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Abstract

The paper investigates the effect of a static magnetic field on the helical
flow of an incompressible cholesteric liquid crystal with director of unit
magnitude between two coaxial circular cylinders rotating with different
angular velocities about their common axis and moving with different axial
velocities. At low shear rates with a weak magnetic field in the axial
direction, the axial velocity, the angular velocity and the orientation of
molecules between the two cylinders have been obtained. It is found that the
magnetic field has influenced the orientation of molecules while the axial
velocity and the angular velocity remain uneffected by the magnetic field.

1. Introduction

Leslie [1] has derived the forms of conservation laws for incompressible
cholesteric liquid crystal with director of unit magnitude and their constitutive
equations in isothermal equilibrium conditions. Frank [2] has proposed a
Helmholtz free energy function for this type of liquid crystals. Using these
and the non-equilibrium parts of constitutive equations [3] in the absence of
temperature, Sharma [4] has recently analysed the helical flow of an incom-
pressible cholesteric liquid crystal between two coaxial circular cylinders
having rotational and axial velocities about their common axis. In this paper,
we shall discuss this flow in the presence of a static magnetic field acting along
the common axis of cylinders and then examine the effect of a weak static
magnetic field on the flow in some details.
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2. Basic equations

The equations governing the motion of an incompressible cholesteric
liquid crystal with director d of unit magnitude [1] are

U, = 0 (2.1)

§ , (2.2)

(2.3)

where v, p, F, o},-, p,, G,, g,, TT;I and D/Dt respectively represent the velocity
vector, the uniform density, the body force per unit mass, the stress tensor, an
inertial constant, the extrinsic director body force per unit mass, the intrinsic
director body force per unit volume, the director stress tensor and the
material time derivative.

The stress tensor a;,, the director stress tensor TT;, and the intrinsic
director body force g, are given by the constitutive equations [1]

ftF
o-j, = -p8,, -p-^~dk., + ae,kp(dpd,).k + &„, (2.4)

riF"
TTlt = Pfd, + P T 7 ~ + ae'jkdk, (2.5)

dalfj

g, = yd, - frd,,, - p-jjj - ae,jkdKl + §„ (2.6)

where, p, F, a, (5, y, &,, and g, respectively denote the pressure, Helmholtz
free energy per unit mass, a material coefficient, an arbitrary vector, the
director tension, the non-equilibrium parts of extra stress and the extra
intrinsic director body force. Also when the temperature T is zero, the
expressions [3] for <r7, and g, take the forms

u3N,d, + u4A,,

+ u5A,kdkd, + u6A,kdhd,, (2.7)

g, =A,N, + k2A,kdk, (2.8)

where

A, =k (iv, + «,..),

(2.9)
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and M,, A, are the material coefficients related by

A , = K 2 -W 3 , A 2 = M 5 - M 6 . (210)

Helmholtz free energy F for cholesteric liquid crystal proposed by Frank
[2] is

2pF = a^d,,,)2 + a2(r + d,e,lkdKlf + a3d4,dk.A*.,

<)[dl,d,..-(d,.,f] (2.11)

where a, and T are the material coefficients.
In the presence of a magnetic field H, the external body forces F, and G,

are given by [5]

k (2.12)

where a and b are the constant magnetic susceptibilities.
The material coefficients appearing in all the above equations have been

treated as constants in the present problem.

3. Statement of problem

We consider the helical flow of an incompressible cholesteric liquid
crystal with director of unit magnitude between two infinite coaxial circular
cylinders in the presence of a static magnetic field acting along the common
axis of cylinders. The cylinders are moving with different axial velocities and
are rotating with different angular velocities about their common axis.

Now, we choose a system of cylindrical coordinates (r,0,z) such that
z-axis coincides with the common axis of cylinders. The inner and outer
cylinders of radii r, and r2 (r, < r2) have I/, and U2 as their axial velocities
respectively and ft, and ft2 are their respective angular velocities. Also the
director d has the same orientation on the two cylinders. Since we have
considered the magnetic field H in the 2-direction, hence,

H, = He=0, Hz=H. (3.1)

With the assumption that the all unknowns depend on the radius vector
only, we shall determine the solutions of differential equations (2.1)-(2.3) in
the following form

u, =0, vg = rw(r), vz = u(r),

d, = sin<p(r), de = cos<p(r)s\n<p(r), d, = cos<p(r)cos(/f(r). (3.2)

where u, co, tp and i/f are to be determined.
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The boundary conditions for the velocity and the orientation of
molecules respectively at the two cylinders then are

where dj0 is a

(X) = ft,,

w = ft2,

<P = 0 ,
<p = 0 ,

constant .

