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a-DERIVATIONS 

MARIA JULIA REDONDO AND ANDREA SOLOTAR 

ABSTRACT. Let A be a commutative A>algebra with 1. We present a characterization 
of a-derivations, for a: A —> A a morphism of algebras, using a-Taylor series. When 
S = C[X,JC_1 ,£] and a(x) = qx, a(£) = q£, we compare the q-de Rham cohomology 
of the C-algebra S with the Hochschild homology of Dq, the algebra of ^-difference 
operators on C[JC,JC_1], for q G C,q ^ 0,\. 

RÉSUMÉ. Soient k et A deux anneux commutatifs unitaires, A une A>algèbre. Etant 
donné un endomorphisme a de l'algèbre A, nous montrons une caracterisation des a-
dérivations en utilisant les a-séries de Taylor, dont nous prouvons certaines propriétés. 
Dans le cas particulier de l'algèbre Dq des operateurs ^-différentiels sur C\x,x~x ] nous 
faisons la comparaison entre la ^-cohomologie de De Rham de C[x,x~l,Ç], et de 
homologie d'Hochschild de Dq, q G C, q =fi 0,1. 

VERSION FRANÇAISE ABRÉGÉE. Soient k et A deux anneaux commutatifs unitaries, 
A une ^-algèbre et a un endomorphisme de A. Compte tenue de la définition d'une a-
dérivation de A à valeurs dans un^-bimodule M [5], nous caractérisons le ,4-module des 
a-dérivations D%(A,M) à l'aide des applications de Taylor "tordues", Ta:A —• A <g>A ou 
Ta(q)= l ® a - a ( û ) ® 1. 

Nous établissons aussi un rapport entre les a-dérivations et l'homologie d'Hochs-
child tordue [4] RHa(A, M). Ensuite, nous prouvons que l'application Ta est universelle 
parmi les £-a-séries de Taylor définies avant, et nous étudions le comportement deVA-
module des a-différentiels par rapport à la localisation. Finalement nous faisons une 
comparaison entre l'homologie d'Hochschild des opérateurs ^-différentiels sur A = 
C[JC,JC_1], q G C, q ^ 0,1, et la #-cohomologie de De Rham de C[JC,JC_1, Ç\ [5]. 

1. Introduction. Let A be a commutative A:-algebra with l,a:A—>Aa. morphism of 
algebras. We recall the definition of a-derivations of A into ̂ -bimodules M, and present 
a characterization of them, using the analogies with the theory of derivations. We also 
relate them to "twisted" Hochschild homology. 

In Section 2 we recall what a derivation is and we define a-derivations and a-Taylor 
operators, which allows us to characterize the module of a-differentials &%{A). In Sec
tion 3 we define A:-a-Taylor series, and show that the a-Taylor operator is universal for 
&-a-Taylor series. We introduce the algebra Z>9 of ^-difference operators on C[x,x_1] in 
Section 4, and compare the #-de Rham cohomology of the C-algebra S = C[x,x~\Ç] 
with the Hochschild homology of Dq. 
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2. a-Derivations and the a-Taylor operator. Let A be an associative A>algebra 
with 1 and a: A —> A a morphism of algebras. We shall present in the following section 
a characterization of a-derivations, using the analogies with the theory developed for 
derivations from A into an ^-bimodule M. We recall that d is a derivation of A into an 
^4-bimodule M if and only if d is a A:-linear map, d:A —> M, such that 

d(xy) = xd(y) + d(x)y 

and Dk(A,M) denotes the set of all derivations d:A —> M (in fact, it is a A:-module, and 
if A is commutative, it is an^-bimodule). If A is commutative and ,4 ®Aop is considered 
an ̂ 4-bimodule by a(b (g) c) d — adb (g) c, we have the Taylor operator [7] T\A—* A® Aop 

defined by T(a) — 1 (g) a — a ® 1, and the multiplication map, p. A® A°v —» v4, given by 
/x(a (8) Z?) = #6. One easily verified consequence of these definitions is that 

0—>I—>A®A°v —>A — ^ 0 

is a short exact sequence of ,4-modules, where / is the ideal in A 0 Aop generated by 
{T(a), a G A}. Next we observe that the Taylor operator is not a derivation, but 

T{ab) = aT(b) + T(a)b + T(a)T(b). 

