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Abstract

We focus on a question raised by Daws [ ‘Arens regularity of the algebra of operators on a Banach space’,
Bull. Lond. Math. Soc. 36 (2004), 493-503] concerning the Arens regularity of B(X), the algebra of
operators on a Banach space X. Among other things, we show that B(X) is Arens regular if and only if X
is ultrareflexive.
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1. Introduction

The second dual A** of a Banach algebra A can be made into a Banach algebra
with two, in general, different (Arens) products, each extending the original product
of A [1]. A Banach algebra A is said to be Arens regular when the Arens products
coincide. For example, every C*-algebra is Arens regular [2]. For an explicit
description of the properties of these products and the notion of Arens regularity, one
may consult [3].

For the Banach algebra B(X) of bounded operators on a Banach space X, Daws
[5, Theorem 1] showed that if X is superreflexive, then B(X) is Arens regular. He also
conjectured the validity of the converse. To the best of our knowledge, this has not yet
been resolved. However, it is known that the Arens regularity of B(X) necessitates the
reflexivity of X (see [7, Theorems 2, 3] or [3, Theorem 2.6.23]).

In Section 2, we provide some preliminaries related to ultrapowers and
superreflexivity. In Section 3 we prove Theorem 3.1 from which we show that the
reflexivity of X is equivalent to the wo-compactness of Ball(B(X)). This motivates us
to introduce the notion of an ultrareflexive space and compare it with superreflexivity.
Section 4 is devoted to the main result of the paper (Theorem 4.4) stating that B(X) is
Arens regular if and only if X is ultrareflexive.
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2. Preliminaries

Let X be a Banach space, I an indexing set and U an ultrafilter on /. We define the
ultrapower Xq; of X with respect to U to be the quotient space

X =X, D)/ Nu,
where £ (X, I) is the Banach space

X, D) = {(Kaaer € X 2 15l = sup x| < o0,

ael

and N, is the closed subspace
Nt = {(xa)aer € €. 1) 2 Tim [lx, || = O,

Then the norm ||(x,)|l¢s := limqy ||x,|| coincides with the quotient norm. We can identify
X with a closed subspace of X, via the canonical isometric embedding X — X,
sending x € X to the constant family (x). More information about ultrapowers can be
found in [6].

A Banach space X is called superreflexive if every finitely representable Banach
space in X is reflexive. We recall that a Banach space Y is finitely representable in X
if each finite dimensional subspace of Y is (1 + €)-isomorphic to some subspace of X,
for each € > 0. For example, every Banach space is finitely representable in cg, and
every finitely representable Banach space in ¢? is a Hilbert space. In the language of
ultrapowers, Y is finitely representable in X if and only if Y is isometrically isomorphic
to a subspace of Xq; for some ultrafilter U on X [6, Theorem 6.3]. It follows that a
Banach space is superreflexive if and only if all of its ultrapowers are reflexive. Further,
X is superreflexive if and only if X* is superreflexive [6].

From [6, Section 7], there is a canonical isometry J : (X*)¢; — (X¢/)* defined by

J((fa)a), Fa)u) = lim fo, Xa), - (fodu € X", (xo)u € Xap),

which is a surjection if and only if Xy is reflexive (where U is countably incomplete).
In particular, when X is superreflexive, J is an isometric isomorphism.
As Ball(X*) is w*-compact, we can define a norm-decreasing map o : X¢y — X™
by
o((xe)u) = w" — limkx(xa),  ((Ya)u € Xao),

where «y is the canonical embedding of X into X**.

ProrosiTion 2.1 [6, Proposition 6.7]. Let X be a Banach space. Then there exist an
ultrafilter U and a linear isometric embedding K : X** — Xq; such that o o K is the
identity on X™ and K o «kx is the canonical embedding of X into Xqy. Thus Ko o is a
norm-one projection of Xqq onto K(X™).
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Note that the ultrafilter U, used in the above proposition, is countably incomplete.
Indeed, U is the ultrafilter induced by refining the order filter on the set

I={(M,N,e): M C X" is finite, N C X" is finite, & > 0}.

Set 1, = Ipygnp1y = {(Mo, No,&) € 1 : M € My, N € Ny and e < n™'}. Then I,.4; C I, and
Moy In = 0, so U is countably incomplete.

There are several criteria for the Arens regularity of a Banach algebra, from which
we quote the following, which we will use frequently. For a proof see [3, 5].

ProrosiTion 2.2. For every Banach algebra A the following assertions are equivalent.

(1) AisArens regular.
(2) Foreach A € A" the operatorav A-a: A — A* is weakly compact.

(3) Foreach A € A” there exist a reflexive space Z and a pair of bounded linear maps
¢:A—>Zandy: A — Z" such that (A, ab) = (Y(a), p(b)) for all a,b € A.

