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Abstract

In the paper we study the asymptotic behaviour of the number of trees with n vertices and diameter
k = k(n), where k/\/n — oo as n — oo butk = o(n).

1991 Mathematics subject classification (Amer. Math. Soc.): 05C30.

1. Introduction

The diameter of a connected graph G is the largest distance between its vertices, where
the distance between two vertices is defined as the number of edges in the shortest
path connecting them. Let ¢ (n, k) denote the number of labelled trees with n vertices
and diameter equal to k. The asymptotic value of 7 (n, k) for k which is near ./n was
established by Szekeres [3] by a delicate analysis of the generating function. The
purpose of this work is to present a simple combinatorial argument by which one can
extrapolate Szekeres’ result to all values of k such that k/./n — oo butk/n — 0 as
n— oo.

2, The number of trees with large height—a crude upper bound

In this section we study the behaviour of h(n, k), the number of labelled rooted
trees on n having height k, where by the height we mean the maximum distance from
a fixed vertex vy, called the root, to any other vertex of a graph. (Here and below we
shall always assume that v, is the lexicographically first vertex.)
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Our starting point is the following result of Rényi and Szekeres [2], which determ-
ines the limit value of 4 (n, k) when k is of order \/n.

THEOREM 1. Let n, k be natural numbers and 8 = 2n/k*. Then

h
1) palk) = (” 2

=Q2+o (l))‘/ /32 2147r4/3 — 3i27t2) exp(—ﬂnziz),

uniformly for every 0 < ¢ < |B| < C and any positive constants c and C.
In particular, for n large enough and for every 1 <k < n — 1, we have p,(k) <

100//7.

Let us note that, since ¢ in Theorem 1 could be chosen arbitrarily small, there exists a
function y (n) which tends to infinity as n — oo such that (1) holds uniformly for every
1 < |1/B] < y(n). Throughout the paper we shall always assume that this function
¥ (n) is non-decreasing, y (1) > 10'° and, for n large enough, y (n) < logloglogn.

The formula for p,(k), given in (1), can be transformed (for example, using
Poisson’s formula) to the form

27t 32 i? X 72i%k3 6i%k i2k?
2 (o) e (-5) = 2 (G - 5 e (-5

Thus, for every function y’(n) < y(n) such that y’(n) — oo as n — oo, uniformly
for every k = k(n) such that y'(n) < k?>/n < y(n) we have,

243 k?
@ pa(k) = (1 + 0(1)) =5 exp (——) .
n 2n

It turns out that the left hand side of (2), slightly adjusted, can easily be shown to
be an upper bound for p, (k), for all k of the order larger than /n.

LEMMA 1. Let
k2 IS
f(n)= max {p,.(k)/—eXP( 2)}
k>, /nlog log y(n) 3n

limsup f(n) < 1.

n—>oo

Then

PROOF. Note first that

hn, k) < ( " ; 1 )k!k(n D *2 = (n— 1)k(n — D**2

k? k?
< n—2 —_——_— e —
) kexp ( 2n  6n? )
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so, for k > n%%7,

k n? k3
p,,(k)/——exp( — 4+ 3n2) < Fexp (—E’—IE) <0.5.

{Here and below we claim that all inequalities are valid only for » large enough.)

Suppose that the assertion of Lemma 1 does not hold. Then, for some constant
€ > 0, there exist an absolute constant C and a function z(n) such that z(n) > 1 + ¢
and for every ng, one can find n > nq such that

2k3 k2 k3
4) pn(k) = Z(n)— CXp< n + ﬁ)

for some /n loglog y (n) < k < n®%, whereas for every m < n we have
f(m) = Cf(n) <2Cz(n).

We shall show that (4) leads to a contradiction.

Let us define an (n, k, [)-structure as a triple (T', P, T"), where T is a rooted tree
of |T’| < n — [ vertices, P = vy, ... v, is a path of length / contained in T’ which
starts at the root, and 7" is a rooted tree with n — |T’| vertices with height equal to
{ — 1. Suppose that a rooted tree T has height ¥ and path P’ = vgv,v; ... v, joining
the root of T to the highest leaf of T. (If there are many such leaves, take as v, the
lexicographically first one.) Then one may obtain from T an (n, k, /)-structure by
setting P = vgv; ... v, and picking as T’ and T” trees obtained from T by deleting
edge vy Up_1+1, Where vertex v,y serves as the root of 7°. Thus, the number
a(n, k, 1) of (n, k, I)-structures is a rather natural upper bound for 4 (n, k). In fact, we
shall prove later that for suitably chosen /, h(n, k) = (1 + o(1))a(n, k, ).

