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ON LOCALLY WEAKLY ALMOST PERIODIC
TRANSFORMATION GROUPS

SABER ELAYDI

It is shown that a transformation group with a locally compact

Hausdorff phase space and an. abelian phase group is locally

weakly almost periodic if and only if it is P-locally weakly

almost periodic for some replete semigroup P in the phase

group.

Let {X, T, IT) be a transformation group, where X is assumed to be

a locally compact Hausdorff space and T is an abelian topological group.

In [1] Coven showed that, for several dynamical properties the phase space

X possesses the property under T if X possesses the property under

some replete semigroup P in T . This was shown for the properties of

almost periodicity, regular almost periodicity and isochronousity. The

main purpose of this note is to extend Coven's results to the property of

locally weakly almost periodicity. We use an entirely new technique in the

theory of topological dynamics; namely the so called prolongational

technique. The prolongation notions were originally introduced by Ura [5]

for dynamical systems, then were generalized in the setting of trans-

formation groups by Hajek [4]. The author [2] developed and used these

techniques in a more general form.

For the convenience of the reader we give the definition of the basic

notions used in this note. For x € X , and a replete semigroup [3] P in

T , we have the following definitions:
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the P-limit set of x :

LP(x) = n(xpP | p € P} ;

the P-prolongation set of x :

ZT (x) = r\(VP | V is a neighbourhood of x} .

Note that one can extend the transformation group (X, T, IT) to

{X*, T, ir*) , where X* = X u {<*>} is the one point compactification of X ,

by letting n*(x, t) = (a;, t) for each x € X and t € T and

T*(°°, t) = °° for each' t € T . The corresponding notions in (X*, T, IT*) ,

P P P P
of L (x) and D (x) are denoted, respectively, by L^(x) and D^(x) .

The closure of a set A in X* is denoted by 4* . The boundary of A

is denoted by dA ,

For breviety TT(X, t) is denoted by xt and (X, T, ir) is written

as (AT, T) . Our main references for notation and terminology are [2] and

[3].

DEFINITION. Let x € X and let P be a replete semigroup in T . A

point x € X is said to be {P-locally weakly almost periodic} {locally

weakly almost periodic} if whenever U is a neighbourhood of x there

exists a neighbourhoodi V of x and a compact subset K of {P} {T} such

that {VP c UK} {VT c £/#} . A point x € * is said to be discretely

{P-locally weakly almost periodic} {locally weakly almost periodic} if the

set K in the above definition is replaced by a finite subset F of

{?} {7} .

A transformation group {X, T) is said to have the property if each

point in X has the property.

LEMMA. If a transformation group {X, T) is P-locally weakly almost

periodic, then it is discretely P-locally weakly almost periodic.

Proof. Assume that x € X is P-locally weakly almost periodic.

Then there exists a neighbourhood V of x and a compact subset K of P

such that VP c UK . Let W be a neighbourhood of x such that W c V

and W is compact. We will show that WP is compact. For each y € W

choose a compact neighbourhood U(y) , a neighbourhood V(y) of y and a

compact subset K(y) of P such that V(y)P c (J(y)K(y) . Since W is
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n
compact, We U v[y.) for some points y^ € W . This implies that

i v

n
WP c U V[y.'

i=l %'

n
) P c U

i= l

— n
Hence WP = WP c U y(j/-)xG/O • Since for each i , u{y.)K[y.) is

compact, it follows that ~WP is compact. Since W c UK and HP is

compact, WP c UF , for some finite subset F of P . Hence x is

descretely P-locally weakly almost periodic.

THEOREM. A transformation group (X, T) is locally weakly almost

periodic if and only if it is P-locally weakly almost periodic.

Proof. Sufficiency. Assume that (X, T) is P-locally weakly almost

periodic. The proof consists of two parts.

Part 1. We will show that for X 6 X , D(x) = DA(x) = xT = xT* .

Let x € X and let y € DA{x) . Then there are nets {x.} in X and

{p •} in P such that lim x. = x and lim x.p. = y . Let U c X be a

neighbourhood of X . Then by the preceding lemma there exists a

neighbourhood V c: X of x and a finite subset F of P such that

VP c UF . Since i/F is a compact subset of X , it follows that y ? °° .

Hence Z7̂ (x) = u{x) . We may assume, without loss of generality, that

{x.} c V . Thus the net \x.p.} c VP c UF . This implies that the net

{x.p.} is frequently in Us for some s € F . It follows that y € Us

and thus !/s~ € U . Let {£/.} be a neighbourhood filter of x which is

partially ordered by inclusion. Then for each i , there exists s. € P

such that ys~. € U. . Consequently, lim ys~. = x . Thus x (. yT .

Recall that if x is P-locally weakly almost periodic, then x is

P-almost periodic. Then according to [J, 2.53 the point x is discretely

almost periodic. This implies that xT is compact and minimal [3].

Furthermore, xT = xP . Hence y € xP . Therefore Z7̂ (x) c xP . Since it

is always true that xP c Er^(x) , it follows that
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^ ) = xP = xP* .

Now let z € D^(x) . Then there are nets {3.} in X and {t •} in
If Is

T such that lim z. = x and lim z .t. = z . For each i ,
is 7s is

z.t. i z.T* = z.P = IJAZ.) - U (3.) . Let WaX be a neighbourhood of

x . Then z. € f/ for all i > i . Hence ^(2.) c WP* for i > i .

This implies that z.t. € WP* for i >i . Hence s €

Consequently, z € Z^(x) = ZT (x) = xP = xT . Therefore

Z?,,(x) = D{x) c xT . Thus DA(x) = xY = D(x) for each x d X .

Part 2. Let x € X . We now show that x is locally weakly almost

periodic. Let U cz X be a neighbourhood of x . Since xT is minimal,

xT c UT . Since xT is compact, xT c UF for some finite subset F of

I7 . Claim that there exists a neighbourhood V c U of x such that

VT a UF . Assume the contrary; that is, there does not exist such a set

V . Then there are nets {x.} in U and {t.} in T such that
Is ts

lim x. = x and x .t. € X-UF , for each i . Since °° £ ̂ (x) as it was

shown in Part 1, we may assume, without loss of generality, that

lim x.t. = b € X-UF . But then b € D(x) = xT <= UF and thus we have a
"Z- "Z-

contradiction.

Therefore x is locally weakly almost periodic. The necessity is

clear. The proof of the theorem is now complete.
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