Sec-
tion 2.3. For a weighted projective space P(Q) of type Q = (qo, - . . , qu), from Theo-
rem 5.2.2, every 3-multisector X(g) is a twisted sector. Assume X)), = O. = P(Q,),
T = (vg,...,vi—1) is a cone in the fan 3, Q, = (g;,...,q,) and ged(q;, ..., q,) =
d > 1. From Theorem 5.2.2, we have g1,¢,,83 € Zgand gig,g3 = 1. P(Q;) =
P"(0,...,0,4i,-..,qn) is a hyperplane of P(Q).

Let U; = {[z]lq € P(Q) : z; # 0} C P(Q) for j = 0,...,n. Then since
Q; = (qi, ... ,qu), wesee that X(g) = P(Q;) can be covered by X(gyNUj, . .., X(gNU,,.
From Section 3.1, for j > i, we have a bijective map ¢; from U; to C"/11,.(Q,,) given
by

S04 = (g 2 o),
7

Nanla. )t PRI RPN
(Z]-)QU/QJ Zj (zj)qn/%

So we choose the coordinates of C" = V; by

20 Zy
( (zj)qo/qi SERER NS (Z]‘)q”/qf) '

If we let xy = zo/(zj)‘f“/%, caxi=1,000 %, = zn/(zj)‘f"/‘ff,then let
pj=10,...,1,...,0]

be the point in V;, (TV),, has the basis 8%), ceey %, and g; acts on (TV;),, in the
natural way. If we let {@),...,@,} be a basis of H'(C, Oc), then on (H'(C,O¢) ®
(TV;),,;) we have a basis

— QW, =— QWi,..., —
{8)(?0@ 1’8x1® b

0 0 0 0 0 }
and g acts on (H'(C,0¢) @ (TV),,).

Now assume k > i, and Uy N X(g) is another open subset of X(g). Let Uy = Vi/Z,
from the above discussion, we can choose the coordinates of V as:

__ % =1 =
(yoiw,...,yk* v""yni(zk)‘]n/qk).

So we have a basis on (H'(C, O¢) ® (TVi),,):

a}/o 1 a}/l 1y---) a)/n 1, a}/() 2 ) 8}/,, g(-
Since y; = (xki‘ﬁ on Vi, we have
ifzﬁifi( X0 )if;if()qo/%a
Oxg 0% Dy 0%\ (x)wa) Byg | (mm Dy, ) Byy
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From the result above and the similar computation, we have

0 0
R \90/4; .
By (7;) By’
0 0
I (yj)ql/qj :
(5.5) 0% In
0
— \gi—1/4;
Oxi_1 (y]) a}/ifl .

From Section 2.3, the obstruction bundleis Eg) = (e* TX®H 1(C, 0:))K® . Consider
the exact sequence 0 — T(Xg) — €*TX — N(X(g)) — 0. From (5.5) we see that the

normal bundle N(X(g)) is the sum of 7 line bundles locally generated by a% e %
on U; N X and aiyo, Cey % on Ui N X(g), and for each line bundle the transition

function can be described from (5.5). Now let N(X(g)) = @;;01 L;, where L; is locally
generated by a%, onU; N X and a% on Uy N Xg for 0 < I < i — 1. Now from the
above exact sequence, we have the exact sequence

T(X(g) ® H'(C,0c) — ¢* TX ® H'(C,0¢) — N(Xg) ® H'(C,Oc) — 0.
1 K(g) _ _ * 1 K(g) ~
We know that (T(X(g)) Q H'(C, Oc)) =0,50Eg = (e TX® H'(C, Oc)) &~
(N(X(g)) ® H'(C, OC))K(g). We obtain
i-1 1 K@)
Eg = ( L@ H'(C, OC)) .
1=0

The following theorem completely determines the bundle E(g).

