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L’ SPACES GENERATED BY CERTAIN
OPERATOR VALUED MEASURES

BY
PAUL BINDING AND PATRICK J. BROWNE

1. Introduction. In this paper we investigate the structure of certain spaces
of operator valued measures and the L” spaces they generate. The work is
motivated by our earlier paper [1] in which we studied the L? spaces generated
by matrix valued measures. The present results can thus be regarded as a
generalization of this “finite dimensional” situation.

Let H be a separable Hilbert space and p a measure defined on %B—the
bounded Borel subsets of the real line R—so that for each Se %, w(S):H—> H
is a compact Hermitian operator. The variation w of p is defined by

i
w(S)= sup{ Z k(SO | S1, - - - » S; € B, pairwise disjoint, S; = S}
i=1

for S € %®. We shall assume u(S)<®VSe%R and that u is absolutely continuous
with respect to the non-negative regular o-finite Borel measure v defined on
the real line. In this case we say that p is absolutely continuous with respect to v

and write p< v.
When H = R, the classical Radon-Nikodym theorem states that

(1) r(S)= J' m(s) dv(s) VSe®R

for some m(s), real valued and locally v-integrable. The space L°(n) (p=1),
consisting of all functions f: R — C with

i1=[ [ 1 mis) vt | <

(modulo functions of zero norm) is by now a standard Banach space having
desirable properties such as reflexivity and uniform convexity (for p>1) etc.

Let C denote the complex numbers. When H = C", a straightforward exten-
sion of the Radon-Nikodym theorem again yields the representation (1) with
me L'(v):R — C(H). Here C(H) denotes the compact Hermitian operators on
H—isomorphic with n X n complex Hermitian matrices in this case. We may
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define LP spaces by considering those functions f:R — ¢" for which

@ I=| [ K misssnr®avcs) | <o

We have shown in [11] that again a class of Banach spaces results with the
above desirable properties—at least in the case when p takes positive semi-
definite values. Further LP(p) decomposes into the direct sum of n+1 sub-
spaces corresponding to the partition Eo, Ey, ..., E, of R where

E,={se R |m(s) hasrank r}, r=0,1,...,n

Our present purpose, then, is to consider a separable Hilbert space H with
inner product (-, -). P(H) will denote the positive cone of compact Hermitian
positive semi-definite operators on H and p:3 — 2(H) will denote a measure
on 3B, absolutely continuous with respect to the regular non-negative o-finite
Borel measure v defined on R.

To establish the representation (1) is no longer a trivial exercise in the
infinite dimensional case (and is, in general, impossible) but we show that if p is
P(H) valued then so is m. For this we shall use the following assumption,
typical of infinite dimensional Radon-Nikodym theorems, see for example [8],
[9]:

(3) {w(S)/v(S)| SeB} is relatively weakly compact in C(H).

As an example of such a situation, consider the measure p defined on % by

[(M(S)x]i=x; J f(i, s) dv(s), xe H,
S

where x; denotes the ith component of x relative to a fixed orthonormal basis
of H. Here we assume f(i, s) is a real valued measurable function of s for each
i=1,2,... and satisfies |f(i, s)|=g(i) where g(i)—>0 as i— . Clearly
I[n(S)]ii] = g(i)v(S) = 0 as i — o so that the eigenvalues of w(S) have finite
multiplicity and 0 is their only limit point. Hence p(S) is a compact operator on
H. Further ‘‘diagonal” operators such as u(S) may be identified in an obvious
way with real sequences convergent to zero—i.e. a subspace of ¢o. A bounded
set K < ¢y is (strongly) relatively compact if the sequence convergence to zero
is uniform over K. Since

I[H(S)/V(S)]ijlﬁg(i)—-)o as i — ©

this convergence is uniform over S€% and so (3) holds even in the strong
topology on C(H).

We define L spaces by analogy with (2) and investigate their properties.
These results not only extend [1] to the infinite dimensional case, but we have
been able to simplify our earlier analysis. We show that L?(p) is separable and
uniformly convex and smooth for 1 <p <. Again rather more is achieved than
in [1].
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2. The spaces L*(p). Our task in this section is to show that the assumptions
(3) and p:B— P(H) yield a representation of the form (1) which can be used
to define function spaces L?(p).

