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The Chowla—Selberg Formula and
The Colmez Conjecture

Tonghai Yang

Abstract. In this paper, we reinterpret the Colmez conjecture on the Faltings height of CM abelian
varieties in terms of Hilbert (and Siegel) modular forms. We construct an elliptic modular form in-
volving the Faltings height of a CM abelian surface and arithmetic intersection numbers, and prove
that the Colmez conjecture for CM abelian surfaces is equivalent to the cuspidality of this modular
form.

1 Introduction
The celebrated Chowla—Selberg formula [SC] asserts

1 6h c\ 6¢(c)
. A1) Im(7,)8 = (- .
(-0 [a]el(;[L(K)‘ ()] Im(7o) (ZWW) 0£I<1 (Z)

Here K = Q(+v/=1) is an imaginary field of prime discriminant —I, h is the ideal
class number of K, and ¢(¢) = (%l). Moreover, A is the well-known cusp form of
weight 12, and I'(x) is the usual Gamma function. Gross re-interpreted this formula
(up to a constant multiple in Q) as a period relation for a CM elliptic curve in his
thesis [Gr2]. Later, he generalized this period relation to a CM abelian variety with
CM by a CM abelian extension of Q) [Grl]. Anderson reformulated the right-hand
side of Gross’s formula in terms of a log-derivative of Dirichlet L-series [An]. In
1993, Colmez [Co] defined p-adic periods of a CM abelian variety (using an integral
model) and conjectured that there should be a product formula for periods. Using
that, he derived a conjecture which gives a very precise identity between the Faltings
height of a CM abelian variety and the logarithmic derivative of certain virtual Artin
L-functions at s = 0. It can be roughly stated as follows. Let K be a CM number
field and let @ be a CM type of K. Let A be a CM abelian variety of CM type (Og, @)
defined over a number field L such that A has good reduction everywhere, and let
o € A$Q, be a Neron differential of A over O, non-vanishing everywhere. Then the
Faltings height of A is defined as (our normalization is slightly different from that of
[Col)

1 1\¢
- E 7 g
hra(A) 2[L:0] JALC_)(Clog’ (27”,) /U(A)«C) ola) ANo(a)| +1log#AQ, /0 .
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Here g = dim A. It is independent of the choice of L. In fact, Colmez proved that

hpa(®) = Wl(oz]h]:al (A) depends only on the CM type ®, not on A or K [Co, Theo-

rem 0.3]. On the other hand, Colmez constructed a class function A} on Gal(Q/Q)
from the CM type ® (see J3lfor details), which can be viewed as a linear combination
of characters of Artin representations, say »  a,x. The Colmez conjecture asserts

L'0,x) 1 1
hga () = — Zax 0.y 2 Zax log fare(x) + i log 2,

where fa, () is the analytic Artin conductor of .

When the CM abelian variety is an elliptic curve, it is a reformulation of the
Chowla—Selberg formula. In the same paper, Colmez proved the conjecture for an
abelian CM number field, by combining Gross’s work with his computation of the
p-adic period of the Jacobian of the Fermat curves. Recently a less precise version of
the conjecture and the result have been generalized to CM motives by V. Maillot and
Roessler [MR] and Kohler and Roessler [KR] using the Lefschetz fixed point theorem
in Arakelov geometry. Yoshida independently developed conjectures about absolute
CM periods that are very close to the Colmez conjecture and provided some non-
trivial numerical evidence as well as partial results [Yo]. We should also mention
that van der Poorten and Williams [VW] gave another proof of the Chowla—Selberg
formula by computing the CM values of the n-function.

Nothing is known about the Colmez conjecture besides what he has proved. It re-
mains a mystery in the non-abelian case. The goal of this note is to try to understand
the conjecture in terms of modular forms and arithmetic intersection. In Section 2
we interpret the Faltings height from the moduli point of view as in Faltings’ origi-
nal definition and relate it to Siegel modular forms and Hilbert modular forms, and
arithmetic intersections. For example, we have the following (Corollary[2.4]).

Proposition  Let F = Q.(v/D) be a real quadratic field with prime discriminant D = 1
mod 4. Let K be a quartic CM number field with real quadratic subfield F, and ® a CM
type of K. Let X be the moduli stack of abelian surfaces with real multiplication by
Op, and let My be the line bundle on X of Hilbert modular forms of weight k with the
Petersson metric. Then

k# CM(K, @)

We hea(A) = hye, (CM(K, ®)).