Theorem 5.5.1  Let X(g) = X(g, g,.¢,) be a 3-mutisector of the weighted projective space

X = P(Q). Suppose X(g) = O,, whereT = (vo, ..., vi_1). Ifgi +§ + g5 = Z;;Ol ayvy,
then the obstruction bundle
Eg =L
a,:Z

Proof From (2.2), the dimension of the obstruction bundle Eg) is

dimc(E(g) = dimc(X(g) — 1+ t(g)) + tig) + Ligy)
= Ug) T Ug) T Lg) — (n— dimc(X(g))

= Lg) F Lg) T Lg) — 1-

Because g1, 8,85 € K(g), from Section 2.4 we write g; = Z;;)l by, &= Z;;Ol v,
g = Z;;Ol dyv;, where 0 < bj,¢,d) < 1. Theng + g + g = Z;;Ol apv}, SO we
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have b; + ¢, + dj = a;. Because 18,3 = 1, all a/’s are 1 or 2. There are a to-
tal of i numbers a;, so from the formula of the dimension of obstruction bundle,
dimc(Eg)) is the number of a; that satisfy a; = 2. For each L; ® H 1(C,0O¢), let L
be the line bundle over C induced by L;, with action of K(g) on £; the same as in
L;. Then from [3], when (L; ® H'(C, O¢))X® is restricted to a point of X(g), we have
dim(L; ® H'(C, Oc)X® = dim H(C, £,)X® = dim H' (P!, Opi (—a))). So

0 =1
dime(L; ® H'(C, 0c)*® = { a=n
1 a) = 2.
So we have (L; ® H'(C, O¢))X® = L. This completes the proof. [ ]
Now let a;, = --- = a;,, = 2. Then the the transition function of the obstruction
bundle can be written as:
(5.6) hii(x 1,00 5c) = (% }/?"/qj (x) -, 7y?'f/qj (%) - c.).

So locally the transition matrix is

diag(y™/ " (x), ...,y (x)).

Every line bundle L; is generated by & on the neighborhood U; N X(g). The group
Z; acts diagonally on the obstruction bundle E), so it acts on every line bundle E;
naturally. Assume the matrix representation of the action of the generator of Z; on
the obstruction bundle E is

2mri- L 27i- e
d ',e d ),

diag(e )

where 0 < m; < d,1 <1< e. Then we have the following facts: 2T isa dj-root of
1 for1 << e, anditis clear that d, is a divisor of d.

5.6 Computation of the 3-Point Function

In this section we use the localization technique [2, 8] to calculate the 3-point func-
tion defined in the orbifold cup product.

Let X = P(Q) be the weighted projective space of type Q = (qo,-..,qs) and
X(g) be a 3-multisector. Then X(g) is a twisted sector from Theorem 5.2.2. Assume
X@g = O, = P(Q;), where Q; = (0,...,0,4i,...,41), 8§ = (§1,8,8) € T3 and
7 = (vo,...,vi—1) is a cone of the fan ¥ = {vy,...,v,}. The orbifold structure of
X(g) can be described in Remark 4.3.6. From (2.3), the key calculation of the orbifold
cup product is to calculate the 3-point function

orb
(5.7) (N1, M2, M3)orb = /X erm ANesm Aesns Aea(Eg)),
()

where n; € H*(X(gj);Q), forj=1,2,3.
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Now we analyze the integral (5.7). In order to compute conveniently, we prove
that we always can suppose g9 = 1. If g0 # 1, let Q = (1,9o,...,qn), then

P(Q) C P(é) = P’fjﬂl] """ o =Y is a hypersurface which is obtained by letting the

first homogeneous coordinate of P(é) be zero. From Theorem 4.3.5 and Theo-
rem 5.2.2, it is easy to see that P(Q) and P(é) have the same twisted sectors and
3-multisectors. Suppose that the matrix representations in P(Q) corresponding to
81,8,8 in P(Q) are g1, 8,83. Then Yy = Yg 5z = Xg. The cohomological
classes ey, €512, €515 are invariant when they are taken as the cohomological classes
of Y(z). Suppose the homogeneous coordinates of P(é) arez = [z,z9,...,2,]. Let
Uj=1{z#0|2€PQ}(0<j<n,U={z#0]z € PQ} Then Vg can
be covered by | [;_; U; N Y. For the local chart U, let U; = V;/Z,; and choose the
coordinates of V; as

z 20 z,
X = -, X0 = Ty Xy = T,
(Z]-)l/% (Z].)qo/q; (Zj)qn/q]
vy - (9 9 0 i i
so we have a base of (TV}),,: ( 550 B0 8x,,) . Because the invariant subspace

((TV})y, ® H'(C, Oc))X® is generated by &1, . . . , &, we see that
((TV)), @ H'(C, 00))® C (TV);, ® H'(C,0c)"®.