Therefore, it seems reasonable to consider///2 as the module of 1-differentials £l\ik. 
Summarizing this discussion, we recall the following important result form [6]: 

PROPOSITION 2.1. For an A-module M, there is a canonical A-isomorphism 

ttomA{I/I2,M) —> Derk(A,M) 

In particular, the isomorphism 

HomA(I/I2,A)^Derk(A) 

identifies the derivation module of A canonically with the dual of the differential module 
of A. 

When A is commutative, the Hochschild homology of A, HHj (A) is isomorphic, as an 
,4-module to £l\ik. If A is not commutative, HHi (A) is considered instead of Q\ ,k, which 
is not defined in this case. 

We are now in a position to make the following definitions. 

DEFINITION 2.2. Assume A is commutative, a: A —> A is a morphism of algebras 
and M is an ,4-bimodule that verifies ma — a(a)m, for m G M, a G A. 

a) da is an a-derivation of A into M ifda is a /:-linear map, da:A —> M, such that 

da(ab) = a(a)da(b) + da(a)b for a, b G A. 

b) D"(A, M) denotes the set of all a-derivations da:A —> M. 
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c) We shall denote by Q%(A) the module of a-differentials in A, i.e., the A -module 
satisfying: 

i) there is an a-derivation Da:A —> Q%(A), 
ii) Q%(A) is generated by {Da(a), a G A} over A, 

iii) for any a-derivation da:A —> M, there exists a unique v4-linear map 
h: Q%(A) -> M such that da = hoDa. 

REMARK 2.3. D%(A,M) is an ^-bimodule that verifies da = a(a>/, for a e A,d e 
Da

k(A9M). 
Now we define the a-Taylor operator 7y. ,4 —» v4 (8) ^op given by 

r a ( P ) = l ® P - a ( P ) ® l 

and we denote by fia:A® Aop —> /I the a-multiplication map JU«(P ® (?) = P<x(Q). As 
an immediate consequence of these definitions, we have the following easily checked 
proposition. 

PROPOSITION 2.4. 

0 — > I a — > A ® A < * - ^ A — > 0 

is a short exact sequence of A-modules, where Ia is the ideal in A (g) Aop generated by 
{Ta(a)} where a ranges over A. 

The following facts concerning the a-Taylor operator are easily verified, when .4 <g>Aop 

is considered an ̂ -bimodule by 

a(b (g) c)d = jj,a(ad)b <g> c = aa(d)b (g) c. 

PROPERTIES 2.5. a) Ta is fc-linear 

b) Ta(PQ) = (a(P)®l)Ta(Q)+Ta(P)(l®Q) = a(P)Ta(Q)+Ta(P)Q+Ta(P)Ta(Q) 

c) Ta(P") = Eto {aiP"-'-1) 0 P%(P) 

d) Ta{Px •••/>„) = E£ j ( -1 ) ' + 1 (£/,<•••</* ^ I , • • • Pit)Ta(Pi - - • Pij • - • />„)) + 
Ta(Pi)Ta(P2) • Ta(Pn^)Ta(Pn) 

REMARK 2.6. ^ (g)v4op has two module structures, given by the ring homomorphisms 
A —• A ®^o p , a —> a(a) ® 1, and ^ —> ̂  (g)^lop, a —> 1 <g> a. They induce two 4-
module structures on/a . From those, we get induced ̂ 4-module structures ofIa/ï^ which, 
however, coincide in /«//„ since 

(l ®r-a(r)® l ) ( l <g> Û - a(a) <g> 1 + 4 ) € / * . 

In view of Properties 2.5, we can reformulate Proposition 2.1 for a-derivations. 

PROPOSITION 2.7. a) Qf(A) = Ia/I
2
a 

b) For an A-module M, there is a canonical A-isomorphism of A-bimodules 

HomA(Ia/I
2
a,M) —* Da

k(A,M) 
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PROOF. TO prove the first statement, we shall verify i), ii) and iii) of Definition 2.2c). 
i) The mapping Da:A —> /«//£, defined by the composition 

A * *a * *a J *a 

is an a-derivation (using Property 2.5b)). 
ii) It's obvious that /«//£ is generated by {Ta(a) + I2

a,a £ A} over A. 
iii) Let da: A —> M be an a-derivation. We define 0 : A ® Aop —> M by 0(tf (8) ft) = 

ada(b). Now, a direct computation shows that ©(/£) = 0. So there exists a unique ,4-linear 
maph:Ia/Ia —* Msuchthat/zo7T = 0 / / a . Finally,hoDa(a) = 0 ( r a (a) ) = rfa(a). Since 
the ^4-module /«//« is generated by {Da(a),a G A}, there can be only one mapping h 
such that hoDa = da. Hence Da is universal. 

