
AN AXIOMATIC THEORY OF ORDINAL NUMBERS

TOSHIO UMEZAWA

In this paper, a formal theory of ordinal numbers is developed on an axio-

matic basis whose details are described in § 1. Our primitive notions are set,

class, collection, a binary relation e , and collection formation {|}. Sets and

classes in our theory play similar roles as sets and classes respectively in

Gδdel [1] except the difference that an element of a class is a class but not

necessarily a set. A new notion, introduced into our theory is that of collections.

A collection relates to a class, just as a class relates to a set in von Neumann's

theory. That is; a set is a class and a class is a collection but the converses

are not generally the case. For example, all the natural numbers, all the real

numbers etc. constitute sets, the ordinal numbers which are sets constitute a

proper class, and the totality of ordinal numbers as well as that of all classes

are proper collections. These relations are described by axiom group (A).

Let Γ be a term, Φ a formula and (9, Σ variables. We take {Γ\Φ}Θ,% to

be a collection, and regulate its use by axiom scheme (B): If 77 is a class, a

class variable, or a set variable, then //<= {Γ\Φ}e,s. = . BΘΣOT = Γ. Φ). Since Φ

is an arbitrary formula, Φ may contain bound collection variables. This fact

renders impredicative character to our system. Such systems which are of im-

predicative character were already proposed by many authors, e.g. by Quine

[3], Wang [6] and [7], Takeuti [4], and Kuroda [2]. In our system impredi-

cativity occurs in the formulation of the axiom of foundation and also in the

definition of the collection of all ordinal numbers. The 'axiom of foundation'

(D) is , j / ί J d c / ) where Λ f j / ) 1 ' denotes the collection of U such that

GCJ/, or precisely the term {U\\fX(^^ Jf. V Z d e ^ . ^ . Z

3, U^X*)} in which ^ is a collection variable, and U and X are

class variables. The collection of all ordinal numbers, Φ, is given by {£/| V^Γ

(0 e XT. \fX(X<= iDl 'e^). VKIG J^im. I c / : j.Ie/):D.ί/ε/)>

Received September 9, 1960, Revised December 14, 1960.
1 } The letters 'Des' refers to 'descending'. Another formulation of the restrictive

axiom which may be adopted in our theory is 3U( U<E:^f)-> -^ ->- 3t/(
from which we can deduce 1.03-1.06.
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where 0 is the null set, X1 is the successor of X and Jzfim is the collection of

limit classes.

Our axiom system consists of four groups (A), (B), (C) and (D). The

axiom group (C) provides the existence of sets and classes. The axioms con-

cerning the existence of sets are the same as the axiom group C in Gδdel [1]

with a slight difference in the formulation of the axiom of infinity. The axioms

of sum, power and replacement for classes are obtained from the respective

axioms for sets in replacing set variables by class variables. Furthermore, (C)

contains the following axiom: 3 X [ 0 e X V U U G Z ^ M ' G X ) . Vuiu^J^itn.

u^X:^. u(ΞX)J which assures that the totality of ordinal numbers which

are sets is a class.

Now we mention the basic feature of our theory. Although the usual two-

valued logic, i.e. the classical logic is adopted as the logical frame of this

theory, proofs of theorems are carried out as far as possible on the basis of

formal laws of the intuitionistic logic. To clarify this, we attach a sign * to

the number of a theorem if the theorem is proved beyond the scope of in-

tuitionistic logic. In this paper, theorems with the sign * are proved tfy using

the law of the excluded middle and on that occasion we have not been able

to prove them by logics which are weaker than the classical logic but stronger

than the intuitionistic logic, i.e. by intermediate logics (Umezawa Cδ]). For

this purpose, a scrutiny of usual proofs is required and the different forms of

some axioms have been adopted from the usual ones. For example, in order

to prove the transfjnite induction in full strength without relying upon the law

of the excluded middle, the ordinal numbers are defined in the above mentioned

way instead of adopting von Neumann's definition. Hence, the axiom scheme

(B) is necessary to be able to use such a definition of ordinal numbers in our

theory. It is proved within the classical logic that φ is co-extensional with

the totality of ordinal numbers in the sense of von Neumann i.e., with the

collection of classes which are wellordered by the e -relation and are identical

with the segments of the collection generated by the classes (cf. p. 22, Gδdei

Cl]). The axiom of foundation in von Neumann's form is avoided in this paper,

since from 3X(Xe<j*f) ~> 3X(XG^X/. i n , / = 0 ) we obtain the law of the

excluded middle by substituting for ^ the collection {U\(U*0. Φ) V £7= {0}}

where Φ is an arbitrary formula. That is, our axiom system is so chosen that
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the law of the excluded middle might not be derived from it by the intuition-

istic logic. However, the metamathematical question of proving this fact re-

mains open. Even when a theorem is proved in this paper by the intuitionistic

logic, we do not assert strictly that the theorem is proved by using only the

intuitisnistic logic, because our system may contain the law of the excluded

middle implicitly.

Next a comment about the notion of collections follows. Although this

notion appears in each section, it is especially introduced for the purpose of

defining in § 5 those symbols in a general and explicit way, which are introduced

into a formal system usually in a recursive way. Namely, let T'n be the

class of ^-tuples ζ<xi * αrw> such that ecu . . . , # « are elements of the class Ω

of all ordinal numbers which are sets, and let T' ω be the class of all such

^-tuples. Then a function L is defined in such a way that L ' <#i - #«>

= U i x Ω x x Ω) U U ( { <ccι ' cci> } x α/+i x Ωx x Ω) U

U ({ζai - - ' αr«-i>} x an) ^ T ' n. We can prove an induction of the form:

VW(M G T ' ω. L ' uςz ^4 : "-̂  w e ^ ) -> T ' ω c ^ ' and by this induction we

prove the existence of a recursive function which takes the form (cf. 5.47)

U {F\3u(F F n c L ' u. U Z Ξ T ' ω. V Λ G L ' u.^.F ' x = & ' ( L ' x \ F ) ] ) } ,

where F Fnc L ' u means that F is a function over L * n and L ' x1F denotes

the F restricted on L ' x. In general L ' x is a proper class and so is also

L' x\F. So, in order that we define such a function for any free variable ^ ,

we need a new type of variables which we call collection variables. The notion

is also used in the definitions of T and L mentioned above.

An important application of transfinite induction is the existence proof of

the function on ordinal numbers, that is, the proof of \f^3c^'Lβ" Fnc (0.

VaZJf ' α = ̂  ' ( α 1 ^ )]] (See Godel [1]) where ^ and t#" are collection

variables and α is a variable ranging over &. We have not been able to prove

this theorem by the intuitionistic logic but can prove by the classical logic.

The corresponding statement within the scope of intuitionistic logic is this:

(1) Funct ( J ? ( ^ ) ) . V α [ α c j ( j e ( ^ ) ) . α1Jg(^) e 3K^): =>. Jg(&) ' α

= ^ ] where Funct (Jg(^)) means that ^ ί ^ ) is a function and

denotes the domain of ,3έ(27) and J£(&) is the collection U{F|3)(F Fnc ί).

e p f σ = ̂  ' (α 1 F)])} in which t) is a variable ranging over 0. The
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statement is rather complicated and lacks uniqueness assertion. However, the

functions on ordinal numbers used in this paper satisfy the premises of the

theorem (1) and hence we obtain (2) JS{^) Fnc Θ. V Q [ J ? ( ^ ) ' α = ̂  ' (α 1

J%(ϊf))~]. This is an example to show a significance of the law of the excluded

middle, i.e. that in virtue of the law we may obtain in some cases a general

theorem even when some particular cases of a theorem but not the theorem

itself is proved without the law of the excluded middle. In fact, addition,

product and exponentiation of ordinal numbers etc. can be written by the above

formula (2). E.g. if ^ti^c, a) is J&(&) for an appropriate ^ (cf. §4), then

c&t(jfc, a) Fnc (9. α + 0 = α. α + b = (a + b)'. α + ί= U {o-f t)|t) e ί> where ί is

a variable over (D Π J^fim.

For any arbitrary ordinal numbers, we define α < b as usual to be 3t)(α + D

= b. t)-^0). αeb.Ξ.αc:b. = . α < b is a theorem within the classical logic but

only α < b -* a^b and o Gb -̂  α c b are theorems within the intuitionistic logic.

Further, the law of the excluded middle plays an important role in the proofs

of theorems concerning connexity and wellorder. Let ConnexGj/) denote

VXY(X, F ε ^ D . l G Y V X=> Y V Y<=X). By the classical logic, we prove

Vα Connex(α) where α is a variable over ©. In our theory, wellorder is de-

fined in two senses. That rjrf is wellordered in the weak sense means (Connex

=>. ^^X"}), which is denoted by Word(c^/), and that J / is

wellordered in the strong sense means Connex(^/). V'XΊ3X{X^ X'). X'Qcjtf

: =>. 3 7 ( F G ^ . 7Π ^ = 0)1 We need the law of the excluded middle to

prove that, for an arbitrary ordinal number α, α is wellordered in the weak sense

and it is the same for wellorder in the strong sense.

Let Q and b be elements of ω. Then, αeb.Ξ.αc::b. = . α < b is proved by

the intuitionistic logic and the same for Connex(ω) and Word(ω). But we

can hardly expect to prove by the intuitionistic logic that the ordinal number

ω, and a fortiori an ordinal number greater than ω, is wellordered in the strong

sense. Connex(ε0) and Word(εo) are also proved by the intuitionistic logic

where ε0 is the first e-number. Hence it seems that, for an ordinal number α

defined by some constructive way, we can prove Connex(α) and Word(α) by

the intuitionistic iogίc though Vα Connex(α) and Vα Word(α) are not obtained

by the intuitionistic logic. The purpose of § δ is to construct such a function.
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Taking ^"appropriately, we obtain a recursive function Fi (cf. 5.65-5.72) which

has the properties: Fx Fnc T' ω. F / <0 0a>t> - a%n (0 <n). Fi <ocι

αr^-iαri 0 * 0 <x?ι> = Fi' <#i * ctk-iockocn * ' * #«> (0 < k < n — 1). Fi <αri * *

#/i-2tf«-iα:;z> = Fi* <α:i β * * ocn-\Fχ <aχ ° * β # « » (1 < # ) . Fi <cti * * #&-!#* 0 •

0α:«> = U {Fi <oci β αr/,-i<? 0 0 <*„> | ί G ^ } ( 0 < K w, αrjb is a limit number).

Fi satisfies the above mentioned requirement, since F\ <<xi * #«> is connected

and wellordered in the weak sense if ai an are all connected and wellordered

in the weak sense respectively. The construction of Fx and the proofs of the

properties of F± are carried out within our system, using no metalogical

numbers as the above n in w-tuple <a± β α:w). No metalogical numbers are

used not only in §5 but also throughout this paper.

Most proofs are omitted as far as they are analogus to those in the theory

of ordinal numbers with set and class variables.

§1. Axiom system.

In this section we provide an axiomatic basis for our theory which contains

not only axioms but also axiom schemes. Our primitive notions are set, class,

collection, e and {|} which appear in context as follows: Set(a), C\s(A),

Coll(Λ), A^Bj Z e {U\Φ} etc. where the convention is made that a, b, c, . . . ,

h; u, v, . . . , z are set variables, and that A, B, C, . . . , H\ Uf . . . , Z are

class variables, and that J / , J&, *€, . . . , Jf/ \ >£y ψy ^ a r e collection vari-

ables.

Term, formula, free and bound occurrences are recursively defined as usual.

Hereafter it will be taken for granted in any context that Φt Ψ are formulas

and Γ, A are terms and Σ, Θ are variables. In some cases Φ n> Ψ is replaced

by Φ->Ψ and V ( T G J ) by Γ ί J and -?(Γ=J) by Γ*Δ. We write {Γ\Φ)Q

in place of {Γ\Φ}e,e. When there is no fear of misunderstanding, we omit in

{Γ\Φ)Θ and {Γ\Φ}Θ,% " θ " or "Θ, 2"'. Whenever a quantifier is followed by

quantifiers of the same kind, then symbols V or 3 of quantifiers which follow

are omitted.

We use a metamathematical notation =, which denotes that an expression

on the left hand of this notation is an abbreviation for an expression on the

right hand.

Def Γ=4
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where U occurs neither in Γ nor in A and = is defined in terms of " " and
u 3 " as usual.

The unique existence 3\ΣΦ(Σ) where Φ(Σ) is a formula, is also defined

as usual.

Now the axiom system is divided into four parts.