We construct a new obstruction bundle E, over Y(g as follows. On the local chart
[7]- N Y(g), this bundle is given by \7j NH x ((TV;),, ® H'(C, Oc)XE® — \7]- N H,
where H = {x € V; | x = xg = --- = x;_; = 0} is a hypersurface of V;. It is easy to
see that the transition function of this bundle is also given by (5.6), so it can also be
split into the direct sum of line bundles. It is clear that Eg) = E(g), so we have

orb

orb
(5.8) / erm ANesm Aesns Aea(Eg) = / erm Aem Aesns Aeg(Eg).
Xg Yo

In the following analysis, we assume that go = 1, and we give a formula to compute
the integral (5.7).

First from Remark 4.3.6, we know that if d = gcd(g;, . .., qs) # 1, X(g) is a nonre-
duced orbifold. From the discussion of Section 5.5, let Ei) = €D;_, Ei. Then for
every line bundle E;, using the same method of Park and Poddar [16], consider the
associated orbifold principal bundle P; of E; such that E; = P; xg C. We know that
there is a global action of Z4, on each fibre F = S'. The quotient P;/Z;, is again an
orbifold principal bundle over the orbifold X(g). Let m;: Py — P;/Z4 be the quo-
tient map, which extends to an orbifold bundle map. Choose an orbifold connection
A; that is the pullback 7" (A]), where A/ is an orbifold connection on the associated
bundle E/ = (P;/Z,,) xg C. The Lie algebra of F can be identified with R, and then
the induced map on the lie algebra (7;)..: R — Ris just given by a — dja.
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Let € and €] be the curvature 2-forms for A; and A]. By [13, Proposition 6.2],
(m)* () = dif. So

orb
69 [ emnemagmnelty)
Xg)

orb
= / erm Aesm Aesns AT eq, (Ep)
X

(g

1 orb . . .
= —/ ey Aesm Aesns AL ear ().
ILid; Xg

Since the action of Z,, in any uniformizing system of E| is trivial, E/ induces an
orbifold bundle E/” over the reduced orbifold X(’g) which has an induced connection
A]'. The connections A/ and A;" may be represented by the same 1-form over V' for
(V x C,G'/Zy, ") of E] and E/’, respectively. By Chern—Weil theory, €2/ and ©;’
can therefore be represented by the same 2-form on V. We know that e} (1:), €5 (1)
and e} (n);) are invariant when taken as the cohomology classes of X(’g). Since K(g)
acts on X(g) trivially, from the definition of the integral on orbifold we have

(5.10)
1 orb

orb
/ ETU1A€§ﬁ2A€§n3AHf:1€AI'(E[) = m eT’I’}]/\6;772/\6;773/\H§:1€A1//(El/).
X X

Next we mainly discuss the method to calculate the integral in (5.10). From above,
Xg = P(Q;), Q- = (0,...,0,4i,...,q,). So we have X(’g) = P(Q,/d), Q;/d =
(gi/d,...,q,/d),d = gcd(qi,...,qn). Let N; be the sublattice of N generated by
T = (W, ...,vi-1), and let N(7) = N/N; be the quotient lattice. The fan of X, is
given by the projection of ¥ to N(7) ®R. The dual lattice of N(7) is M(7) = 7- N M.
The torus T = spec(C[M(7)]) = O,. The characters x™ correspond to rational
functions on X('g) when m € M(7). Then we can use the localization technique of
[2], when reduced to orbifolds, to calculate the integral (5.10).

We know X(’g) is a toric variety, T acts on Xy, and this action has n — i + 1 fixed
points p; fori < j < n. Welet {p;} be the basic characters of action T and {\;} the
parameters of the Lie algebra tc of T corresponding to the above base {p;}. Because
qo = 1, from Conrads [4] we compute that the fan of the weighted projective space
P(Q) is generated by vy, ..., v,, where vo = (—q1,...,—qn), v; = ¢jfor1 < j < n.
Let {my, ..., m,} be the standard basis of M. We calculate the base of M(7) as

{,01 = %”mi — %mn, ey Pu—i = %nmn_l — qnd_lmn}.

We first study the action of T on the normal bundle of pj, i.e., the orbifold tangent
space (TX(’g))pj.

