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Abstract. In the present paper we give a very short and easy proof of the speciality lemma for
codimension 2 subvarieties, even those that are reducible or non-reduced, in Pn. Furthermore

we give cohomological conditions that force a subcanonical surface in P4 to be a complete
intersection and a rank 2 bundle to split, which generalize the classical First Theorem of
Gherardelli.
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1. Introduction and Short Account of Gherardelli-type Theorems

The classical First Theorem of Gherardelli (see [2]) on smooth subcanonical curves in

P3 can be stated as follows:

THEOREM 1 (Gherardelli). Let X � P3 be a smooth irreducible curve. X is a com-

plete intersection if and only if X is subcanonical and the surfaces of any degree cut out

complete linear series on X.

This theorem can be extended to arbitrary subcanonical curves, even reducible and

nonreduced ones, as well as to two-codimensional subcanonical varieties lying in

any projective space (see [1]). The classical proof is based on geometric arguments,

while the extensions require Serre’s correspondence between two-codimensional

subcanonical varieties and rank 2 vector bundles in addition to cohomological

techniques. In [1] the First Theorem of Gherardelli is improved as follows:

THEOREM 2 (Gherardelli-strong version). Let X � P3 be a locally complete inter-

section curve; then X is a complete intersection if and only if X is a-subcanonical
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and moreover:

. if a is even: h1IX
a

2
þ 1

� �
¼ 0;

. if a is odd: h1IX
aþ 1

2

� �
¼ 0 or h1IX

aþ 3

2

� �
¼ 0 or h1IX

aþ 5

2

� �
¼ 0.

The speciality lemma and Serre’s correspondence play key roles in the proof of the

strong version of the theorem.

In [1] this result is extended to two-codimensional subcanonical varieties in Pn.

The only tool, which is straightforward, is the passage to the general hyperplane

section.

The same results are also proved with cohomological techniques in [12], but only

rank 2 bundles and reflexive sheaves (and no curves or varieties) are considered.

The aim of the present paper is an investigation of the strong version for subca-

nonical surfaces in P4 in connection with both the speciality lemma and Laudal’s

lemma.

Concerning the speciality lemma, we extend it to almost all two-codimensional

subvarieties in Pn, even reducible or nonreduced ones, provided that they are locally

complete intersections, using the sheaf-based technique proposed in [10]. Such a

technique allows for a very short and simple proof (as opposed to the long proof

of [3]). The main tool of the proof is the following well-known theorem:

ð�Þ for every stable rank 2 reflexive sheaf, the discriminant c21 � 4c2 is stricly nega-

tive or, what amounts to the same thing for a normalized sheaf, c2 > 0.

We observe that, in fact, ð�Þ and the speciality lemma are ‘equivalent’, i.e. the spe-

ciality lemma can be easily proved using ð�Þ and, if we assume that the speciality

lemma is true, we can easily obtain ð�Þ.

Theorem ð�Þ, rank 2 bundles and their cohomology are key tools for our extended

version of Gherardelli’s theorem, while the proof in [1] for curves makes direct use of

the classical form of the speciality lemma.

We also observe that Laudal’s lemma has a deep connection with Gherardelli’s

theorem, at least in order to establish a key proposition on the vanishing of

1-cohomology groups.

In the present paper we give conditions that force a subcanonical surface in P4 to be

a complete intersection and a rank 2 bundle to split. On the one hand, we simply extend

Theorems 1.3, 1.6 and slightly improveCorollary 1.8 of [1]. On the other hand, we state

and prove two cases that are quite new and have nothing analogous inP3. In fact inP3,

the vanishing of 1-cohomology at level n4 a=2 does not imply that the curve is a com-

plete intersection, while surfaces have a different behaviour; moreover a new case

arises inP4 because the null correlation bundle onP3 is not a section of a bundle onP4.

We will give two different proofs of the theorems: one is based strongly on an

argument involving the hyperplane sections, while the other is based only on the

characteristic function in P4 and the smallest level a giving a nonzero section of
the bundle. Both proofs depend on a proposition on the vanishing of 1-cohomology

groups, based itself on the speciality lemma and Laudal’s lemma.
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Whatever proof we choose, Gherardelli’s theorem for surfaces as stated here can-

not be improved because of a sharp example due to Horrocks and Mumford (see

Example 16).