Here Wy is the number of roots of unity in K, CM(K, ®) is the 0-cycle of CM abelian
surfaces of CM type (Og, ®) in X(Q)), and CM(K, ®) is the flat closure of CM(K, ®)
in X. Let U be a normalized meromorphic Hilbert modular form for SL,(OF) of weight
k such that div ¥ and CM(K, ®) intersect properly. Then

k# CM(K, )

. 1
e rald) = div .CM(K, ) — 7 > @) pa

K L ecmx,)

for an abelian surface of the CM type (K, ).
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458 T-H. Yang

In Section 3l we review the Colmez conjecture and unravel his definition of class
function A} associated with a CM type ®, and prove the following proposition.

Proposition 1.1 Let F = Q.(\/D) be a real quadratic field of prime discriminant
D =1 mod 4. Let K be a non-biquadratic CM quartic field with real quadratic field F
with a CM type ®. Then the Colmez conjecture for the CM type ® is the same as

hpa(A) = 1B(K/F).
Here

A'(0, xx/F)

BESE) = = K00

+T7'(1) — log4r

and A(s, xx/r) is the complete L-function of the quadratic Hecke character Xk asso-
ciated with K /F as defined in 34). In particular, the Faltings height is independent of
the choice of CM types of K.

Finally, let X be the moduli stack over Z of abelian varieties (A, ¢, A) with real mul-
tiplications (see Section [2] for a precise definition). Let CM(K) be the moduli stack
of (A, ¢, A) where ¢ : Ox C End(A) is an Og-action on A such that (4, t|o,, A) € X,
and the Rosati involution associated with the polarizations A gives the complex con-
jugation on K. The map (A, ¢, A) — (A, t|o,, A) is a finite proper map from CM(K)
into M, and we denote its direct image in M still by CM(K) by abuse of notation.
Finally, let T}, be the flat closure of the well-known Hirzebruch—Zagier divisors T,
in X; see [BBK] for more information. Then T, and CM(K) are arithmetic two- and
one-cycles in the arithmetic three-fold X and they intersect properly. In [BY, (1.10)]
(a minor mistake in the conjectured formula), it is conjectured that

T CM(K) = 1b,,.

Here b,, = ZP b.(p)log p is defined as follows. Let K be the reflex field of (K, ®)
with real quadratic field F = Q(VD). Then

bm(p)logpzz Z B:(p),

P _ ntmVD —1
P r—rnsBedrt

|n|<mvD

where

B,(p) = 0 if p is split in K,
p= (ordy t + Dp(tdgzp~") log|p| if p is not split in K,

and
p((l) = #{%I C OK :NK/F‘H = 0}.

The main result of this paper is the following.
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Theorem 1.2 Let the notation be as above, and assume that dx = D?D with

D =1 mod 4 being prime. Then

#CM(K 1 1
= PR ) + 20/ + 32 (700K — 1) g

m>0

g(7)

is a modular form of weight 2, level D, and character ep = (). Moreover, the Colmez
conjecture holds for K if and only if g() is a cusp form.

We will prove this theorem in Section [ Here is the rough idea. Bruinier, Bur-
gos Gil, and Kithn defined an arithmetic of Hirzebruch—Zagier divisors T, in X and
proved that

$(r) = d(r) = MY + 3 Toe(mr)

M>1

is a modular form of weight 2, level D, and Nybentypus character (£) with values in
1
CH (X). Doing height pairing with CM(K) gives rise to the following modular form

(see[d.])
#CM(K) 2 m
o) = = = hra(4) + > (Tw EMK) + T Om(CMUED) g™

m>0
On the other hand, [BY, Theorems 5.1, 8.1] (see also Theorem [4.1]) asserts that

#CM(K)

f(T): —W

1 2 .
BK/F) + mzw( Sbu+ W—KGm(CM(K))) q

is a modular form of weight 2, level D, Nybentypus character (2). Since g(r) =
¢(7) — f(7), one obtains the theorem.

We proved that T77.CM(K) = %bl if furthermore Ok is a free Op-module [Yal].
In particular, for D = 5,13, 17, this, together with Theorem [[.2} implies that g(7)
is cuspidal, and so the Colmez conjecture holds in these cases. We proved that
Tm.CM(K) = %bm for all m > 1, assuming further that Ok is a free Op-module
[Ya2]. It gives the first non-abelian Chowla—Selberg formula.