TaeorReEM 1. Suppose p:%B — P(H) and that (3) holds where p<v. Then
there exists a v-essentially unique function m:R — P(H), locally v-integrable
and such that

(1) p(S)=J m(s) dv(s), VSe%®.

Proof. A result of Phillips [9; Theorem 5.5]—see also [8; Theorem 2] and
[10; p. 48]—gives a locally v-integrable function m: R— C(H) and satisfying
(1). v-essential uniqueness of m follows readily from [10, Corollary 2.6, p. 33].

It remains to show that m takes values in (H) given that p takes values
there. The result follows readily by noticing that ?(H) is a closed convex cone
in C(H) and appealing to [10, Lemma 2.4(d), p. 33]. This result gives
m(s) € P(H) v-almost everywhere; but by modification of m on a v-null set we
may choose m(s) e ?(H), Vs e R. This completes the proof of the theorem.

Because of the special nature of C(H), (see, for example, [4]), we were
hopeful that less than assumption (3) would be needed. However, the following
example shows that (3) cannot be dispensed with entirely.

Let {e.}n=1 be an orthonormal basis for H. For each Se% define

i (S) = Si,»J sin(is) ds, Lj=1,2,...
S

where §; is Kronecker’s symbol. Then [u;(S)] can be regarded as the matrix

representation relative to {e,} of an operator w(S):H— H. If A denotes

Lebesgue measure we have ||u(S)||= A(S). Further, u(S) is compact since by the

Riemann-Lebesgue lemma [11, Theorem 1, p. 11], w;(S)— 0 as i — . How-

ever, the density m(s) of p with respect to A is given by

m(s) =[m;(s)]=[8; sin(is)]

and, except when s is an integral multiple of =, this is not the matrix
representation of a compact operator since sin(is) % 0 as i — . Thus we have
a compact operator valued measure p, absolutely continuous with respect to
Lebesgue measure and whose density is almost everywhere non-compact
operator valued.

At this stage the following assumption will be made concerning the nature of
m(s):

(4) For v-almost all s, m(s) is an operator with finite dimensional range.

The dimension of the range of m(s) will of course vary with s and indeed these
dimensions are not assumed uniformly bounded with respect to s. Remarks on
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the raison d’étre for this assumption will be made in the next paragraph. We
shall also discuss the situation in which (4) is not satisfied.
We come now to the definitions of the spaces L?(p). For 1= p <o, the space

5(m) will consist of all Borel measurable functions f: R — H for which

1/p
I£ll, = UR (f(s), m(s)f(s))" dV(S)J <.

The space Ly(p) will consist of all Borel measurable functions f:R — H for
which

“f“oo: V“fleSg sup(f(s), m(s)f(s))l/z <o

Notice that (f(s),m(s)f(s))=0Vse R so that the quantities |f|,, |fl- are
non-negative real numbers. Easy calculations show that if a€C and f, ge
Liw then [afl, =le|[fl, and [f+gll,<Ifl,+llgll, for any 1=p=cc. We
define N, to be the subspace of L§(w) for which ||fl, =0 and finally set
L”(n) = L§(w)/N,. Thus we have so far that L(u) is a normed vector space.

THEOREM 2. The spaces L*(p) are independent of the measure v used to define
them.

Proof. The proof follows, mutatis mutandis, the proof of the corresponding
theorem for the finite dimensional case [1, Theorem 1]. The only point needing
additional explanation is the following.

If v and © are two o-finite regular Borel measures defined on R such that
p< v and p< » and p satisfies (3) with respect to both v and #, then p has a
density, n, with respect to v+ 7 where n: R — ?(H). To see this we note that
we can write

pS)  _pS)  w(S)
v(S)+0(S) v(S) v(S)+(S)

_wS) ()
v(S) v(S)+u(S)

For z subset X = ?(H) we denote by coX the set

if »(8)>0.

if v(S)=0.