Clearly, for a(n, k, I), we have

n—1—k+I 1 _ _ . 1yn—m—k+l-2
abm. kD " (" lmk+’)(m+1)"'“pm(1)(k_z)(” m—

ph—2 nn—2

m=l

n
(Y-

_Z n! (m+1)m (n__m_l)n—m—k+l—2
ntm+D) (n—-1—-—k+1-m)!

(k=D pm(D).

Hence, using Stirling’s formula, we get

a(n, k) _ nnt1/2 (m+ 1)"‘—’ n—m— 1)n—m—k+1—2
-2 -l - m+1)! mn—-—m—-1—-k+ [yr—m—k+i-1/2
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1 1
x(k — D pn(l) exp (—k +14+0 (; + m))

Z k—1 n—m—1—k+l
J_ m3/2 n—m—l—k+l

1 1
) xpmyexp(—k+1+0(—+——-——+2)),
m n—-m-—k+1 n

where all constants hidden in O (-) can be bounded from above uniformly for all m.

If /nloglogy(n) < k < n®% then

k—1 n—m—1—k+l (k_l)2 k3
1 < k—l——+—,
( +n—m—1—k+l) _exp( 2(n—m)+3n2)

so, from (4),

an, k, 1) |"=XH k (k —1)? 1 1 Lm
nn-2 S{ ;I m3/2 exp(2(n—m)+0<m+n m— k+l ))p,,,(l)

X ! ex K
V2 P 3n?
We shall estimate the above expression for / = (n/2k)log y (n). Let us consider

first the case when m < m_, where m_ = n?/(20k*) log y (n) < I>/logy (m). Then,
due to our assumption,

203 ? K 23 2 ?
pu(l) < f(m)'—n—2 exp (_ﬂ + W) < 2Cz(n)— exp (——2— + W)

and, for n large enough,

L exp( & (k - 1)2 l+—l =) pn
2 P 3n? m3/2 m n—m—k+l P
kl3 I h—12 D
: 20“”)‘”‘"( ) (2 3;;‘)
k? k3 kB 2 ki 3
<2CZ(”)CXP(__+§);W Xp(_%'f‘n_m'{'ém—z)

k2 k3 2/ logy(n) k3 2
< 2Cz(n) €Xp (—2— + ﬁ) Z; W exp (—m)

k(log y (n))? KK
—lz—exp o +F—logy(n)/10

2Cz(n) K ex k2 k?
log y(n) n? P 3n2

<2Cz(n)
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Now set m, = (4n%/k*)logy(n) and consider the case when m_ < m < m,.
For such m we have 0.1log y (m) < I?/2m < log y (m) so we can approximate p,, (/)
using (2). Thus

1 k3 Tt k k — l)2 1 m
T P (W) 2 o (2(n —m T O (a * 7)) Pull)

_ 1+ 0(1) k3 o 2kI3 2 k — l)2
© =" Jom °"P(W)m§_m“f’ ('z'n:"——zm-m))'

The function g(x) = a?/x + b?/(c — x) attains the maximum for x = ac/(a + b).
Set mg = In/k and Am = m — my. Then (6) becomes

2+ 0(1) k? & R kP? (Am)? I?
exp| —=—+ — Z — exp|— —
ol 2n  3n%) e (mo+ Am)' 2 m

s k? &
= @ +o(1) 5 exp (——n + -—) .

Finally, note that if m > m,. then

(k —1)? k? ki mk—0D*  k?
- > _ + > —.
2n—m) " 2n n-—m n? ~ 2n

Thus, since from Theorem 1 max;{p,(!)} < O(1/./m), we arrive at

1 B\ g (k = )2 1 1 m
— — O —+——+— })p. €
27 exp(3n2) mzmz m3/2 exl)(Z(n—m)_*_ <m+n—m—k+l+n)>p ®

k2 k3 n—k+i—1 1
< O(k)exp (—— + —)

2 3 3 2 3

T omy 2n ' 3n? n”ogy(n)ex 2n  3n?

m?

m=my

Hence

Lk, (n/2k) 1
p,,(k)sa(n (nfln_z ogy(n))

Cz(n) + O(1) 2%’ St
= ( logyy T +0(1)) (7 P (_5 M ﬁ))

contradicting (4).
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3. The number of trees with large height—the asymptotic behaviour

In this part of the paper, using the upper bound for p, (k) provided by Lemma 1,
we repeat the argument from the previous section to get the limit value for i (n, k)
when k%*/n — oo but k = o(n). However, in order to do it we should know that, for
suitably chosen /, a(n, k, 1) = (1 + o(1))h(n, k).