Consider the fixed points p; (i < j < n — 1). Denote the local coordinates on
a uniformizing system of X(’g) around p; by [x;,...,1,...,x,]. Let m! = cipy +
ot cpipn_i>» and (mlv;) = 1, {m',v) = 0, for k > i,k # j. Then we have
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¢ = —dqi/qsqj and ¢; = d/qy, so X’”l = x;. Similarly, we compute X" = x, for
t # rn—iand m' = (d/q.)p: — (dqirt—1/q9q;)pr. Using the same method, let
m" = ajpy+-+a,_ipo_i,and (m" 7 v) = 0fork > ik # j,n, (m" 7 v,) = 1.
We have ¢, = —d/q;, m"~" = —(d/q;)p,» X" = xu. So the T-equivariant Euler
class of normal bundle of p;(i < j < n) is given by

(5.11) eT(u,,])_(——A)H (O q’*q’”x,).

J

Now we consider the fixed point p, with local coordinates [w;, ..., w,_1, 1] in the
uniformizing system of X(,). Using the same method, we find that the T-equivariant
Euler class of normal bundle of p,(i < j < n) is given by

n—i d
(5.12) er(vp,) = [[ =M
k=1 In

Since € (1), € (1m2), and €3 (n3) all belong to H* (X(’g), Q), from the ordinary ring
structure of weighted projective space in Section 5.1, we only consider the generator
3 of H? (X(’g), Q) = Q. Suppose L — X(’g) is the canonical line bundle whose first
chern-class is &;. The corresponding Cartier divisor is

D=D\D;--Di—1Di+ -+ DDy Dj_1Dy,

where D; = {zj = 0} C P(Q) is the basic divisor. Then from Oda [14], in the

nelghborhood U; N Xg), G<j<n—=1),letm = wmp, + -+ ty_ipp—i> and
(—m,v;) = 1,...,(—m,vj_1) = L,(—=m,vjn) = 1,...,(—=m,v,) = 1. Then we
calculate
k
=YL (e,
k;ér n kstr j

where j = i+ r — 1. So the divisor D is given by the rational function X~ ™ on
Uj N X{y. Similarly, it is given by the rational function x =" = an (pr=+pn=) o

U, N X(’g). Hence the action of T on the corresponding line bundle of D at the fixed
points p; has weights

G133 Ak——(zq"“ DA atp (< j<n—1),

kr n n k#r

(5.14) — Z Ak at p,,.
qn =

On the other hand, we also can write ejn; A &1, A €503 = a(&1)’, a € Q, where s is
an integer.
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Now we analyze the Euler form e(E(’g')). From Section 5.5, we compute the local

generating vectors of the obstruction bundle Eg), where Eg) = @;_, E;. For each
line bundle E;, from (5.6), we have the transition function of E; as

hin(,0) = (e, () ), (< j<n—1).

Because the line bundle E|” is the reduction of E; under the Z,-invariant homomor-
phism, the transition function of the line bundle E/’,

(Un N X)) X c D (U, NU;N X)) X ¢ = (U, NU; N X)) X ¢ C(U;NXGy) X ¢
is given by
WG, 0) = (x, /")) ), (< j<n—1).

So we define the action of T on E(y) = ;_, E/’ as follows: on the line bundle E;’ for
t € Tand (x,¢) € X(’g) x C,

(tx,¢) = (tx, X°(t)c) ifx € Uy,
Hx,c) = ay/q —Lp,
(tx, (%" ")dl(t)c) = (tx, (x 9 r)‘T(t)c) ifx € Uj,

where fori < j <n—1, j =i+r— 1. Then the action of T on E/’ at the fixed points
P, pj(i < j < n— 1) has weights

_ a4y
qn  4j

(5.15) 0,

So using the localization formula for the orbifold X('g), see [8, Corollary 9.1.4], we
have the integral

(5.16)
orb
/ ey Aesm Aesns A eqr(Ef")
X
a( L35 M) -0
N |
_ d d i s a4
S A (S )M I )
d d i+k— ?
— o[- (—20) Ty £ (v — 0

=1

where j = i +r — 1 and |G| is the order of the local cyclic group of p; in the
orbifold X(’g) .
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5.7 Example

In this example we use the methods of the above sections to calculate the 3-point
functions. Let Q = (1,2,2,3,3,3) and P(Q) = P, , ; ; ; be the weighted projective
space of type Q; thenqo = 1,91 = q» = 2,93 = g4 = g5 = 3. From Conrads [4], we
compute that the fan X is generated by the vectors v = e, v, = €3, V3 = €3, V4 = ea,
vs=es, v = —Sly; = (-2,-2,-3,-3,-3).

e Foros = (vp,v1, V2, V3, vs), wehave G,, = N/N,. = Z3. S0 g,, = (%, %, %,0, 0,0)

is the generator of Z;.

