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A characterization of boolean spaces

C.E. Dickerson and M.E. Moore

A boolean space is a compact Hausdorff space which is zero-

dimensional. In this paper, a boolean space X is characterized

in terms of its ring of real-valued functions C{X) . The result

is sharpened for the case when I is an F-space (every finitely-

generated ideal of C(X) is principal).

1 . Introduction

A boolean space i s a compact Hausdorff space which i s zero-

dimensional. The purpose of th i s paper i s to characterize a boolean space

X in terms of i t s ring of real-valued continuous functions C(X) . The

resul t wi l l be sharpened for the case when X is an F-space (every

f in i te ly generated ideal of C{X) is pr inc ipa l ) .

2. s-rings

Let S be a commutative ring with ident i ty 1 , and l e t [M \ a. £ A]

be the set of a l l maximal ideals of S . The Jacobson radical of 5 i s

the set J{S) = n{w | a € A) . S i s called a B-ring i f for each integer

n 2 3 and each a , ..., 8 (. S such that (e , ..., e ) <^J(S) and

1 € (8., ..., 8 ) , there exists t € S such that

1 € (e , ..., 8 ,8 +t8 ) ; see [4] for details. Here, the notation

(8., ..., a ) means the ideal of S generated by s , ..., 8

Since every set of the form M = if £ C(X) \ f(x) =0} is a maximal

ideal of C(X) , it follows that if g € j[c(X)) then g € M for each
X
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x £ X so that g(x) = 0 for each a; € X , or equivalently, g = 0 .
Hence, j[C{X)) = (0) . We can now simplify the definition of B-rings in
the special case of C(X) .

PROPOSITION 2.1. C(X) is a B-ring if and only if f, g, h € C(X)
with f 1- 0 and 1 € (/ , g, h) implies there exists t € C(X) such that
1 € (/, g+th) .

Proof. The direct implication is obvious. To see the converse let
n > 3 with {f±, . . . , fn_2) £ (0) and 1 € [f^ ..., fj ; then

f[ + . . . + fl_2 * 0 and z [ ^ + . . . + yjj = 0 , where Z ( ^ + . . . + /^)

denotes the zero set of the function f? + • • • + J . Note that

KKl + '•" + fn2\ +^il+^n\ = " m u s t a l s o h o l d #

1 € ^ + . . . + f^_2, fn_±, / J . By hypothesis, there exists t € C(X)

such that 1 € / f+ ••• + ^ 2 ' ^ w l+*^n ' F r o m t h i s we s e e t h a t

Therefore, 1 €

3. B-rings and boolean spaces

In t h i s s e c t i o n we s h a l l assume t h a t X i s a compact Hausdorff space .

We begin by proving a lemma s imi l a r t o Lemma k.3 of [ ? ] .

LEW1A 3.1. Let f, g, h € c(x) and denote ^ ( O , °°) as P(g) and

g~ (-co, o) as N(g) . Jf t?iere i s a connected subset Z of Z(f) such

that (znz(fc)) n P(^) # 0 a«d (znz(^)) n yy(3) # 0 ,

t € CU) , 1 M/» r1"^) •

Proof. Note that there must be a;, y € Z such that (g+th)(x) > 0

and (<?+£7i) (#) < 0 . Since Z is connected, the continuity of g + th

implies the existence of some z £ Z such that (g+th)(z) = 0 . This

shows that Z(f) n Z{g+th) ? 0 , or equivalently, 1 f (/ .

LEMMA 3.2. Jf C(̂ T) i s a B-ring,, then for each closed connected
set Z and each closed set S , Z n S must be connected.
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Proof. The proof follows Lemma U.5 of [/]. Suppose that Z is a

closed connected set and that 5 is a closed set such that Z n S is not

connected. Write Z n 5 = F. u F_ where P., F^ are disjoint non-empty

closed subsets of Z n S , hence closed subsets of X . Since X is

assumed to be a compact Hausdorff space, and therefore normal, there are

open sets £/. ̂  *\ aai ^2 —^2
 w h o s e closures gj-Q disjoint. Put

U = Vu U . The closed sets Z - U and S - U are disjoint, hence

contained in disjoint open sets V., V respectively. By Urysohn's Lemma,

choose f,g,h(. C{X) such that f(Z) = 0 and f[x-V -if) = 1 ,

gftj = 1 and gQJJ = -1 , h(S) = 0 and h{x-V2~u) = 1 . Then /, g, h

satisfy the hypothesis of the previous lemma and 1 € (/, g, h) . It

follows that C(X) is not a B-ring.

THEOREM 3.3. Let X be a oompaot Eausdorff space. If C{X) is a

B-ring, then X is a boolean space.

Proof. Let x € X . If C is the connected component of X

containing x , then C is a closed connected set. If C t {a;} then it

would follow that the discrete set C n {x, y} = {x, y} must be connected,

where y € C - {x} . We conclude that C = {x} and, hence, X is totally

disconnected. By compactness, X is zero-dimensional.

