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ABSTRACT 

T h i s work i s devo ted t o r e s e a r c h of a n e v o l u t i o n of 
dynamical sys tems wi th t h e f a c t o r s , changed by a c c i d e n t , a r e 
i n v e s t i g a t e d by s t a t i s t i c a l m e t h o d s . The method of s t o c h a s 
t i c e q u a t i o n s a r e a p p l i e d fo r t h e s t udy of t h e p robe e n s e 
mble of s t a r s , working i n a f i e l d , where t h e r e g u l a r compon
e n t h a s s p h e r i c a l symmetry. 

INTRODUCTION 
With t h e development of n a t u r a l s c i e n c e s , t h e dynamical 

sys tems w i t h t h e f a c t o r s , changed by a c c i d e n t , a r e i n v e s t i g a 
ted on a l a r g e s c a l e . The s t a t i s t i c a l app roach i s t h e f u n d a 
men ta l one i n t h e e x p l a n a t i o n of such sys t ems . 

T h i s work i s devo ted t o r e s e a r c h of an e v o l u t i o n of 
such sys tems by s t a t i s t i c a l m e t h o d s . G r a v i t a t i o n a l f i e l d i s 
p r e s e n t e d a s a sum of a r e g u l a r p a r t and f l u c t u a t i n g i r r e g u 
l a r component . L e t ' s c o n s i d e r t h e mot ion of a t e s t p a r t i c l e 
( s t a r ) i n such a sys tem. Under t h e a c t i o n of a r e g u l a r com

ponent of g r a v i t a t i o n a l f o r c e , d e f i n e d by smooth d i s t r i b u t i o n 
of mass d e n s i t y of a l l s t a r s of t h e system, t h e t e s t p a r t i c l e 
( s t a r ) w i l l move a long t h e r e g u l a r u n p e r t u r b e d o r b i t . As a 

r e s u l t of a n a c t i o n of an i r r e g u l a r component of f o r c e , c a u s e d 
by d e s c r e t n e s s of t h e system on r e l a t i v e l y small s c a l e and 
having s t o c h a s t i c n a t u r e , t h e s t a r w i l l move a l o n g t r a j e c t o r y , 
w i t h f l u c t u a t i n g c h a r a c t e r i s t i c s r e l a t i v e t o t h e v a l u e , d e t e r 
mined by t h e r e g u l a r p a r t of t h e f o r c e . Sb i t i s c l e a r , t h a t 
t h e mo t ion of a s t a r i n r e a l sys tems c a n be d e s c r i b e d by d e 
termined e q u a t i o n s i n t h e main o n l y , a p p r o x i m a t e l y , n e g l e c t i n g 
t h e a c t i o n of i r r e g u l a r f o r c e s . More c o r r e c t d e s c r i p t i o n can 
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be achieved with an app l i ca t i on of s tochas t ic d i f f e r e n t i a l 
equations of motion. Vfe can rece ive such equat ions , including 
in add i t ion random forces with c e r t a i n s t a t i s t i c a l p r o p e r t i e s 
into determined equations of motion. At present the approach 
based on the de sc r ip t i on of va r ious dynamical systems with 
s tochas t ic equations, has received t h e cons iderable deve lop
ment [ 1 - 3 ] . In t h i s work, the method of s tochas t ic equat ions 
a r e appl ied for the study of t h e probe ensemble of s tars ,mov-
ing in a f i e l d , where the regula r component has spherical sy
mmetry. 

The equation of motion of probe p a r t i c l e in spherical 
system of coordinate a r e the following: 

r - (r^2 s in 2 6 + r « 2 ) = - |£ - + Ar ( t ) , 

i-f^- (r2^ sin2©) = Â  ( t ) , (1) 

r "aT (r2©) - rif2 s in 6 cos 6 = A g ( t ) , 

where r -po la r r a d i u s , ip-azimuthal angle , ©-angle between the 
polar r a d i u s and the z - ax i s , (.) = d / d t , u - p o t e n t i a l energy 
of regular f i e ld on the u n i t y of mass, A--components of r a n 
dom force (i = r,i|>,©). The l a t t e r i s defined by se t t i ng t h e 
ir s t a t i s t i c a l p r o p e r t i e s , concerning to which we ' l l make the 
next assumption. The mean value with respec t to ensemble of 
r e a l i z a t i o n of the random force i s 

< A±( t ) > = 0 (2) 