2. Notations and Definitions

Unless otherwise explicitly stated:

– F is a rank 2 reflexive sheaf on Pn with first and second Chern classes c1 and c2,

normalized so that c1 is either 0 or �1;

– a ¼ aðF Þ and b ¼ bðF Þ (a4b) are the smallest degrees of two independent

generators of H 0
�F ;

– r ¼ rðF Þ is the integer �a� c1 if F is not stable and 0 if F is stable;

– the spectrum of a normalized rank 2 sheaf F on P3 is the unique set of

d ¼ c2 þ c1rþ r2 integers fkigi¼1;...;d with the following property:

h1ðF ðl ÞÞ ¼
Md

i¼1

h0OP1 ðki þ lþ 1Þ for l4 �1;

it is symmetric with respect to �c1
2 (see [5], Theorem 7.1 and Proposition 7.2

and [13], Theorem 3.1 and Proposition 3.5);

– X is a locally Cohen–Macaulay (possibly reducible or non-reduced) codimen-

sion 2 subvariety of Pn;

– e ¼ eðX Þ is the speciality index of X, that is the maximal integer t such that the

sheaf oXð�tÞ has a non-zero global section;

– e0 ¼ e0ðX Þ is the maximal integer t such that the sheaf oXð�tÞ has a global

section generating it almost everywhere;

– X is a-subcanonical if the dualizing sheaf oX is isomorphic to OXðaÞ for some

integer a.

– s ¼ min fn = h0IXðnÞ 6¼ 0g is the least degree of a hypersurface containing X;

We will use the following well-known facts:

– if X is an integral subvariety, then e ¼ e0, while in general e0 4 e. If X is the zero

locus of a global section of F ðtÞ, t � 0, then e ¼ e0 ¼ 2tþ c1 � n� 1, while for

low values of t it simply holds that 2tþ c1 � n� 14 e0 4 e.

– if X is a subvariety in Pn and t is such that 2tþ c1 � n� 14 e0 then there is a

normalized reflexive sheaf F and a global section of F ðtÞ whose zero locus is

X; such a sheaf is a bundle if and only if X is a-subcanonical, with a ¼ e0 ¼

2tþ c1 � n� 1 (see [5], Theorem 4.1);

– if X is the zero locus of a global section of F ðtÞ, then

s ¼ aþ bþ c1 if t ¼ a; s ¼ tþ aþ c1 if t5b

(no codimension 2 subvariety corresponds to sections of F ðtÞ if t < a or a < t < b)
(see [10], Lemma 1 and Remark 2);
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– if X is an integral degree d surface in P4, and Y is its general hyperplane section,

then Y is an integral curve (by the second theorem of Bertini) of degree d in P3;

if, moreover, X is a-subcanonical, then Y is ðaþ 1Þ-subcanonical. In this event,

the arithmetic genus of Y is g ¼ 1
2ðaþ 1Þdþ 1, which implies that if a is even, d

must also be even.

3. The Speciality Lemma

In [3] Gruson and Peskine prove the following theorem concerning the smallest

degree s defined above in Section 2.

THEOREM 3 (Speciality lemma). Let X � P3 be an integral degree d curve not

contained in any surface of degree < s. Then

e4 sþ
d

s
� 4:

Moreover equality holds if and only if X is a complete intersection of surfaces of

degrees s and d
s.

We will extend Theorem 3 to all dimensions as follows:

THEOREM 4. Let X � Pn be a two-codimensional, degree d, locally Cohen–Macaulay

subvariety, generically a local complete intersection, not contained in hypersurfaces of

degree < h ðh positive integerÞ. Then

e0 4 hþ
d

h
� n� 1

and equality holds if and only if X is a complete intersection of hypersurfaces of degrees

h and d
h.

Following the ideas of the analogous proof given in [10] for P3, the present proof

of Theorem 4 is strongly based on reflexive sheaves and their correspondence with

two-codimensional varieties.

Remark 5. The above inequality can be written as follows:

d5 hðe0 þ nþ 1� hÞ ð1Þ

The inequality of the speciality lemma is clearly useful when written in form (1).

First of all, (1) makes sense also for h ¼ 0, and trivially holds for every h4 0.

Moreover (1) has an interpretation in terms of reflexive sheaves, as the following

lemma shows.