(A)

1. Cls(a). 2. Coll (A). 3. CO11({Γ|0}Θ,2). 4. <^/e Jg> -» Clst^f).

5. Aea-*Set(A).

6. Let Φ{.J4) be a formula and Φ{J$) be the result of substituting J55 for

each free occurrence (if any) of ^f in Φ(^f) where we assume that the

substitution causes no confusion of bound variables. Then

(B) Let TT be a class or a class variable or a set variable and Γbe a term

in which Θ and Σ occur free.

ΠtΞ{Γ\Φ}e,z = 3ΘΣ(Π=Γ. Φ).
y

Now let U be a class variable and E(77) be an expression ίonsisting of

Lation letters, which we denote by Ξ, followed by (77) and denoting a formula

in which 77 is only one variable such that there are free occurrences in Ξ{ΊΊ).

Let £* be the result of replacing the first letter of Ξ by the corresponding

script font. Then we define Ξ* to be an abbreviation for {IΓ\Ξ(Π)}w

Example. <yet £ {A\Set(A)}A. Ήls £ {A|Cls(A)h, which represents the

collection of all the classes. 5fim £ {A|Lim (A)h. c V c ^ , {^f ^)y {u*f},

O/c^?>, Un(ci/), 0, U r_yf, ^ί U c^, . V are defined as usual, jxf c M is de-

fined as c V c ^ . 3U(UΪΞ^. U$rj*f) and Lim(c^/) as . ^ / = U .V

(C)

1. 3Λ:[0 G Λ:. VW(«G X~D uf

2.

3.

4.

5. V^V»t;[MGvGΛD«G3;]. 6

7. V ^ j ι V « [ κ c ^ D l W G 3 i ] . 8. V
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9.

10.

Def

1.01. f

(D)

1.03. aΦa.

1.07. ^ ( A

1.02.

1.04. 1.05. 7(αείeβ). 1.06.

§2. Sets and classes and collections.

2.01. {ab) e= jΛ?f. 2.02. <aδ> ε= ̂ 0* . 2. 03. {AB)

2.04. <AE> e f#/s. 2.05. <AB> - <C£» -* A = C. B = Zλ

defined as usual,

2.06. UU

2.07. \j*fQ^

2/08. Un(cV)

2.09. U n U )

2.11. l ί l ^ /

2.14. o c / c χ

are

is the collection {<YZ>iY=:Z}.

c€).

Def

2.15.

ey"βε J

" X ε r i s . 2.10. α Π ^

2.12. ^ c β -

X.

2.13. 0

2.16. A

Proo/. By A e J ( i ' ) , there is a class J5 such that <AB>eJΓ. Let

ί / e l ' A Then there is a class C such that U^C. \AO<aJf\ By

VyZ(<AY>, < A Z > e ^ : 3 . y = Z), 5 - C. Hence UZΞB. SO we obtain

e#" AQJB. Accordingly, by 2.14, J^ 4 A e= Cls.

2.17. 3 ! X( <AX> <a JT " A> e ̂ ~.

Proo/. By the premise, 3X"( <AZ> e ̂ ) . Let <AB> e ̂ " . In an analogous

fashion to the proof of 2.16, we obtain J?1 AQB. NOW let U^B. Then

Z7e B. <AB> e= c#". Hence 3^(Z7e X. <AX> G ^ ) . So we obtain C7e c ^ ' A,

using the premise. Hence B £ ciΓ' A. Accordingly, JΓ* A = B and hence
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<A, JΓ A> G F.

2.18.

2.19.

Def

2.20.

2.23.

2.26.

Def

Def

Def

Def

Def

Def

2.30.

2.33.

-?3\X«AX>

Ae^(ciΠU

{JXZΞ^IS.

XUYetfls.

JP^{<XY>\\

JP2Z{<XY>\

Rel(cV)=c^

Jf Fnc ̂  =£:

^ « x r > l

*-̂  ί "v^ c— <^^ *

TOSHIO UMEZAWA

7et. 2.21.

2 . 2 4 . σ U ^ f

2. 27. X' G

^ZΛJ\.13\X ~=Z \A

3ALJ\X — \J\

Funct(^). .
v ^ / v'̂  \
I — o-^ V -Λ ) i

1 X 2. 31.

' A = 0.

B>. Y =

ιB>. Y =

ιB>. Y =

Def

Def

Ξ ^ 1 S .

) G ̂ /s. 2.22. U a G ci/^.

2. 25. α' G cf/^ί.

2.28. J?'= Y'-»Λ"= Y.

A ) V ( - ^ 3 A J 5 ( X = < A ^ » . Y = Z)}

B)\/(-?3AB{X~<AB». Y = X)}

<BA»}.

Funct(cj/)^Un(cj/). RelίcV).

= ^ .

^^<ZY>iY^(Z)}.

^ α Y* 9 Q9 o ^ - 1 <^ " <yf

Proo/. First we prove Un(J^) . Let <ZY>, <XZ>£j^i. Assume

=<AB>. Y = A). Then 3AS(Z=<AB>. Z=A). Hence, by 2.05, Y = Z

Assume -^3Ai5(Z- <AB». Y = X. Then -^3A£(X= <AJ5». Z = X Hence

Y = Z. Accordingly we obtain U n ( i ^ ) . Now let Ueίβ
f

1"a. Then there is

an X such that <XU> e ^ . 1 G β. Assume 3AB(X= <AB>. U = A). Let

X=<A^>. £7= A. By X e « and A 5, <A£> e ^ ^ / A e {A} e <A5> and hence,

by A 5, AG cy^. So UtΞ^et. Assume -?3AB{X= <AB>). U^X. BylGβ

and A 5, Z7e ^/et. Hence J^ x "' a c j ^ ^ and so, by 2. 08, ^ " a e j^βί. By

2. 30, J#o(a) ςzJΪ\"a and hence, by 2.12,

2.34. J0(X)etfls. 2.35. 4

2, 37. J^V X G ̂ ίs. 2. 38.

2.40. yf' X = &(X). 2.41.

2. 43. Λ x ^ G ̂ /^ . 2. 44.

2.45. AxBe r ^/s

2.46. ( U ( ^ ' U\

2. 47. c^ Fnc «. c

j/'βί.

2, 36.

2. 39. ^

2.42. #

https://doi.org/10.1017/S0027763000002324 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000002324


AN AXIOMATIC THEORY OF ORDINAL NUMBERS 201

2. 48. Funct(JO. -2?(JO

2. 49. ϋnU;'). .#" " a c

2.50.

Def ProCls(A) = ^Set(Λ). Def ProColl(cV) =

2.51. ProColK^/s). 2.52. Jf Fnc J^. ProColK^) -* ProColK Jf ).

2.53. F Fnc D. D e J?roCls-*F<= J^roCls.

§3. Ordinal numbers.

Def ^^{C7|V^"(0e^. V K I e / D l ' e / ) .

Def

Elements of Θ are called ordinal numbers and ĉ f such that ^ ( J / ) is

called ordinal.

Def

Def Comp(cV) £ U J / C J / .

c / such that Induc(α^f) or Comp(^/) is called inductive or complete.

Now we make the convention that α, b, c, . . . , ί) n, . . . , 3 are variables

whose range is ©, and that ί is a variable whose range is & Π

3.01. Oef t 3.02. α' e ^ . 3.03.

3.04. Induc(^).

3.05. There holds one and only one of α = 0, 3b(o = b') and a

3.06. ^(cj^)-^Comp(cj*/). 3.07. αGb->QCί).

3.08. ^(cV)->Induc(cV).

3.09. Induc(cj/)->V^[VZ(Zer_>/. I C / : D . XEΞ

3.10. ^ U ) - V X T V Z ( X G A . Z c z ^ : 3 . X G ^ .

3.11. If U^cj^f. Inducfofi/;, then holds one and only one of £7=0,

-X'. l e ϋ / ) and Ue-jfim.

3.12. α = 0V0Gα. 3.13. Oeί. 3.14. α e N o ' e V .

Def

Def Connex(c^) ^ VXY(X, F G J / 3 <XY> e tfompar).

Def
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3.15. <ab> e "toompar = <abf> e Ήornpar = <a'b'> <

3.17. Lim(^). 3.18. ProColl(^).

*3.19.

/. Put Jg 'A {X\X<Bjf^BY(YeXT) cjtf.YΠX'= 0)}. Assume I G <J*/.

cjg'. LetXe^f. If m / = 0, then 3 7 ( F G ^ n ^ . y n ^ = 0). Hence

we assume Xf)XT*0. Take Γ E i n / . By I c J , F G J . Hence, by

y e X ar ί re^Πcj^ . y n / r = o). So i6TD3y(yE^ncV. YUXT

= 0). That is, I G J . Accordingly VI(Ie ^/. I c jg5 : =>. I G Jg>). By

and 3.09, c V ς J , Hence, by the rules of inference, 3 J ( I G Y

7 ( y e ^ U j / . yn,ίf = 0). Since ^ is arbitrary, we obtain the

theorem.

3.21. <αb>

*3.22.

We prove Connex(^). Then, by this and Comp(0), ^f^Φ

-* Connex(cV). Put c^ S {b | Vα«αb> e Ήornpar)}. Assume b c j , If α e b,

then <αb> e ¥>ompar. Then we may assume α$b. Let c e b. Then c e ^ and

hence <αc> e "toompar. If α I c, then αεb, which is contrary to o Φ b. Hence

ceα. From this, b c α and hence bcαVb = o. If b = o, then <αb> e Ήompar.

Assume la a. Then 3X(Zeo Π - b ) . Hence, by *3.20, 3 Y ( y e o Π - b .

7n(oΠ ~b)=0) . Let y e a Π -b . yn(α(Ί ~ b ) = 0 . We prove b= Y. YSΞ&.

Let c e b. Then C G J and hence <c Y> e "€ompar. If Y I c, then y e b , which

is contrary to Y e ( α Π - b ) . Hence C G 7 . Since c is arbitrary, b e y .

Conversely, let c e Y. By Ye α Π - b, c e o. By YD (o Π - b) = 0, c $ α Π - b.

So c e b. Hence Y c b. Accordingly b = y £ n . Hence <αb> e c€ompar. Since

α is arbitrary, Vα(<αb> e Ήompar) and hence b s j . So Vb(b c j p i ε j )

and, by 3.09, ©ς*£l. Namely, Vab«ab> e tfompar), which implies Connex(^).

*3.23. (JGb

Def Word(cΛf)£Connex(cj^).
Def Word*(^/) ^Connex(cV).

Def . Comp(^f). Def
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Def

Def .0*(cj*O£Word*(c*Π. \nJ(U<=<j*/.^.U=yeg$i(^f, U)).

^J4 is called well-ordered by e in the weak sense or in the strong sense when

Word(^/) or Word*(cj/). 0/(o*O is a definition of ordinals where Induc(cV)

is a component which features the definition. &N(^) is a definition of ordi-

nals corresponds to von Neumann's way. Next we prove the equivalences of

these definitions, using essentially the law of the excluded middle.

*3.24. ί ( c y ) ^ ^ U ) , *3.25. *

3.26. Comp(^) =VU(Ue^f.^.U=^eg$i(<j*ft U)).

*3.27. ft(j/)^ftU).

*3.28. Λ(J/). J c j / , Comp(J)~>j£ϋ/.

d*(By @N{<jJ)9 Word*(^/). B y ^ c ^ a ^ f f e c V n - J ^ ) . Hence,

by the definition of Word*(cV), ΞYiY^^fΠ -,£}. YΠi^/Π ~ ^ ) = 0 ) . Let

KGcVΠ - jg*. FΠ(j/Π - c ^ ) = 0 . We can prove ^ = 7 in an analogous

fashion to the proof of *3.22. Y G J / . Hence ^^^f.

*3.29. cj^fςz0N. 3 I ( l £ j / ) - > 3 7 ( 7 e ^ . yίlcj/ = 0).

Proo/. Assume ^37ί7e;.V. YΠ^f^O). Put ̂  ί {U\ VI(Ze cĵ /̂ f/

e X)}. By the premise, there is an Tsuch that l e cV. Then c^ c X Hence,

by 2.14, ̂  e ̂ &. Assume JB = X. Hence ̂  e i4. Let c^ Π ^ / # 0. Then

there is a C such that Ce J Π c ^ ' . By the definition of JB and C G J / , we

obtain C^C, which is contrary to 1.04. Hence J Π j / = 0. Since J*? is a

class, 3F(yGcjsf. 7ίlcj/ = 0), which is contrary to the first, assumption. Hence

B y J c J , J c l BylGcV and the premise, I E 0y. We prove

L e t D E C G j a n d Y e c j / . By the definition of ̂ , C e F. By

and cj/cftv, Y e f t and hence Ystfomp. So D e F and hence

D e n Therefore D EΞ c^. That is D G C G J D D G J . Since

C, £> are arbitrary, & e r ôwi>. Hence Λ(X). Jcχ.Comp( J ) . By *3.28,

^ e X Hence V K I G J / D J S I ) and so J ε J which is a contradiction.