We remark that, in Proposition 2.2, we can choose Z and ¢ so that ||| < ||¢|.

3. Weak operator compactness and reflexivity

Let X and Y be two Banach spaces and let 7 be a locally convex topology on
Y induced by a separating family {p,},er of seminorms. Then 7 induces a 7o-
topology on B(X, Y) which is induced by the family {x ® py}iexyer of seminorms,

where (x ® p,)(T) = p,(T(x)) for all x€ X, T € B(X,Y). Consequently, T, 2T if
and only if T,(x) 5 T(x), for each x € X. For example, in the case when 7 = w is

the weak topology on Y, the To-topology on B(X, Y) is the weak operator topology
(wo-topology) on B(X, Y). The next result relates Ball(Y) and Ball(B(X, Y)).

TueorEM 3.1. Let X and Y be two Banach spaces and let T be a locally convex topology
on Y which is weaker than the norm topology and induced by the seminorms {p,} such
that |yl < SUp, <1 lpy|, for all y € Y. Then Ball(Y) is t-compact if and only if
Ball(B(X, Y)) is To-compact.

Proor. Suppose Ball(B(X, Y)) is To-compact and fix f € X* with ||f|| = 1 and f(xp) = 1,
for some xy € X. Then the operator ¥ : Y — B(X, Y), where Y(y)(x) = f(x)y is an
isometry. Moreover, y, — y if and only if ¥(y,) — ¥(y). If {y,} is a net in Ball(Y),
then {¥(y,)} is a net in Ball(B(X, Y)), so it has a 7o-convergent subnet, say, {¥'(ya,)}-
Then {y,,} is 7-convergent in Y: that is, Ball(Y) is 7-compact.

For the converse, define the operator ® : B(X,Y) — Il c5, Y by O(T) = (Tx)ses -
Obviously, @ is one-to-one and T, = T if and only if ®(T,) I o). If {T,}
is a net in Ball(B(X, Y)), then {®(7T,)} is a net in Il g, Ball(Y). By the Tychonoff
theorem, I1,c5,Ball(Y) is compact in the product 7-topology, so {®(7,)} has a subnet
{®(T,,)} convergent in the product 7-topology and we can define an operator T :
X — X by T(x) = 7 — limg T, (x). For each x € S, since |py(To, ()| < [Py | T, (I,
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we have |p, (T(x))|<||p, [Ilim inf || T4, (x)||. It follows that [|7'(x)[| < SUp|, <1 Ipy(T (x))| <
liminf || To,(x0)ll < 1. Thus [|T| < 1 and Ty X T, as claimed. O

The next result is an immediate consequence.

Prorosition 3.2. Let X be a Banach space. Then:

(1) Ball(B(X)) is wo-compact if and only if X is reflexive;
(2) Ball(B(X)) is so-compact if and only if X is finite dimensional; and
(3) Ball(X*) is w*-compact (Banach-Alaoglu).

Proor. For (1) (respectively, (2)) we use Theorem 3.1 for ¥ = X with 7 as the weak
(respectively, norm) topology. For (3) we use Theorem 3.1 for ¥ = C with 7 as the
usual topology. O

4. Arens regularity of B(X) and ultrareflexivity

We commence with the next key lemma that will be used frequently in the
subsequent work.

Lemma 4.1. If X is reflexive then there is an (countably incomplete) ultrafilter U
such that every A € B(X)* can be identified with xq ® fy for some xq € €*(X)q and

fu € CXNu.

Proor. The reflexivity of X implies that B(X)* = (X ® X*)**. By Proposition 2.1, there
exist an ultrafilter ¢ and a linear isometric embedding
X®X)™ — (XX ),

such that the composition (X ®X") = (X®X)* — (X® X*)q coincides with the
canonical embedding (X ®X*) — (X®X")q. Consider A € B(X)* — (X®X*)¢,. Then
A= o)y with 4y = 322, 22 ® £, Mall < S A < 1Al + 1 and (1621 = 1421
for each (a,n) € I X N.

For each a, put x* = (x¥),ay and @ = (f@)nen. Then x@ € 3(X) and f* € £2(X*).
Indeed

oo (o)
2 2
I3 = Il = > Il Al < 1Al + 1.
n=1 n=1

Now set xq; = (x%)q and fg; = (f*)q. Clearly xq; € £2(X)q; and fyy € £2(X*)q. Then
A = xq ® fqu, because

AT) = A)u(T) = im A7) = lim )" [ (Tx5)

n=1
= ((u & (fMu)T) = (xu ® fu)(T). o

We recall that the superreflexivity of X is equivalent to that of £>(X), the Banach
space of all two-summable sequences in X (see [5, Proposition 4]). So X is
superreflexive if and only if Ball(¢>(X)¢) is weakly compact, or, equivalently, by
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Proposition 3.2, if Ball(B(£*(X)¢)) is wo-compact for every ultrafilter Y. This
motivates us to introduce the notion of ultrareflexivity in the next definition.