{Z ax | xeX aqeC,1=i=n, ), la,—[sl}.

i=1 i=1

Then our remarks above show that

n(S) i __(i(S)
{V—(ﬁas—) V(S)+V(S)>0}ECO{WS—)

w(S)
S$)>0(Ucoy—=
v(S) } CO{ 2(S)
each of which is weakly compact by our hypothesis (3) and Phillips’ Theorem

[9. Corollary 3.2, p. 120]. Thus p satisfies (3) with respect to v+ 9 and the
existence of a density follows from Theorem 1.

ﬁ(S)>O}
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3. A decomposition of the measure space. From Theorem 1 we know that
the density m takes values in ?(H). Let A,(t) denote the eigenvalues of m(t)
repeated according to multiplicity, so that

M) =A(D) = - =0,

cf. [5, Corollary 5, p. 905]. It is our objective to show that the eigenvalues A, (t)
are v-measurable functions, so that there is a partition of R into v-measurable
sets T,, n=0, 1, 2, ... where m(¢) has rank n for ¢ € T,. This leads us to define a
v-measurable operator valued mapping U which “diagonalises” m and is
compatible with the decomposition T, in the sense that for te T,, U(t)*U(t) is
the orthogonal projector onto a fixed n-dimensional subspace of H. This will
be our main tool for handling the spaces LP(w).

TueOREM 3. (i) The eigenvalues A, can be chosen v-measurably. (ii) There is
a v-measurable partition of R into |J5—o T, so that for v-almost all te T,, m()
has n-dimensional range.

Proof. (i) We shall use the ideas of the proof of [5, Lemma 11, p. 1341],
which effectively covers the finite dimensional case, in order to reduce our
considerations to compact sets on which m is continuous. The reduction is
briefly as follows [5, pp. 1342-3]. If w is a Banach space valued measurable
function defined on a set S< R with »(S) <o, then for each £ >0 there is a
Borel set T< S on which w is continuous and v(S— T)< €. Since v is o-finite
and regular we may partition R into countably many compact sets S with
v(S) <. Then using again the regularity of ¥ we may assume that each such S
is the union of countably many compacta on each of which m is continuous. As
a consequence of these remarks, it is sufficient for us to show that A,(t) is
measurable for ¢ ranging through a compact set on which m is continuous.

Now [5, Lemma 5, p. 1091] shows that A, is continuous at points of
continuity of m. Hence the v-measurability of the A, is established.

(i) Choose

To={t|M()=0},  T.={t|\()>0,A0sa()=0},  n>0.
Then these sets form a v-measurable partition of R since our assumption (4)
states that any t€ R must belong to exactly one of these sets.

In case (4) is not satisfied we would define T..={t | AM()>0,n=1,2,...} s0
that the T, defined above together with T. would form a measurable partition
of R. Assumption (4) is equivalent to assuming »(T.)=0.

We turn now to the eigenvectors e,(t) satisfying m(t)e;(t) = A;(¢)e;(t), te T,
i = n. In showing that e¢; can be chosen v-measurably, we shall make use of the
reduction to points t of continuity of m used for Theorem 3.

CoroLLARY 1. ¢(t), 1=i=n, can be chosen v-measurably on T,.

Proof. Let teT, and set Vi(t) equal to the set of unit eigenvectors corres-
ponding to A,(¢). V(1) is a closed subset of H. We shall demonstrate that V; is
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upper semicontinuous at t which as before we assume to be a point of
continuity of m. According to the definition of upper semicontinuity we must
show that for a closed subset P of H, the set

Q={t| Vi()NP# 2}

is closed in R.

Let 1, € Q with f, — t. We select v, € V() N P. Since |Jui]|=1, we may (by
taking a subsequence if necessary) assume the existence of v€ H such that
v — v weakly. Now m(#) is a sequence of compact operators with limit (in the
uniform operator topology) m(t). From this it readily follows that m(#)v, —
m(t)v strongly. However m(#)v, = A;(f)v, which has weak limit A;(t)v. Thus
we see that A;(f)vx has strong limit A;(f)v and that m(t)v = A,(t)v. Finally we
note that A,(t) # 0 since t € T, so that A;(t)v, — A,(f)v implies v, — v strongly.
Note that ¢t being a point of continuity of m, is also a point of continuity of A;.
Thus |jv||=1 and so ve V,(t)N P. Hence t€ Q and so Q is closed.