Accordingly 3 7 ( 7 6 ^ . 7 0 ^ = 0).

3.30. (PAcjxf). Z7e ̂ / - > Z7e ̂ .

Proo/. By <&A<jxf), Word*(cj/). Compί̂ j/). By C/ecV, UtΞ^ord*. Let

By Compel), I G J / . By Connex(^/), <UX> (Ξtfompar. If

IX, then I e 7 G ί / G l o r X^U^X, which is contrary to 1.07 or 1.06.
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Hence I e U. Since X, Y are arbitrary, we obtain £/GΞ "€omp. Thence £/GΞ

by 3.26.

*3.31.

Assume c ^ * 0 . - ^ 3 3 W = Z'. X(Ξ0N). Let β e j / . By <PN(cj*f)

and 3.30, we obtain 5 G Λ . Also, by the premise, Comp(^) and hence

B'c .V, Assume B'^^f. Then 3X(cV = X'. I G ^ ) , which is contrary to

the assumption. Hence B'a^. By B&&N, BtΞ&omp and so B'tE&omp.

Hence Λ ( ^ ) . B'a^f. Comp(B'). By *3.28, we obtain Bf<=<j*f. Hence

3 Z ( β e Z G c i / ) which implies B e U c i . Hence o*/c U ^ . So, in virtue of

Comp(cV), os/= Ucj?/. cj?/^0. Accordingly

*3.32. <

Proof. lίcjχf = &, then 0UJ4). Hence we may assume ^4^©. Let

cĵ . Assume 0 e ^ . ¥ I ( Z G / D I ' G / ) . VX(X<ΞJzfim. X^XT:^.

/ ) . We prove C/GΞ^. Put ̂ ^{X|ZecV. 1 $ / } . Then c ^ c ^ .

Hence, by 3.30, JB^Φ*. Assume 3 Z ( X G Ξ ^ ) . By ̂ 3.29, 3Y( FGΞ ^ . YΓΊ^

= 0). Let ASΞJ$. AΠJ=O. From this and ComplcV), we can obtain

A c / , i G j / . 0N(<JJ) and hence, by 3.30, i e f t and hence, by *3.31,

A = 0V3X(A = Xf. X<ΞCOX)MA^^im. Let A = 0. By OGΞ^Γ, A e / . Let

A = A1'. I G ̂ . By X e A and A c X we obtain ZGΞ / . Hence, by VZ( X

GΞ X 3 X' GΞ / ) , A = X1
 GΞ / . Let A GΞ j*f itff. By A c X and VZ(ZGΞ y/w.

Z C / : D . X G / 1 , A GΞ X. On the other hand, b y A G j , A $ ^ which is

a contradiction. Accordingly c^?=0 and hence U^Xi. Since / is arbitrary,

we obtain U<=0. Hence ^ c ^ . By ̂ 4*Φ, j / c f t By ""3.24 and *3.27

and ^ ( ^ ) , we obtain <PN«P). By the premise, Comp(op/). That is,

^ . Comp(^p/). Hence, by +3.28, ^ e ί ? and so

*3.33. (0(u4)^(Dι(^)^Φ^^4). *3.34. 0 = &i=<Pa.

Next we consider the class of ordinal numbers which are sets.

Def i?^{zί|

Hereafter the convention is made that a, β, r> . , are variables whose

range is Ω.

https://doi.org/10.1017/S0027763000002324 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000002324


AN AXIOMATIC THEORY OF ORDINAL NUMBERS 205

3,35, 0 G Ω. 3. 36. af
 G Ω. 3, 37, a

3, 38, i? = 0 Π

Proof, ϊt can be easily proved that Ω c 0 Π <j/έ± Put <̂ / ̂  {α ] α

Gi2}. Assume α c j / and a^^et. If α = 0, then, by 3.35, a^Ω. Assume

α = b?. bGβ and hence b e ^ . b e ̂ Z , So b G J2 and hence, by 3.36, b' G β.

Assume α G Jzf ίw. By o c j / Π ^ ί , α c j?. That is, α e ci/^^ Π Jẑ f w. α e i?.

Hence, by 3*37, α e J2. Accordingly Vα(α c ^ , D . Q G < /̂) and hence 0 ^ ^ .

From this, we obtain 0 Π j/έtf c i2.

3.39. Ω^jfnduc. 3.40.

3.41. There holds one and only one of a = 0, 3β(α: = j9θ and α e Jzfim.

3.42. i2 e ^ofl#. 3. 43. i2 e Jzfim. 3,44. i? e ^roCls. 3. 45. £ e ©.

3,46. Vw. W G ^ Ξ VX[0G Z. V Λ e l D ^ ' e Z ) o

Finally we consider the set of natural numbers.

Def ω^{w|VXC0GX. V ^ e ^ D ^ e ^ T ) : 3

We make the convention that ^, /, m, n are variables whose range is ω.

3. 47. ω c i?o 3. 48. ω G J^^ί. 3. 49. 0 G α>. 3. 50. w G ω

3.51; -^3W(WG0). 3.52. n' = m'->n = m.

3.53. OGcV. V w ( » G j / 3 w ' G c i ) ^ ϋ ) C ^ .

3.54 V^cj/.D.wGci)->α)Cj/,

3.55, There holds one and only one between n = ΰ and

3. 56, ω G "€omp, 3. 57. ω G «^iw. 3. 58, ω G i?.

3.59.

3.60.

3. 6 1 . V « ( M G ω Ξ VΛ?(AT G « ' . =>. Λ: = 0 V 3w(ΛΓ = W') ) ).

3.62. <^ α> G "(oompar. 3.63. n=~~aVn^ α, 3. 64. ω G "(oonnex.

3.65, ωeiy/ord, 3.66. ί ίCαs^EQ. 3=67. Qcz^-aew.

§4, Addition and product and exponentiation of ordinal numbers*

Def Jg(3O£ U{F|3i)(F Fnc i).

https://doi.org/10.1017/S0027763000002324 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000002324


206 TOSHIO UMEZAWA

4.01. Functi JS(lf)). Vα[αc J ( ^ ( ^ ) ) . α1

/. Put J^:£{F|3t)(FFnc 9- Vα[αGΞ tj.^.F' α = ίf' (α1F)])}. It fol-

lows that o ^ ( J ? ( ^ ) ) = U J o " « J ? c ^ . The proof falls into several lemmas.

4.011. F, GtΞ.je. <XSΞ3O FΪ\3O G-*Fι a^G' a.

Proof. Put cjχfILicι\ae&oι Fϊ\3o G.^.F' o = G* α}. Assume Q

and OGΞJ^O' F ί l J o * G. By the definition of Jf, F' a = ϊf (α1F) and G* α

= £ί' (o 1 G). Let <AJ3> e α 1 F. A G Q . <A^> e= F. Hence A G J / Π ^ . Since

^ o * F, ^ o * G e tfomp, A e ^ o * FΠ ̂ o ' G. Hence F' Λ = G' A. So <ΛJ5> e G

and hence we obtain α 1 F c Q 1 G. Since the converse is similarly proved, a 1 F

= α1G. Hence F* α = G* o. So α e ^ / . Since α is arbitrary,

). Hence (̂

4.012. Funct

Assume <AB>t <AO<Ξ^(ϊf). By definition, there are F and G

such that F, G&je,<AB>e Fand <AC)eG. i e ^ o ' F Π J o ' Gψάj$o F E ^ .

Hence A e ί?. That is, F , G e ^ . A ε ί n ^ o * F Π J o ' G. Hence, by 4. Oil,

F' A = GC A. Since F, G^J^unct, B = F' A and C - G' A. Hence B = C.

Then U n ( J ( ^ ) ) has been proved. By definition, Rel(J£(ίf)) is obvious.

Accordingly Funct(J?(^)).

4.013. F e X Q C J O ' F-»α 1F= α 1 JgOf).

Proo/. Let <AJB> e α 1 F. Then A e o. <AB> e F. B y F e ^ , <A£> e U ^ ^

= Jg(5f). Hence <AB> e α 1 Jg(&). Conversely <AB> e α 1 Jg(Sf). Then A G O

and there is a G such that <AB> ε G e Jpm By A GΞ o and α c J3o F, we obtain

A GΞ ^ o ' F. Hence A GΞ ̂ O * Fίl ^ o ' GΓ\(D. Hence, by 4.011, F' A^ Gc A.

Accordingly <AJ5> e α 1 F.

4.014. Q

By the premise, there is an F such that α e ^ ' o ' F. FGΞ je.

<α, F' α> GΞ FΪΞ j e and hence <α, F' α> GΞ Jg(Sf). So, by 4.012, J ^ ( ^ ) ' a = F' α.

By FGΞ . ^ , F' α = ̂ 7 < (α 1 F). By α GΞ J^O' FGΞ g?, α c ^ o 4 F. Hence, by 4.013,

α 1 F = α 1 J β ( ^ ) . Accordingly, JZ^Y a - ^ 4 (α 1
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4.015. V α [ α c J ( J ( ^ ) ) . α1

Pra?/. Assume α c J ( J g ( ^ ) ) . Q 1 f^(^f) e ^ ( ^ ) . Hence W' (α 1

S. Put G4(αij£W))U{<α, ^ " (α1Jg(^))>}. We prove that G Fnc α\

DG' b = ̂ ' (b1G)). It is easy to prove G Fnc α'. Let beα'. Then

b£αVb = α. Assume beα. <b, G'b>eG and hence <b, G' b>eα 1Jg(^). So

G' b = cie(^)'b. Since b G j ( J ( ^ ) ) , we obtain, by 4.014, JS(&)' b = ̂ ' (b1

*&(&)). By the definition of G, b1Jg(^)=b1G. Hence G'b = &' (b1G).

Assume b = o. By the definition of G, G' b-= G' α = ̂ ' (αUe( ί f ) )=G < (b1

c ^ 5 ( ^ ) ) - ^ 7 < (b1G). Hence G Fnc α'. Vbίbeα^G4 b = ̂ * (b1 G)). S o G e X

That is, α e ^ o ' G. G&je. Hence Q G J W ) ) . Then we obtain 4.015.

4.016. Vα[αc^(Jg(Sf)). o 1 J g ( ^ ) e j ^ ( ^ ) : =>.

By 4.014 and 4.015.

4.017.

iVoo/. Assume Q C J ( J ( ^ ) ) . By the premise, α1

Hence*, by 4.015, o ε j ί j ^ ) ) . So it follows that "sfaia^

e^ίJEfOf))) . Hence ^ c ^ ί j g ί ^ ) ) . On the other hand,

and hence ^ ( J g ί ^ 7 ) ) = <D. It completes the proof.

Def ^ i ( ^ ) ^ U{F|3w(F Fnc n.

4.02.

Def

Def , { |

^ . Z=^ Y ^/c~u 3o Y)

. Z= U ^ ' y).

Def

4.03. f y

Proof. By 4.01, Vala c 3(&t{J*> <j*f)). a 1

Obviously,

. Since j^o' (01cX^ί(J^, cj^))=0 and cj/
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, ^1) and hence

we obtain <-j/t(J ,̂ uxfY 0 = &(J?J, <J*/Y (O1j/ί(J^,

proved that Funct(^(J^, c

ingly

4 04.

So, by the above,

Since it can be

) ) = ^ / . Accord-

Proo/. By 4.01, F\mct(*<?t(J*, Λ?)). Also, by α ' c

J^, c^/)). Hence, by 2.29, ( α M c / ί t ^ , c^/))'

. By -j^ί(J^, cV)4 α e ^ ( ^ ) U - ^ ( J ^ ) and 2.19,

. Hence <α'1j/ί(j^, ^ ) , ^ ' c ^ ί ( ^ , cΛf)έ Q > G ^

, Together with α; c ^

α.

? α

' α

^ ' α

. So α'1

, we obtain

α, using
that

4,05. ί c

/. U ̂ 4 (α

), 2.09 and 2. 23. Hence <α

and so a\

we obtain

, by

,. U &t {JP, <^f) " a>

o Together with Q c J

Def ^ ' Fnc

4.06. C _ ^ G Ξ ^

Fnc

Fnc

, jxfY b.

