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MR. PETER GRAY'S DEMONSTRATION OF FORMULÆ.

To the Editor of the Assurance Magazine.
SIR,—The demonstration of the expressions for the values of single

and annual premiums given by Mr. P. Gray (No. XLVIII., page 238, of the
Assurance Magazine) is quite new and remarkable indeed, but yet it
affords us a greater interest, if we suppose, for the sake of generalization,
the consideration for forbearance in infinitum, we have

(I.)
which, as is known, is equal to

and thus the expression for the present value will become

Hence, dividing the foregoing formula (I.), by a'x, we obtain immediately
the annual premium

which is equal to the expression

I have the honour to be,
Sir,

Your most obedient servant,

Halls a/S. Prussia, Germany,
23rd August, 1862.

D. AUGUST WIEGARD,
Director of Life Assurance Society

" Iduna"

ON INCREASING AND DECREASING SCALES OF PREMIUM.

To the Editor of the Assurance Magazine.

SIR,—The following lines may have an interest for some of the junior
members of the Institute, and that is the only reason for my venturing to
address you upon a subject so simple as that of determining a premium,
ascending or descending by a series of stages, for a whole-term life
assurance.

In practice I have met with five varieties of this form of pay-
ment, viz.:—

1st. The premium to be p for the first stage, and to be increased or
decreased so as to be p±q (qbeing a quantity previously deter-
mined) for the second stage, p±2q for the third stage . . . and
p±(v—l)q for the vth stage, at which it is to remain constant for
the remainder of life; to find the value of p.

2nd. The premium for the first stage to be p (p being determined), for
the second stage p±q (q being arbitrarily fixed), for the third
stage p±2q, &c, and for the vth stage p±q', at which it is to
remain constant; to find the value of q'.

https://doi.org/10.1017/S2046165800002240 Published online by Cambridge University Press

https://doi.org/10.1017/S2046165800002240


1862.] Correspondence. 287

3rd. The premium for the first stage being determined, to find the
increase or decrease to be paid at each of the subsequent stages.

4th. The premium for the first, second, third, &c, stages being fixed
at p, p1, p2, &c, to find the premium to be paid for the vth stage,
pv, at which it is to remain constant.

5th. The premium for the first stage to be p, and to be increased or

decreased by a proportion of p, so as to be

for the second stage, for the third stage

for the vth stage, at which it is to remain constant.

These cases may be more shortly stated thus:—
1st. q being known, to find p.
2nd. p and q being known, to find q'.
3rd. p being known, to find q.
4th. p, p1, p2. . . . . . &c, being known, to find the increase to or

decrease from p v _ 1 to form pv.

5th. p to be increased or decreased at each series by

I. An example of the first of these forms will be found in Jones on
Annuities, &c, p. 194, viz.:—

" Suppose the annual premium to increase or decrease a certain sum
every t years, and, at the end of v intervals of t years each, the premium
to continue constant during the remainder of life; what annual premium
should be required during the f i r s t years?

"Let p = t h e annual premium required;
q=the increase or decrease per £ 1 * every t years."

Departing for a moment from the text, the argument for this case may
be stated as follows:—

Benefit term.
An assurance of £1 at death, the present value of

which
=A x.

Payment terms.
An annuity of £p for the whole term of life, the pre-

sent value of which
± A deferred annuity of q (q being arbitrarily deter-

mined), first payment or deduction at end of
t years

± A further deferred annuity of q; first payment or
deduction at end of 2 t years

± A further deferred annuity of q; first payment or
deduction at end of vt years

Equating, we have, as stated by Jones (ibid.):—

* This, taken with the context, is evidently intended for the sum assured, not per £1
of the premium.
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by transposition and division,

by substitution in the first equation,

from which we obtain

A numerical example follows at Carlisle 4 per cent., but for conve-
nience I substitute one at Experience 3 per cent., viz.:—

Example.—" What annual premium should be required during the
first 5 years to insure £100 on a life aged 31, the annual premium to
increase 4s. every 5 years, and remain constant at the end of 20 years
(Experience 3 per cent.)."

or,
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On the above example I note that Mr. Chisholm, in his valuable work,
has the following remarks:—

" In the fundamental equation given above, the right-hand side can only-
express the value of Ax when p multiplies the whole of that side. For the
premium for the first t years being p, its value for the whole of life is
p(1 + ax); and the increase or decrease at the end of every t years being
p×q, its value is evidently

" The writer of the article has not adverted to this, and in the example
which follows the rule there is a misconception as to the value of q, where
it is made equal to ·002 in place of = · 2 , the increase per pound as assumed.