2 The Faltings Height

Let g > 1 be an integer, and let H, be the Siegel upper plane of genus g, i.e., the set
of symmetric matrices z = x + iy € Sym,(C) such that y > 0 is totally positive.
Let A, = Spg(Z)\]H[g be the open Siegel modular variety of genus g over C. Let
Ajg be the moduli stack over Z of principally polarized abelian varieties (A, A), then
Ay (C) = [A,] as orbifolds. Let Ag be a toroidal compactification, and let w be the
Hodge bundle on flg. It has a natural metric defined as follows. Let « be a section of
wandlet z = (A;, A;) € Ag(C), The value o, of v at z has metric

1 \¢8
o =] (5)" [ anal.
271 A,(2)
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We write @ = (w, || - ||nat) for this naturally metrized Hodge bundle. We remark
that different authors use different normalizing factors (we use (%m_)g here). For a
primitive arithmetic one-cycle Z = (A, \) € A4(Or) where L is a number field and
Oy is the ring of integers of L, we define its Faltings height with respect to & as

1 . 1
(2.1) hy(Zz) = TR divs.Z — ;& T ETRY)] log ||s(o(A), A)]nat-
Here Aut(c(A), A) is the automorphism group of (¢(A), A) over C. It does not change
when we replace L by its finite extensions. We define the Faltings height of an arith-
metic 1-cycle Z by linearity. Let w,/; = Af€2y/0, which is an invertible O;-module
(since A has good reduction everywhere). Let L’ be the Hilbert class field of L. Then
wa/rr = wayr @ O is a principal Or--module. Without loss of generality, we may
thus assume that w,;; = Opa is already principal. In this case (2.1 gives

1 1 1\¢ -
ho((A, ) = =5 o m;«; Aiut(a(A)’)\))log‘ (=) /m)(@ o(a) Ao(@)|.

Let (A, ¢, A) be a CM abelian variety over C of CM type (Ok, @), i.e.,
t: O — End(A)

such that the induced action of Og on 4 is given by the CM type ®. Then (A, ¢, A)
descends to an abelian variety (Ar, ¢, \) where Ay is an abelian variety over O with
good reduction everywhere, and ¢ and A are also defined over O;. In such a case,

Aut((o(AL),N) = px

is the group of unity in K, and is independent of the choice of Lor o: L — C. So it
is natural to define

1 I \¢ S
heald) = Wil (40 =~ 3 tog] (577) [ otenat)]

Here Wi = #ux. Notice that this normalization differs from Colmez’s normalization
by £log 27 [Co]. It is not independent of L. In fact, Colmez proved that it is only
dependent of (K, ) [Co, Theorem 0.3].

By [FC, p. 141], if f(7) is a Siegel modular form for Spg(Z) of weight k, then

a(f) = f(r)Q2midw, A 2midwy A -+ A 2midw,)F

is a section of w(kc, when pulling back to IH, where dw; Adw, A - - - Adw, is a trivializa-
tion of we over IHg. Moreover, a( f) gives a section of w* over a subring R if and only
if the Fourier coefficients of f are defined over R. Conversely, every section of w¥ can
be identified this way. Let M = (My, I - lpet) be the line bundle of Siegel modular

forms of weight k with the following Petersson metric

1 () lpet = | £(7)](47)8 detIm(7))?.
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Then it is easy to check that f — «(f) gives an isomorphism between My and ok .
Indeed,

k
(A2 = \f(z)\z‘ (Zﬂi)g/ dwi A dwy A dwy, Ndiy A - N\ dwg N dvidg
A,

= |f(2)]((47)*Im(2))*.

Let K be a CM number field of degree 2¢ with a CM type @, let CM(K, ®) be the
set of CM abelian varieties with CM type (Og, ®). We extend it to an arithmetic
1-cycle in A, over O; for some number field L, and denote it by CM(K, ®). Then the
following lemma is now obvious.

Lemma 2.1 Let f be a normalized meromorphic Siegel modular form defined over
Oy, i.e., its Fourier coefficients are all defined over O and generate Oy. Assume that
div f and CM(K, @) intersect properly. Then

k# CM(K, @)

We hea(A) = hgp (CM(K, @)

. 1
= div fCMK, ®) — o > log|[f(7)][pe
A;€CM(K, D)

for any CM abelian variety A € CM(K, ®). Here for 7 € H,, A, = C¥/L; is its
associated principally polarized abelian variety where L, = 778 & 73.