Proof, By the premise and the proofs of 4.03-4,05, we obtain

/ ) ) . ^ . Q 1 ^ ( ^ , e V ) e ^ ( ^ 5 CJ/))). Hence, by 4,01,

= 0 . So, by the premise, Vα(j/Kci^, cj/)έ Q G J ) and hence

c ^ . By 4,01, Funct(cί^ί(c-^, J / ) ) . From these, we obtain

P, <j*f) Fnc (@-*JB). The premises of 4.03-4.05 are easily proved and

hence the other assertions follow from 4.03~4.05.
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Def ^f+^^^ti^/c, u*fY JB. Def 1^0' Def 2^1'

4.07. A + b e=

S. Hence, if we substitute <€ls for JB, ^c for ^

and A for J / in 4.06, we obtain J?t(j/'c9 A) Fnc W +tfls). Hence, by defini-

tion,

4.08. ^ f (JA?, α) Fnc 0 . α + 0 = α. α + b' = (α + b)'.

4.09. α -f b = α U {α + 911) e b}. 4.10. 0 + α = α. 4.11. o + 1 = α'.

4.12. α + b = 0. Ξ : α = 0. b = 0. 4.13. c e b-> α + c e α + b.

4.14. 0 e b->α e α + b. 4.15. α + b e tfomp. 4.16. α + ί e Jgffiw.

4.17. a + b&0. 4.18. (α + b) + c = α+ (b-f c).

Def α + b-fc^(α

4.19. α + b=:α + c. = .b = c. 4.20. a + ϊ)Ga + c = l)

4.21. α + ceb-fc->αeb.

4.22. α c h. α -f c, b + c e a e tfonnex-* a + c I b + c.

*4.23. αcb-*α + c l b + c. 4.24. α,

Def c&ndecornpiL {a\ ̂ -3bc(α = b + c. b, ce

4.25. Vi)(V)6α3i) + Q = α)->αG<s?ndecotnp.

*4.26. Q

Def α<b£39(α + t̂  = b). Def

4.27. 0<α. 4.28. α <b. b< c->α < c. 4.29. α<b. b<c->α<c.

4.30. a<K. b<c-^α<c. 4.31. α<b.

4.32. α + b<α + c.ΞΞ.b<c. 4.33. α +

4.34. α<b.= .α<bVα = b. 4.35. -^(α<b. b<α). 4.36. a<b'.-.ct<b.

4.37. a<b-^aeb. *4.38.

Proof. By 4.37, it suffices to prove that a^b~^a<'b. Put <^/1 {b I α e b

DO<b}. Assume becj?/ and αeb. Then b#0. Assume that b = c' for a c.

So α e c'. If α e c, then, by c e cj/, α <c and hence a<K If o = c, then o<α' = b.

Assume b G ^ / m . Put c ^ ^ {t)|o + t) eb}. We prove ^^0. L e t c e ^ . Then

Q + ceb. By l^^fim and 3.16, α + cΈb and hence c ' e ^ . So7 ce U J .

Conversely, ce U Jg5. L e t c e b e J . By 4.13 and the definition, o + ceα + b
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G b. Hence α + c e b and so ce J55. Accordingly J8 = U Jg*. By αeb, D e J

and hence 3U(Uc&). Hence Li m(Jg'). Letcejg*. Thenα-fceb. By*4.23,

c iα + c a n d s o c e b . Hence J ς b . Since b e #&, by 2.14, ^ e ^/s. Together

with Lim(._^), we obtain -33 ei Jzfim. Evidently JS <^(D and hence, by 3.03,

^SΞ(D. Next we prove α + ^ = b. Let cεα + J . Since c^ e ^ * m Π φ,

there is a t) such that CEβ + i). t ) e ^ . Then α + t)eb and hence ceb. So

α + c^ c b. Conversely ceb. By Connex(ί^), <αc>e Ίoompar. Let o e c. By

c e X we obtain α<c and hence there is a t) such that α + t) = c. Hence α + t)

6 b a n d s o i ) ε J . Hence, by 4.13, c = a + i)£tt + J . Letclα. ThencEQ + J .

Hence !ICQ + J and so α + JB = b. By definition, a<b and so b e JJ/. Accord-

ingly Vb(bCj?/,D.ί)6cj/) and so (D^cj*f.

4.39. o'<b->α<b. *4. 40. α'<b = α<b. 4.41.

4.43. ^ + w e ω . 4.44.

Def

Def ^ / ^ S cV ^ S cί/ίίc^4(c-«/), 0)4 «^.

4.45. c^f(J^ 4 (α), 0) Fnc (φ-»tfls). αO = O. αb' = αbH-α. α ί= U{α^|t)eί}.

Proo/. By 4.07, ^ ( ^ 4 ( α ) ) = ̂ /s. Hence if we substitute 0 for ^ and

for c ^ and J^ 4(α) for J ^ in 4.06, then the premise is satisfied. Hence

the conclusion of 4.06 gives the theorem.

4.46. 0α = 0.

The following three theorems are proved simultaneously.

4.47. OGC. αeb->cαecb. 4.48. Oeα. b e Jzfim->ab& Jzfim.

4.49. o b G ^ . 4.50. α(b + c)=ob + αc. 4.51. (αb)c = α(bc).

4.52. αb=0.ΞΞ.α = 0Vb = 0. 4.53. cαecb. <αb>e <^om/w'->α<= b.

*4.54. c α e b c - * α e b . 4.55. a^b. αc, bee 3 e &onnex-*ac~bc.

*4.56. α I b-*αc I be. 4.57. α,ί>ε Ήonnex-*abG. %7annex. 4.58.

4.59.

Def h(cj*f)£{U\(<j*f = 0. C 7 e 0 ) V ( 0 e c V . ί / e l ) .

4.60. [α = 0 3 f c ( α ) = 0 l [Oeo=>Mα) = l l 4.61.

Def

Def
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4.62. [α =Ό 3 α° = 01 CO e α =) α° = 1].

The following six theorems are proved simultaneously.

4.63. c ^ ί ( ^ β ( α ) , h(a)) Fnc (0-+Φ). Qb' = αbo. ax= U ^ i i j e ί } .

4.46. 0b = 0. 4.65. 1* = 1. 4.66. 1 e α. c e b->αc e αb.

4.67. l e o . b G J^im-* α* e J^im. 4.68. αb e (9. 4.69. αb+c = αb oc.

4.70. (αb)c = αbc. 4.71. α e b. αc, bc e 3 e ^otmex-* αc I bc.

*4.72. α e ^ α c c b c . 4.73. α j e Ήonnex-*a1 e tfonnex.

4.74. a, b e ^(?rJ-> α + b, αb, oB e ^ord. 4.75. wm e ω.

4.76. l e « - > / = (o. 4.77. « + w, nm,

4.78. α: + ̂ , Λ/9, αr^e iλ

§5. Recursive construction of ordinal numbers.

Def y ^ , cV)^{<rZ>l(^ί?< Γ = 0 . ^ =

"14 ^ o 4 F)}.

Def

The following theorems may be proved in an analogous fashion to 4.03,

4.04 and 4.06.

5.01. c y

5.02. w'

5.03. ϋ / ε j ( , )

^ ( ^ Fnc

Def Λ - w = ItO^ί?"1, w)' m.

5.04. l\.(έfc~\ n) Fnc (α>-*o>)

Proof, Put a^{m\m'Q^ (lt{^/c'\ n)) .^.n-mzΞω). Assume m£tf

a n d m ' c j ( l t ( y c - 1 , w ) ) . If m = Qt then, by 5.01, w-0 = wsω. Assume

m^k'. Since ^ e α and ft'G^(It(j/'c'1> n)), we obtain w-^eω. On the

other hand, ( o c i f y ^ u - J f y c " 1 ) . Hence n - fee ^(j^c"1) U

-^(J^c" 1 ) . Sc, by 5.02, n-h'~^c'u (n-k) and hence tf-meω. Ac-

cordingly m G α and hence ω c a. So if we substitute n for ^ ω for jgj and
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c""1 for <JP in 5.03, then the premise holds and the conclusion gives the

theorem.

5.05. jAΓ *' n = n - 1. 5.06. (n - m) - k = w - (m + *).

5.07. (n — tn) - #= (w-&) — #ί. 5.08.

5.09. 1< m-*(n~ 1) - ( m - 1) = n- m. 5.10. (Λ + WI) - m = n.

5.11. # ^ m-*n- w = 0. 5.12. m<>n-*n— (n- m) =tn.

Def <β>*

5.13. It(J? 6, A) Fnc (ω->^/s). I t ( ^ 6 , AY 0 = A

AY nxΩ.

5.14. Acβ-,It(Λ A)* »sIt(Λ B)' w.

Def T = { < 0 0 » U { < n M t ( Λ Λ)β w>lwe α>} U {<ω, U

5.15. T Fnc (ω'->«7s). T* 0 = 0. T' 1 = A T* n" = Γ'

= UΓ"αι.

The elements of T* w are w-tuples whose members are elements of Ω.

T ω is the class of all ̂ -tuples where n is an arbitrary natural number.

5.16. TtΞtfts. 5.17. A c f w-»It(J^6, AY m^T (n + m).

5.18. T nQΊ* ω <^<ϊ/et. 5.19. c ε f wΠ T* m->n = m.

Proof. Put 6I{w|Vβ?w(fl£f w Π f m P . w = m)}. Assume n^b and

T* nΠT* m. By T '0 = 0, we may assume that 1 ̂  w. 1 <; m. Let Λ = 1.

If Km, then there are c and α: such that β = < c α > . c 6 f ( m - 1 ) . B y β ε T ' 1

= Ωy <cα> e j?. Since then C G { C } G <cα:> e *€ornp> c e <cα:> and hence c = {c}

or c = {ca} which is impossible. Hence m = l and so n = m. Let Kn. If

w = 1, then we have a contradiction in a similar way. Then assume Kn.

Km. ByβGT'w, there is c and α: such that a = <cα>. CG T' ( Λ - 1). By

O G T ( w, C G T ' (*»- 1). Since n-l<=b and C G Γ ' ( « - l ) n f ( m - 1), we

obtain n — 1 = m — 1. Hence, by 5.08, n — m. Sof n&b and hence ω c £.

5.20. J?V or = a. J*V α: = α:. 5.21. Γ

5.22. flGf ω-*It(c^i, β) Fnc (ω-*r ω). lt(J»u a)' 0

u aV n' = J>i It(J>l9 aY n.

Prooj. Put bϊ{m\m'ς:^(lt{jzu a)).^.lt(^lt aY m^T ω). Assume
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and tn'Q^(lt(J*l9 a)). If m = 09 then, by 5.01 and o ε T ' ω,

β)' Oe'f ω. Assume m = n'. By n^b and H ' c ^ d t U ^ i , α)), It(J?i, a)' Λ

e r a ) . By 5.21, It(J^i, β)' we ^(J*x) U - ^ ( ^ x ) and hence, by 5.02,

It(J*u aY n^JPx It{J*h aY n. By lt(J*u aY n^T ω and 5.15, there is k

such that It(J^, aY n^T k. If A? = 1, then, by 5.20, JP± lt(J*u aY » e f ft.

Let Kft. Then there is c and a such that I t ( ^ x , aY n = <ca>.c<=Tι (ft-1).

^x4 I t ( ^ i , «)' Λ = C and hence c^/ It(J^, aY MET ω. So n^b. Accord-

ingly ω c b. Hence if we substitute a for cj/, T' ω for JB and J^i for J* in

5.03, then we can obtain the theorem.

5.23. β e f ω->It(^x, It(J*i,aY nY m = lt(J*u a)1 {n+m).

5.24. aeΓ' w. tn<n-*lt(J*it aY w e f (n-m).

Def M^

For tf and ^ such that a&T* n and 1 < k < n> Mk a gives the ft-th member

of a,

5.25. Mk Fnc (T( ω' +Ω).

Proof. By definition, Funct (Mk) is easily proved, using 5.19 and (l<;ft

< n) V -7 (1 < k < n). Evidently 3(Mk) £ T ω. We prove that T ω <^3(Mk)

and ^(il/fclcfi, Let Γ e f (o. Then there is w such that F e f w . (l^ft

<n)y^(l<k^n) holds. Let l < ^ ^ w . n-k<n and hence, by 5.24 and

5.12,It(J^, YY (n-k)<zT' {n-(n-k)) = T* k and so J>2 lt{J*i,YY (n-k)

<ΞΩ. Accordingly <Y, <β>z I t(J^, YY (n-k)> &Mk. If -y(l<,k<n)t then

<F, 0> e Mk. Hence y e J ( J I Λ ) . So T* ω <^3(Mk). From the above, we also

see that W(Mk)^Ω. Accordingly Mk Fnc (T ω-*Ω).

5.26. Mk

5.27. aϊΞT n. l<k<.n. m<n-k-+Mk a = Mk \XX^u aY m.