DeriniTioN 4.2. A Banach space X is called ultrareflexive if Ball(B(X))(xqy) is weakly
compact for every ultrafilter 7/ and each x4 € £2(X)q,.

Clearly, every ultrareflexive space X is reflexive. Indeed, for each nonzero x € X,
B(X)(x) = X. Further, if X is superreflexive then X is ultrareflexive (see Corollary 4.5).
Therefore ultrareflexivity lies between reflexivity and superreflexivity.

We are now ready to prove our main result characterising the Arens regularity of
B(X) in terms of the ultrareflexivity of X. The next technical lemma from [4] will be
used in the proof of Theorem 4.4.

Lemma 4.3 [4, Lemma 1]. Let X be a Banach space and W C X be a bounded,
symmetric and convex subset. For each n € N let the norm || - ||, denote the gauge
of U, =2"W + 27"Ball(X). Set Y = {x e X : |llxlll = (X, IX|?)!/? < oo}, Then:

(i) WcBall(Y),

@) (- ) is @ Banach space and the identity embedding j: Y — X is bounded;
(iii) j*:Y*™ — X** is one-to-one and (j*)"'(X) = Y; and

(iv) Y is reflexive if and only if W is weakly relatively compact.

TueEOREM 4.4. For a Banach space X the following assertions are equivalent:

(a) B(X) is Arens regular,

(b)  fo o Ball(B(X)) is w*-compact for every ultrafilter U and each fy € (*(X)q/";
(¢)  fu o Ball(B(X)) is w-compact for every ultrafilter U and each fy € *(X)q' s
(d) X is ultrareflexive.

Proor. (a) = (b). Suppose B(X) is Arens regular, U is an ultrafilter, fq; € (X)), and
x € X. These elements induce the functional x ® fq; € B(X)".

Suppose that {T,} is a net in Ball(B(X)). Since X is reflexive [3, Theorem 2.6.23],
by Proposition 3.2, Ball(B(X)) is wo-compact, so {T,} has a subnet {T,,} such that

Ty X Ty, for some T\, € Ball(B(X)). This implies that
(x® fu) To, — (x® fu) - To.

By Proposition 2.2, the Arens regularity of B(X) also implies the weak compactness
of the operator

T (x®fy)-T:BX)— BX)", (TeBX)),

from which
(x®f(u) : T(Y/g - (x@f"[,{) N T(),

for some new subnet {7} of the previous one.
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Fix xq; € €2(X)q; and choose S¢; € B(£*(X)q;) so that S¢/(x) = x¢;. Define the
operator Fs,, : (x® fqr) - B(X) — Cby

Fsy(x® fo) - T) = fu(T(S (%), (T € B(X)).

Then Fy,, is linear and bounded. Indeed

IFsyll = sup  [Fs, (x® fo) - T)| = sup |fy(T o Sq(x))
e fu) Tli<1 llfuoTlI<!
< sup |l fa o TIHIXIIS 2l < IS al-
IlfueTlI<1

So we can extend F,, to an element Fs, € B(X)** with the same norm. This gives

(fu o Top)xw) = Ju(Ta,(Su(x)) = Fs, (x® far) - Tay)
= Fs, (x® fu) - To) = (fu © To)(xa),

which implies that (fz; o Tq) NN (fy o Tp), so fq o Ball(B(X)) is w*-compact in
X0y

(b) = (c). Fix an ultrafilter U and fy; € (2(X)q". By Proposition 2.1, there exists
an embedding C(X)y" — C2(X)qyxey, for some ultrafilter V. We also consider the
identification fy; — (fu)y : X" = C(X)uxy” . By (), (fzr)y o Ball(B(X)) is w*-
compact in 2(X)qyxv . From the above identifications, Jfu o Ball(B(X)) is w-compact
in 2(X)q".

(c) = (d). First note that, since B(X) is isometrically s-antiisomorphic to B(X*), the
Arens regularity of B(X) implies that of B(X*). Now using (c) for x¢; o Ball(B(X™)),
the identification Ball(B(X))(x¢/) = x¢; o Ball(B(X*)) implies that Ball(B(X))(x¢) is
weakly compact in £2(X)q for each xq; € £2(X)q.