Next, let F be a totally real number field of degree g, and let 0 be its different. Let
L(f)=SLOraf)={(24) €SL(F):a,d € Op,c€f ', bef},

and let X(f) = I'(f)\H® be a Hilbert modular variety. Let X(f) be the moduli stack of
the triples (A, ¢, A) defined over some number field where A is an abelian variety of
dimension g with real multiplication

L1 Op C End(A) and A:'07! — Homg,(4,AY)SYM
is a polarization module map satisfying the Deligne—Pappa condition (see [Go]):
FTlo7' @A — AY, (ra) — Ara

is an isomorphism. Then X(f) is the coarse moduli scheme of X¢ and the map
(A, 1, \) — (A, \(1)) gives a natural map from X(0~!) to A, which extends to a map
¢ from a toroidal compactification X(9~!) to some Ag. Over X(9~! = I'(0~")\H¢#
the map is given as follows. Let e = {ej, ... e} be an ordered Z-basis of Of and let
f={fi,-.., f¢} beabasis of ' such that

1 ifi=j,

trp/q €ifj = 0ij = {0 ifi # j.
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Let o = {01,0,,...,04} be the (ordered) set of real embeddings of F, and set

R =o0(e) = (oi(e)) € My(R).
Then it is easy to check ‘lR™! = o(f) = (0i(f;)). Finally for a € O and z =
(z1,...2,) € (5, we set

a* = diag(oy(a),...,04(a)), z*=diag(z,...,z).

Lemma 2.2 Let the notation be as above, then the map

¢: DO H\HE — Spg(Z)\]HIg
is given by ¢(z) = 'Rz*R. The associated map T'(0~") — Sp,(Z) is given by

¢(¢h) = diag(R™','R) (* . ) diag(R,'R™Y).

c*d*

Proof Let A = O @ 0~ be with the symplectic form

({(x1,%2), (y1,72)) = trga (x172 — X21).

We embed F into RS via o and then embed A into R*¥ = R¢ @ RE. Then A =
diag(R,’R™1)L, with L = 7 & 7 being the standard lattice of R* with the standard
symplectic form. Since I'(9~") acts on A linearly and preserves the symplectic form,
so it acts on L and preserves its symplectic form, this gives the map ¢: I'(9~!) —
Spg(Z) in the lemma. Indeed, for v = (’Z Z) € I'(071), one has

~L = diag(R™!,"R)vA = diag(R™",R) (% 12) A

= diag(R™", R) (% . ) diag(R,'R™")L.
For z € H8, its associated abelian variety is A, = 8 /A, where
A, ={"(o1@z +01(b),...,00(a)z + 04(b)) :a€ Op,bed'}
=Z*R78 +'R™'78 ='R7'L..

Here 7 = 'Rz*R € Hy, and L, = 728 + 78 = {ra+b : a,b € 78}. So A; is

isomorphic to A;, where A is the abelian variety associated with 7 € H,. ]

Notice that | det R| = \/dr where df is the absolute discriminant of F. So for a
Siegel modular form f of weight k,

| (P23 = | f(6(2))*((4m) Im('Rz*R))¥ = | f(p(2))|*((47)¢dr [ ] Im(z:))*.

Let M (071!) be the line bundle of Hilbert modular forms of weight k on X(97!),

and let M (071) = (Mp(0™1), || - ||per) be the metrized line bundle of Hilbert mod-
ular forms of weight k with the following Petersson metric

19 (2) [ = [0 (2)[*((47)%dp [ Im(z:))".

It can be extended to a metrized line bundle on X(9~!), which we still denote by
J\A/[k(ﬁ_l). Notice that for a CM number field K with maximal totally real subfield
F, EM(K, ®) can be viewed as an arithmetic 1-cycle in X(0~!). So we have the
following.
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Corollary 2.3 Let'V be a normalized meromorphic Hilbert modular form for T'(07!)
of weight k such that div U intersect with CNM(K, @) properly. Then

k# CM(K, )

Wi hra(A) = hﬁk(a,l)(eM(K, D))

. 1
:dlv\Il.GJV[(K,tb)—W— Z log || T (2) | pet-
z€CM(K,®)

Now we consider a special case which is in the main interest of this paper. Let
F = Q(v/D) be a real quadratic field with discriminant D = 1 mod 4 being a prime
number. In this case,

[:=T(0p) 2TO7"), y—9= diag(l, ?) fydiag<1, %) ,

where € > 1 is a fundamental unit of F so that e’ = —1. This induces an isomor-
phism

i
M\H? — T Y\H?, (21,25) (Lz,iz).
\ (07)\H", (21, 22) NNk
Let JV[k = (M, || - lpe) be the metrized line bundle on X of Hilbert modular
forms for I' = SL,(OFf) with the following Petersson metric:
19(2)[pe = [W(2)| (1677 y1y2)"?
Then the above remark and Corollary[2.3]give the following.