The second statement of the Proposition is only a reformulation of the universal prop
erty of Da:A ^ Ia/II- • 

REMARK 2.8. Given a, one may also consider "twisted Hochschild homology" and 
"twisted Cyclic homology", which differs from ordinary Hochschild homology by the 
face and cyclic operators, which now involves the action of the automorphism. The 
twisted theory appeared implicitly in [8] and [9], and explicitly in [4]. 

Explicitly, if a: A —-> A is an automorphism of algebras, we have: 

dï.A®{n+X)^A®\ f o r 0 < i < / i 
s.:A®(n+\) _^ A®(n+2)^ for 0 < / < W 

defined by 

di(a0 )a„)-- r (<zo ® • • • ® a/fl/+i ® • • • ® tf„) if/ < «, 

| (oc{an)ao <g>a\ <S> • • • (g)a„_i) if/ = «. 

5/(flo ® • • • ® û„) = (flo ® ' " ' ® «i ® 1 ® Û/+1 ® * * * ® On) 

f(flo ® • • • ® 0#i) = (ar(an) ® flo ® • • • ® ««-l ) 

which verifies the relations: 

dtt = 

dtSj 

Sit -

dtdj = dj-1 dt, for / < j 

tdi-\ for 1 < / < «, 
<iw, for / = 0. 

svsy = Sj+\Si for / <7 
[Sj-\dt for i<j9 

id for/ =y,y+ 1, 
^Sjdi-\ f o r />7 + l. 

( toz-i for 1 < / < «, 
( £2s„ for / = 0. 

/ f Hai (8) • • • (g) a„) = (a(fli) <g> • • • 0 a(a„)) 
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Writing ba = E?=0 ( - W , we verify that \ma
x{A) 

to Ia I Ha, by the map 

/*///„ —HH?(>*) 

7 Û S ) - > [ l ® a ] 

So we can view the difference between ordinary Hochschild homology and twisted 
Hochschild homology in terms of the difference between / and Ia. 

Now, we consider a-«-derivations, i.e., ^-linear maps d^'.A —» M such that 
dn

a(x0 • • -xn) = En
k=l(-l)

k+l (Ei^...^ <*(*,-, • -xik)d
n
a(xQ •••£*.• ••*„)) and we denote by 

Qkf(A) the module of a-«-differentials in A. 
One easily verified consequence of Property 2.5 is the following proposition. 

PROPOSITION 2.9. Q ^ is isomorphic to Ia/Fa. 

3. a-Taylor series. 

DEFINITION 3.1. Suppose C is an A -algebra, B is an ̂ -subalgebra of C and a.A —>A 
is a morphism of algebras. 

a) We say that r\a\ A —• 5 is an 5-valued &-a-Taylor series if: 
i) rja is A>linear and rja(l) = 0 

ii) 77a(flZ>) = a(a)r]a(b) + a(b)rja(a) + rja(a)î]a(b) for a,b£A 
b) Suppose #, C are ̂ -algebras, 5 Ç C, a: C —•» C a morphism of algebras. We define 

Ia(CjB) by the exact sequence 

0 —• Ia(C/B) —• C (g)5 C°p - ^ C —• 0. 

We now prove some results concerning a-Taylor series. 

PROPOSITION 3.2. The map u:A —» Ia{A/k) given by a —> Ta(a), is universal for 
k-a-Taylor series (Ta is the k-a-Taylor operator defined in Section 2). 

