
The theoretical B* is marked by an asterisk 
to distinguish it from the observed B, which is 
defined by the conventional formula 

AL = x0 + y0T + zoT* + By (8) 

in which Xo, yo and Zo are fixed values derived 
from the papers of De Si t ter and adopted by 
Spencer Jones, Clemence and Brouwer. 

From Eqs. (6), (7) and (8) we obtain, eliminat
ing AL, 

B* = B - (a + bT + cT2) = k [*" 6dT. (9) 

The problem is to find out whether the con
s tan ts a, b and c can be determined in such a way 
tha t 

B* = B - (a + bT + cT2) 

behaves like an integral k I Odt, as it should do 
0 

according to the theory, to es t imate the constants 
a = x — Xo, b = y — y0, c = z — z0 

and to est imate the s tandard errors of the esti
mates of b and c. 

Put t ing / = o in Eq. (9), we obtain a = B(o). 
This means tha t in 1900 mean Greenwich coin
cided with actual Greenwich. This is an a rb i t ra ry 
convention, which may be changed a t will. 

Subtract ing (9) for T + §57"and T — %8T, and 

dividing by 8T, we obtain 

8B 
k$ = — - (b + 2cT). (10) 

Here 6 is the integral mean of 6 over the period 
8T, of which T is the middle ; 8B is the observed 
change of B dur ing this period. T h e expectation 
of 6 is zero, hence : 

b + 2cT is the expectation of the observed differ -
ence quotient 8B/8T over any period ST. 

A statistical analysis of the observed SB's by 
Van Woerkom shows t h a t differences 8B, t aken 
for two one-year periods less than 10 or 12 years 
apar t , have a high positive correlation, bu t if the 
periods are taken 20 or more years apar t , the 
correlation practically vanishes. This is jus t 
wha t was to be expected from theory. T h e 
analysis was based upon 130 differences 8B of 
^ -va lues observed in successive years. 

An est imation of b and c from ancient , medieval 
and modern observations by a modified method 
of least squares based upon the statist ical prop
erties of the &B's, resulted in z = z0 + c = 6 .1 . 

This es t imate has a s tandard error of approxi
mate ly 0.8. T h e deviat ions of the observed B's 
from the parabola B = a + bT + cT2 were not 
larger than might be expected from the variance 
of the 8B's and the errors of the ancient observa
tions. 

F L U C T U A T I O N S A N D S E C U L A R C H A N G E S I N T H E E A R T H ' S R O T A T I O N 

B Y D I R K B R O U W E R 
Ya le U n i v e r s i t y O b s e r v a t o r y , N e w H a v e n , C o n n e c t i c u t 

Abstract. Geophys ica l cons ide ra t ions favor seeking t h e cause of t h e r a n d o m c h a n g e s in t h e e a r t h ' s r a t e of r o t a t i o n in t h e 
t u r b u l e n t mo t ion in t h e core of t h e e a r t h . Professor v a n der W a e r d e n ' s ana lys i s app l i e s t o th i s i n t e r p r e t a t i o n . T h e o b 
serva t iona l ev idence ind ica tes t h a t t h e c h a r a c t e r of t h e f luc tua t ion c u r v e m a y be i n t e r m e d i a t e b e t w e e n t h a t expec t ed on 
t h e basis of a t h e o r y w i t h fr ict ional couple a n d one w i t h o u t . If confi rmed, th i s wou ld ind ica t e t h a t t w o different causes 
c o n t r i b u t e t o t h e changes in t h e e a r t h ' s r a t e of r o t a t i o n . 

Seven years ago (Brouwer I952a,b) I at
tempted a solution of the problem of the irregular 
changes in the ear th ' s r a te of ro ta t ion by assum
ing tha t the second differences of the annual 
values of the fluctuation curve in the moon 's 
mean longitude are of a random character , un
cor rec t ed from one year to the next. These 
second differences were assumed to have a normal 
distribution with a fixed s tandard deviat ion to be 
determined from the observational da t a . Their 
mean value would differ from zero by a small 
quant i ty corresponding to a correction to the 
secular acceleration term in the moon 's t abular 
mean longitude. 

T h e analysis was tested by Van Woerkom 
(1953) m two w a y s : by examining the properties 

•of artificially constructed fluctuation curves and 
by a statist ical discussion of the annual values 
of the observed fluctuation curve since 1820. 
He concluded tha t , on the whole, the observa
tional d a t a suppor t the hypothesis , bu t t h a t 
there m a y be an unexplained contr ibut ion to the 
variance of the first differences. Also, the ampli
tude of the observed fluctuations over the 
twenty centuries for which scat tered d a t a are 
available appears to be ra the r smaller than 
might be expected from t"he character of the 
fluctuations since 1820. Comparison with ar t i -
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ficially constructed fluctuation curves shows 
t h a t this si tuation is improbable b u t not impossi
ble. For the s tandard deviat ion of the random 
annual second differences Van Woerkom found 
values between 0^14 and o?22 in t ime, correspond
ing to o''o8 to o ' ' i2 in seconds of arc in the 
moon's mean longitude. T h e uncer ta in ty is pri
marily due to the observational errors t h a t 
affect the annual values. 