This condi t ion means t h a t in average the motion of the t e s t 
p a r t i c l e i s s a t i s f i ed to determine equations of motion: 

r - (r i>2 sin2© + r©2) = - p - , 

^ 1 ^ (r2ij; sin2©) = 0, (3) 

r~dT ( r 2 ® ) " r * 2 s i n e c o s 6 = °* 

The following concrete d e f i n i t i o n of s t a t i s t i c a l prope
r t i e s of a random force will be made l a t e r . The system of 
equations (3 ) without a random force in the r i g h t hand side 
permits t h e conservat ion of the angular moment, owing to whi
ch the motion i s f l a t . We shal l s e l ec t t h i s o r b i t plane of 
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orbit so, that 8 = TT/2. The trajectory of a star motion we 
can described in the form: 

r (t) = rQ (t) + rj (t), 

i> (t) = <l>0(t) + \i>± (t), (4) 

e(t) = TT/2 + e(t), 

where the indexes "0" are related to an unperturbed orbit, 
defined by the regular part of total gravitational force. 

Let the mean value of the module of a random force is 
a finite quantity and is considerably less than the value of 
a regular force and r , / r << 1, i>i/^Q

 K< 1 » 2 ® 1 / / ' 1 T < < *• • I n 

this case, expanding the system of equations (1) in Mac Lauren 
series relatively r

0»^0» * /2 and taking into account that 

r ,\ji are satisfied to unperturbed equations of motion: 

r - <Ji r „ + u' = 0, r il +2rit = 0 , o ro o o oro oro ' 

we can receive the next nonlinear system of equations for 

h ' $1 ' uo)rl " 2 W l + 

u m 

ro*o8l - ^ o ^ l ~ ro6l - ro*l + - f - r l + " - = Ar ( t ) ' 

ro*l + 2 V l + 2*o'l + *orl + (5) 

r l* l + 2*1*1 " ro*o9l ' 2 V o 6 l - V o V l +-"-= A ( t ) ' 

T o \ + 2^o6l + ro*o6l + 

r i* i + 2 * A + V o * i 9 i + *oriei + • • • = A e ( t ) ' 

where uQ' = <fl2u/dr2)r=r ( t ) » u " = (d3u/dr3 )r etc. 
o o 

In this work we consider only the system of equation 
linearized relative to an unperturbed orbit (equations in 
variation) 
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rx - $1 - u - ) r i - tojji = Ar(t), 

V l + 2ioH + 2Vl + *orl = ** ( t ) ' (6 ) 

r<A + *'oei + V o 9 i = A e ( t ) -

I t i s t o n o t i c e t h a t t h e l i n e a r system (6) may d e s c r i b e o n l y 
t h e g e n e r a l d i r e c t i o n and t h e c h a r a c t e r of e v o l u t i o n of a 
probe ensemble of s t a r s . S ince A ^ ( t ) a r e random f u n c t i o n s , 
t h e a n a l y t i c s o l u t i o n of nonhomogeneous system of e q u a t i o n s 
(6) r e s u l t i n g from t h e s e f u n c t i o n s a r e a l s o random f u n c t i o n s . 

C e r t a i n r e a l i z a t i o n of y . ( t ) (y. = r ^ , ^ , © , ) c o r r e s p o n d s t o 

t h e each r e a l i z a t i o n of A. ( t ) . D e t a i l e d d e f i n i t i o n of t h e b e 
haviour of t h e s o l u t i o n y^ ( t ) a t each r e a l i z a t i o n i s d i f f i c u l t , 
and a s g e n e r a l r u l e , i s no t of i n t e r e s t , because i t i s impor 
t a n t t o d i s c o v e r some p r o b a b i l i s t i c p r o p e r t i e s of s o l u t i o n s 
y ^ ( t ) based on known p r o b a b i l i s t i c c h a r a c t e r i s t i c s of t h e p r o 
c e s s A • ( t ) . 

We c a n show, t h a t t h e system (6) i s e q u i v a l e n t t o t h e 
nex t one : 

2 
r l + a ) l r l = * * t } ' *7a ' 

^o 1 t 

<K = -2 - f - r , + - » - i - / r (T )A, (-r)dT, (7b) 
1 r J x

 r ( t ) 0 ° * 
o o 

x + u y r o = Ax ( t ) (7c ) 

2 , ^ _ -2 . . . . . ± , _ _ m . 2 t 
where w., ( t ) = 3I|J„ + u^', <|> ( t ) = A„ + ^ - s r ~ (T )A,., <T>dT» 