Proof. By definition and the premise, Mk a^<β*2' itiJ^u aY (w-ft) and

i, aY m^T* (n-m). By the premise, we can obtain k<n—m. Hence,

Mklt(J>lt aY m = J*2 It(JPlt I t ( ^ , aY mY ((n-m)-k) = J*

aY (n-k) = Mk a.

5.28. a, b^T n. VMl< k < n.^.Mk a^Mk b)->a = b.
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5.29. β e f n->\fk(l<k<,n^Mk a = 0) V 3ft(l < k< n. Buiu&Mk a).

Def Jf(a, n)ϊ{<kZ>\k^n'n ~ 2. Z=

Def L£{<aZ>\3n(a€=T n. Z=It(J^6, Mί' Λ)' ( W - 1 )

U( u y ( β , Λ ) " ( W ' Π - 2 ) ) } .

The following two theorems are proved simultaneously.

5.30. L Fnc iT ω-*J*ow(7* ω)). 5.31. U G Γ ' n-*V o c f Λ.

Proof of 5. 30 and 5. 31. It may be easily proved that Funct(L) and 3{L)

c T ω. We prove that T ι » c i ( L ) and ^(L) c J^owiT ω). Let o ε f ω.

Then there is # such that a^T n. We may assume 0<n. Mi a^Ω and

hence Mi a^Ω. By 5.14, I t ( ^ 6 , Mi' Λ)4 ( w - l ) c l t ( ^ 6 , 5)' (fl-l) = Γ' Λ.

N e x t w e s h o w t h a t U ^ ( « , n ) " (nf Π - 2 ) ^ T n . L e t A CΞ B t = J ^ ( a , n ) " ( n f Π

— 2) for arbitrary classes 4̂ and B. By definition, there is k such that <&JB>

e (w'Π -2) UzflΛ,Λ). Then B = It(c^6, Ut(J^i, β)' (w - ft)'} x Mk'' aY ( Λ - A ) .

By jfeεw'n - 2 , (n-k)'<n. Hence, by 5.24 a n d β e f n, It(c^i, β)' (n-k)'

e f (w-(w-ft)0 = T< (A-l) . Hence {It(c^χ, Λ)' (W-A)'} XMΛ' α c f (ft-1)

xΩ=T k. So, by 5.17, J3 c T (ft + (72 - A)) - T' Λ. By i s β , i e f w .

Accordingly we can obtain U Jzfia, » ) " ( w ' n - 2 ) c f ». PutJ5

Mi4 tfV ( w - l ) U ( U^f(β, w)"(w'Π -2)) . Hence EQT n. By T* n

and 2.14, JSe <€U. So <αE> e L and hence a e j^(L) and V aQΊ* n. Thence,

it follows that T ΰ ) C j ( I ) and tf{L)Qj*ow(T' ω). Hence L Fnc (T* ω

->JPow(T' ω)). From the above, 5.31 also holds.

5.32. L ε f t . 5.33. Λ G T * 1->Z/ Λ = «.

5.34. o e f w. 2<n->V a={L' J»ι β x f i j U l W «}x^ 2

< a).

Proof. r f l = I t (ΛM 1

< f l ) < (w- l )U(uy(α,/ ι ) < < WΠ-2)) . By2<w

and 5.27, Mi a = Mι <J*i a and hence I t ( ^ 6 , Mi aY (w-1) = lt( J^6,

Mi' ^ ί

1

<fl)<(«-2)xi?. We can prove that u y ( e , « ) " U n -2) = ( U J ^ ί ^ ' β ,

Λ - l ) " ( » n -2))xώand Jzf ίέi, Λ)1 Λ = {J^1

< a}xJ*2 a. Since c^/ o e f (w

-1), we obtain L' *= ([It(c^6, M/ J^/ β)' ( Λ - 2 ) U ( U ^f^i a, n-\Y\n

Π ~ 2 ) ) ] X # ) U ( { J ? V a}x^ 2 ' fl) = (L' J?V flxi3)U({^1

< β j x ^ 4 β).

5.35. a.
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5.36. α e f ω-»V <aff> = U <aβ>U{<aβ>}.

5.37. i ε f w. a^V ft-Z,' a^V ft.

Proof. Put dLinWabibel* n. aeZ/ b: =>.// a^V b)). Assume n^c

and ft e T' w. # e Z/ ft. If n = 0 or w = 1, then we have V <zQL( b. Let 1< w.

By 5.34, V b = (Z/ J*Y ̂ xi?)U ({J?Y ft}x J?V ft). Let a e Z/ J?Y ft x Ω. Then

there is rf such that a^<da>. d&U J*ι b. Since J*ι J e f U - l ) , I ' r f

c r ^x4 5 and hence V dxΩ^V J*i bxΩ. Also {d)xcc^Li J*x' bxΩ

and hence V a=(L' dx Ω) Ό ({d} x*) ςzϊ b. l*t a&{J*ι b)*J»z b. Then

there is β such that a = <^>

1

< ft, fl>. β e ^ 2 * ft. V a = (L* c ^ / ft x J2) U ( { ^ ^ ft>

x β) and {c^i' ft} x β c {^^ ft} x ̂ 2 * ft. Hence V aQL* ft.

5.38. fteT' ω. a^V b->U aQL' ft.

5.39. βε f w

Put b^inWaia^T n. 3k{l<k<n.

el/0))}. Assume w£ft. If Λ = 0 or « = 1, then weft. Assume β e f w.

l<^<w.3MUeM'fl) . Then £<κVβ = ;ί. Let &<w. By 5.27, Mk J*i a

= Mk a. Hence JPi a^T' {n~l).3k(l<k<n-1.3u(u^Mk J*i a)). By

w —left, we obtain 3u(u&L' J?ι a). It is easy to prove 3«(«εL' α). Let

k-n. Mk a = Mn a-JPz a and hence 3 M ( M E J ^ 2 ' #)• Hence, by 5.34, 3u(u

e l ( a). So weft and hence ω£ft. Next we put cli{n\Va(a& T n. 3uiu

G L ' a): =>. 3/2(l<^<«. 3u(u^Mk a)))}. Assume n^c. If w = 0 or Λ = 1,

then weft. Assume K w and α e f w. BwίweL* α). Let d^V a. Assume

ie-L* c^r * x # . Then 3u(u^Li J*i a). Since J^Y β e c , 3 ^ ( l < ^ < w ~ l .

Mk ^i a)). Then, by 5.27, 3*(1 < k < n - 1. 3κU e Λfc' fl)). Assume

xJ?2 a. 3u(u<aJP-> a), J** a = Mn' a and hence 3u(u^Mn a).

Accordingly we have 3 & ( l < £ < w . 3u(u& Mk a)). So w e f t and we obtain

5.40. oef n

5.41. α ε f ω

Proo/. By 5.29, 5.39 and 5. 40.

5. 42. a, btΞT' n. U a = U b-*a = b.

Proof. Put c ̂  {w I Vαft(α, ft e T4 w. L4 a= V ft : 3 . β = ft)}. Assume w c c.

If w = 0 or w = 1, then w e e . Assume 1<w and #, fte T' w. V 0 = L* ft. Let
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#eZ/ ^ Y a. <x, J** & E L ' J*ι GXΩQL' a and hence, by the assumption,

<χt J^V ft> e V ft. On the other hand, <*, ̂ V ft> Φ {J*Y ft} x «̂ Y ft and hence

<*, J?V » G L ' C^I' ftx£. So * 6 l ' J^V ft and hence Z,' J*ϊ a^V J*ι b.

Similar for V J<V ft c £' J^V a and hence V J^Y a = L' J*V ft. Since <̂ Y Λ,

J*Y i e f (w-1) and w - l e c , we obtain J*Y a = J^Y 6. Let .ye J?V α.

<^Y a, y> e {^^ «} x J^V aQL' a and hence <Ĵ Y Λ, J;> e L* b. Since <^i ' «,

>̂ $ Lf c^i' Z> x #, it follows that jy <= ^ 2 ' 6. Hence ^ 2 ' o c ^ 2 ' 6. Likewise

for J>2 b c ^ 2 ' β. Hence α - <^i ' a, J?V «> = <^ίi< by J?V >̂ = ft.

5.43. c e T ' ω. Ξuίu&L' a)-*L~u a = a.

Proof. B y o e f α ) and 5. 30, <a9 I ' β > e L . Assume <x, Z/ β>, <y, L' α>

G L #, ^ e ^ o ' L = T ω. Then there are n and m such that x^T n and

j ' e f m. By 5.31, V x^T n and Z ' ^ c f w. By ΞU(U<BL' a), there is ft

such that ft e Z,' «. By the assumption, V x~V a and V y = V a. Hence

ft e T' nΠT' m and so, by 5.19, n = m. Hence x, y e T* n and together with

L' x = V y, we obtain x = y, by 5.42. Hence 3 ! x«x, V d> e L) and 3 ! x(<L' a,

x> e L"1). Since <L4 «, α> e LΓ\ we have L'1* L' a = a.

5.44. <z, ft e T* ω. SwCweL* Λ). L* a — V b-*a = ft,

fVoo/. α = L'u U a = L"1' V b = b, by 5.43.

5.45. VuiusΞT' n. U U<^CJ4\ =>

Proof. Put β£{w|Vj/[VM(MGT'w.L < wCj ! /:D ί M G ^ ) A f W

AssumewCfl, If w = 0or w = l, then we«. Assume Kn and

w. L'u^^f:-=>. ue^xf). Put Λ(ft) έ {αlL* <ft*> c,^/} and

^ ^ { Λ IΛ G T 4 ( W - 1 ) . # < Ξ A U ) } . Let α: c A(ft). V ftc J5. fte T* (w-1) and

let c e L ' <ft«r>. By 5.34, C G L ' ftxi? or ̂ e {ft}x^. Assume ceL* ftx j?. Then

c^i* c e L ' έ and hence «̂ Y c e B. So, L4 <^i f c, (J?V )̂'> c j / . By 5.36,

C G L ' C^V C, (C^V C)*> and hence c e J / . Assume c e {ft} xα:. Then evidently

αr-vO. Assume α: = j9'. Since βeA(ft), L X ί ^ C j / , ^'c^cc and hence

J*V c€ΞβVJ*2'c = 0. \ί J*ι c<Ξ β, then C G L ( <ftβ> and hence C G ^ . If

.i^y c = j9, then, by VwίweT* w. L' uQcj*f:^>. M G J / ) and <bβ>-(=Tι n, we

obtain c = <ft/9> e ^ Assume α: e Jzfίw. Then J^Y c e ( ^ ^ cV e α. (^2' c)'

eΛ(ft) and hence Lf <ft, (J*V ί : ) ' ) ^ ^ . So c = <ft, ^ 2 ' c>GcV. Since c is

arbitrary, V <ba>^cj*f and hence #e/l(ft). S
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and hence ΩQA(b). So b^B. We obtain V W e f ( « - l ) , L'bQB:^. b

e B). Together with » - l e β , we have Γ ' t w - D c f i . Let u e Γ* #. J*V K

e=Γ' (*ί-l) and hence J»i u^B. By definition, U u = V <J*ι u, J*V u>

Qc^zf. By Vu(uζΞT( n. V uQcj*f\ ^ . u^^f), MGJΪ/ and so it follows that

Tζ nQcjtf. Accordingly VW(M e T' 72. // u^^f:^. UZΞ ̂ f) . 3 . T' w c ̂ , It

implies we« and hence we obtain ωCβ,

5.46. VuiutΞT' ω. L6 uάcjJ: =>

Dei j e 2 ( ^ ) ^ U{F|3«(FFnc L' M. M £ T ' ω.

5.47.

/. Analogous to the proof of 4.01. Put je^{F\3u(F Fnc Z/ u. u

f ω . V Λ e L ' W.3.F' x - ^ 7 ' (L* ΛΓ1F)])}. It can be proved that

5.471. F, Gεjf. a<a3o F^3o G^F* a^G* a.

5.472. Funct(Jg2(5f)).

5.4.73. F e X α e ^ o * F-^L' a1F=L* aU

5.474. e e ^ ( J g a ( i r ) ) - > Jgaίίf)' ^ = ̂ 4 (Z^ a\

5.475. Ϋ«[«ef ω. V u c\&(,&2(&)). V u 1

5.476. V Λ e f ω. Lβ
 M C J I J ^ ) ) . r «1 Jga(5f)

5.477.

= T ω.

Def ^2(A)^{<ΓZ>|(^o< y=0. Z=0)V(β^o< y = l . Z-A 4 1)

" 1 ' ^o1 y, A' SO Y»}.

