
NOTES AND PROBLEMS NOTES ET PROBLEMES 

This department welcomes short notes and problems 
believed to be new. Contributors should include solutions 
where known, or background mate r i a l in case the problem is 
unsolved. Send all communications concerning this depar tment 
to I. G. Cormell, Department of Mathematics , McGill Universi ty, 
Montreal , P. Q. 

AN APPLICATION OF RAMSAY'S THEOREM 
TO A PROBLEM OF ERDÔS AND HAJNAL 

H. L. Abbott 

A family <s* of sets is said to possess property ^> if 
there exis ts a set B C U £*> such that Bf l F ^ | and F <£ B 
for each F € &. In [1], P. Erdos and A. Hajnal ask the 
following question: Does there exist for every positive integer 
k a finite family «? of finite sets satisfying 

(i) J F | = k for each F € & 

(ii) | F fi G | < 1 for F, G « « ? k , F i G 

(iii) & does not possess property «5"? 

They observed that such families exist for k = 1, 2, 3. For 
k = 1, there is no problem. For k = 2, one can take 
<^ = { ( 1 , 2 ) , (1,3) , (2,3)} and for k = 3 one can take 

5*3 = { ( 1 , 2 , 3 ) , (1 ,4 ,5 ) , (1 ,6 ,7 ) , (2 ,4 ,6 ) , (2 ,5 ,7 ) , ( 3 ,4 ,7 ) , 

( 3 , 5 , 6 ) } . It is not difficult to verify that & and & satisfy 

(i), (ii) and (iii). 

The object of this note is to prove that such famil ies exist 
for every positive integer k. In fact, we shall construct such 
families explicitly. We make use of a well known theorem of 
F . P . Ramsay [4] which can be formulated as follows: 
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RAMSAY1 S THEOREM. To each pair of positive integers 
k and r with k > r there corresponds a positive integer 
N(k, r ) , which we take to be minimal , such that if / > N(k, r) 
and L is a set of I e lements , then the following is true» If 
P (L) (i. e. the set of all subsets of L with r elements) is 

r 
partitioned in an a rb i t r a ry manner into two c lasses of and 3t^t 

then there exists a subset K of L with k elements such that 
either P ( K ) C < £ or P (K)C<£" 

r 1 r L 

Now we prove 

THEOREM 1. Let ! > N(k, r) and let L be a set of I 
e lements . Let K be a subset of L with k elements and let 

k 
F be the set whose elements are the ( ) subsets of K with 

r 
r e lements . Let 5^ be the family of al l possible sets con

ic, r 
structed in this way. Then & does not possess property 90. 

K, r 
Proof. Assume that possesses property 

"™"™™~" j £ j r 

Then there exis ts a set B C U ^ , such that B 0 F ^ | 
k, r 

and F < £ B for each F * &• . Parti t ion P (L) into two 
k, r r 

c l asses and &f by placing R € P (L) in at. if R € B 
1 Z r 1 

and in ^ if Rj6 B. Then it is not difficult to see that Ramsay' s 
Ù 

Theorem is contradicted. Thus & does not possess 
k, r 

property 
The question of Erdos and Hajnal can now be settled by 

observing that the family ^ satisfies conditions (i), (ii). 
and (iii). 

If we choose £ =N(k, r) in Theorem 1, the total number 

of sets in the family J* is ( ' ) and each set has ( ) 
k, r k r 

e lements . In [2], it is proved that if { A ,A , . . . ,A } is a 

family of sets which does not possess property <ô and if 

|A. j = n for i = 1, 2, . . . , t , then t > 2 . We must t he re 

fore have 

516 

https://doi.org/10.4153/CMB-1965-038-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-038-1


k 

This resu l t was obtained by Erdos [3] using a different argument . 

REFERENCES 

1. P. Erdos and A. Hajnal On a property of families of s e t s . 
Acta, Math. Acad . , Hung. Sci. 12(1961), 87-123. 

2. P. E rdos , On a combinatorial problem. Nordisk. Mat. 
Tidski, 2 (1963), 5-10. 

3. P. E rdos , Some r e m a r k s on the theory of graphs . Bull. 
Amer . Math. Soc. , 53 (1947), 292-294. 

4. F . P. Ramsay, On a problem in formal logic. P r o c . 
London Math. S o c , 30(1930), 264-286. 

University of Alberta, Edmonton 

517 

https://doi.org/10.4153/CMB-1965-038-1 Published online by Cambridge University Press

https://doi.org/10.4153/CMB-1965-038-1