Corollary 2.4 Let U be a normalized meromorphic Hilbert modular form for SL,(OF)
of weight k such that div ¥ and CM(K, @) intersect properly. Then

k# CM(K, ®)

We hea(A) = hgp (EM(K, @)

. 1
= div 0. CM(K, &) — 7o > 1T@)] e
z€CM(K,®)

for an abelian surface of the CM type (K, ).

3 The Colmez Conjecture

In this section, we review the Colmez conjecture [Co] and pay special attention in
the end for the case K is a quartic CM number field.

We fix an embedding Q < C, and view all number fields as subfields of Q. Let
QM be the composite of all CM number fields in Q). It has a unique complex con-
jugation p. For a CM number field L, we denote G- = Gal(Q.®M /L) and simply

GEM — G&M. We define the Haar measure on GEM with total volume 1, i.e.,

/ du = Vol(G*M) = 1.
GGJ\{
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So Vol(GE™M) = [L:] .

For a field R of characteristic 0, let H(G®M, R) be the Hecke algebra of G*M, i.e.,
the ring (without identity) of locally constant functions ® on G*M with values in R
with the convolution as the multiplication:

Bixae) = [ BB dh,
GeMm
When R = C (or a subfield invariant under the complex conjugation), we define the

reflex function ®V via ®V(g) = ®(g—1), and define a positive definite Hermitian
form

@)= [ BB dh = (1 8)(0),
Gem

Let H*(G®™, R) be the subring of locally constant class functions on G*™ with val-
ues in R, i.e, ® € H(G®M, R) such that ®(hgh™') = ®(g) for all g, h € G®M. By
Brauer’s theorem, H*(G™, ) has a basis given by all Artin characters x = X, of
G®M_ where 7 runs over all irreducible representations of G®M_ For an Artin char-
acter ¥ of G®M, we denote by far(x) the analytic Artin conductor (i.e., the one used
for the functional equation) L(s, x), the Artin L-function, and define

_ L'(s,x)

Z(s,x) = L)

lJ'Art(X) = IOg fArt(X)-

We extend the definition linearly to all functions ® € H*(G*M Q).
Notice that there is a projection map ® — ®° from H(G*™, Q) to H(G*M, Q)),
given by

P(g) = / D(hgh™") dh = 37(®, y)x.
Gem

X
A CM type is a function ® € H(G®™,7) such that ®(g) € {0, 1} and
O(g) +P(pg) =1 foreveryg € GEM,

This is consistent with the usual definition of a CM type. Indeed, let K be a subfield
of finite degree over () such that

(3.1) d(gh) = ®(g) forallh e GPM, g e GEM,
Then ® can be viewed as a formal sum

(32) o= > a,(®)o,

o:K—Q

where a,(®) = ®(g) for any ¢ € G*™ with g|[K = 0. The two conditions on a CM
type function ® are exactly what is needed to make the formal sum ® a CM type of
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K in the usual sense. Conversely, a formal sum as (3.2)) gives rise to a function ® on
G®M. We will use the same notation ® for the two meanings of a CM type. If we take
K to be the smallest subfield of QM such that (B.I)) holds, then (K, ®) is a primitive
CM type. When K is Galois over (), the reflex type ® in the usual sense corresponds
to the reflex function ®V.