(d) = (a). Suppose that X is ultrareflexive. Then X must be reflexive, so, by
Lemma 4.1, each element A € B(X)* has the tensorial form A = x¢; ® f; for some xq¢; in
(X)), fu € CA(X)y". To prove that B(X) is Arens regular, we use Proposition 2.2. For
this we first apply Lemma 4.3 to the subset W = Ball(B(X))(xq,) of £2(X)q,. Itinduces a
reflexive subspace Y, of £2(X)q; such that W C Ball(Y,,) and the identity embedding
JiYy — £%(X)q; is bounded. Now we define ¢ : B(X) — Yy, and ¥ : B(X) = Y,
by &(T) = T(xqq) and Y(T) = fqy o T o j, respectively. A direct verification reveals that
¢,y are bounded linear mappings satisfying

AST) = (xqy ® fa)(ST) = W(S), p(T)), (S,T € BX)).
So B(X) is Arens regular, as required. O

For every superreflexive space X, the algebra B(X) is Arens regular (see [5, Theorem
1]). This remark gives the next corollary.

CoroLLARY 4.5. Every superreflexive space is ultrareflexive.
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We do not know of an ultrareflexive space which is not superreflexive and it would
be highly desirable to find such an example. An example of a reflexive space which is
not ultrareflexive can be found in [5, Corollary 2].

5. On Daws’ conjecture

Daws [5, Theorem 1] showed that, if X is superreflexive, then B(X) is Arens regular
and he conjectured the validity of the converse statement. The following incomplete
idea may suggest a way of resolving Daws’ conjecture.

Let B(X) be Arens regular and let U be an arbitrary ultrafilter. For x¢ € X
choose fy,, € X¢;” so that ||f,, Il = 1 and fy, (x¢/) = llx¢/|l. This induces a functional
Ay, t B(X) — C defined by (A, T) = (fu, T(xqy)). By Proposition 2.2, there exist
a reflexive space Z,,, and operators ¢y, : B(X) = Z,,, and ¥, : B(X) = Z,,,” such
that ||¢y,, |l < ||y, |l and (A, ST) = Wy, (S), ¢y, (T)), for all S,T € B(X). Define
Z = @Z{exﬂzxﬂ. Trivially, Z is reflexive. If one could establish an (isometric)
embedding from Xq, into Z, then the reflexivity of Z implies that X is superreflexive.
However, we do not know how to find such an embedding.

For such an embedding, one may consider the map 6 : X¢y — Z, which is defined
by 6(x¢/) = ¢, (I). Then 6 preserves the norm. Indeed,

16Xzl = ¢ (DIl < {1y | < A | < [l

and

1020l = iy (DI = sup K2, by, (DD 2 Kt (D), Py D] = (A, DI = x4l

llz*I<1,z5€Z*

However, we know nothing about the linearity of 6.

Acknowledgement

We would like to thank Professor Matthew Daws for his very valuable comments
which improved an earlier version of this paper.

References

[11 R. Arens, ‘The adjoint of a bilinear operation’, Proc. Amer. Math. Soc. 2 (1951), 839-848.

[2] P. Civin and B. Yood, ‘The second conjugate space of a Banach algebra as an algebra’, Pacific J.
Math. 11 (1961), 847-870.

[31 H. G. Dales, Banach Algebras and Automatic Continuity (Clarendon Press, Oxford, 2000).

[4] W.J. Davis, T. Figiel, W. B. Johnson and A. Petczynski, ‘Factoring weakly compact operators’,
J. Funct. Anal. 17 (1974), 311-327.

[S] M. Daws, ‘Arens regularity of the algebra of operators on a Banach space’, Bull. Lond. Math. Soc.
36 (2004), 493-503.

https://doi.org/10.1017/5S0004972715001835 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972715001835

[8] More on the Arens regularity of B(X) 303

[6] S. Heinrich, ‘Ultraproducts in Banach space theory’, J. reine angew. Math. 313 (1980), 72-104.
[71 N.J. Young, ‘Periodicity of functionals and representations of normed algebras on reflexive spaces’,
Proc. Edinb. Math. Soc. (2) 20 (1976-77), 99-120.

R. FAAL, Department of Pure Mathematics,
Ferdowsi University of Mashhad, PO Box 1159, Mashhad 91775, Iran
e-mail: faal.ramin@yahoo.com

H. R. EBRAHIMI VISHKI, Department of Pure Mathematics and
Center of Excellence in Analysis on Algebraic Structures (CEAAS),
Ferdowsi University of Mashhad, PO Box 1159, Mashhad 91775, Iran
e-mail: vishki@um.ac.ir

https://doi.org/10.1017/5S0004972715001835 Published online by Cambridge University Press


mailto:faal.ramin@yahoo.com
mailto:vishki@um.ac.ir
https://doi.org/10.1017/S0004972715001835

	Introduction
	Preliminaries
	Weak operator compactness and reflexivity
	Arens regularity of B(X) and ultrareflexivity
	On Daws' conjecture
	References