M =

M =

•/' =

t/2,

4>O,

<l>0,

at
at

at
at

r
r

r
r

= r1

= r2

= r,
= r2

(3.3)

(3.4)

4. Formation of differential equations

The equation of continuity (2.1) is clearly satisfied by the velocity
components given by (3.2).

By using (2.12) and (3.2), equations (2.2), (2.3) take the forms

£(rcrr,)-cree+pr2w2 = 0, (4.1)

-j-^ra^+ae, =0, (4.2)

£(nrn) = 0, (4.3)

- ^ ( r 7 r " ) ~ ""•«« \+ 8' +Pio2sin<p = 0 , (4.4)

- -r(rTT,e)+ TTe, + ge + Piw2cos(psint/» = 0, (4.5)

~-r(r7Trz)+ gz + aH2cos<pcosip = 0. (4.6)

Now using (2.4) in (4.1) and then integrating, we get

r (4.7)

where p0 is the pressure on the inner cylinder and

&„ = p + (Xrr, &ee = P + (Tee-

Now, substituting the values of cr,e and ov from (2.4), (2.7), (2.11) in (4.2),
we get

p, ip, £ 17) + -^[r2//2((p)sint//cos(/»

(4.8)
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Here,

e _ 1 du _ 1 dw
t~2Tr> V'2r'd7'
H,((p)= M4 + (u5 - M2)sin

2(p»

H2(<p) = (2«,sin2(p + u}+ u6)cos2(p,

F,((p) = a,cos2(p + a3sin2<p,

F2(cp) = (a2cos2cp + a,sin2<p)cos2(p,

1 . . , d _ , , . dip
S l n t / ' C O S ^ F ^ ) ^

- 7 r

- T-^ cos2i//— F2(<p) - T-^ sincpcos<p cos2i/>

+ 2 a2 T si n <p cos q> -j-

l F2((p)-^f +-sini/»cosi//^-F2(<p)-^

2«3 • • , , d(p , 1 „ . . dtp
H sin<pcos<psint/»cosi/'-7E- + - F2((p)- j-

+ (A, +

+ (A,-A2)TjsinV. (4.9)

Also substituting the values of TTV, -nm, irre, 7r8,, g^ ge, gz from (2.5), (2.6),
(2.8), (2.11) in the equations (4.4) to (4.6) and then eliminating y between
themi we obtain

GI(<D,«k6i?) = 0> (4.10)

G2(<p, <P,£;,v)+ Piw2sin<pcos<pcos(/> = 0, (4.11)

where
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H = aH\
p, </*, £ 17)

1 d
- —

-sin(pcos<psini£cos 1^-7^+^-5 — F,
T (XT ZT u(p

—2 s inV^-

z ^

tan<psinI/M F2(<p)—r-2- + - j —

+ - sini^cosi//— F2(<p) - p H sin<p cosip sini/f cosi/f

F 2 (<p )n2a 2 TS in (pcos<p j I 1 H
a2r 2 1

cos ip

T/sini/()cos2<pcosi/'

+ (A, - A2)£sin2<p - f/sin<pcos(pcosi/f. (4.12)

Using (4.10) in (4.8) and then integrating, we get

H2(<p)sirupcosilj { + {H,(<p)+ H2((p)sin2>{,}r) = -2, (4.13)

where / is the constant of integration.
Integrating (4.3) and then substituting the value of urz from (2.4), (2.7),

(2.11), we get

= * , (4.14)

where k is a constant of integration.
Now, solving the equations (4.13), (4.14) for £ and 17, we get

i = ^[kr{Hl(<p)+ W2(<p)sin2^}- /H2(<p)sin^cos^], (4.15)

•q = ^[l{H,((p)+ H2(<p)cos2&}- krH2(<p)siruPcosip], (4.16)
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where

A = r 2 H, (»{H, f»+H 2 O)} .