For a CM type @, we define Ag = ® x ® and let A} be the projection of Ag
to H(G®M, (). Concretely, let (K, ®) be a CM type of a CM number field K in
the usual sense, and let M be a CM Galois extension of () containing K, and let
Py =}, |cecq 0 be the extension of @. Then

1 -
A() == 7@ (I) .
O [M(Ol] M*M

Here we recall that &), = Y- a,0 ' if &)y = > a,0. Moreover, if

Agp = Z c(o)o,

o€Gal(M/Q)

then

#[O’] TE|[o]

1
A = ZCO(U)CT, with *(0) = — Z (7).
Here [o] is the conjugacy class of o in Gal(M/Q).
Let (K, ®) be a CM type, and let A be a CM abelian variety of CM type (O, ).
We may assume that A is defined over a number field L with good reduction every-
where. Let hg,(A) be the Faltings height of A. It can be proved that

i (®) = [K:—lQ]hM(A)

is independent of the choices of A and is even independent of the choice of K if
we view ® as a function of G*™. We call it the Faltings height of ®. Colmez [Co,
Theorem 0.3] asserts that there is a unique Q-linear function ht from H O(GEM R),
the height function, satisfying a specific condition and

hea(®) = —ht(AG) — 3 puan(AG) + § log2m.
Here the extra term }log27 is due to the different normalization of the Faltings
height between our definition and Colmez’s. Furthermore, he conjectured [Co, Con-

jecture 0.4] that for any ® € H°(G®M, (), one has ht(®) = Z(0,®"). In terms of
the Faltings height, it means the following.

Conjecture 3.1 (Colmez) hpy(®) = —Z(0,A}) — 1 pan(A}) + 1log 2.
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Two CM types ®; and @, are called equivalent if there is 7 € G®™ such that
®,(0) = ®,(70) for every 0 € G®M. Clearly, two equivalent CM types have the
same Faltings height.

Now we consider some simple examples. First let K = Q)(v/—d) be an imaginary
quadratic field with the CM type ® = oy, where oy is the identity map. In this case,
® = Pand Ay =Ag = %ao = i(Xo"’de)? where Y is the trivial character and x _4
is the Dirichlet quadratic character associated with K/Q. So the Colmez conjecture

is simply
¢'(0) L'(0,x—q) 1
3.3 2hga(E) = — — — —logd + log2m
(3.3) Fal (E) C0)  LOx_p 208 g
L'(0,x—a) 1
=——""—"— —logd
LO,x-q) 20

for a CM elliptic curve with CM by O_,. This is a reformulation of the Chowla—
Selberg formula [Co].

Next let K = Q.(v/D, v—d) be a bi-quadratic CM number field with real quadra-
tic subfield F = Q(+/D) and two imaginary quadratic field F; = Q(v/—d) and
F,(v/—Dd). Let ® = 1 4+ 0 be a CM type of K with 1 being the identity map and
o(v'D) = =D, o(v/—d) = \/—d, i.e., o fixes F;. Then ® = &, and

Ay =Ag =51 +0)" =30 +0)= (0 +x-a),

where X is the trivial character of Gal(K/Q)) and x_ is the nontrivial character of
Gal(F,/Q) viewed as a character of Gal(K/Q). So the Colmez conjecture implies

! L’ _ 1 L’ _ 1
_C(O)_ (Oax d)—flogd+log2ﬂ'=— (Oax d)—flogd

heaA) = =0 T T 2 L0 2

for a CM abelian surface of CM type (Og, ®). That is the same as hp,(A) = 2hp,(E)

for a CM elliptic curve with CM by O_; = Z[fd%‘/jd], by the Chowla—Selberg
formula (3.3). Indeed, let E be a CM elliptic curve with CM by O_;. Then A =
E® Op = E x E is of CM type (K, ®) with CM by Ok. So hp(A) = 2hp,(E). We
summarize the two examples in the next proposition.

Proposition 3.2 Let K = Q(v/D,\/—d) be a bi-quadratic CM number field. Let E
be a CM elliptic curve with CM by O_; and let A be a CM abelian surface of CM type
(Ok, @), where ® = Gal(K/Q.(v/—d)). Then

A/(Oa X—d)

1 1
— = -T'(1) — - logdm + ———>—=.
hrai(A) = 2hra (B) = ST(1) = o logd + “r= 3

Here

M- = (D) (2 16,
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Now let K = F(v/A) be a non-biquadratic quartic CM number field with max-
imal totally real subfield F = Q)(v/D), the case of special interest in this paper. We
first assume that K is not Galois over ), and let M be the smallest Galois extension
of Q) containing K. Then Gal(M/Q) = (o, T) is a dihedral group D4 with

o(VA) =VA, o(VA) =—-VA,
T(VA) = \/E, (VA = VA.