"o 
» 1 \T.) = JWQ

 T UQr f K l = ft,, T - j j i Q (Tift, 

x ( t ) = r . ©, . o 1 
This system of e q u a t i o n s i s more c o n v e n i e n t fo r i n v e s t i g a t i o n , 
because i t r e d u c e s t o a n a l y s i s of e q u a t i o n s (7a) and ( 7 c ) . The 
s o l u t i o n of e q u a t i o n (7b) r e d u c e s t o q u a d r a t u r e a t t h e known 
r-̂  ( t ) . We a r e i n t e r e s t e d i n t h e c a s e , where u n p e r t u r b e d o r b i t s 
a r e f i n i t e . In c a s e of i n f i n i t e u n p e r t u r b e d o r b i t s , t h e r e t e 
n t i o n t ime of t h e t e s t p a r t i c l e s i n t h e system (the c r o s s i n g 
t ime ) i s s n a i l , and t h e i r r e g u l a r f o r c e s w i l l n o t e x e r t e s s e n 
t i a l i n f l u e n c e on t h e e v o l u t i o n of such p a r t i c l e s , a t l e a s t 
w i t h i n no t v e r y d e n s e sys tems : t h e y w i l l l e a v e t h e system 
wi thou t a n y e s s e n t i a l change of t h e i r c h a r a c t e r i s t i c s . 
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C i r c u l a r Unper turbed O r b i t s : At f i r s t , we l e t ' s c o n s i d e r t h e 
c a s e , when u n p e r t u r b e d o r b i t i s c i r c u l a r r „ ( t ) = cons t , l i =w t 

2 ° 
+ i/> , where u = (1/r ) d u / d r | . = c o n s t , i n i t i a l p h a s e . 

o^oo 
In t h e d i m e n s i o n l e s s v a r i a b l e x , = r , / r t h e e q u a t i o n s a r e 
t h e f o l l o w i n g : 

2 
Xĵ  + ( i ) ^ = f ( t ) , 

t 

\ + % G 1 = A « ( t ) 

2 2 where oi, = 3UJ - u " (9) 1 o o 

f ( t ) - / d r .A^ (T) + A ^ ( t ) , a o ) 

Ai " W 
In t h e f o l l o w i n g we s h a l l omi t t h e p r imes fo r s h o r t . The "for
mal " s o l u t i o n s of t h e system of e q u a t i o n s , c o r r e s p o n d i n g t o 
zero i n i t i a l c o n d i t i o n a r e t h e f o l l o w i n g : 

x , ( t ) = / t f d l c o s u , ( t - x ) d T , (11) 
0 

x , ( t ) = — / f (T ) s i n w, ( t - r ) d T , (12) 
1 u l 0 1 

"o tt3) iK ( t ) = - 2 — / f ( T ) s i n u , ( t -T)dx + / A. (x)dT, 
x u l 0 0 v 

a ) . t t t 
u>, ( t ) = - 2 -£- / f h l c o s u , ( t - T ) d i + / d t , / d T , 

O J ^ O •"• 0 0 

x A^ ( T 2 ) , CL4) 

t 
6. ( t ) = / A Q ( T ) c o s u ( t - T ) d i , 0.5) 
1 Q © o 

i t 
6. ( t ) = — f A . d l s i n a i ( t - r ) d T . (16) 

1 0) n « O 
o 0 

Among t h e s t a t i s t i c a l c h a r a c t e r i s t i c s of mot ion which can be 
r e c e i v e d bas ing on of t h e " fo rmal" s o l u t i o n s 0 .1 ) - (16 ) we a r e 
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i n t e res ted of the second c e n t r a l moments, i . e . mean square 
va lues of coord ina tes and v e l o c i t i e s . An averaging will be 
car r ied out for on ensemble of r e a l i z a t i o n of a random fo rce , 
t ha t i s equivalent to the averaging on ensemble of p a r t i c l e s , 
moving along the unperturbed o r b i t . 

The determinat ion of those or other p robaba l i s t i c p r o -
e r t i e s of so lu t ions by known (given) p robaba l i s t i c c h a r a c t e 
r i s t i c s of a random process AJ (t) i s r e a l l y d i f f i c u l t . In a 
general case of a r b i t r a r y p r o m b l i s t i c p r o p e r t i e s Aĵ  ( t ) , t h i s 
problem i s of course unresolvable and the re fo re the choice of 
the model of random inf luences a c q u i r e s i s of the g r e a t impo
r t a n c e . 