Next we prove the converse of Theorem 3.3. We begin by defining A(X)

to be all those functions f € C(X) whose range is a finite set. In

particular, A{X) contains the constant functions. It is well known that

for compact spaces X , we may apply the Stone-Weierstrass Theorem to

conclude that A{X) is dense in C(X) , under the topology of uniform

convergence, if X is zero-dimensional.

THEOREM 3.4. If X is a boolean space, then C(X) is a B-ring.

Proof. If f, g, h € C(X) with 1 € (/, g, h) , then a straight-

forward computation shows that there exist 6, e > 0 such that if

/', g', h' € C(X) with \f-f'\ < e , \g-g'\ < e , and \h-h'\ < e then

\f'\ + \9'\ + \h'\>6- Let € = niin(e, 6/3) and choose

/', g', h' € A(X) within £ of /, g, h respectively. Note then that

|f I + \g'\ * \h'\ > 6 .

Since functions in A(X) have finite range, it follows that there
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e x i s t f u n c t i o n s u, v, w € A{X) s a t i s f y i n g uf = \f'\ , vg' = \g'\ ,

wh' = \h'\ , and \u\ = \v\ = | u | = 1 . D e f i n e a € A(X) b y

o = l / ( \f \ + \g' \ + \-h' | ) < 1/6 . Choosing p = ua , g = va , and t = w/v

gives 1 = pf + ̂ (g'+tfe1) . Thus, we have appropriately written the

identity in the subring A(X) .

How s e t d - f - f , d z - g ' - g , and d- = h' - h ; t h e n

|d. | < £ for each i and

Letting 8 = \pd^+qd +qtdA i t follows that 1 - 8 < |pf+<7(g+t?t) | . By

direct calculation,

8 < I P I - I ^ I + k h l ^ l + l ^ l ' l ^ l
< (1/6).5 + (l/6)-C + (1/6K s 1 .

This gives that 0 < 1 - 8 5 |p/+q(g'+ift) | so that pf + q(g+th) is a unit

in CU) . Since pf + q(g+th) (. {f, g+th) , i t follows that

1 € (/, g+th) .

Thus, we have shown that a compact space AT is a 'boolean space if and

only if C{X) is a B-ring. It is interesting to note that we did not

need f * 0 .

By assuming X is Lindelof and using the Stone-Cech compactification

of if , one can easily show that X is zero-dimensional if and only if

C*(X) is a S-ring.

4. SB-rings and boolean F-spaces

Let S be a commutative ring with identity. S is called an SB-ring

if for each 8, a, d, e € S with 8 € (c, d, e) and a $ J{S) , i t

follows that 8 € (a, d+te) for some t € S ; see [4] for details.

A topological space X is called an F-space if every finitely

generated ideal of C{X) is principal. X is called a T-space if C(X)

is an Hermite ring; and X is called a £/-space if for each / € C(X)

there exists a unit u € C(X) such that / = u | / | . In [J] i t is shown

that every {/-space is a T-space.
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THEOREM 4 . 1 . Suppose X is a compact F-space. Then X is a

boolean space if and only if C(X) is an SB-ring.

Proof. Since every SB-ring i s a B-ring [4, p . U57], i t suffices to

show that i f X is a boolean F-space then C{X) i s an SB-ring. Now,

every boolean F-space i s a {/-space [ J , Theorem 5 .5] . Hence, X i s a

T-space and C(X) i s a Hermite r ing. Since Hermite B-rings are SB-rings

[4, Theorem 3 .3 ] , i t follows that C(X) i s an SB-ring.

References

[ I ] Leonard Gillman and Melvin Henriksen, "Rings of continuous functions

in which every f in i te ly generated ideal i s pr incipal" , Trans.

Amer. Math. Soc. 82 (1956), 366-391.

[2] Leonard Gillman and Meyer Jerison, Rings of continuous functions (Van

Nostrand, Princeton, New Jersey; Toronto; London; New York;

I960).

[3] Paul R. Halmos, Lectures on Boolean algebras (Van Nostrand, Princeton,

New Jersey; Toronto; New York; London; 1963).

[4] Marion Moore and Arthur Steger, "Some resu l t s on completability in

commutative r ings" , Pacific J. Math. 37 (1971), U53-U6O.

[5] R.S. Pierce, Compact zero-dimensional metric spaces of finite type

(Mem. Amer. Math. S o c , 130. Amer. Math. S o c , Providence, Rhode

Island, 1972).

[6] Roman Sikorski, Boolean algebras, 2nd ed. (Ergebnisse der Mathematik

und ihrer Grenzgebiete, Neue Folge, 25. Springer-Verlag, Berlin,

New York; Academic Press, New York; 196U).

https://doi.org/10.1017/S0004972700023662 Published online by Cambridge University Press

https://doi.org/10.1017/S0004972700023662