" The equation and solution should have stood thus:—

by transposition and division,

by substitution in the first equation,

from which we obtain

On a careful review of the foregoing, I think it will be found that the
misconception as to the value of q is not that of "the writer of the article"
in Jones on Annuities, but may rather be imputed to Mr. Chisholm, who
appears to have confounded the terms of the proposition—viz., the increase
of the premium per £1 assured with what he terms "the increase per
pound as assumed" (scil, in the premium). It is evident that Mr. Chisholm
had in his mind the problem which follows (No. 5), the expression for which
he has investigated in his work.

Example.—What annual premium should be required to insure £100
on a life aged 31, to be decreased 4s. every 5 years, and to remain constant
at the end of 20 years?

As in last example
Mx =M3 1 =

2962·849
13770·543

16733·392

and
nearly.

VOL. X. X
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Or, as above,
Ax = A31 =

·08657
·40235

·48892

and
(as before).

II. A second form of this mode of assurance, which sometimes occurs, is
as follows:—

An annual premium of p is to be paid for first t years, p being an
arbitrary sum, but one which, in the case of an increasing premium, should
be greater than a temporary assurance for a like term; p±q for the second

term of t years, q also being an arbitrarily fixed sum; p±2q for the third
term of t years . . . and p±(v—2)q for the (v—l)th term, and p±q' for
the vth term, at which it is to continue constant during the remainder of
life: what is the value of q'?

Proceeding as before:—

Benefit term.

An assurance of £1 at death, the present value of
which

Payment terms.
An annuity of £p, previously determined, for the

whole of life, the present value of which
± A deferred annuity of q (also first determined),

first payment or deduction at end of t years
± A further deferred annuity of q (as before), first pay-

ment or deduction to be made at the end of 2t years

± &c. &c.
± A deferred annuity of q', first payment or deduc-

tion at the end of vt years

Equating, we obtain

by transposition and division,

by substitution in the first equation,

from which we obtain

Example.—An annual premium of £1·539 is to be charged for the
assurance of £ 1 0 0 on a life aged 3 1 , for the first 5 years, to be increased
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to £1·739 for the second 5 years, £1·939 for the third 5 years, and
£2·139 for the fourth 5 years: what further increase should be made for
the fifth stage, which is to continue constant for the remainder of life?

£=5 , v=4, q= ·002 per £1 assured.

or,

as before.

The first premium, and the addition at the second, third, and fourth
stages respectively, might have been differently chosen, but the values
taken were selected because they afford a proof of the first case. This
remark applies also to cases 3 and 4.

Example.—An annual premium of £2·38278 is to be charged for an
assurance of £100 on a life aged 31, for the first 5 years, to be decreased
to £2·18278 for the second 5 years, to £1·98278 for the third five years,
and to £1·78278 for the fourth 5 years, what is the decrease which
should be made for the fifth stage, and to remain constant for the rest
of life?

x 2
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As in preceding example,

and

or,

and

As in preceding example,

(as before).

III. The third case proposed is one where, the first premium being fixed, it
is required to find the rate of increase or decrease for each succeeding stage.

Suppose the premium for the first t years to be p, what premium must
be paid for the second, third, &c, series of t years, the premium for the
vth stage being constant throughout the rest of life?