LEMMA 6. Let F be a rank 2 normalized reflexive sheaf and let X be the subvariety

corresponding to a section of F ðtÞ, where t � 0. If h and k are integers such that
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k ¼ h� t� c1, then the following two properties hold:

ðiÞ d� hðe0 þ nþ 1� hÞ ¼ c2ðF ðkÞÞ

ðiiÞ h4 s() k4a.

Proof. (i) The hypotheses imply e0 ¼ 2tþ c1 � n� 1; d ¼ c2 þ tc1 þ t2.

It is now enough to substitute in order to obtain:

d� hðe0 þ nþ 1� hÞ ¼ c2 þ tc1 þ t2 � ðkþ tþ c1Þð2tþ c1 � k� t� c1Þ

¼ c2 þ c1kþ k2 ¼ c2ðF ðkÞÞ

Claim (ii) follows immediately if we observe that s ¼ tþ aþ c1, for t � 0. &

Thanks to the preceding lemma, we will see that the following theorem is in fact

the speciality lemma in terms of reflexive sheaves.

THEOREM 7 (Speciality lemma for sheaves). Let F be a normalized reflexive

sheaf. Then c2ðF ðkÞÞ5 0 for all k if F is stable, and for all k outside the interval

�a;�a� c1½, if F is nonstable.

Proof. First of all recall that c2ðF ðkÞÞ ¼ c2 þ c1kþ k2 and c2ðF ð�a� c1ÞÞ ¼

c2ðF ðaÞÞ5 0 and equality holds if and only if the sheaf splits.

When the sheaf is stable the claim follows from the fact that the sign of

c2ðF ðkÞÞ ¼ c2 þ c1kþ k2 is always the same, because the discriminant c21 � 4c2 is

stricly negative (see [5], Corollary 3.3).

When the sheaf is non-stable (and hence a4� a� c1) we have c2ðF ðkÞÞ >

c2ðF ðaÞÞ5 0 or c2ðF ðkÞÞ > c2ðF ð�a� c1ÞÞ5 0 for any integer k that does not belong

to the open interval �a;�a� c1½. &

Proof of Theorem 4. Let F be a normalized rank 2 reflexive sheaf such that X is

the zero locus of a global section of F ðtÞ, with e0 ¼ 2tþ c1 � n� 1.

If t5b, then s ¼ aþ tþ c1, so the claim is equivalent to the speciality lemma for

sheaves.

If t ¼ a, then s ¼ bþ tþ c1 ¼ bþ aþ c1. Putting h ¼ aþ kþ c1, it follows from

the hypothesis that �a� c1 < k4b. Then the claim is equivalent to c2ðF ðkÞÞ > 0

for every k belonging to the interval �� a� c1; b�, and this is true because of the beha-
viour of the function c2ðF ðkÞÞ ¼ c2 þ c1kþ k2.

Remark 8. As we have just seen, a proof of the speciality lemma can be based on

the fact that c21 � 4c2 is stricly negative, which holds for all stable rank 2 reflexive

sheaves. On the other hand, if we assume that the speciality lemma holds for codi-

mension 2 subvarieties, then it can be proved as a consequence that the discriminant

c21 � 4c2 is stricly negative for all stable reflexive sheaves.
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In fact we have:

c2ðF ðkÞÞ5 0 for all k4a if and only if c25 0

because c2ðF ðkÞÞ ¼ c2 þ c1kþ k2 reaches its minimum value exactly when k ¼ 0.

Observe that we can avoid the discriminant property for stable sheaves in a proof

of the speciality lemma, at least in P3.

We want to point out that the discriminant property for normalized stable sheaves

is equivalent to saying that c2 > 0 since c1 is either 0 or �1.

We also wish to observe that the shortest path to the speciality lemma is based on

the above mentioned property for stable sheaves, while the original proof given in [3]

is long and difficult.

A useful consequence of the speciality lemma is the following corollary:

COROLLARY 9. Let X � Pn be a locally complete intersection two-codimensional

degree d subvariety. Let p and q be positive integers such that p4 q, pq5 d and

pþ q ¼ e0 þ nþ 1.

Then either X is contained in a hypersurface of degree p� 1, or X is the complete

intersection of two hypersurfaces of degrees p and q ¼ d=p.

Proof. Let us assume that X is not contained in any hypersurface of degree p� 1.

Then by Theorem 4

d5 pðe0 þ nþ 1� pÞ ¼ pq;

but d4 pq and hence d ¼ pq ¼ pðe0 þ nþ 1� pÞ by our assumptions. Therefore,

again using Theorem 4, X is the complete intersection of two hypersurfaces of

degrees p and q ¼ d
p.