As to s t a t i s t i c a l p r o p e r t i e s of random force we shall 
make the next assumption: The random force i s determined by 
the i r two second moments by the average value and by the c o r 
r e l a t i o n funct ion . The higher moments of a random force a r e 
expressed through the f i r s t and second moments, i . e . A^(t) i s 
a Gaussian random process . 

Del ta -cor re la ted Random Force ; Let u s consider the random 
force A. (t) with the next c o r r e l a t i o n funct ion: 

< A i ( t 1 ) A j ( t 2 ) > = 6±j a 2 6 ( t 1 - t 2 ) (17 ) 

where i , j - i n d e x e s of spherical co -o rd ina te s , 6 . . -Rronekker ' s 
2 3 

symbol. 6 ( t)-Dirac ' s de l t a - func t ion , a -parameter which c h a 
rac t e r i zed the i n t e n s i t y of t h e random inf luence . 

The assumption (17) i s ve ry strong, and i t express the 
thought t h a t the f i e ld s t a r s , co l l i d ing with the probe s t a r s 
and inducting the f luc tua t ing force behave independently from 
each other except the case when they a c t simultaneously. The 
presence of D i r a c ' s de l t a - func t ion means phys ica l ly , t h a t we 
have the f i n i t e c o r r e l a t i o n s of a random force , concentrated 
on time in t e rva l t c which i s shorter than the o t h e r s c h a r a c 
t e r i s t i c t imes . In case of d e l t a - c o r r e l a t e d random force the 
s t a t i s t i c a l c h a r a c t e r i s t i c s of so lu t ions (11)-(16) has the 
form [ 4 ] : 

< r 2 ( t ) >T = b,_ a 2 t , (18) 

< r 2 (t) >T = b2 a 2 t , (19) 

< ^ 2 ( t ) >T = b3 a 2 t 3 + b 4 a 2 t , (20) 

< i|i2(t) >T = b5 a 2 t , (21) 
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< *l ( t ) >T = b g a 2 t , (22) 

< &l (t) >T = b 7 a 2 t . (23) 

Index "T" means the add i t iona l time averaging exceeding the 
several t imes t h e c ross ing time of the system. From t h i s r a 
t i o s i t i s seen t h a t under i r r egu la r fo rces the d i spe r s ions 
squared of a l l co -o rd ina te s and v e l o c i t i e s (excluding <\p* (t)> 
increases p ropor t iona l ly to time t , l i k e a s a t ususal d i f f u 
sion, tbwever, for a l l t h i s the c o e f f i c i e n t s of propor t iona
l i t y , having the sense of d i f fus ion c o e f f i c i e n t s in c o r r e s 
ponding d i r e c t i o n s d i f f e r from each o t h e r . Consequently,the 
d i f fus ion in the case under cons idera t ion has e s s e n t i a l l y 
nonisotropic cha rac te r , both in the r e a l space and in the 
space of the v e l o c i t y . Then, the d i f fus ion c o e f f i c i e n t s d e 
pend not only on the i n t e n s i t y of random inf luences , but a l so 
on concre te form of the regular force p o t e n t i a l . F i n a l l y , t h e 
square of increment < I|J? (t)> con t a in s a term propor t ional to 
time cubed, i . e . , the evolut ion r a t e in t h i s d i r e c t i o n i s 
considerably higher . This can be obviously imagined in a such 
vay: the i n i t i a l l y compact cloud of p a r t i c l e s of ensemble 
a f t e r the su f f i c ien t t ime, run into a t o r e with center in o r 
ig in of coo rd ina t e s . 

F i n i t e Cor re la t ion Time of Random Force; The r a t i o (17) i s 
an expression of the assumption t h a t c o r r e l a t i o n time of r a n 
dom force i s equal to ze ro . Bit d e l t a - c o r r e l a t e d processes 
a re idea l i zed , because a l l r e a l physical processes in nature 
have f i n i t e c o r r e l a t i o n t ime. Eecause of long-range charac ter 
of g r a v i t a t i o n a l i n t e r a c t i o n , the presence of regular f i e ld 
and the f i n i t e n e s s of motion of both a probe s t a r s and f i e ld 
s t a r s , the c o r r e l a t i o n s in g r a v i t a t i n g systems can be expand
ed for l a r g e d i s t a n c e s , up to those of the system, and can 
continue up to order to several cross ing t imes . For example, 
wide b ina r i e s and mul t ip ly systems, s t a r s streams etc .observ
ed in g a l a c t i c can apparent ly be considered, a s an evidence 
of a space-time c o r r e l a t i o n with charac ter i s t i c a l t imes, exce-
ding the cross ing time of g a l a c t i c . Owing to t h i s f ac t the 
f i e ld s t a r s , i n t e rac t ing with probe s t a r s and exci t ing the 
f luc tua t ing force , influence on the l a t e r not independently, 
but more coordina ted . The c o r r e l a t i o n function with f i n i t e 
c o r r e l a t i o n time i s approximated a s 