We now apply the selection theorem of Kuratowski and Ryll-Nardzewski to
give a Baire selector e, for V; [7, p. 398]. Thus e;(t)e V,(t) and e1'(G)is a
Borel set for each open G < H. Hence e, is measurable on T,.

We now repeat the argument using V,(t) as the set of all unit eigenvectors
for A,(t) perpendicular to e,(t). This produces a measurable selector e,(t) with
values in V,(t) and e;(t) L e,(t). Continuing in this way for at most a finite
number of steps if te T,, we obtain the desired functions ey, e, . . ., e,

Observe that the method holds for t € T., as well in which case we produce an
orthonormal basis e(1), e,(t), ... for H.

For the remainder of the paper we fix an orthonormal basis {e;};=; of H. We
define

U(t)e; = e(t) if teT, and isn=<om,
=0 otherwise.

Let [U;(1)] be the matrix of U(t)* and [m;;(t)] the matrix of m(¢) relative to the
basis {e;}.

CoROLLARY 2. (i) U is v-measurable.

(ii) For teT,, U(t)*U(t) is the orthogonal projector onto the subspace of H
spanned by {ej, es, ..., e,}.

(i) U@)*m(t)U(r)=A(t) where A(t)eP(H) has diagonal matrix
diag{A (1), Ax(2), ...} relative to {e;}.

(iv) m(t)= U()A()U(1)*.

Proof. (i) By [4, Proposition 4, p. 392], U is separable valued, so the result
follows from [3, Corollary to Proposition 18, p. 103].

(ii) Note that for te T,, {ei(t), ..., e.(t)} is an orthonormal basis for the
range of m(t). The result is now trivial.
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(iii) The calculation is easy.

(iv) Let ¢;=Yk_1 (ex(1), ¢)ex (1) +x; where te T, and m(t)x; =0.
Then n
my(8)= (e m(De) = X, (ex(n), e)Au(1)es ex(0)

= L U0 Uy(0 =[UOAOU0*];,

The sets T, and the function U are our principal tools for the main result of
the next section but before proceeding we derive a further result on finite
dimensional approximation here.

CoROLLARY 3. There is a sequence of P(H) valued measures p,< v with
derivatives m, (found as per Theorem 1) such that for v-almost all t m, (t) has rank
at most n and such that p, — p in variation.

Proof. Let E, denote the spectral resolution of m(z) and set
P ()= E({A1(1), . .., An(D)]),
m, (1) = P,()m() P,(1),

p,n(S)=J m,(s) dv(s), Se®R.

S

It is easy to check that the m, are v-measurable functions and are dominated
by Ai(1) =|m(z)|, a locally v-integrable function. Thus p, is a regular measure
on &B. Now take a bounded Borel set Se€®. Then

k
Var[u(S) —p.(S)] =5up{ Z “M(Si)"lln(si)“ l SNS=0,i#j;5<8S, S E%}
i=1
K
~up{ 3 }
i=1

Ssup{z L Ansi(s) dv<s>}=j Ansa(s) dv(s).

J (m(s) —m,(s)) dv(s)
S;

i=1 S

We note that S is a bounded Borel set and so contained in a compact set.
Further the A,.1(s) are locally v-integrable and monotonically decreasing to
:ero. Thus appealing to Lebesgue’s dominated convergence theorem we see
hat p, — p in variation.

4. Structure of the spaces L7(u). Following our earlier programme [1], the
xt step is to use the partition of Theorem 3 to define a sequence of
-andard” L? spaces. Our main result is then that L°(u) is either the direct
n of these spaces, or else is incomplete but dense in such a sum.

or n=1,2,...,L% will be defined as the set of (equivalence classes of)

https://doi.org/10.4153/CMB-1976-061-x Published online by Cambridge University Press


https://doi.org/10.4153/CMB-1976-061-x

410 P. BINDING AND P. J. BROWNE [December

v-measurable functions g=(g,..., g.): T,— C" with norm given by

1, p/2 1/p
lelee=| | (2 180F) " w]”, 1=p<e,

gl =v— ess sup[é1 Igj(t)lz]m.