* For o4 = (v, v1,V2,V3,v5) and 03 = (vg, V1, V2, V4, ¥5), we have G,, = G,, = Z3.

The generators g,,, g-, are the same as above.

* For o, = (vo, 1, V3, V4, v5), we have the generator g,, = (%, 0,0, %, %, %) of Z,.

* For oy = (v, v2, V3, V4, v5), we have G,, = Z,. The generator g,, is the same as
above.

e Forog = (v1,v2,v3, V4, 5), G5, = 1, and the action is trivial.

Then we have the twisted sectors X, ) = X(gﬁs) = P(Q,), where Q, = (0,0,0, 3,
3,3), 7 = (vo,v1,12); Xg,,) = P(Qs), Qs = (0,2,2,0,0,0),6 = (vy,v3, va, v5). The
degree-shifting numbers are ¢(y, ) = 2, Ug) = e Lg,) = 2. So the Chen-Ruan
cohomology group of P(Q) is

H,(P(Q);Q) = HY(P(Q);Q) & H* % (P(Q,); Q)
& H 3 (P(Q,);Q) @ H*(P(Qs); Q).

All the 3-multisectors are Xgos 85 805) = X(g35 S = P(QT),X(gU5 &) = P(Q,),
and X, o, 1) = P(Qs). In Xg,_ 8.1 and X(g, o, 1), from (2.2), the dimensions of
the obstruction bundles of these two 3-multisectors are all zero, so the integral (2.3)
is the usual integral on orbifolds. The orbifold cup product can be described easily:

For the 3-multisector X(g2 > .2 ), the dimension of the obstruction bundle Eg) is

one. Let X(g) = X2 o2 2,7 € H*(X(ggs);Q)7 (j=1,2,3). Then
orb
(5.17) (N1, M2, M3)orb = / erm ANesmy Aesns Aea(Eg).
Xeg)

Next we use the localization formgla (5.16) to compute the 3-point function (5.17).
Because 7 = (vy, v1,v2), we have O; = X(g). Suppose U; = {z; # 0}. Then X(g =
(X(g) N U3) U (X(g) n U4) U (X(g) n Us) Let U3 = V3/Z3, U4 = V4/Z3, U5 = V5/Z3.
From Section 5.5, the coordinates of V3, V, and V5 are

(25)1/3,x1 B

y X4 = —, X5 = 1

V'{x: % il Xy = 2 x:Z—3 4 }
2 ()23 ()37 zs zs ’

V'{ _ 2 _ a4 _ 2 _ % -1 _Zs}
4 - yO—(24)1/3ay1_(24)2/37)/2_(24)2/3ay3_z45}/4_ ay5_24 )

v { 2y 21 V) 1 Z4 Zs }
N Wy = wy = Wy = W3 = Wy = —, W5 = — .
3 0 (23)1/3 s W1 (23)2/3 s W2 (23)2/3 s W3 s W4 Z s W5 Z

3
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For the chart (Vs, Zs, 75), TV, has framing {3%], a%v aixz’ 6%3, 0%4} As 0(g3)=3,
the genus of C is one from the Riemann—Hurwitz formula. So TVs|,, ® H 1(C,0¢)

has framing

{8@_8@_3@_3@_3@_}
— QRW,— U, — W, — QW, — Rw
6)(?0 ’ 8x1 ’ 8x2 ’ 8x3 ’ (9x4 ’
where @ is the basis of H'(C, Oc). From Theorem 5.5.1, since g,, = ( %, %, %, 0,0, 0)
and g2 = (3,4,4,0,0,0), the generator of (TV;|,, ® H'(C, Oc)NK® is ¢y @@ =
a% ®w. Similarly, we find that the generator of (TV4|,, ® H'(C, O¢))X® is ¢, @w =
0%0 ® w and the generator of (TV3|,, ® H'(C,0c))X® is ¢/ @ w = % ® .

Now we describe the local uniformizing charts for Eg. If x € X(g), then C(g) =
G, = K(g) = Z3, and (VExC, K(g), 7) is a uniformizing system for E(g), where K(g)

27+

acts on V& x Cby g2(u,v) = (u, ™3 ).