Let F(n, k) denote a forest chosen uniformly from all forests with the vertex set
{1,2,...,n}and n — k edges, such that vertices 1, 2, .. ., k belong to different trees.
Moreover define H (n, k) as the result of adding edges {1, 2}, {2,3},...,{k — 1,k}
to F(n, k). Now, in order to show that a(n, k,!) = (1 + o(1))h(n, k) it is enough to
prove that almost surely (that is, with probability tending to 1 as n — o00) the graph
H (n, k) contains no paths starting at vertex 1 longer than k 4/ — 2.

LEMMA 2. Let k*/n — o0, k = o(n) and w(n) be any function which tends to
infinity with n. Then almost surely each path contained in H (n, k) which starts at
vertex 1 is shorter than k + w(n)n/k.

PROOF. Let T;, for i = 1,2,...,k, denote the tree of F(n, k) which contains
vertex i. We shall show first that almost surely every 7; contains less than (i) =
(k — i + Jw(n)n/k)? vertices. Indeed, since it is well known that almost surely the
maximum size of a tree in the random forest F(n, k) is less than (4n2/k?) logn (see
Pavlov [1]), the size of T; is less than m (i) for every i < k — 3(n/k)logn. On the
other hand, for the expected number of trees T; such that i > iy = k — 3(n/k)logn,
and with T; having more than (i) vertices, we have

n—k oy 6= D(n —m — 1)rm!
3 I () L e

i>ip m>m(i)

< Z Z 1 (n — k)n—k+1/2(n _ m)n—m—k—l

3/2 bk — n—k—m+1/2pn—k—1
i>ip m>m(i) m (n k m) n

1 Km
™ S22 e (_W)
3(n/k)logn 12 ( K2 + \/w(n)n/k)z)
< Z ——————exp|—
= i+Jom)n/k 3n?

< 40exp(—w(n)/3) — 0.
Let X be the random variable which counts all trees T; with less than m (i) vertices

and with height at least A(i)) = k — i + w(n)n/k. Since h2(i)/m(i) — 0, the
probability that the height of T; is larger than A (i) provided that it has m < m(i)
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vertices is, due to Lemma 1, bounded from above by

2 3 2 h2i p3(;
(1+0(1)) Z —e p( k + L) < (1+0(1)) 4h (l) exp (_h @) 4 h (1)).

3 2m 3Im?
k>h(r)

Thus, calculations similar to that from (7) lead to the following formula for the

expectation of X
k 4h2@) Bm  h*G)  BG)
EXSZ; ~ Tz TP\ T3 T om 3w
k ah2@i) Em  h2)
=2 2 S P\ "er ~em

k3h(z Kh2 @)
= 402 (_ 6n? )
< w(n)exp(—a)(n)) — 0.

Thus, almost surely H(n, k) contains no trees 7; with height at least fl(i ) =
k — i + w(n)n/k and the assertion follows.

THEOREM 2. Let k = k(n) be a function of n such that k//n — 00 asn — 0o but

k =o(n). Then
2 |k3 n—k—4
@®) hn, k) = (1 + o(1) T

(n—K)!

PROOF. Since, for k < /ny(n), (8) follows from (2) and Stirling’s formula it
is enough to prove Theorem 2 for k > /ny(n). Due to Lemma 2, h(n, k) =
(1+o(1))a(n, k, Iy wheneverlk/n — ocasn — oo. Letusset! = (n/k)logy (n/k).
Then (5) becomes

a(n, k, 1) (n— k)' Z k—1 n—m—1—k+l
nn—k-2 n! o m3/2 n—M—l—k+l

©) prm(l)exp krlro(te—1 1My
n! m n—-m-k+! n

Setm_ = (n*/50k*)logy (n/k) and m, = (n2/k*)log y (n/k)loglogy(n/k). As

in the proof of Lemma 2 we shall split the sum in (9) into three parts and estimate
each of them separately.
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Note first that, by elementary calculations,

k_l n—m—1—k+l
1
( +n—m—1—k+l>
k=1 \"" Smk—1)? mkd  m2k?
=(1 H{l+——>—— — 4+ 0| — .
(1 +o( )( +n—k+l—1> exp( pE + (n3 + e ))
Thus, since k*/n > y(n), form < m_ we get
k—l n—m-—-1—k+i
1
( +n—m—1~k+l>
k—l n—1—k+l me
10 =(1 1 1+ — — .
(10) (+o()>( +n—k+l—1) exp(M)
Moreover,
k —l n—1—k+I k n—k kl
(1 +o0(D) (H————) =(14+0(1)) (H—;l——_—k) exp (—l+;>

n—k+1-1
n! 1 ki
(n—k)!ﬁexP<k_l+;)'