4. Gherardelli’s Theorem for Surfaces in P4

The aim of this section is to state and prove Gherardelli-type theorems extending

Theorems 1.3 and 1.6 of [1], with some new cases.

Here X will be an integral degree d surface in P4 and Y its general hyperplane

section.

We recall the well-known Laudal lemma and some generalizations (see [7, 8, 11,

14]).

PROPOSITION 10 (Laudal’s lemma). Let X � Pn be an integral, two-

codimensional, degree d variety and let Y be its general hyperplane section. If the

restriction map H 0IXðtÞ ! H 0IYðtÞ is not onto, then d4 t2 þ 1.

If n5 4, then d4 t2 � tþ 2 and equality holds if and only if X is an arithmetically

Buchsbaum surface in P4.

If n5 5, then d4 t2 � 2tþ 4.
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The following proposition states a vanishing condition for 1-cohomology groups,

both for an integral variety and for a reflexive sheaf. It will play a key role in the

proofs of the Gherardelli-type theorems we want to present.

PROPOSITION 11.

ð1Þ Let X be an integral non-complete intersection two-codimensional subvariety in Pn,

n5 4, and let l be the only integer such that either e ¼ 2l� n� 1 or

e ¼ 2l� n� 2.

If h1IXðk0Þ ¼ 0 for some k04 l, then h1IXðkÞ ¼ 0 for all k4 k0, unless X is an

arithmetically Buchsbaum surface in P4 in the even liaison class of a Veronese surface.

ð2Þ Let F be a non-split rank 2 reflexive sheaf on Pn, n5 4.

If h1F ðt0Þ ¼ 0, for some t04�c1, then h1F ðtÞ ¼ 0, for every t < t0, unless F is the

sheaf on P4 with c1 ¼ �1 and c2 ¼ 2 such that a general section of F ðaÞ ¼ F ð2Þ cor-

responds to a projective Veronese surface.

Proof. First of all, observe that part (1) and part (2) of the proposition are

equivalent. In our hypotheses the subvariety X is the zero locus of a nonzero

section of a rank 2 bundle F ðl Þ, where F is normalized and e ¼ 2lþ c1 � n� 1. So

h1IXðkÞ ¼ h1F ðk� l� c1Þ for every integer k; moreover k04 l is equivalent to

t0 ¼ k0 � l� c14�c1. So, we can only prove part (2).

The statement is true if t04 r: see [12] Proposition 1.7.

Now for a non-split sheaf we have t04�c14 r unless t0 ¼ �c1 ¼ 1 and r ¼ 0,

that is the sheaf is stable.

So it is sufficient to consider the following case:

t0 ¼ 1; c1 ¼ �1; h1F ð1Þ ¼ 0 and h1F 6¼ 0.

Let X be a subvariety corresponding to a section of F ðl Þ, l � 0, and let Y be its

general hyperplane section; such a subvariety is integral, its degree is d ¼

c2ðF ðl ÞÞ ¼ c2 � c1lþ l 2 and the map H 0IXð l Þ ! H 0IYðl Þ is not onto.

Using Laudal’s lemma (see Proposition 10) we find d ¼ l 2 � lþ c24 l 2 � lþ 2 for

n5 4.

But a stable sheaf on P3 (and so in Pn) with c1 ¼ �1 cannot have c2 < 2.

Therefore the equality d ¼ l 2 � lþ c2 ¼ l 2 � lþ 2 holds and so n must be 4. This

fact can be seen in a much easier way using the last statement of Proposition 10. In

any event by Laudal’s lemma we find that F is the arithmetically Buchsbaum sheaf

on P4 corresponding to the Veronese surface (see Proposition 10 or [8]).

Observe that such a sheaf is not a bundle ([9], page 113). &

For vector bundles on P3 we can state a slightly different result.

LEMMA 12. Let E be a nonsplit rank 2 vector bundle on P3.

Then h1Eðt0Þ5 h1Eð�t0 � c1 � 4Þ for �14 t04� c1 and the equality holds if and

only if t0 ¼ 0 and E is the null correlation bundle.
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Proof. If E is the null correlation bundle, then h1EðtÞ ¼ 0 for every t except

t ¼ �1.

Suppose E is not the null correlation bundle. We want to prove that strict inequal-
ity holds.

