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A NOTE ON BOUNDS ON THE MINIMUM
AREA OF CONVEX LATTICE POLYGONS

CHARLES J. COLBOURN AND R.J. SIMPSON

The minimum area a(v) of a v-sided convex lattice polygon is known to satisfy
(,) ^ a(2t>) ^ (,) - v + 1. We conjecture that a(v) = cvs + o(i;8) , for c a constant;
we prove that a(«) ^ (15/784)t>3 + °(«S) > and that for some positive constant c,
a(v) ^ cv2*.

1. CONVEX LATTICE POLYGONS

A convex lattice polygon is a polygon whose vertices are points on the integer
lattice with interior angles all convex. A lattice polygon with v vertices is a v-gon. The
minimum area of a convex lattice v-gon is denoted a(v). The function a(v) has been
studied by Arkinstall [1], Rabinowitz [2] and Simpson [3]. Values of a(v) are known
exactly for v < 10 and v e {12,13,14,16,18,20,22}. For general v, only bounds are
known. Rabinowitz [2] established that a(2n) < (") — n + 1. Simpson [3] proved that
o(2n) ^ (£) , and that

L(a(2n + 2) + o(2n))/2j + 1/2 ^ a(2n + 1) < a(2n + 2) - 1/2.

Together these imply that for all v, a(v) > (l/8)u2 + o(v2), and a(v) < (l/48)vs +

In this note, we improve both the upper and the lower bound on a(w), to prove
that:

THEOREM 1 . 1 . The minimum area of a. convex lattice v-gon, o(w), satisfies:

cv2s < a{v) < (15/784)«3 + o(v3)

for c a positive constant.

In section 2, we prove the upper bound and in section 3, we prove the lower bound.
We conjecture that o(u) — c'v3 + o(u3) for some positive constant c', hence motivating
interest in specific constants c' for which a(v) < c'v3 + o(ws) .
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The relation between the case with odd v and the case with even v ensures that
we need only treat the cases with v even; henceforth, we write v = 2n. Simpson [3]
proved that a(2n) is the same as the solution to an easily stated optimisation problem;
we recall bis formulation next. An admissible n-sequence is a sequence of n vectors
with non-negative integer entries, [v< = (xi ,y ,) , l < i < n] , satisfying yiXj — Xij/j > 0
for 1 ^ i < j ^ n. Simpson shows that without loss of generality, we can take

V l = ( 0 , l ) and v B = ( l , l ) .

THEOREM 1 . 2 . [3] For any admissible n-sequence [VJ = (x,-,y;), 1 ^ i ^ n ] ,

n n

(1) «(2n) ^ J
i=

moreover, a(2n) equals the minimum of the right hand side over all admissible it-

sequences.

We employ this alternative characterisation of a(2n) in determining new upper
and lower bounds.

2. THE UPPER BOUND

The upper bound relies on the explicit construction of an infinite family of admis-
sible n-sequences.

LEMMA 2 . 1 . a(2n) ^ 15/98ns + o(n3) .

PROOF: Since a(2n) < a(2n + 2), it suffices to construct admissible n-sequences
realising the bound when n = 4 (mod 14). Write n = 14t+4, and form an admissible n-

sequence containing the vectors (0,1), (1,1), {(l,a;) : 2 ^ x < 10*+ 2} and {(2,2s: + 1) :
3< + 1 < x < It + 1}. Applying Theorem 1.2 then establishes that

10t+2 7t+l 10« i

t=2 t=3t+l t=l ;=1

At i 21 St-l St+l

> + E
i=l j=\ t=-2t

which yields a(2(14< + 4)) ^ 420<3 + 270t2 + 7 H + 7 f o r i ^ l . The right hand side of
the inequality determines the contribution to equation (1) of the pairs involving (0,1) or
(1,1), then the pairs of vectors both of whose first components are 1, then those whose
first components are both 2, and finally those having one first component 1 and the
other 2. Substituting t = (n — 4)/14 in the above gives the required bound. D
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3. T H E LOWER BOUND

The lower bound is obtained by establishing, for every convex lattice 2n-gon, a
lower bound on the double sum in Theorem 1.2.

LEMMA 3 . 1 . There is a positive constant c for which o(2n) > cn2S.

PROOF: Suppose that [vi, . . . vn] is an admissible n-sequence with Vo = (0,1) and
vn = (1,1). Consider the contribution to equation (1) arising from pairs containing
(0,1) or (1,1). This contribution is

n- l

»=2

which is one less than the sum S of the y-components of the vectors of the sequence.
Now to bound 5 , let £,• be the number of vectors whose y component is t; since the
sequence is admissible, and (1,1) is the last vector of the sequence, we have

(2) li <i for t > 1.

Clearly we have

(3)
t=i

and

(4) ^i-l{ = S.

t=i

It is not hard to see that the left hand side of (4) is minimised subject to (2) and

(3) when ti = I, It = i — 1 tor 2 ^ i ^ k — 1 and £k = n - 1 - £ £j, for a positive
t=i

integer Jfc such that 0 < £* < Jfe. Then (3) gives
n - 1 = (Jfc2 - 3Jb + 2)/2 + 1 + 4 ,

which implies that
Jfc » n 0 5 .

From (4) we then have

t-i

i=2
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for some constant c\ . We now show inductively that a(2n) > Cin2"5 -f- 0{n). Suppose
that this holds for n — 1. Considering in equation (1) the contribution So of (0,1)
with a second vector, and the contribution S\ of (1,1) with a second vector, we have
So + Si — 1 = S, and hence one of these partial sums is at least 5ci(n — 1) ' . Using

the induction hypothesis and the binomial expansion of (1 + a;) ' , we have

a(2n) ^ a(2(n - 1)) + 5Cl(n - I ) 1 5

^ Cl [(n - I)25 + 5(n - I)15] + 0{n)

Hence a(2n) ^ en.2-5 for some positive constant c. D

The lower bound would be improved by establishing that there is a fixed constant
a > .5 such that every admissible n-sequence has some vector x for which contribution
to equation (1) of vector pairs {{x,y} : y ^ x} is at least cn1+a. (Lemma 3.1
essentially shows that this statement holds with a = .5.) This would give a lower
bound that is c'n2+a on a(2n).
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