5.48. ω^&o A. ypι A c ^ J ^ 2 ( A ) ) Fnc (ω->T* ω).

5.49. a) c J0o' A.W'AO. Ω^ JSΛ&ΛA))' n^T nK

5.50. ω^^)o A. yf AQΩ-*J2ι(&2(A)Y 0-0, J2i(&ΛA)V 1 = A*
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Def S(a, ft, m, «)£{<«, M» a>\n<kWm<n) U {<n«>\k< n < m).

Def Sice, ft, a) = S(ce, ft, ft, a).

Def Sbioc, ft, m) = {<χZ>\an(χeT n. Z=jeι(&t(S(«, ft, m, * ) ) ) ' «)}.

£?ef

5.51. Sb(a, ft, m) P nc (T' ω-T' ω). 5.52. S&(<*, ft, tn)

5.53. β e f M-̂ SδCα:, k, m)' aeT' n.

5.54. β, J e f ω . V/(;< M.r>.S(α, ft, wz, α)' / = S ( α , ft, m, b)' I)

JZA&iiSia, ft, m, σ)))' « = ̂ 1 ( s r i ( S ( α > ft, «, ft)))' «.

5.55. aeT' n. n = \-»Sb(a, k,mY a = S(cc, ft, w, «)' 1.

5.56. a^T n. \<n-+Sb(a, k, mY a

- <Sb(a, ft, mY J*V a, S{a, ft, w , aY n>.

Proof. Put * ^ { » | V o t e e T ίi. 1 < » : ^ . Sb(% k, m)'a = <Sb{cc, ft,

mY J*V α, S(α, ft, m, a)' «»}. Assume « s * and β ξ f «. κ w . By defini-

tion, Sb(a, K mY a = ̂ ι(^(S(a, ft, m, a)))' n = <J^Sί 2 (S(«, ft, m, a))) ' (»

- 1 ) , SU, ft, m, α)' n> and S&(«, ft, m ) ^ / a^.JS^^Sia, ft, m, ̂ ' «)))' (n

- 1 ) . Since VZ(/^n-l .D.S(«, ft, m, a)' /=S(«, ft, m,. ̂ ' β ) ' /), by 5.54,

^ i ( ^ 2 ( S ( α , ft, m, β ) » ' ( » - l ) = JB1(^'2(S(«> ft, m, i V α ) ) ) ' ( » - l ) and

hence Sbioc, ft, « ) ' β = <s&(α, k, mY J?V Λ, 5!a , jfe, «j, «)' »>.

5.57. β e f * M<ftVm<M->M«' S6(α, ft, w)' a^Mn a.

Proof. Assume «<ft Vm<». Put 6S {/|Vα(αe T' /.3.ΛfΛ' » ( α , ft, m)1 β

= Λfa'fl)}. Assume / £ * and aεT'l Evidently 1*0. By 5.53, S (̂ΛT, k,

mY aeT I. If -v(1 < n < /), then, by definition, M»' Sb(a, ft, m)' β = 0. Mn' a

= 0 and hence M» &>{<*, ft, mY a = Mn' a. So we may assume 1 < n < I. Let

/ = 1 . Then » = l. By 5.55, S6(«, ft, ,«)' β = S(α, ft, m, a)' 1 and hence, by

K f t V w ι < l , S(oc, ft, W7, β ) Ί = Mi'fl = β. So we have Mn' S6(α, ft, m ) ' β

= M»' β. Assume Kl Let 1^»</. Then, by 5.27 a n d 5.56, Λf«' S(α, ft,

« ) ' α = M n ' ^ ' S6(α, k, mY a = M» Sb(a, ft, mY J*Y β . Since I - l e ί and

^-ί ' α e r (/- I), ΛfΛ' S&fα, ft, »ι) \JP{ a = Mn* J»{ a = Mn' a and hence we

obtain Mn Sb(«, ft, mY a = Mn a. Let « = /. Then M«' Sbicc, ft, w)' β

« ^ ' » ( a r , k, m)'a=*S(a, 6, m, a)' I. By n<kVm<n, KkVm<I and

hence S(a, ft, m, a)' 1= Mή a. So we obtain Mn Sb(a, ft, mY a = Mn' a. Ac-

cordingly I eb and we obtain ωQb.
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5.58. a EI T' n. n<k-> Sbia, k, i7iY a —a.

Proof. Let 1 < /< n. Kk and hence, by 5,57, Mi Sbia, k, mY a- Mi a.

Since a, Sbia, k, mY a&T n, by 5.28, Sbia, k, ?nΫ a^a.

5.59. C G T ' n. k< l< m. 1< /< n-+Mϊ Sb(oc, k, mY a^a.

Proof. Assume k<l<m. Put bU. {nWaia^T' n. l<l<n:z). Mi Sbia,

ky mY a-a)). Assume n^b and a (Ξ T n. 1< I < n. Let n-1. Then 1=1.

By 5.55, Sbia, k, mY a = Sia, k, m, aY 1 and hence, by k<l<mt Sia, k, m,

aY l = αr. Hence Mi Sbia, k, mY a^M{ a^a. Let Kn. Assume l<Kn.

Since n~Ί<Ξb, Mi' Sbia, k, mY J^χ a-= a. By 5.27, Mi Sbia, k, mY a

= Λf/' J*ι Sbia, k, mY a = M{ Sbia, k, mY JP± a^a. Assume /=w. By

k<l<m, k<n< m and hence Mi' Sbia, k, mY a^ J*ϊ Sbia, k, mY a^Sia,

k, m, aY n-a. Hence n&b and we obtain ω<^b,

5.60. a e f n. n<m-*Sb(a, k, mY a = Sbia, k, nY a.

Proof. Let l<l<n. It holds that KkVk<L If /<*, then, by 5.57,

Mi Sbia, k, mY a~Mι a and Mi Sbia, k, nY a-Mi a and hence Mi Sbia,

k, mY a = Mι' Sbia, k, mY a. If k<l<n, then, by 5.59, Mi Sbia, k, tn)' a

= a = Mι Sbia, k, nY a. Hence, by 5.28, Sbia, k, mY a^ Sbia, k, nY a.

5.61. a^T ω. m<k->Sbia, k, mY a^a.

5. 62. a^Tζ n. l<k<n. k'<m. a^ Mk a

-+Sb(β, k', mY Sbia, kY a<='V a

Proof. Assume &'< m. Put & = {n\ \faia^ T n. l<k<n. cc&Mh «:=>.

Sb(β, kf, mY Sbia, kY a^V a)}. Assume n^b and β e f Λ. l<k<n.

a e Mk a. Let n = 1. Then £ = 1. Hence we can prove that Sbiβ, k', mY Sbia,

kY a^Sbiβ, 2, mY a-cc^a-V a. Let Kn. By k<n, k<n or ^ = n. As-

sume k<n. Since n-l^b and 1 < / ? < W ~ 1 , we obtain Sbiβ, k', mY Sbia,

kY ,9*ι fl£L( JPi a. Further m<nV n<m. Assume m<n. By 5.56, Sbiβ,

k\ mY Sbia, kY a = Sb(β,'k', mY <Sb(a, kY J^-S a, S<a, ky aY w> = SMj9, k\

mY <Sbia, kY JPΐ a, Mn a> = <Sb(β', k, mY Sbia, kY J*V a, Mn a>. Assume

n < m. Then k' < n < m. Hence, Sbi &\ ft, mY Sbia, kY a = <S&(|9', k, mY Sbia,

kY J^i a, β>. In both cases, Sbiβ, k', mY Sbia,kY a^L J*V axΩ<ZΪ a

and hence S3(A k', mY Sbia, kY a^Lΐ a. Assume k = w. By 5.59, SM&

ft', •/»)' SẐ ία:, kY a-Sbiβ, k', mY <J^ϊ

i a, a> = <J*ι a, cO^{J^χ a) x Mk a
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= {J*V a}x<JV oίΞL a and hence SM/3, kf, mY Sbia, kY aeL' a. Hence

n^b and we obtain ωζ=b.

5.63. β e f w. l<k<n. ore Aft* a-^Sbicc, kY a^L( a.

5.64. β e f n-*Vk(0<k<n.^.Mk β = 0)

V3ft(0<*<w-l.

V ( K Λ . AfΛ-i' βε

\/3k(0<k<n. Mk

/. We may assume 1 < w. Let 7ί = 1. Then V&(0 < ft < w => Mjfe' a = 0)

and hence the theorem follows- Let K w . Since Λ ' β ε f ( » - l ) and

Mi/ c^i' a = Mk a for ft such that ft<w, we obtain, by 5.29, Vk(Q<k<n

-DMk a = 0) V3ft(0<A<w. 3«(«6Af*'β). V w ( K m < w 3 i l i m < e = 0)). By

3.05, 3 « ( M G M ^ β). = .ilfi' flGyc"i?Vil4' a s y i m . Then we can prove

the theorem.

Def ^z?-Λ<YZ>\3n[_(3u{3o Y=U u. u<=T' n. >fk(0<k<n^Mk u

= 0)). Z=%xp(Mn IT1' 3o Y, Mn L'lί 3o Y))

V3*(0<ft<w-l. 3u(3o Y^V u. ue T u. Mk u^ ^cu Ω.

~u 3o Y, kY L~u 3o Y)

=T n.l<n. Mn-Ϊ U<Ξ<</C"ΩY

Z=Y'Sb(Y* Sb{^c-li Mn-i L'1' 3o Y, n-lY L~Li ̂ o Y, nY

S&ίcSΛΓ1' Mn-x L"u 3o y,Λ-l) f LTlt J3o Y)

V3ft(0<Ά<Λ. 3 M ( J O * y = L* w. u^T 7i. Mu

^Mm: « = 0)), Z= U{Y' »(^, ft)* L"

Def Fi^Jg2(£f3).

The following theorems are proved simultaneously.

5.65. Fi Fnc {T ω-*Ω).

5.66. β ε f w. Vft(0<ft<w=3ΛίΛ< β = 0)-»Fi' a=tfxp{Mn a, Mn a).

β e f Λ. 0 < f t < Λ - l . Mife' β e y c " ] ? . Vm(%<nt<n^Mm 0 = 0)

n' α, ft', w-1) 4 Sbiyc'1' Mk a, kY a.

Sb{^/c~ιt Mn-i a, n-lY a.
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a^T n. 0<k<n. Mk a^^fim. Vm(k<m<n^Mm a = 0)

-»Fχ 0= U{Fi' Sb(θ, kY a\θeMk a).

5.67. a e f n. Mn a = ΰ->Fι a = 0.

5.68. α e f Λ. Mn Λ = 1->FI* * = 1.

5.69. β G T ' ί ί . l G Mn' β-> 1 e Fi* α.

5.70. β e T' w-»Fi' αei?.

5.71. β e f w. 0<k<n. ct&Mk a. Vm(k<m<n^>Mm β = 0). 1 G

-*FI Sb(a, kY a^Fi a,

5.72. β g f w. 0<k<n. Mk' a^J^fim. V7n(k<m<n^Mm a

•= 0). 1 €= Mn a-* Fι a e

Before entering the proof, we give illustrations of these theorems informally.

If we write elements of T n in such a form as <αri #n> where alf . . . ,

an e j?, then the four formulas of 5.66 wiil mean the following respectively.

Fi* <0 0 an> = an1 where 0 < n .

F\ Kjxi ' ak-icc'kO 0any = Fi (.oci * ock-\ockocn * * * ocn>

where 0 < A < Λ - 1 .

F I ' <ocι ' acn-2<xn-iaf> = Fi' <αi ccn-ιFι <αi α«» where

F!4 <αi αjb-iOTAO Oαr«>= U{Fi4 <*i αjfe-^0 • Oor,i>.|0€= α*}

where 0 < ̂  < n and O A;

5.67-5.70 means respectively: Fi <αri αrn-i0> = 0. Fi <αri • ΛΓΛ-I1>

= 1. 1 e αrΛ -> 1 e Fi <αri - an>. 5. 71 means: If 1 e αr« and «r e or̂ , then

Fi' <αi αjb-iαO Oαr^eFi' <α:i α*0 Oαrw> where 0<^<w. The

corresponding proposition when ^ = n is Theorem 5.76 whose assertion is

considerably different from that of 5. 71. In general, the last member an of

Kai αrw> plays a distinct role from au . . , #«-i when we consider pro-

perties of Fi <αi α:M>. 5. 72 may be written thus : If 1 e *„ and α:̂  e 'J^iw,

then Fχc <αχ akO ' * 0a:«>e Jzfz'm where 0<^<w. Theorem 5.73 is the

corresponding proposition when k-n.