This may be stated as follows:—

Benefit term.
An assurance of £1 payable at death, the present

value of which

Payment terms.
An annuity of £p, already determined, the present

value of which
± A deferred annuity of q, first payment or deduction

at end of t years

± do. do. 2t years

± do. do. 3t years

± do. do. vt years

Equating,

by transposition and division,

by substitution in the first equation,
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from which we obtain

Example.—An annual premium of ±1·539, for an assurance of ±100
on a life aged 31, is to be paid for the first 5 years; what must be the
increase at the end of 5, 10, 15, and 20 years, the premium for the last
stage to be constant during the rest of life?

t= 5, v = 4.
Mx=M31=13770·543

(as before)

and

Otherwise,

(as before)

and

Example.—An annual premium of £2·38278 for an assurance of £100
on a life aged 31 is to be paid for the first 5 years, what must be the
decrease at the end of 5, 10, 15, and 20 years, the premium for the last
stage to be constant during the remainder of life?

As before,

and
as before,

or, as before,
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and
as before,

(as before).

IV. The fourth form of this mode of assurance above referred to is one
where the premium for the first stage is fixed at p, for the second stage at
p1 , for the third stage at p2 . . . . and for the (v — l)th stage at p(v—1) ;
required to find the value of pv for the vth stage, at which it will remain
constant.

The benefit and payment terms in this case are as follows :—

Benefit term.
An assurance of £1 payable at death, the

present value of which

Payment terms.
An annuity of £p for the whole of life, the

present value of which
± A deferred annuity of (p1 ~p), first pay-

ment at end of t years
± A deferred annuity of (p2 ~p), first pay-

ment at end of 2t years
± A deferred annuity of (p(v—1) ~p(v—2) ,first

payment at end of v—1 years
±And a deferred annuity of pv~p(v—1), first

payment at end of v years

Equating,

by transposition and division,

by substitution in the first equation,

whence we obtain

Example.—For an assurance of £100 on a life aged 31, the premium
for the first stage of 5 years is to be £l ·539, for the second stage £1·739,
for the third stage of 5 years £1·939, for the fourth stage of 5 years
£2·139: what further increase should be made for the fifth stage, and to
continue for the rest of life?
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(as before)

and

or,

Example.—For an assurance of £100 on a life aged 31, the premium
for the first 5 years is to be £2, for the second 5 years £ 1 , for the third
5 years £ 1 . 10s., for the fourth 5 years £ 1 . 5s.; what further increase
or decrease should be made for the fifth stage, and to continue during the
remainder of life?

and
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or,

and
(as before).

V. The fifth and last case proposed to be treated is one where the first
premium is increased or decreased by a fixed proportion at each of the
succeeding stages; thus:—

An annual premium of p is to be paid for the first t years, to be in-

creased or decreased by for the second t years, by for the third

t years . . . . and by for the vth t years; to find the value of p.

The statement of this case is as follows:—

Benefit term.
An assurance of £1 for life, the present value of

which

Payment terms.
An annuity of £p for the whole of life, the present

value of which

± A deferred annuity of first payment or deduc-

tion at the end of t years

± A deferred annuity of first pay-

ment or deduction at the end of 2t years

± A deferred annuity of

first payment or deduction at the end of vt years
Equating,

by substitution and division,

by substitution in the first equation,
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from which we get

Example.—What annual premium should be required during the first
five years to insure £100 on a life aged 31, the annual premium to increase
4s. per £ 1 , or one–fifth, every 5 years, and to remain constant at the end
of 20 years?

t= 5, v= 4,

and nearly;

or,

Example.—What annual premium should be required during the first
5 years to insure £100 on a life aged 31, the annual premium to be
decreased As. per £ 1 , or one–fifth, every 5 years, and to remain constant
at the end of 20 years?
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—as in preceding example

and

and nearly.

Or,
—as in preceding example

and (as before).

In conclusion, it will be obvious that the values or ratio assigned
to p and q, as well as the terms t and v, may, within certain limits, be
varied at pleasure.

Apologising for the length of this communication,

1 am, Sir,
Your obedient servant,

SAMUEL L. LAUNDY.Eagle Life Office,
24th March, 1862.
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