Let ® = 1 + 0 be a CM type of K, and let K be its reflex field with maximal real
quadratic field F. Then ®y; = 1+ o0 +70+7and @y, = 1+ o~ ' + 70 + 7. So

1 - 1
Ap = §<I>M<I>M = Z(2+2T+U+J_1 +70+0T),

and

1 1/1
Ap=g(1-rr > a)=1(3%+n)

a€Gal(M/Q)

Here X is the trivial character of G, and 7 is the unique two-dimensional repre-
sentation of Gal(M/Q), and can be realized as Indg“; Xg/p> Where xg/p is the non-
trivial quadratic character of Gy factoring through Gal(K/F). Notice that 7 is also
Indg? XK /F-

When K is a cyclic quartic CM field with a CM type @, the same calculation
(slightly simpler) shows

1/1
=4 (30 +0)

as above, with m = Indgf Xx/F- Notice that 7 is not irreducible in this case.
Let X = Xg,r be the quadratic Hecke character of F associated with K/F, and let

(3.4) A0 = (i () L)

be the complete L-function of x as defined in [BY, §6], where f, = Ng qdg /pdp is
the Artin conductor of . Then we have the following.

Proposition 3.3 Let K be a non-biquadratic quartic CM number field with real quad-
ratic subfield F. Let ® be a CM type of K and let K be its reflex field with real quadratic
field F. Let x = x¢ /i be as above. Then the Colmez conjecture for ® is the same as

~A(0,0)
A0, x)

8hra () = +T7(1) — log 4.

That is, hpa(A) = 3B(K/F) = 1 B(K/F) for any CM abelian surface with CM by O.
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Proof The above calculation gives A} = %Xﬂ + %XOv where X is the character of the
two-dimensional representation m = Indg\l‘j Xg/m> and o is the trivial character. So

L'(s, xg /)

Zz w) = s
(5 Xn) L(s, xg/r)

,LLArt(Xﬂ) = IOg ka/p'

(we trust the reader will distinguish the representation 7 from the number 7). For
X = Xg/p> one has

L'0,x)  ,¢'0) 1

8(20.48) + Juna(a) = T + 25+ S log f,
A'(0, x) I'(3) . ¢0)
= 1 - 2 .
Ao T T T T
Now recall that
INCYN ¢'(0) oo
I = —v—2log2, 0 =log2m, TI'(1)= —v,
where 7 is the Euler constant. So
(Z(O AY) + /LAn(A )) A/((O X)) + v + log 4w + 2 log(2m).

Now the proposmon is clear. Notice that 3(K/F) = B(K/F), and L(s, Xg/E) =
L(s, Xk /F), since IndG Xg/F = IndGF Xk/F = 7 as explained above . [ |

This proposition implies that hp,(A) for a CM abelian surface with CM by Ok
is independent of choice of the CM abelian surface or the CM type when K is non-
biquadratic. This is different from the bi-quadratic case discussed above. It might be
interesting to note that

A'(0, XK/F)

hea(Ad) + hea(Apd) = =g

+T7(1) — log4r

for the bi-quadratic case K = Q(v/D, v/—d), which is very much like Proposition[3.3]
Here A4 (resp. Apg) is a CM abelian surface of the CM type ®; = Gal(K/Q.(v/'—d))
(resp. @pg = Gal(K/Q.(v/—Dd)), and F = Q(+/D).

4 Proof of the Main Theorem

The purpose of this section is to prove Theorem [[.2] First we recall a modularity

result of Bruinier, Burgos Gil and Kiihn on arithmetic Hirzebruch—Zagier divisors.
Let X be a toroidal compactification of the arithmetic Hilbert modular surface X

and let T, be the corresponding compactification of T,, in X. Bruinier, Burgos Gil
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A ~ —1 -
and Kithn [BBK] defined an Arakelov divisor T, = (T},,,2G,,) € CH (X) (we prefer
a slightly different renormalization so that (¥, —log || - ||*) is a principal divisor for a
rational function on X). They proved in the same paper [BBK, Theorem A] that

d(r) = M\%/ +Mz;1‘frme(m7') € M;’(D, (B)) ® Eﬁl(jC)

is a modular form valued in Eﬁl (X) for Ty(D) of weight 2 with Nebentypus charac-
ter (2). Here M3 (D, (2)) is the subspace of modular forms of weight 2, level D, and
Nebentypus character (£) such that its Fourier expansion f(7) = D om0 Ame(mT)
satisfies a,, = 0if (2) = —1.