PROOF. It's obvious that the map u:A —» Ia(A/k) is an 7a(^/A:)-valued k-a-Tay\or 
series. Let r\a'.A —* B be a ̂ -valued A:-a-Taylor series. We only have to show that there 
exists a unique A -morphism of algebras i^\Ia{A/k)^ B such that ip o u = r]a. The given 
map rja:A —> B is A>linear, therefore we may define an ,4-linear map h:A <g> Aop —> B 
by h(a &> 6) = arja(b). It follows that h(Ta(af) = rja(a) since 77a(l) = 0. Clearly, 
the restriction of /* to Ia(A/k) satisfies the conditions required. Notice that uniqueness 
is immediate from the fact that {Ta(a),a G A} generates Ia(A/k) as an ^-module. To 
complete the proof, we only have to show that h is a morphism of algebras. To this end 
we observe that is suffices to verify that 

h(f[(l <g>Xj-a(xj)® l ) ) = f[h(l ®xj - a(xj)<g> l) 

ba 

Ker(A(g)A—>A) 

_ 
lm(A®A®A—>A®A) 

is isomorphic 
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because h is ^-linear. This may be easily done by induction. In case s = 1, there is 
nothing to prove. Assume the equality for r < s. We first observe that 

5 - 1 

7=1 

so £ w/Of(v/) = 0. On the other hand, 

A ( n 0 ®xJ-a(xj) ® l )0 ® ** ~ afo) ® l)) 
7=1 

= *( ( l > / ® v/)(l (8) x, - a(x5) ® l) J 

= Z ( w ^ « f e v 0 _ Uia(xsyqa(vii) 
i 

= Yl\ui(a(xs)Va(vi) + a(vi)r]a(xs) + r/(v/)r/afe)) - Uia(xs)r]a(Vi)J 

= Z("''a(V'') + W/r7a(v/))77afe) = Z M/T7a(V|)r7afc) 
z z 

= h\J2ui®Vi)h(l <8>xs — a(xs)<g) l ) . • 

PROPOSITION 3.3. Suppose A, B are k-algebras such that A Ç B, and a:B -^ B is a 
morphism of algebras such that a / A — id. There exists an exact sequence of B-algebras 

0 — M*04 A ) — UB/k) -Î-» /*(£/;*) —-> 0 

where Na(A/k) is generated as an ideal in Ia(B/k) by the elements (1 (g)x — a(x)<8> l),xG 
A, and 0 w the restriction of the map B ®* Bop —> 5 (g),* £op to rte wfefl/ Ia(B/k). 

PROOF. The map 0 is clearly onto. We shall prove that Ia(B/k)/Na(A jk) is univer
sal for ^4-a-Taylor series on B, from which the assertion of the theorem follows immedi
ately. First note that the map j]a\ B —• Ia(B/k)/Na(A/k) defined as the composition 

ria:B^Ia(B/k)^Ia(B/k)/Na(A/k) 

satisfy the conditions: 

Va(xy) = oc{x)r]a(y) + a(y)r]a(x) + r\a{x)ria{y), for x,y G B. 

If a e A, then r\a(ay) = a(a)7]a(y) + a(y)rja(a) + rya(fl)rya(y) = arja(y) since r]a(a) G 
Na(A/k) and a/y4 = id. As rja(\) = 0, it follows that j]a is an Ia(B/k)/Na(A/k)-va\ued 
^-a-Taylor series on B. Now, suppose that pa: B —-» 7? is an /^-valued y4-a-Taylor series. 
For x £ k,xl £ A (because A is a ̂ -algebra). Therefore p a is an 7?-valued &-a-Taylor 
series, and thus there exists a unique Z?-algebra morphism h:Ia(B/k) —> R such that 
pa = h o Ta. Since pa(a\) = apa{\) = 0 for each a £ A,(ho Ta)/A = 0. Therefore the 
kernel of h contains Na(A/k)9 and h factors uniquely through Ia(B/k)/Na(A/k). m 

REMARK 3.4. The module Ia(A/k) has one outstanding drawback, which is that if S 
is a multiplicatively closed subset of A, then in general, As ®A Ia(A/k) ^ Ia(As/k)9 i.e., 
Ia doesn't localize. For example, a = id, A = k[x] and S = {l ,x ,x 2 , . . .} . 
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THEOREM 3.5. Let S be a multiplicatively closed subset of A, 1 G S, 0 ^ S. Then 

Ia(As/k)/Ia(As/k)2 <* As ®A Ia(A/k)/Ia(A/kf 

PROOF. The mapping da:As —> As ®A Ia(A/k)/Ia(A/k)2 defined by da{^) = 
- $$ ® TÂs) + ^ ® ra(a) is an a-derivation: 

(axa2\ oc(a\ai) —- 1 — 
do\ = -THR ® Ta(s\s2)+— <S> Ta{axa2) 

\ S\S2 / a (s fS j ) ûf(SiS2) 
of(aia2) 

1 

> <x(si)Ta(s2) + a(s2)Ta(s\) 

» a(ai)ra(a2) + a(a2)ra(a!) 
a(Ji5 2 ) 

So there exists a unique ̂ -linear map 

h:Ia(As/k)/Ia(As/k)2 -» ̂ s <&, Ia(A/k)/Ia(A/kf 

such that da = ho Da, where Da:As —> Ia(As/k)/Ia(As/k)2 is the composition 

^ s - ^ 70(^s/*) ^ Ia(As/k)/Ia(As/k)2. 