< A± (tx ) .Aj ( t 2 ) > = ( a 2 / 2 T c ) e x p ( - | t - t | / T c ) (24) 

When T + 0 , the function k ( t ) = (1 /2T )exp ( - | t | / T ) tends to 
d e l t a - f u n c t i o n . In t h i s case , when the c o r r e l a t i o n function 
of a random force has form (18), the r a t i o s for second moments 
of so lu t ions (11)-(16) a re given in work [ 5 ] . Because of 
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the i r inwieldy s ight we omit them here. We will only not ice 
tha t in the asymptotic case , corresponding to the l i m i t case 
T + 0 these r a t i o s , n a t u r a l l y tu rn into values,found for 
d e l t a - c o r r e l a t e d p rocess . 
Npncircular Unperturbed Orb i t s : (a) Radial or near to them 
o r b i t s . In t h i s case i t i s shown from equation 1Tb) t h a t 
when the p a r t i c l e comes c lose r to center of a system (r -»• 0), 
ip, (t) and iK (t) increase unl imi ted ly (second term in ° r i g h t 
side of C7b)). This lead to the d e s t r u c t i o n of i n i t i a l l y p u r 
e ly r a d i a l OP = c o n s t . ) , or near to them t r a j e c t o r y a t time 
order to cross ing t ime. Therefore, under the a c t i o n of i r r e 
gular force , i n i t i a l l y very extended o r b i t s evolve very q u i c 
kly in the time scale in the order of dynamical time (cross
ing t ime) . Similar r e s u l t have been received by one of the 
au thors with help of another method [ 6 ] . 

(b) Moderate elongated unperturbed o r b i t s . To sol of the 
system of equat ions (7 ), i t i s necessary to know r a t i o s for 
unperturbed motion rQ (t) and ty (t) in the form of e x p l i c i t 
funct ions of t ime. I t i s known, t h a t so lu t ions of problem of 
motion in spherical symmetric f i e l d , g ive co -o rd ina t e s in 
form of non-exp l i c i t time func t ions . The e x p l i c i t dependence 
of co -o rd ina te s from time may be represented in the form of 
s e r i e s . For case of per iodic unperturbed o r b i t s , these s e r 
i e s a r e Fourier s e r i e s . In important l i m i t case of Newtonian 
and Ibokean regula r p o t e n t i a l s , unperturbed o r b i t s a r e known 
to be closed and a r e e l l i p s e s with o r i g i n of co -o rd ina te s in 
focus and in cen te r , r e s p e - t i v e l y . L e t ' s consider the case , 
when e c c e n t r i c i t i e s of t h i s e l l i p s e s a r e anall (e << 1) and 
Fourier s e r i e s con ta in per iod ica l terms of lowest frequency. 
Then the equat ions (7a) and (7c) will have form of nonhomoge-
neous Mathiev ' s equation 

l (v2 + C cos pt)? = G ( t ) , 

where G (t) = <(> (t) or A „ ( t ) , v ,p - parameters, £ = h . e . , h-
numerical cons tan t . The s tab le so lu t ions of homogeneous 
Mathiev' s equation a r e so ca l led Mathiev • s funct ions of o r d 
er of v : ce ( t ,£) and se ( t , £ ) . When E, = 0 l a t e r reduced 
to o rd inary t r igonometr ic funct ions cos vt and sin vt , and 
when e << 1 they d i f f e r a l i t t l e from these func t ions . The 
solut ion of equat ions d i f f e r a l i t t l e from each o ther when 
e = 0 and e << 1 r e s p e c t i v e l y . 

Thus, if unperturbed o r b i t s a r e e l l i p s e s with small 
e c c e n t r i c i t i e s e << 1, then solut ion of the system (7) d i f 
f e r s a l i t t l e from so lu t ions of system (8), when unperturbed 
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o r b i t s a r e c i r c u l a r . In assumption of d e l t a - c o r r e l a t i o n of 
random force , the second c e n t r a l moments of coord ina tes and 
v e l o c i t i e s will be of form similar to (18 -(22) with c o e f f i -
c i e n t s b. , which a r e a s l i g h t l y d i f f e r e n t from b, . 
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