L% will be defined as the set of (equivalence classes of) v-measurable functions
g=1(g1, g, ...): T.— I’ with norm given by

tohe=[ [ (10r) " 0] 1=pea

lglleo= v — ess sup[; {g]-(t)lsz.

These definitions cover the possibility of hypothesis (4) not being satisfied;
i.e. the case in which v(T.)>0.

If X4, X, ... is a sequence of Banach spaces, @F X, will denote the Banach
space X < X;,-; X, consisting of all x such that

il 1/p
pei=lecsxo =[] 1=pe
e=les 5o =supllll, p=c

In case we have but two spaces X;, X, we shall write X; ®° X,.
We are now in a position to state our main result.

TheoreM 4. (i) If v(T.)=0 then L°(n) is a Banach space isometrically
isomorphic to @° L.
(i) If v(Tx)>0 then LP(p) is incomplete but dense in (®° L%)@P L2,

Proof. To prove (i) it suffices to show that for n=1,2,..., L% is isometri-
cally isomorphic to Li(n) which we define as the space of (equivalence classes
of) v-measurable functions h:T,— H via the norm

1/p
IRl = HT (h(r), m(r)h (1)) dV(t)} » I=sp<e,
Wlle.n.u = v = ess supCh(e), m() (1), p=ce.

We shall treat the case 1= p <o—the case p = being similar. We shall us
the matrix [ U;(t)] defined prior to Corollary 2. For he L}(in) we define

5) (A=Y Uyon(0 2h(,  1=i=n,
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where h;(t) is the jth co-ordinate of h(t)e H relative to our fixed basis
{e, e5,.. .}
Clearly Ah:T,— C" is v-measurable and

n pl2
jan.=[ (2 1amor)” wo

:J (h(t), UMOA@U@)* (1) dv(1)

n

=|kll>

|P,”~I~‘-’

Note that we have used Corollary 2(iv) in this calculation.
So far A:L%(w) — L7} is isometric and obviously linear. To show that A is
onto, let ge L}, and put

(Be(0= L Uyl g, j=1.

Clearly Bg is v-measurable and H-valued since

; (Be)(0F = k; M) g(OP <, te T,

Recalling that A{f) =0 for j>n we obtain
IBgn=] |22

'Uu(t))\l(l‘)_l/zgz(t)] dv(t)

(DA g (H)myi (1)

HM=

—|p2
:I Z /\k(f)_”zgk(t)&d/\k(I)M(t)ﬂlzgz(t)] dv(t)

W Lkl=1

(by Corollary 2(iii))

n p/2
= [ 1sor]” avio - tg. <

Thus Bge L% (w). Finally we show ABg=g.

oo

(ABg).(t)= ). Z U, (DA(8) 2 Ui (1) A (8 ie(0)

j=1k=1

n

Z Baci (1) 2N (1) g (1)

= gi(t).
This completes the proof of (i).
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To prove (ii) suppose that S < T. is compact with positive » measure and
that m, and so each A,, is continuous on S. Define

£1(1) = xs(0) g Us(Dp (02 (i=1),

where ys is the characteristic function of S and
pi(t)=1 if j=1 or t£S

_1- N0

, j>1. (Note that A;(t) #0Vte T.).
Aj—1()

It is an easy exercise to show that )_; p;(t) is divergent for each r while
Yi=1 Aj(t)p;(t) converges. Now f" = (f1, f2,...)€ LE(p) by the continuity of the
A;. Further if n>k we have for 1=p <

1, p/2
||fn_fk||§.w,u=L [ﬁ; 1/\;(I)Pj(t)] dv(t)—0 as n k—>»

by the Lebesgue dominated convergence theorem. A similar argument using
Dini’s theorem holds in the case p =. Thus f" is a Cauchy sequence in L&(p).
On the other hand the formal expression

If"—f ||”,m'#=L [_=Zl)\j(f)0j(t)] dv(t)—>0 as n— .