T o some extent these discussions were inde
pendent of a formulation of the physical causes 
of the phenomenon. I t m a y be said, however, 
t ha t the assumption of mass movements in the 
ear th ' s interior, affecting the momen t of inertia 
about the axis of rota t ion, is in agreement with 
the hypothesis. 

M u n k and Revelle (1952) presented a compre
hensive discussion of the geophysical problems 
t ha t concern us here, and gave s trong a rguments 
in favor of seeking the cause of the random 
changes in the tu rbulen t motion in the core of 
the ear th . I m p o r t a n t indirect reasons in favor of 
this explanation a r e : 

(1) T h e var iat ions in the westward drift of 
the magnetic field of the ear th between 1890 and 
1950 show the proper relationship, qual i ta t ively 
and quant i ta t ively , to the observed changes in 
the length of the day . 

(2) T h e small displacements of the pole of 
rotat ion are consistent only with nearly sym
metrical disturbances, which are difficult to bring 
into agreement with the mass-movement hy
pothesis. 

Dr . van der Waerden ' s discussion applies to 
the explanation proposed by M u n k and Revelle. 
The new element t h a t he introduces is a frictional 
couple proportional to 12 — co, the difference be
tween the angular velocity of the ear th as a 
whole and the variable angular velocity of the 
mant le . 

T h e presence of the frictional couple affects 
the character of the fluctuation curve in an im
por tan t way. T h e first differences of the fluctu
ation curve, instead of being the sum of random 
contributions with mean value zero superposed 
on a linear function of the t ime, now mus t be 
satisfied by 

/•oo 
AB = a + pT + I e(T - t) er'*dt9 

Jo 

in which e(T) is a random variable with expecta
tion zero. Assume for the purpose of discussion 
t ha t the values of e(T) are uncorrelated from one 

year t o the next . T h e n the integral m a y be re
placed by 

€0 + e-ie-o + e-2e-2d H 

Except for corrections a t the beginning and the 
end of the interval t h a t become insignificant for 
large values of n, the sum for n years is 

( £ « , ) / ( . - e - > . 

T h e expectat ion of this sum is zero, bu t the 
deviat ions from zero have the mean value a-Jn, if 
cr is the r .m.s. value of €y. Th is compares with an 
accumulat ion of the order an* for the solution 
wi thout frictional te rm. W i t h o u t frictional term 
the evaluat ion of the secular acceleration in the 
moon's mean longitude is affected by a large 
uncer ta in ty due to the random process. This 
near- indeterminateness disappears with the in
troduct ion of the frictional term. 

T h e residuals obtained by Van der Waerden ' s 
solution are larger t han would be compatible with 
this assumption. For the m o m e n t we can con
clude only t h a t with his theory the assumption of 
independent values of e from year to year fails 
to satisfy the observed fluctuation curve. 

However, Van der Waerden ' s theory does not 
require t h a t the values of e are independent from 
year to yea r ; he postulates only t h a t e(Ti) and 
e(T2) a t t imes T\ and T2 far apa r t are practically 
independent and t h a t the mean value of e over a 
long interval of t ime, which m a y be several 
centuries, is zero. 

Pending further s tudy of the problem, it would 
appear as if the observed fluctuation is inter
mediate between the two in te rpre ta t ions : one 
with frictional couple, and one wi thou t frictional 
couple. A not very a t t r ac t ive hypothesis is t h a t 
the observed phenomenon is the result of two 
processes act ing simultaneously. M u n k and 
Revelle remark a t the end of their paper t h a t 
organized crustal movement , even if a priori 
unlikely, cannot be al together ruled ou t as a 
possible cause for the fluctuations in the length 
of the day . 

A more detailed stat ist ical analysis of the 
fluctuation curve is clearly needed. As I remarked 
earlier, the observational errors in the annual 
values of B since 1820 complicate the precise 
evaluat ion of the r andom contr ibut ions. T h e 
more accurate values t h a t can now be obtained 
and on which Dr . Markowi tz is report ing should 
be of great aid in clarifying the issue. 

18 

https://doi.org/10.1017/S0074180900104127 Published online by Cambridge University Press

https://doi.org/10.1017/S0074180900104127


Finally, the values of the secular variat ions in 
the mean longitudes of the sun and the moon 
depend on scanty available d a t a before the early 
seventeenth century. Any new information on 
ancient observations will be extremely impor tan t . 
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ResumS. E t u d e d e la per iode 1952-1958 a montre" la stabilite" assez g r a n d e d e la v a r i a t i o n sa i sonniere d e la r o t a t i o n d e 
la T e r r e p a r r a p p o r t a l ' heure def ini t ive. N o u s a v o n s trouve* 