We have

h1Eðt0Þ � h1Eð�t0 � c1 � 4Þ

¼ ðh1Eðt0Þ � h1Eð�1ÞÞ þ ðh1Eð�1Þ � h1Eð�t0 � c1 � 4ÞÞ:

Using the spectrum we see that the term within the last brackets is stricly positive,

while, thanks to [12] (Proposition 1.7), the term between the first brackets is non-

negative for any t04 r (note that t05�1 >� t0 � c1 � 4).

Thus, as in the proof of the previous result, it suffices to consider stable bundles

with c1 ¼ �1, in the case t0 ¼ 1.

In such a situation, using again [12] (Proposition 1.7) and the spectrum, we can see

that h1E � h1Eð�1Þ is nonnegative and h1Eð�1Þ � h1Eð�4Þ ¼ 3
2 c2.

The required inequality holds if and only if h1Eð1Þ � h1E > � 3
2 c2.

Suppose on the contrary h1Eð1Þ � h1E4�3
2 c2. Let X be a curve corresponding to

a global section of EðtÞ, t � 0, and let Z be its general plane section. Observe that Z

is a set of points in uniform position (see [4]).

We then have h1IXðt� 1Þ � h1IXðtÞ5 3
2 c25 3 (recall that c2 is even and positive).

By the exact sequence:

h0IZðtÞ ! h1IXðt� 1Þ ! h1IXðtÞ

we can find that at least 3 curves of degree t contain Z. The Hilbert function of Z

gives the upper bound t2 � tþ 1 for the degree of Z (see [14], Section 2), which leads

to a contradiction since degðZÞ ¼ t2 þ c1tþ c25 t2 � tþ 2. &

As a first application of the two results given above we can extend and improve

what is stated in [1]. These new results can be easily proved using the general hyper-

plane section and the already established Gherardelli theorem in P3.

PROPOSITION 13.

ð1Þ Let X � P4 be an integral a-subcanonical surface. Then X is a complete intersec-

tion if and only if h1IXðm0Þ ¼ h2IXðm1Þ ¼ 0 for some integers m0;m1 such that
a
2 4m1 < m04 a

2þ 3.

ð2Þ Let F a normalized rank 2 vector bundle on P4. Then F splits if and only if

h1F ðt0Þ ¼ h2F ðt1Þ ¼ 0 for some integers t0; t1 such that �24 t1 < t04� c1.

Proof. Since (1) and (2) are equivalent, we prove only (2). Using Proposition 11

we can suppose t0 ¼ t1 þ 1. If FH is a general hyperplane section of F , then
h1FHðt0Þ ¼ 0. By Gherardelli’s theorem in P3, the bundle FH splits, and so

does F . &
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The following Theorems 14 and 15 give conditions that force a subcanonical sur-

face in P4 to be a complete intersection and a rank 2 bundle to split. We wish to

point out that, while cases (a) and (b) of both theorems simply extend [1], Theorems

1.3, 1.6, and slightly improve [1], Corollary 1.8, (see also Examples 16 and 18), cases

(c) and (d) are quite new and have nothing analogous in P3. We give here two

different proofs of the theorems. The first proof is strongly based on an argument

involving the hyperplane section, while the second proof is based only on the char-

acteristic function in P4 and the minimal level a giving a nonzero section of the bun-
dle. Of course both proofs depend upon Proposition 11 and, hence, on the speciality

lemma and Laudal’s lemma.

THEOREM 14. Let X � P4 be an integral a-subcanonical surface and let b the only

integer such that either a ¼ 2b or a ¼ 2bþ 1.

Then X is a complete intersection if and only if one of the following conditions holds:

ðaÞ h1IXðbþ 2Þ ¼ 0 and h1OXðbþ 1Þ4 h1OXðbþ 2Þ

ðbÞ h1IXðbþ 3Þ ¼ 0 and h1OXðbþ 2Þ4 h1OXðbþ 3Þ

ðcÞ h1IXðbþ 1Þ ¼ 0, h1OXðbÞ4 h1OXðbþ 1Þ and a is even

ðdÞ h1IXðbþ 1Þ ¼ h1OXðbþ 1Þ ¼ 0 and a is odd.