Recall that there is a bilinear form, the Faltings height pairing

CH (%) x 22(%) — C,
given by
1 1
hro(2)=T.2+5 Y | FAui 0@

2
zeZ(C

when T and Z intersect properly.

Let CM(K) be the moduli stack over Z representing the moduli problem which
assigns a base scheme S to the set of the triples (A, ¢, A\) where ¢: Ox — Endg(A)
is a CM action of Og on A and (A, t|o,, A\) € M(S) such that the Rosati involution
associated with A reduces to the complex conjugation of Og. The map (A, ¢, \) —
(A, t]os, A) is a finite proper map from CM(K) into M, and we still denote its direct
image in M by CM(K) by abuse of notation. It was proved in [Yal, Lemma 2.1] that

CM(K)(C) = 2 CM(K) := 2(CM(K, ®) + CM(K, ")),

where ® = {1,0} and ®' = {1,07'} are CM types of K given in SectionBl As
mentioned in Section 2] hg,(A) depends only on its CM type. Since A — o~ 1(A) is
a bijection between CM(K, ®) and CM(K, ®'), and hg,(A) = hra(o071(A)), we have

heat (CM(K)) = 2# CM(K)hai (A)
for a CM abelian surface A with CM by Ok. By Corollary[2.4} one sees that

ey, (EM(K)) = —WLK# CM(K)hra (A).

Now applying the height paring function to ¢(7) and CM(K), one obtains the
following modular form in M,(D, (2)):

#CM(K) 2
4.1 = ———— " hra(A Tm.CM(K) + —G,,,(CM(K ",
(41) ¢(r) e F1(>+MZ>O( MK) + 77~ G (CM(K)) q
Here G,,(CM(K)) = ZZECM(K) Gp,(z). This is the first main step in proving Theo-
rem[[.2] To continue, we need a result of Bruinier and Yang [BY] on modularity of

CM values of automorphic Green functions G,,, which we state as the following.
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Theorem 4.1 (Bruinier and Yang) The function

#CM(K) 1 2 m
fir) = 5 o AK/B) + mzw(zbwwc;m(CM(K)))q

is a modular form belonging to M5 (D, (2)). Here b,, are the constants defined in the
introduction.

Sketch of Proof Let

E(7,0) =1 +ZC(m,0)qm € M;(D, (9))

m>0

be the (unique) normalized Eisenstein series in M, (D, (£)) defined in [BY, Corol-
lary 2.3]. Using a derivative of the incoherent Hilbert Eisenstein series, diagonal re-
striction (to elliptic modular forms), and holomorphic projection, Bruinier and the
author proved [BY, Theorem 8.1] that

(@2 )= 3 (Shnt yen) a" + {AOxePBR/ENEL (7,00~ 1)

m>0
is a cusp form belonging to S5 (D, (2)), where

cmzliir%{Z Z

nj:mfed—l +
R/F

(tdK/F)Qs_l(r”ﬁ) +A(0,XK/F)( ZC((m (i)) ;;m) }

Here dg p is the relative discriminant of K/F, the subscript + means totally positive,
pla) =#{A C Of: NK/F(‘JI) = a} is the norm counting function, £,, is some nor-
malizing constant depending on m, and Q,_; (¢) is the so-called Legendre function of
the second kind.

On the other hand, the CM value of G, is given by [BY, Theorem 5.1] (together
with normalization in [BY, (2.24), (2.25)]) that

2 Gu(CM(K, @))—llm[ > 1( ’z/q)pK/F(ude

We
K m —
p=" A ed

(C(m,O) _Lm) #CM(K, @)} .
2(57 1) ng

One has the same formula for G,,,(CM(K, ®')) with 2= m‘f replaced by ”+"’f . So

C(m,0) ) (2#CM(K)

(CM(K))—cm+l1m<2(s_l) W
R

— A(0, XK/F)) .

K
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This implies

2# CM(K)

4
WKGm(CM(K)) = Cm, A(07XK/F) = Wy

Plugging this into (£.2)) and using the facts (see the proof of Proposition B3]

A, xg/p) = MG xigr),  BR/E) = BK/F)

and
10 ifK =Q(¢s),

W = W" =
K K 2 otherwise,

one obtains the theorem. [}

Proof of Theorem[1.2] Now the proof of Theorem is clear. Indeed, one has by
(1) and Theorem@dlg(7) = ¢(7) — f(7). u
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