The class of Fi <απ <x«> is not ordered lexicografically, since e.g.

Fi <ωl> = l e F i < <02>.

Proof of 5.65-5. 72. Put J / £ {a \ (Mn a = 0 => F^ α = 0). (M,/ β = 1 =5 Fi' β

= 1)}. J ^ i f l l l G M α D D G F i ' β G β . V^[0<^<72. \fm(k<m<n'DMm a

= 0): 3. (VαUeM*' ^ F / Sb(a, kY a*=Fi' a), (Mk a^^fim^Fi a
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^ £ {α|L' a c J#(Fi)

. D . α e ^ } . Assume CIΪΞT' n. ϊ a<^ 3' and 1/ <z £ 3{FX). By 5.64, we divide

the proof of a e ^ in four cases.

i) Assume Vft(0<ft<w =>M*' Λ = Q). By 5.41, M n ' β = 0 V3#(* e ΛfM'«).

Let M«' 0 = 0. Then M ; ZΓ1' L* « = Λf«' L~1' 0 = 0 = Mw' a. Let 3*(*«= Af»* a).

By5.43,M«* IT1' V a = Mn a. Hence, by 4.78, %xp{Mn L~u V a, Mn ZΓ1' ti a)

= ΉxpiMn a, Mn β)ej2. So we can prove <Z/ β 1 Fi, tfxp(Mn a, Mn a)>

e ^ 3 . Hence 1/ ^ 1 F i G ^ ( ^ 3 ) . SO, by 5.47, Fi' Λ = ̂  (i* Λ 1 F J . Since

Funct(Sf8), ^z (Lζ a\Fi) = ΉxpiMn a, Mn a). Accordingly, Fx a = tfxpίMn

a, Mn a). By 4.64 and 4.65, a e *J4. By 4.66 and 4.78, we obtain 1 e M»* a

^ I G F / <3 e i?, whence we have α e j . Accordingly β EΞ ̂ ?.

ii) Assume 0 < Λ < / ι - l . il/*' a^έ/c"Ω. Vm{h<m<n^Mnΐ α = 0). Put

^ S S ί̂Mn* β, ft", Λ ~ 1)' Sbi^/c'11 Mk a, kY a. By the assumption, ̂ c'li Mk a

(ΞMk' a and hence, by 5.62, 6eZ/ a. By V aQJ8>(Fi), b^3(Fι). So, by

2.19,Fi' btΞtfls. Using that L"14 &o> (V a\ Fi) = β and Sbi^c'1' Mk L'u V a,

k) = Sb(<yc~u Mk a, k), we can obtain <Z/ β1Fi, F/ 6 > e ^ 3 . From this and

5. 47, we obtain that I,' a 1 Fi e ^ (^0 and F/ α = Fi b. By 6 e V a and 5.37,

V b^V a and hence V b^J@(Fi). On the other hand, by bsΞϊJ a, b^3

and hence b e ,^/ Π ^ . By the definition, MΛ* & = M«c α. So, together with Fi a

= Fi b, we obtain, by b<=<^fy a<Ξ^f. Let l e M » ' 0. By £ e ^ and ΛfM' 6

~Mn a> we have leFi'Z>eJ2 and hence l e F i ' . ^ e j ? . Assume 0<l<n>

yfm(Krn<n^>Mm β = 0 ) a n d α 6 M / Λ. Then/-ft. By M^ Λ e <iΛ:" i?. there

is C such that Mk a = C. Then αrlC. By 5.63, Sί>(C, A)' a^V a and hence

SMC, A)4 o e j and, a fortiori, Ŝ (C, kY o e j . Hence, by l e M » ( Sb(ζ, kY a.

Vm(k<m<n^Mm Sb(ζy kY Λ = 0), we can obtain F/ Ŝ (or, A)' Λ I F I * »(C,

kY a. Put c±{m\k<m<n-DFι Sb(ζ, kY a^Fi Sb(Mn a, ft', mV SMC, A)' Λ

Assume mQc and k<m<n. By 0<ft, 0<w and hence j ^ c " 1 ' τn<Ξm. So, by

M C C , j / c " 1 ' w e e and k<^c~1' m<m. Hence F/ Ŝ (C, A)' tf IF1 ' S^ίMn' Λ,

A', -Yc"1' mY SbS, kY a. By ζ ^ Mk a and 5.62, SMΛf/ a, A', m)' S3(-C, A)4 β

e L ' β and hence Sb(Mn' a, k\ mY Sb(ζ, kY a^B. Hence we obtain F/ Sb(0,

mY SMMn a, k\ mY Sb(ζ, kY Λ e Fi' S&(M«* a, k'y mY Sb(ζ, kY a, using that

Ί^Mn SbiMn a, A', wV SMC, AV « and V>(»ι< i y<w3My < SMM«* Λ, A',

w) ' SZ>(C, A)4 Λ = 0 ) and O e C Sb(Mn a, k\ mY Sb(ζ, kY a. Since F' » ( 0 ,

mY Sb(Mn a, A\ mY Sb(ζ, kY a = Fi Sb(M» a, A", j ^ c " 1 1 wzV SMC, ft)<#β

https://doi.org/10.1017/S0027763000002324 Published online by Cambridge University Press

https://doi.org/10.1017/S0027763000002324


AN AXIOMATIC THEORY OF ORDINAL NUMBERS 223

= Fi' Sb{C, kY ay we obtain Fi Sb(ζ, kY β e F / Sb(Mn a, k', mY Sb(C, kY a.

So mεi : and hence ωςic. So, Fi Sb(ζ, kY Λ G F / » ( M Λ ' Λ, k\ n-lY Sbiζ,

kY a~Fι' a. Since a is arbitrary, we have \fa(a e M*>' a^Fi Sb(ζ, kY a

eFi'tf). By Mk a<=<yc" Ω, Mk a$ J??im. Accordingly « G J and hence

iii) Assume Kw. Mn-\ a<=έfc"Ω. Put dίSb{-Yc"li Mn-\ a, n-lY a

and e^SbiFi d, nY d. By the assumption JΛΓ1' Mn-\ aeMn-ι a and hence,

by 5.63 ί/eL' a. So J e J and by V d^^(Fi), J e , / n . J . Thence we

can prove that Fi d^Ω. Hence by 5. 62 e e L' α. By V aQ &(F1), e<= 3(Fι)

and hence by 2.19 Fi e k "to Is. We can see that <jJ a 1 Flt Fϊ e> e ^ 3 and

hence L' ^ 1 Fx e ^ ; ( ^ 3 ) and Fi' ^ = Fi' .̂ We prove a e ^ / Π ^ . Let Λfn* « = 0.

By the definition, Mn' d — Mtΐ a> Hence, by d^cjxf, Fi d = 0 and so Mn

ι e

= Mn SbiFi d} nY J = 0. Hence by e&^f, Fi a^Fi e = 0. So Mn a = 0

ZDFY a-0. Likewise for Mn a-l^>Fχ a-\ and we obtain β G r / Assume

leΛ/,/ a. By g G l ' β , gG J and, together with V e^V aQJ%(Fi), e^^f

Π J , Hence, by 1 e Fi d~Mn ey 1 e Fi' £<Ξi2 and hence leFi ' OGJ?. As-

sume 0</<w. Vm(l<m<n^Mm α = 0). Let α e M/' «. Then / = w- l . By

C?G ^ and 1 G M i' β = Mn d, we obtain Va(a e M/' d^>Fi Sb(a, /)' ί/e Fi' ί/).

By αreikf/' ^ and Λfn-i' a^άfc"Ωy we have α i y c " 1 ' Mi' a-Mί d. Also

r, /)' d = Sb(<χy lY a and hence Fi' Sbicc, lY a^FY d. Put fSz {m\Q< m<n

\ Fi Sb(Oy tn'y lY e). Assume m Qf and 0<m<n. Let m - 0. Since

<n^My SbiO, 1, / ) ' ^ = 0), we obtain, by the case i), FY Sb(0, 1, /)' e

= ςό'xp(Fi'd, Fi' J ) . By 1 e Fi' J e j?, we can prove, by 4. 66, F/ J G %xp(Fi d,

Fi d). Hence Fi d<ΞFι' Sb(Oy 1, /)' e. Let 0<wι. Then O^cJ/c"1 ' m<n and

.y^c"1' m e / . So, Fi' c/GFi' SẐ (O, m, /)' e. If Λ/m' » ( 0 , w', /)' * = 0 , then

FY Sb(Oy ?ny lY e = Fi Sb(0, m'y lY e and hence FY d^Fi Sb{ΰy nϊy lY e.

Hence assume O ε i l C S&(0, w', /)' e. Since S&(0, w', /)' e e l , ' «, S6(0, w',

/)' e^JB. Using that 1 G M « ' Sb(O, m'y lY e and y/y(m<y<n^My

i Sb(O, nϊy

lY β = 0), we obtain Fi' S6(0, m)' SbiO, m\ lY e^Fi Sb(Qy m'y lY e. Namely

Fi' SMO, ?n, lY ee=Fi Sb(Oy nϊy lY e and hence Fi de=Fi Sb(Oy m\ lY e. So

m e / a n d we have ω c / . Hence Fi' ί / e F / S^(0, /̂, /) ' e-FY e ••= Fi a. Com-

bining Fi' S6(αr, /)' β l F i ' c/, we obtain Fi Sb(a, lY azaFi' a. Accordingly

\Γoc(ockMΐ a^>Fi Sb(Sb(cc, lY a&Fi a). By Mi ae ci^c "Ωy Mi ae

Since / is arbitrary, we have a e JB and hence O G Ϊ .
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iv) Assume 0<k<n. Mk aGJzfim. \fm(k<m<n^Mm a = a). Put

<.&£{<7CY>\X<=Mk a. YeFiSbiX, kY a} and A^U(FιSb{θ3 kY a\θ

e Mk a). Evidently UnU"). Since Jf "Mk a = {Fχ€ S£(0, kY a\β^Mk a),

we can prove A e '<£7s, by 2. 09 and 2.23. Hence <L( a 1 fi, A> e ^ 3 and we

obtain that Z/ a 1 Fi e ^ ; ( ^ 3 ) and Fi' # = A. Next we prove « e r J / Π jg>. As-

sume Mn β = 0. Let ί ε M ϋ 1 <z. By 5.63, S&(0, A)' a^V a and hence SM0,

A)'<2<ΞΞ^Π Jg>. So, by At* Sb(θ, kY a = M» a = 0, Fι Sb(θ, kY a = 0 and

hence A = U {0} = 0. Hence Mn a = 0^Fi a = 0. Likewise for Mn a = l^>Fi a

= 1 and hence a e cV. Assume 1 e Λf«* α. Let a e Mĵ * α. By M *̂ α e ^fimy

octΞoc'ζΞMk a. Hence »(« ' , kY a^V a and so S&ία:', kY a^^. Since

l e i ; Sb(a',kY a and V»i(K m<n^Mm Sb(α',kY α = 0), we obtain F/ SMαr,

A)' S»(α', A)4 β E F / SCα', A)' β and hence Fi Sb(x, kY β e f t ' S (̂α:', A)4 α.

So, by the definition of A, Fi' S6(α, A)' o e A Hence we have VcciccGMk α

=)Fi' Sb(α, kY fl£ Fi' α). Let £ e A. Then there is a β such that Be F^ S&(̂ ,

A)' α.θ<=ΞMk α. Hence, by Fi' Sί>(̂ , A)' αeiF' α, B G U A. Conversely let

β e C e A . Then there is a 0 such that C e F/ S&(0, A)' α. θ & Mk α. We

can prove that S&(0, A)' « e j and hence Fi Sb(θ, kY α^Ω. So we have

B.GFI Sb(dj kY α and hence, by the definition of A, 5 e A Accordingly

A = U A. O ε M i ' β and hence F/ S&(0, A)' αeϊF' α. That is, 3C/(Z7e F/ β)

and hence Fi' « e ^Ί'm. Since F / a c β is easily obtained, by 3.03, F± αe i2.

S6(0, A)' β e ^ and hence 1 e S&(0, A)' α. So 1 e F/ Λ. Accordingly l e f t ' ^

ε β . Assume 0</<w. Vm(Km<n^Mm 1 = 0). Let αeAf/' α. Then / = A.

Hence, by what we have just proved, W ( α r e M ' α^Fi Sb(α, lY α&Fi ά)

and Mi α e «ώf im D Fi' α e ^i 'm. SoaG J and hence « e ^ .