The bundle E(g) is a line bundle and dim¢ X4 = 2, so the 3-point function (5.17)
is nonzero only if there is some 7; € H*(X(g,.); Q). Without loss of generality, assume
n € H2(X(g35);Q), m € HO(X(g33); Q),and n; € HO(X(ggs);Q). In this case

orb

(5.18) (M5 12, M3)orb = 772773/ m Aea(Eg)).
Xig)

From the first part of this section, we see that in this case, the orbifold principal
Sl bundle is P(g). Let E(/g) = (P(g) /K(g)) Xgt C over X(g). TK(g)* P(g) — P(g)/K(g).
Note that k(g on each fibre is given by z — z’. The Lie algebra of F = S' can be
identified with R. Hence the induced map on the Lie algebra (m(g))«: R — Riis just
multiplication by 3, so from (5.9)

orb

orb 1
/X m A ea(Eg) = g/ m A ear(Elg),
()

Xig)

where A and A’ are the connections of E(g) and E(’g) such that g, (A’) = A. Then
E(’g) induces an orbifold bundle E(’é) over the reduced orbifold X(’g), and from (5.10),

orb 1 orb
/ m A ear(El) = g/ M A ear(Elg),
X X/

(g) (g

where A’/ is the connection of E(’é) induced from E(’g). So we obtain

orb 1 orb
(5.19) / mAealEig) = 5 / m A earr(Egg).
X X

(g) (2

We now compute the integral f;,rb mA eA//(E(Ig/)) in (5.19).
(g
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The uniformizing system of E(’é) over X(’g) can be described as follows. If x € X oy
then C(g)/K(g) = 1 is the trivial group.

Now we use the localization technique to calculate the integral (5.19). Note that

(@ = Or, 7 = (v, v1,12), 50 N(7) = N/N;, where N is the sublattice generated by
7,and M(7) = 7+ N M. The 2-torus associated to X('g) is T = spec(C[M(1)]) = O,.
The characters x™ correspond to rational functions on X(’g) when m € M(7). If
{my, my, ms, my, ms} is the standard basis of M, then {p; = mz—ms, p, = my — ms}
is a basis for M(7). The T-action on X(’g) has three fixed points ps, p4, ps. First we
study the action of T on the normal bundle of ps3, p, and ps, i.e., the orbifold tangent
space of ps, ps and ps.

From (5.11) and (5.12), of course, we can compute using the same method as in
Section 5.6. We see that the T-equivariant Euler class of the normal bundle of ps is
given by er(v,,) = A1Az, and we also have er(v,,) = (A1 — M) (=\2), er(vp,) =
(=A1 + A2)(—A1). In particular, we have x> = ys in the neighborhood V,, and
X' = ws in the neighborhood V’s.

The orbifold line bundle E(’é) is trivialized by the generator di ®@wonUsN X(’g),

aiyo QwonUsN X(’g), and 3%0 ®wonU;N X(’g). So from (5.15), the action of T on
E(’g) at the fixed points ps, p4, p3 has weights 0, (—A;), (—A;), respectively.

Sincen, € H? (X(gf); Q), we take 7, as the generator. Soletn, = D = DyD1D,D; +
DyD1D;Ds+DyD, D, Ds, from (5.11) and (5.12), the action of T on the corresponding
line bundle of 7 at the fixed points ps, p4 and p; has weights A; + Ay, \; — 2, and

—2A1 + Ay, respectively. So using the localization formula (5.16), we have

(Bl = -
L ¥ S VI ¥ T W M e vy W T

/Orb A A) -0 (A = 200) (=) (20 + ) (=)
Xy
So from (5.19),

orb 1
| mneatg) =3,
X

(8)

From (5.18),
1
(M1, M2, M3)orb = 5772773-

For the 3-multisector Xgys o5 805) = P(Q,), the dimension of the obstruction bun-
dle E(g) is 2. Let X(g) = X(g,. g,.8,5) 1 € H*(X(g,,3Q), (j = 1,2,3). Then

orb
(5.20) (N1, 2513 ) orb = / erm Nesm Aesns Aea(Eg).