S = 0*0240 sin (j — 31) + 0*0072 sin 2 (j + 70), 

ou j es t expr im^ en jou r s m o y e n s a p a r t i r d u i e r Janvier . 
L a compara i son a v e c le t e m p s t e r r e s t r e d e s ^ t a lons a t o m i q u e s d e f requence a ces ium a pe rmi s d e t r o u v e r q u e la v i tesse 

m o y e n n e de la r o t a t i o n de la T e r r e va r i e d ' u n e fagon a lea to i re p e n d a n t les t ro i s de rn ie res a n n e e s . P o u r la peYiode d u j u i n 
a u n o v e m b r e 1955 la d u r e e d u j o u r d i m i n u e ( la T e r r e acc&ere) d e 2 X i o - 6 sec. p a r mois , d u d e c e m b r e 1955 a u m a i 1957 
la du ree d u jou r a u g m e n t e p r o g r e s s i v e m e n t ( la T e r r e r e t a r d e ) en m o y e n n e d e 4 X i o ~ 6 sec. p a r mois e t k p a r t i r d u m a i 
1957 elle e s t p r e sque c o n s t a n t e . 

Ainsi , I ' ex t rapo la t ion d u t e m p s r o t a t i o n n e l t e r r e s t r e p a r r a p p o r t a u t e m p s a t o m i q u e s p r & e n t e des g r a n d e s d i f f i c u l t ^ 

On peut diviser en deux peViodes les Etudes des 
i r r e g u l a r i s d e la ro ta t ion de la Ter re de courte 
duree : 

1. Utilisation des horloges a quar tz e t des 
pendules a par t i r de 1933. 

2. Introduction de l 'etalon a tomique a cesium 
du National Physical Labora tory a Teddington 
construit par M . L. Essen a par t i r de juin 1955. 

Quand on utilise les marches des horloges a 
quar tz pour l 'etude de l'irre'gularite' de la ro ta t ion 
de la Terre , on determine seulement les termes 
periodiques, dont les peViodes ne depassent pas 
sensiblement une ann6e. Les var iat ions progres
sives aleatoires de la ro ta t ion de la Ter re sont 
m61ang6es avec les variat ions progressives de la 
marche des horloges. 

Apres l ' introduction de l 'etalon a tomique a 
cesium qui est compare* r6guli&rement avec les 
Emissions de Rugby (MSF) , il est devenu possi
ble de determiner les variat ions p6riodiques et 
aleatoires dans la rotat ion de la Ter re . 

Nous avons repris le calcul de l ' irregularite 
saisonniere de la rotat ion de la Ter re a par t i r de 
Tann6e 1952. Les resul tats jusqu 'au mois de mai 
!955 sont calculus en uti l isant les horloges a 
quar tz et les heures definitives du Bureau Inter
national de THeure (B.I .H.) . Nous avons utilise 
les horloges a quar tz de Greenwich, Neuchatel , 
Paris, Potsdam et Washington. 

Les resultats jusqu 'en Janvier 1958 sont r ap-
portes a l 'heure definitive ou a la moyenne de 
plus de 20 services horaires. Les resul ta ts des 

mois de fevrier e t mars 1958 sont rapportes , 
respectivement, a la moyenne de 10 et 6 services 
horaires. 

Da ns le cas d 'e tude de l ' irregularite saison
niere de la rota t ion de la Ter re en uti l isant les 
horloges a quar tz , il faut determiner les varia
tions progressives de la marche des horloges. 
Da ns le cas d'uti l isation de l 'etalon a tomique , il 
faut eiiminer la variat ion progressive de sa 
frequence par rappor t au T U 2 (Temps Universel 
uniforme provisoire). Ce t te var ia t ion provient 
du changement progressif de la vitesse de la 
rota t ion de la Terre . Les premieres e tudes des 
resul ta ts de l 'etalon a tomique (Stoyko et S toyko 
1958; Essen, Par ry , Markowi tz e t Hall 1958) 
ont mont re que la frequence de l 'etalon a cesium 
augmente l ineairement de 40 Hz par an, c*est a 
dire sa frequence par rappor t a T U 2 devra i t etre 
au mois de mars 1958 egale a 9, 192, 631 , 945 Hz, 
e t a n t donne que la frequence conventionnelle du 
depar t (juin 1955) est egale a 9, 1 8 2 , 6 3 1 , 8 3 0 Hz. 

L 'e tude plus detailiee de la var ia t ion progres
sive de la frequence de l 'etalon a cesium a mont re 
que sa variat ion n 'est pas lineaire. E n prenan t 
les differences de frequence pour l ' intervalle de 
12 mois, afin d'eiiminer la var ia t ion saisonniere, 
on t rouve que ces differences augmen ten t line
ai rement jusqu 'au milieu de l 'annee 1957, tandis 
que, apres cet te da te , elles d iminuent . Cela nous 
mont re que la vitesse de la ro ta t ion de la Ter re 
exprimee en T U 2 a des var ia t ions aleatoires. 
Da ns le Tableau I, nous donnons les variat ions 
de la duree du jour d 'apres l 'etalon a cesium 
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