Further since U(t) is an isometry for t€ T.
I li= L o0
P

which diverges. Thus for each t, f*(t)¢ H and so L°(p) is incomplete. Again,
similar arguments hold for the case p = .

It remains to show that LE(w) can be isometrically embedded in LZ. Let
g€ L% and g" be its truncation after n co-ordinates; i.e.

g" (1) =(g1(1), g2(1), . .., 8u(1),0,0,...).

Just as we defined the space L () relative to the set T, =R we could define
I:ﬁ(p.) relative to the set T.< R. Likewise, using T., we can define L?
corresponding to L%, defined over T,. Now g" € L%, and so arguing as before we
claim the existence of an element Bg”e I:i’,(p). Then we can define

Bg"=((Bg",...,(Bg".,0,0,...)eLE.

If we now map this element via A, defined as per (5) but for all i, we reach g".
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Finally

had pl2
||8"_8"5‘°°=J’ (Z |8i(t)lz) dv(t)—>0 as n—w

Teo Vj=n+1
because ge LE.

5. Further properties. In this section X* will denote the continuous dual of
the normed linear space X. For a non-negative measure £ on R, L%(£) is used
in the sense of [3]; that is for the é-measurable X-valued functions on R, the
pth power of whose norm is §-summable.

The decomposition obtained in Theorem 4 enables us to characterize the
duals of LP(p) for 1=p <; in particular the dense embedding obtained there
for L*(p) is in fact into its second dual, 1<p <. We also investigate the
separability and uniform convexity and smoothness of these spaces.

As further notation we denote (®F L5) @ L. by M? and write p~'+q ' =1.
Unless explicitly stated, (4) is not assumed.

COROLLARY 4. (i) L'(w)*=M" while for 1<p<w,
LP(w*=M*  LP(u)**=M".

(ii) If v(T.)=0, then L'(w)*= L"(p); in particular, L™(n) is a Banach space
independent of the measure v used to define it.
(iii) If v(T.)=0 and 1<p<oo, then L°(pn) is a reflexive Banach space and

LP(w)*=L%p).
(iv) If v(T.)=0 then L*(w) is a Hilbert space with inner product

[, g]l= L (f(s), m(s)g(s)) dv(s).

Proof. (i) In view of Theorem 4(ii) it is sufficient to show (M")*=M"> and
(MP)*=M“ 1<p<w. The argument of [1, Corollary 1] carries over as
follows. When X* is a separable Banach space and ¢ a Borel measure on R we
have [3, Corollary 1, p. 282]

L%(&)* = L%=(§)

with q = for the case p=1. Taking X as C" or H and ¢ as v or a counting
measure we obtain successively

(MP)*=(®PLE)* @9(LL)*= & (Ly)* ®ILi= M.

(i1) and (iii) are ready consequences of (i) and Theorem 4(i) while (iv) is a trivial
calculation.

COROLLARY 5. LP(w) is separable for 1=p <co.

Proof. Let £ be a finite non-negative measure defined on a o-field 3 which
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will be considered as a metric space under the distance
d(S, T)=&(S AT), S, Tex.

It is known that if % is countably generated then 3, is separable [12, Theorem 3,
p. 69]; and, in particular, if £=v then 3 =% N[—k, k] is separable—recall that
v is regular and cf. [12, Theorem 4, p. 69].

For a separable space X, L%(£) is separable if 3 is [5, Exercise 6, p. 169].
This can be proved using the density of the step functions Yy xixs, Xi€X,
S;€X,[5, Corollary 8, p. 125} and approximating x; and S; via the separability

of X and 2.
Thus far we can conclude that each L% and L% have separable subspaces of
functions with support in [—k, k], k=1,2,.... Forming the union for k=

1,2, ... we obtain separability of L} and L%. This leads to the separability of
M? since it is no more than an [’-direct sum of separable spaces. Finally note
that LP(p) is dense within M? and so is separable as well.