Xeg)

Next we use the localization technique to calculate the 3-point function (5.20).
We know that O, = X,). Assume U; = {z # 0}. Then Xy = (X5 NUs) U
(X(g) n U4) U (X(g) n Us) Write U3 = V3/Z3, U4 = V4/Z3, U5 = V5/Z3. Then we
can choose the coordinates of the open set V3, V4 and V5 the same as before. For the
coordinate neighborhood (Vs, Z3, 75), TV;s|,, has a framing {i 2 0 d i},

89(0’ 8x1 ? BXZ ) 8X3 ) 3x4
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50 TVs|p, @ H'(C, Oc) has a framing { ;- @ W, 2 W, 12 @ W, £ O W, - O W}
From Theorem 5.5.1 we see that the invariant subspace (TVs|,, ® H'Y(C,0¢))X® has
generators {; QW = 5)% ®wand &,Qw = 0%2 ®@w. Similarly, (TV4|,, @H'(C, Oc))K®
has generators £{ W = aiyl ®wand & QW = % ®w,and (TV3|,, @ H'(C, O¢))K®
has generators £’ @ W = 3%1 ®wandf, @w = 0% ®w.

We describe the uniformizing system of Eg) as follows: if x € X(g), then C(g) =
G, = K(g) = Z3, and if (VE x C?,K(g), ) is a uniformizing system of the bundle
Eg), then K(g) acts on VE x C? through g (u, vi,v2) = (u, 627""%1/1, e2“i'§vz).

The obstruction bundle E) is a plane bundle. And dim¢ X(g) = 2, so the 3-point
function (5.20) is nonzero only if n; € H(X(4,); Q), j = 1,2, 3. In this case

orb
(5.21) (M5 12, M3)orb = 771772773/ es(Eg)).

Xig)

From Section 5.5., the obstruction bundle Eg) is the direct sum of two orbifold line
bundles. Let Eg) = E; ® E;. Then E, is generated by §; ® w on the neighborhood
Us N X(g), and E, is generated by {; ® W on Us N X(g). So from the first part of this
section, consider the orbifold principal S'-bundle P; of E;(I = 1,2). From Section
5.5, we can see that Z; = K(g) = Zs, so let E/ = (P;/K(g)) xg C be the orbifold
bundle over X(g). Then 7g(g): Py — P;/K(g) is the projective map. Note that on every
fibre, Tk (g) is given by z — z°. The Lie algebra of F = S' is R. So the induced map on
the Lie algebra is (mx(g))«: R — R, a + 3a. From (5.9),

orb 1 orb
| et =5 [ meyeE.
Xg) Xig)

(g

where A; and A/ are the connections on bundles E; and E] such that W;(g) (A) = A
In this moment, the group K(g) acts on the bundle E] trivially, so E/ induces an
orbifold bundle E;” over the reduced orbifold X(’g). From (5.10),

orb 1 orb
| ey =5 [ e e
X X/

() ()

where A/’ is the connection on the bundle E;” induced from the bundle E]. Thus,

orb 1 orb
(5.22) / ea(Eg) = — / le:leA//(E[').
X

27
() X(/g)

We now calculate the integral f ;(2: lezle " (E[").

The unformizing system of the bundle E;” over the reduced orbifold X, can be
described as follows: if x € X(’g), then C(g)/K(g) = 1 is the trivial group, and the
action is trivial.

Now we use the localization technique to compute the integral (5.22). We know
that X(’g) = O is a toric variety with 7 = (v, 1, ;). The three fixed points by the

https://doi.org/10.4153/CJM-2007-042-6 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2007-042-6

1006 Y. Jiang

T-action on X(’g) are ps, pa, ps. We already found that the T-equivariant Euler class
of the point ps at the normal bundle er(v,,) = A A;. Similarly, the T-equivariant
Euler classes of the points p4 and ps at the normal bundles are

er(Vp,) = (A1 = M) (=A2),  er(vp,) = (=A1 + M) (=A1).

The orbifold line bundle E/’, (I = 1,2) is trivialized by 0% ®w,(l = 1,2) on
Us N X(y» a%, ®w, (I = 1,2) on Uy N X[y, and 3% @ @, (I = 1,2) on Us N X/y.
So from (5.15), the action of T on E;’ at the fixed points ps, p4, ps has weights
0, (—2X;), (—2Xy), respectively. From (5.16), we have

Hz 1 E// - -
R DY P VS W [ B S W W

()

/“b 0 (=20)° (=20
X,

From (5.22),
orb
4
eA(E( )) = —.
/X & 27

(8)

And by (5.21),
4
<7713 2, 773>orb = 2—77717}2773.
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