Some trigonometrical simplifications between (4.10) and (4.11) yields

. [/ a3 . \ # If a 3 , . 2 . 2 1 1
- Sin2<p \2a2T s i n /w) -^ + - i a2TSin2w (1 + sin twlcos w>

L V r ) dr r [ r ^' JJ

• 2(Ai + A2cos2<p)(^cosi// + Tjsint//)

2//sin(pcos«pcos2i/' + 2p,w2sin(pcos(pcos2t/' = 0, (4-17)d
dr r dr\ dtp v r ' dr dr

-£ + — cot«pcos2i//J | -̂— F2(<p) + 2

l 2a2Tsmip ^cosi//| — 2a2TS\n<p-?- \

- Hcos2(psini/>cosi/< + piw2cos2(psini/>cos(/> = 0. (4.18)

5. Solutions of differential equations for low shear
rates with a weak magnetic field

In this section, we shall examine the solutions of differential equations
(4.15) to (4.18) for low shear rates with a weak magnetic field in the axial
direction by omitting the inertial terms in (4.17) and (4.18).

In this case, the solutions of (4.15) to (4.18) are of the form

u(r )= l / 1 + fcu,(r)+/U2(r)+O(fe2,/2,fc/), (5.1)

w(r) = n, + fc«,(r) + I(o2(r) + O(k2,12, kl), (5.2)

<p(r)=k<pl(r)+lip2(r)+HiPi(r)+O(k2,---,kl,---), (5.3)

*l>(r)= 4>o + f(r)

= <!>«+ g(r)+ kil>,(r)+ ty2(r)+ W</'3(r)+ O(k2, • • •, kl, • • •), (5.4)
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where u,, co, (i = 1,2), <ph <p, (j = 1,2,3), k, I and g are to be determined by
using the boundary conditions (3.3) and (3.4).

Thus, it can be shown that

Here,

r \r2-

_ r2{u« + (K3+K6)sin2iM

_ [" (ui + M6)sin2^0 "I /r2 — r, \
L u4(«3 + "4 + «6) J \ r,r2 / '

4 + (K3+M6)cos2i/>o} ] (rl-r]\
M4(M3+«4+«6) \ \ r\r\ )'

A2)

<p = DUU2- U,)\ccosipo[(r2- r)logr,+ ( r - r,)logr2

- (r2 - r,)logr] + f sinolog ( ^ ) log ( ^ ) log ( ^ )

+ (n2-f l , ) |Bcost /f0[(r2- '•)logr1 + (r - r,)logr2

- (r2 - r,)logr] + ^sin^log (^) log (£) log (^) } ], (5.7)

i/( = «/»„+ £ a H 2 c o s ^ 0 { ( r 2 - r2)logr, + ( r 2 - r?)Iogr2

- (r2 - r?)logr} - 8a2Tsini//0{(r2 - r)logr,

+ (r - r,)logr2 - (r2 - r,)logr}

- 2a,cos«Mog (7) log (£) log (^) ] . (5.8)

- B2)log(r,/r2)'

4a2log(r2/r,)- l
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6. Absence of magnetic field

The problem of helical flow of incompressible cholesteric liquid crystal
between two coaxial circular cylinders having rotational and axial velocities
has been solved elsewhere [4] when there is no magnetic field. The results
obtained there are particular cases of the results obtained in this paper when
H = 0. We note that the expressions for u, <o and cp given by (5.5), (5.6) and
(5.7) do not contain H and hence they hold good irrespective of whether there
is magnetic field or not. However, </< given by (5.8) contains a term involving
H, and hence putting H = 0, we get the expression for ip in the absence of
magnetic field as

i// = i//o-2E 4a2Tsini//0{(r2- r)logr, + (r - r,)Iogr2

- ( r 2 - ri)logr}

a,cos«Mog (^) log (£) log (£j ] . (6.1)

7. Conclusion

At low shear rates with a weak magnetic field in the axial direction, the
axial velocity u and the angular velocity w given by (5.5) and (5.6) remain
unaffected by the magnetic field. The angle <p in (5.7) determining the
orientation d, remains aiso unaffected by the magnetic field. But the angle i/f
given by (5.8) is affected by the magnetic field in having a term which varies as
the square of the magnetic field. The space variation of this term depends
upon the squares and logarithms of the radial distance.
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