Accordingly we have proved a e ί for all cases and hence Z/ αQϊf(Fi)

.D.βG^f. S o f l G j . Since α: is arbitrary, Vα(α ε f w. L* « c J : D . f l E j )

and hence, by 5.45, T' n<^3. So Vuiue ? n. V « c J ( F i ) : D. Z,4 M 1 Fx

e ( ^ 3 ) ) . Since we can obtain this formula for arbitrary n, it follows that

Vu(ut=T* ω. V UQ£?(FI): =>. V u\ FI<=Ξ S'C&z)) and hence, by 5.47, j^(Fi)

^T ω. By 5.47, Funct(Fi) and hence Fi Fnc T ω. It is not difficult-to

prove that /f(Fi) c β and other assertions.

5. 73. α e T' w. Mn' α e jkfίw -> Fi1 α e

Put .^/ ̂ . {«I Mn' α e Jzf ίw D F/ Λ e ^f iw}. Assume α^T n. V α
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c= cj?/ and Mn a e ^im. By 5. 64, we divide the proof in four cases. Assume

y/k{0<k<n^>Mki β = 0). By M«* a(Ξ^im, l e j l ί , ' # and hence, by 5. 66 and

4. 67, Fi a - tfxpiMn a, M» a) e J^tm. Assume 0 < A? < n - 1. ilf*4 α e y c " i?.

Vm(k<m<n^Mm' α=0) . Put b^Sb(M» a,k',n-lY Sbi^fc'1' Mk a, kY a.

Fι a-Fι b. Mn-\ b-Mn a> Hence, by the premise and 5.27, F\ bςΞJzfim

and so Fi a e JΛJH. Assume 1< w. Λ/n-i* a e ^/c" £. Put c £ SbiJ/Ό'1' Mn-\ a,

n — \Y a and dzkSb(Fι c, nY c. By 5.63, c ε L ' a and hence ε e ^j/J. Since

Mn' c = Mn a G Jzfim, we obtain F/ c e J^mi. By 5.62, d^V a and hence

rfe ^ . M«'ί/ = Fi€ c €= J^ί'm and hence Fi' d*= £fim. By 5.66, Fi a = Fΐ d

and hence Fi* a e J^fim. Assume 0 < A < w. M// α e Jjfim, Vm(k < m <n^> Mm* a

= 0). By Λfn* a e J^/w, 1 e ΛfΛ' « and hence, by 5. 72, Fi a e J^/w/. S o « e ^ /

and we obtain VaiatΞT' n. V a^^y/: 3 . β ε . / ) . Accordingly T' nQ**f.

5. 74. a^T n.\ίh{l<k< n^Mk a e %'onnex) -> F/ « e ^ annex.

Proof. Put^ί/£ {aίV ?̂( 1 < Λ < « D M Λ * βfe tfonnex) ^Fι a$Ξ ύonnex). As-

sume o e T * W. I/* « c ^s/ and VA;( 1 ̂  ^ < « 3 M// ^ e Ήonnex). By 5. 64, we

divide^he proof in four cases. Assume VM0</*<n^Mk a =0). By 5.66,

Fi' a — '<oxpCMjΐ a, Mn a). By the assumption, Λf«* flεiίoiiw^ and hence,

by 4.73, F/ a 3 (€onnex. Assume 0 < A < w - 1. M '̂ α G ,5/e4< i?. Vm(k < *

D i ; Λ = 0). Put b^SbiMn a, k', n-lY Sbi^c"1' Mk a, kY a. £eL' a

and hence b^^/. By 7l/«* Λ, cî c""14 Λ/A* a&'SΌnnex, we obtain \ΠΛl<h<n

3 Mj>' £ <Ξ Ήonnex) and hence ί ' δ e Ήonnex, So, by 5.66, F* a^F' b(Ξ %'onnex.

Thirdly, assume Kn. Mn-i aeόfc" Ω. Put c^Sb(^c~li Mn-ι a, n-lY a

and dSzSb{Fχ c, nY c. C G L ' a and hence C^,J4. Since M*-/ a^&onnex,

then ^ c " " 1 ' M»-i ' β ε ^ o n ^ e ^ So >fk(l<k<n^Mk c^^annex) and hence,

by c e ^j4y F\ c c= ̂ onnex. Hence V/* (1 ̂  h < n 3 MA?' d e Ήonnex). d^L1 a

and hence d^.^4. So, together with 5.66, F/ a^Fl d^tZonnex. Finally,

assume 0</<?<#. M/>* a^Jzfim. Vm(k<n<n^>Mm a^O). Let or, βeFi* «.

Then there are /̂  and /> such that αreF/ S»(/Λ A)' Λ. β e F / Sb(p, kY a. μt v

Mk a. By the assumption, Mk a^%onnex and hence ζμ ?>> eΞ %ompar. Let

/^e^. If Mn4 S£U A-)4 α ^ O o r Mn Sb{vy kY a = l, then, by 5.67 or 5.68 res-

pectively, Fi Sb(μy kY a = Fi Sb(v9 kY a. Assume leΛf,/ Sb(v, kY a. Then

μtΞMk Sb(v, kY a and hence, by 5. 71, Fi' Sb(μ,kY Sb{v,kY α e F / Sbiv, kY a.

Hence Fi€ SM/A A)4 β G F / S&(J/, A)* a. On the other hand, by 5.70, Fi Sb(v,
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kY a^Ω and hence Fi Sbiv, kY a^^omp. So a, β e Fi Sbiv, kY a. Sbiv,

kY a^L a and hence Sbiv, kY a. Since Vkil< k < n^Mk Sbiv, kY a

ζΞ^onnex), Fi Sbiv, kY a^"€onnex. Accordingly (aff>^QSompar. Likewise

for μ = v and for v G μ. Hence Fi a^'€onnex. So we have a G ̂ 4 and hence

T n^^f.

Proof By the premise and definition, VM1 < ft < n^Mk aG Ίoonnex) and

hence, by 5.74, Fi a^^onnex. By 5.70, Fϊ' a&Ώ and hence, by 3.08, Fi a

G jfnduc. Hence, by definition, Fi a G Word,

5.76..aef w. « ! ! „ ' β. F/ SMα, w)' α, Fr a^δ

-»Fι Sbioe, nY aΆFl a.

Proof. Put ^ ^ { α l V α ία IMV α. Fi Sbia, nY a, Fi a^ δ ̂ ^onnex: ^.

Fi Sbia, nY α l F / a)). Assume a^Tι n. V a<^^f and oc%Mn a. Fi Sbia,

nY a, Fi a^d^'έΌnnex. If a^Mn a, then Fϊ Sb(a, nY'a = Fi'a and hence

we may assume a e Mn* a. If a — 0 or a: == 1, then, by 5. 67-5. 69, Fi Sb(a,

nY flGF/ a. So assume 1 e or. By 5.64, we divide the proof in four cases.

i) Assume Vk(0<k<n^Mk

i a = 0). By 5.66, Fx' Sδ(αr, w) = <sf*j£>(α:, α:)

and Fi4 a - <£xp{Mn a, M» a). By 4.66, cSxp{Mn a, a) e tfxpiMn a, Mn «>.

Hence, by the fiirst assumption, &xp(a, a), &xp(Mn a, a) ̂ δ^^onnex. So,

by 4.71 and * «= Λf̂ 4 ύr, ^Aζί(^, c r ) ! ^ ^ ^ ^ 4 a, ex) and hence Fj1 Sb(a, n)

<Ξ Fi a.

ii) Assume 0<k<n-l. Mk atΞώfc" Ω. Vm(k <m<n^Mm a = 0). Put

a,kf,n-lY Sbί^c"1' Mk a,kY a. By 5. 66, F/ α = F/ Z> and Fi'.S&ία:-,

Sb(a,k',nY b. We prove Fi Sbia, k', n-l)' btΞFi b. PutA^{m\k

χ Sb{a, kf, mY b^Fχ b). Assume ?n^A and k<m<n. By

υc G M* ̂ , α' IM,/ a - Mn' .̂ So, by 5.66 and 5. 71, Fl Sb(a, h\ mY b = Fx' Sb(a,

k\ έ/c~li mY Sbi«f, mY Sb(0, m\ n~lY b^Fi Sb(&, k\ ^/c"li mY Sb(Mn' b,

mY SbiO, rri, n-lY b. We can prove the following: Fi Sb(<*y k\ όfc~ιt m)

' SbiMn b, mY Sb(Oy m\ n - I)' b e Fi Sbi<x, h\ ύfc'1' mY Sb(Mn b, mY Sb(Mn

' b, m', n-lY b = Fj Sb{«, kf, y.c"1 ' mY b. Hence Fi SbUy k', mY b^Fχ
4 Sb{a, kf, ci/c"1' mY b. By the assumption, k<<ϊ/c~li m. \ίk<έ/c'li m, then,

by έ/c~γί m<=A,Fi Sb(<x, k', ^/c~lί mY b^Fi b. If # - jΛfx< m, then Fx

1' mY b = Fi b. Hence Ft' Sbia, kf, m)ίb^Fiib. That is, m
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G A and hence ω c A. So we have FΊ* Sbia, k', n - D Ϊ E F I ' <?. Since Sbict,

k', n-D'beL'a, Sbi<x, kf, n - D ' b e ^ . Since Fί'Sbia, k\ n) *'b - F / S/ U,

*ι)'S&U, A', w - l ) ' δ and Fi'S&ίcr, k' 'n) 'b, Fi' SbU, k',n-l)' be δ eίtfonnex

and a^Mn'Sbicc, k(, n-l)'b, we obtain F^ Sbiα, n)'Sbi<x, k', w - l ) ' δ l F i

' S & U , A?', W - 1 ) ' £ . H e n c e , b y Fi'Sb(<x, n)'α = Fi'Sb{#, k1, n ) ι b, w e h a v e

Fi'Sbiα, rti'αtΞF'α.

iii) Assume Kw. MW-I'Λ SΞ J/'C " j2, Put c^ S^ί^/c"1 'M^'fl, tf-Ό'β

a n d d^SbiF'c, n)ιc. By 5,66 a n d 5,71, F^α^Fi'd. F( c<= F'α. F^ Sb(α, n)'c

ZΞ Fi'Sb(α, n)'α. H e n c e , b y t h e first a s s u m p t i o n , Fi'Sbiα, n)'c, Fi'c^δ

e "toomίex. So, by c e ^ a n d ct a M « ' c, w e o b t a i n Fi' Sb(αf n)' c = Fi' c. Fi' c

=^Mn'd and h e n c e F i ' S b ( α , nϊ'cMMn'd. W e c a n p r o v e t h a t Fi'Sbiα, nYα

^Fx Sb{Fχ Sb{^/c~liMn-i αy n-l)'Sb(αy nYα, n)(Sbi^c'1'Mn-i'α, n - l )

'Sb(α, n)ία = Fι'Sb(FιtSb(#, n)1 cy n)'Sb(j/c~ ' Mn-i'α, n - 1 ) ' α = F / SbiFi

'Sb(α, n)'c, ή)'SbiF^c, n)(c = Fx

ζSbiFi'Sbiα, n)'c, n)'d. H e n c e , b y t h e

first a s s u m p t i o n , F i ' Sb(F' Sbiα, n)'c, n)' d, Fi'd^δ ^^onnex. H e n c e b y

dtΞ^l a n d Fi Sbiα, ?ι)ic^.Mn

(d, w e o b t a i n F j ' SbiF^ Sb{α, nYc, nY d%Fχ d.

H e n c e Fx' Sb{x, n)4 α I Fx' α.

iv)' Assume 0 < k <n. Mk* α$Ξ j&im. Vm(/? < m < n 3 M m ' a = 0). Let

f e F^Sbiα, n)' α. B y 5 .66 t h e r e is a 0 s u c h t h a t ξεΞFi'Sbiθ, k)ιSbiα, n)' α.

d<=Mk'a. B y 5,72 Fx'Sbiθ, k)'Sbia, n)ζ a^ Fx' Sbia, n) (a a n d FS Sb(0, hY a

ΪΞFI a. H e n c e Fi Sbia, n)SbiO, fi)1 a, Fi Sb(θ, k) 'a e δ e Ήonnex. S i n c e

α G M n ' S M ^ J l ' β a n d S M U l ' ^ ^ w e obtain Fi'Sbia, 7ϊ)ίSbiθ, k)'a%

Fx'Sbiθ, k)'a. Combining these, it follows that ξ ̂  F^a and hence Fi'Sbia,

w l ' β c F i ' β . <Fi' S&( a, n) 'a, Fx* d> e c€oynpar and hence Fx Sb(cc, nY a%Fi a.

Accordingly, for all cases, Fi Sbia, n)'a^kFχ a and hence β G . i . So,

Vα(flGΓ'w, V a^^f: 3 . ae^f) and hence by 5.45,
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