The map i M s <&< Ia(A/k)/Ia(A/k)2 -» Ia(As/k)/Ia(As/k)2 denned by 

is an inverse for /z. • 

4. The algebra of ̂ -difference operators and its homology. Let ^ be a complex 
number ^ 0,1, and let Dq be the algebra of ^-difference operators on C[JC,JC-1]. By 
definition Dq [5] is the algebra of all linear endomorphisms of C[JC,JC_1] generated by 
multiplications by Laurent polynomials and by Jackson's ^-differentiation operator dq 

defined for any polynomial P by 
P(qx)-P(x) 

da(P) 
qx — x 

As a complex associative algebra Dq is generated by JC, x~x and dq and the relation 
dqx — qxdq = 1, which is the g-analogue of the Heisenberg relation for differential 
operators. The family {JCJÔ^}/GZS/GN is a basis of Dq. It is convenient to introduce the al
gebra automorphism r\q of C[X,JC_1] defined by rjq(x) = qx. Since r\q — 1 + (q — l)xdq, 
the automorphism r\q belongs to Dq. We have the additional relations dqx — xdq = r\q 

and r]qx = qxr]q. The ^-differentiation operator is not a derivation, but a ^-derivation; 
namely for all P,Q G C[X,JC-1] we have 

dq(PQ) = r]q(P)dq(Q) + dq(P)Q. 

It is easy to check that {xldq}iez is a basis of the vector space D^(C[x,x~]]) of all r\q-
derivations of C[JC,JC-1]. 
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PROPERTIES 4.1 [5]. For integers n e Z, set (n)q = \+q + •••+qn l. Then 
a) SqX = <jxdq + (j)qdqX 

b) dqx
i = qij<>dq + (i)qx?-\ 

In [5], Kassel shows that the Hochschild homology groups of Dq are the homology 
groups of the complex 

0 — > D q ® A 2 V q - ^ D q ® V q - ^ D q —> 0 

where Vq is a two-dimensional vector space with basis {dx, ddq}, and for any M E Dq 

/3q(Mdx A ddq) = (xM — qMx)ddq — (qdqM — Mdq)dx 

(3q(Mdx) = xM - Mx 

(3q(Mddq) = dqM - Mdq 

Let S be the commutative C-algebra generated by JC,X_1, £, and a: S —> S the mor-
phism of algebras defined by a(x) = qx, a(£) — q^. Then, 

5 , ( ^ ' ) _ ( ? ^ - ^ = ...^ 
dq(x) qx — x 

= (/Vt'. a g ( x ' ^ ) _ x ' ( ^ y - ^ _ ^ id-i 

We shall compare the complex (Dq ® /\2 Vq9/3q) with the g-de Rham complex of S 

o —> nf(S) -̂ u n^s) -^ açfçs) —> o 
where, 

n^s) - ng(S) - /,//', (/, = us/ci) 
Q%2(S) = Q£(S) A Q£(S), 

Q£(S) is generated by dx = (1 ® x - qx ® 1) + ̂  and d£ = (1 ® £ - g£ <g) 1) + /*, and 

^i(*0 = r , M + to - i) % , v Ufa- r . m + to- i) p ...— K 

d2(x gdQ = * + (^ - l)x * k/x A d£ 
V ^ W dq(x) J 

Consider the map a*\Dq® A* Vq —> Q£2~*(S) defined by 

a0{pédq) = x^dx A d£ 

a i (x' dq dx) — —xl ^dx 

a](x
idi

qddq)=xi$/d£ 

a2(x
i&qdx A ddq) = x'^' 
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LEMMA 4.2. a* : Dq ® A* Vq ~~* ^ c 2 * ^ ^ a c t̂f*w bijection, and induces a bisec
tion from H*(Dq) onto H*q_DR{S). 

PROOF. It is obvious. 
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