THEOREM 15. Let F be a normalized rank 2 vector bundle on P4. Then F splits if

and only if one of the following conditions holds:

ðaÞ h1F ð�1Þ ¼ 0 and h2F ð�2Þ4 h2F ð�1Þ

ðbÞ h1F ¼ 0 and h2F ð�1Þ4 h2F
ðcÞ h1F ð1Þ ¼ 0, h2F 4 h2F ð1Þ and c1 ¼ �1

ðdÞ h1F ð�2Þ ¼ h2F ð�2Þ ¼ 0 and c1 ¼ 0

Proofs of Theorem 14 and Theorem 15. Since they are equivalent we prove only

Theorem 15. In what follows, we assume that F does not split and obtain a con-

tradiction.

First proof of ðaÞ, ðbÞ, ðcÞ. Let t0 be an integer such that �14 t04� c1. Let FH

be a general hyperplane section of F . Observe that the rank 2 vector bundle FH is

not the null correlation bundle, since no vector bundle F on P4 has c2 ¼ 1.

For F and FH the following exact sequence holds:

0! h1FHðt0Þ ! h2F ðt0 � 1Þ ! h2F ðt0Þ ! h2FHðt0Þ ! 0

(the right-hand 0 depends upon the equality h3F ðt0 � 1Þ ¼ h1F ð�t0 � c1 � 4Þ, whose

last member vanishes since �t0 � c1 � 4 < t0 and so Proposition 11 can be applied).

Thanks to that exact sequence, it is enough to prove:

h1FHðt0Þ > h2FHðt0Þ ¼ h1FHð�t0 � c1 � 4Þ

which follows from Lemma 12.
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Second proof of ðaÞ, ðbÞ, ðcÞ. Since the three cases are similar, we outline the proof

of (b). when c1 ¼ 0.

We recall that c2 þ a2 > 0 if and only if F is non-split.

Put D ¼ h2F � h2F ð�1Þ and consider the difference wðF Þ � wðF ð�1ÞÞ of the Euler

characteristic functions: wðF Þ � wðF ð�1ÞÞ ¼ �2c2. If a < 0, then we have D ¼

�2ðc2 þ a2Þ < 0 (because c2 þ a2 is the degree of the minimal surface of the bundle).
If a ¼ 0, the D ¼ 1� 2ðc2 þ a2Þ4�1. If a > 0, the D ¼ 2� 2c2 < 0.

Proof of ðd Þ. The hypothesis implies that h1FHð�2Þ ¼ 0; so the spectrum of FH

contains only 0. This is not allowed if FH is nonstable (see [13], Proposition 3.2).

So assume that FH is semistable. Then we have: the Euler characteristic function

wðF ð�2ÞÞ ¼ 1
12 ðc2 þ 1Þc2. This implies either c2 ¼ 0 or c2 ¼ �1, both of which are

forbidden values for a semistable bundle. &

EXAMPLE 16. Let F be the normalized Horroks–Mumford non-split vector bundle

onP4 whose c1 is�1 (see [6]).We have: h
2F ðtÞ ¼ 0 for every t 6¼ �2 and h1F ðtÞ ¼ 0 for

every t4�1. So the first half of condition (a) holds, while the second half does not,

and the second half of both conditions (b). and (c). holds, while the first half does not.

Remark 17. In [1] a result analogous to ðaÞ, ðbÞ, ðcÞ is proved. Instead of the

inequality h2F ðtÞ4 h2F ðtþ 1Þ, in [1] the vanishing of h2F ðtÞ is assumed. The fol-

lowing example shows that the condition in the present paper is in fact weaker. We

observe also that the conditions of the theorem do not force a reflexive sheaf to split,

they force only a bundle to split, as is shown in Example 19.

EXAMPLE 18. Let M be a Buchsbaum graded k½X0; . . . ;X4�-module with homo-

geneus components M0 ¼ M1 ¼ k and Mi ¼ 0 for all i 6¼ 0; 1. Then there exists a

rank 2 reflexive sheaf F on P4 (respectively: an integral Cohen–Macaulay surface in

P4) such that its 1-cohomology vanishes and its module of 2-cohomology is Mð�tÞ,

for some t. Then h2F ðtÞ4 h2F ðtþ 1Þ, but h2F ðtÞ 6¼ 0.

EXAMPLE 19. Let X be a 2-plane in P4 and let F be the reflexive sheaf corre-

sponding to X through a section of oXð�4Þ. Then the 1 and 2-cohomology vanish

everywhere but F is not a split bundle.
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