We turn now to uniform convexity and smoothness of the spaces LP(w).
Henceforth we take 1<p <. If y:R, — R, satisfies

v(e)=yo(e) =inf{1 =z [lx +yll |2 lx =yl = e; x| =yl = 15 x, y € X}

then v is called a modulus of convexity for X; vy, is the optimal modulus. If
v(e)>0 for £ >0 then X is said to be uniformly convex. Day [2, Theorem 2]
has shown that L% is uniformly convex if X is, so the L% are uniformly convex
for in this case X = C" is a Hilbert space. Day [2, Theorem 3] has shown also
that @° X,, is uniformly convex if the individual spaces X, are uniformly
convex with a common modulus of convexity. With X, = L? this result will lead
to the uniform convexity of LP(w) (at least if v(T.)=0). We aim, however, to
produce optimal moduli and also to consider uniform smoothness and accord-
ingly proceed as follows. A modulus of smoothness for X is defined by the
inequality

o(e) = oo(e) =sup{(1 =2 |x +y)/Glx =yl [z lx = yl=&; [Ix[|=[lyll= 1; x, y € X}

for £ =0. oy is the optimal modulus and X is said to be uniformly smooth if it
has a modulus o continuous at 0 with o(0)=0.

THEOREM 5. Define ¢ and ¢ for 0<e <2~'4 by
I=e?=[1-0(e)],
[1=d(e)—eff +[1-w(e)+e] =2.

Then L°(p) is uniformly convex and smooth with optimal moduli of convexity
and smoothness o, o, respectively where

Yo(e) = ¥(e), eoo(e) = @(e) if 1<p<2,
Yo(e) = @(¢), eao(e) = () if 2=p<co.
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Proof. Only minor changes are needed in the arguments of Hanner [6] who
gives vy, for I” and LP[0, 1]. We assume 1< p <2—the other case is analogous.

For the chosen p range and x, y € C, Hanner [6, Equations (4), (8)] estab-
lishes

(6) lxll+ 1y D2+l =Nyl =1lx + yIP +[lx = ylP = 20x]” +[ly[I").

Using the reasoning of [1, Corollary 2], (6) may be extended from C to any of
the spaces C", H in which it is isometrically embedded. Integrating over T,, and
summing we obtain (6) for x,ye M® and finally the isometry A used for
Theorem 4 establishes (6) for LP(w).

The argument of [6, Theorem 2] can now be taken over directly to give
Yole) = ¢(e). Equality is established by suitably amending Hanner’s example.
Choose disjoint sets Sy, S, < T,, so that »(S;) = v(S,;)=a>0. Let

u(t)=(20)""P[1=y(e)]xs,us.(Der (A1),

v(t) = (2a)”"Pe[xs,(1) — xs,(D]ex (DA (1),
Then x=u+v and y=u—v can be easily checked to have norm 1 while
flull=1-y(e) and ||v|| = e. This completes the discussion of uniform convexity.

Turning to uniform smoothness let

s=zllx+yl.  m=zlx-yl.
From the right hand inequality of (6) we have
a(x +y) +2(x = IP + 20 + y) =2(x = Y =2(8° + 71").
Thus if ||x|| =]y =1 we obtain
(7) 1=67+7".

Consider the problem of maximising (1—8)/n subject to (7) and 0<nm=¢. If
n =¢, then the maximum value is obviously ¢(g)/e. If 0<m<e then the
maximum value is not less than the unconstrained maximum of

fn)=[1=(1=n")"n.

Elementary calculus methods show that f is monotonically increasing in (0, 1]
so that the maximum of f(n) for 0<n =g <1 will be f(e)=[1-(1—¢?)""?)/e =
o(e)/e. Since (7) is but a consequence of the definitions of § and 7, we have so
far that oo(e) = @(e)/e.

To establish equality we again modify one of Hanner’s examples [6, p. 243]
as follows. Select disjoint sets S;, S, < T, with »(S;) =v(S,;)=a>0. Let

u(t)=a ""[1-¢(e)lxs,(Her()A (1)
v(t) = a™ PPexs,(t)er (A, (1)1

and x =u+v, y=u—v. Then ||x|=|y[|=1 but ||lu]|=1-¢(e), |v]|=e.
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