(11) = (1+o0(1))

Hence, for m < m_, using Lemma 1 we get

1 n"(n —k)! k k—1 n—m—1—k+I
NORR!
var o mep()( +n—m—l—k+l>

ms<m_

n
kI? kI mk? P 12 1 m
(12) <(1+0(1))Z 7/26XP< +——+————+0(;+;))-

m<m_
But for m < m_ we have

kI mk? I ? 2

— — — < __._,
2n?  3m? 2m 20m

so the left hand side of (12) can be bounded from above by

? 50kl 2 k3
13) (1 1 — — — .
(13) (1 +0(1) Y me p( 20m) <~ exp( ZOm_) = gy k)

m<m_
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Similarly as in the proof of Lemma 1, using (2), we get
1 n"(n -k k—1 n—m—1—k+I
m() |1
v on 2 ? ()( +n—m—1—k+1)

1
X exp(—k+l+0(;+ﬂ))
n

— 4]
- 2n?

2m

and setting mo = In/k, Am = m — mg leads to

1+ 0(1) <= 2k (kl mk? 12)

2n o m'? X 2n?  2m
_14+0(1) = 2k13 ex ( (Am)?* I )
= ,_2” e (mO + Am)7/2 P ) mg

_ 1 4+ o(1) 2kI?
- V2 m%

In order to deal with large values of m note that forevery x € (0, 1/2)andy € (0, 1)

(14) f e ?dx = (1 + 0o(1))2k3/n?.

1+ x/(1 = y)'™ < (1 + x) exp(—0.1x%y?).

Thus, for m > m,, we have

- k—1 n-m—1—k+l (14 k—1 n—l—k+lexp _mZ(k _ 1)2
n—m—1—k+l - n—k+1—1 10n?
k—1 n—1—k+! kl
<{1 I —_
—( +n—k+1—1> ex"( n)

and (11) together with the fact that p,,(/) < 100/./m implies that

1 1 k k—1 n—m—1—k+l
V2r m3/2 n—-m-—1—k+1

m>m,

k
('l-k)' 1 1 m
L —k -4 7
X pm()eXp( +1+0(m+n_m_k+l+n))
50 K3
1 50 —_— < —_—
(13) = ”;M m2~ m, loglogy(n/k) n?’

Thus, the assertion follows from (9), (13), (14) and (15).
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As a simple consequence of Theorem 2 we get a new upper bound for h(n, k),
which, for large £, is much better than the one given in Lemma 1.

COROLLARY 1. There exists an absolute constant A such that for every n and every

k> /n
(16) h(n, k) < An'n" % /(n — k)!.

PROOF. Let us suppose that the assertion does not hold. Then we may find a
sequence {n;}%°, and a function k(n) such that k(n) > /n and
h(n;, k(n;))(n; — k)!
’ k-4 =00
=00 (n,»)!k3n,~'
Due to Theorems 1 and prefthm:3.1 the function k(n) could be chosen in such a way

that n/k(n) < C for some constant C. However, in such a case, from the trivial upper
bound given in (3) we get
. . c— k) 2
h(n;, k(n;))(n; — k)! < M
()3T T k() T

17

contradicting (17).

REMARK. After some more work it can be shown that if k(n)/n — a, where
0 < a < 1, then for some constant ¢(a) > 0

(18) h(n, k) = (1 + o(D)a(a)niPn"**/(n — k).

Theorem 2 states that (@) — 2 asa — 0 and one could easily check thata(a) — 1
asa — 1. However, to determine the exact value of ¢(a) for 0 < a < 1 one probably
needs more sophisticated tools than the elementary combinatorial approach presented
in this paper.

4. Trees with large diameter

The asymptotic behaviour of the number £ (, k) of trees with  vertices and diameter
k was considered by Szekeres in [3], who found the limiting value of t(n, k) for

k~ .

THEOREM 3. Let n, k be natural numbers and B = n/(2k?). Then

t(n, k 1 ) 27 & - — -
(n ) — +30( ) 77[ ;[47[8!-856 _ 36ﬂ6i6ﬂ5 +75”4i4ﬁ4

nn—2

(19) — 307228 + 4nSiSft ~ 10n4i452] exp(—Bnti?),

uniformly for every 0 < ¢ < |B| < C and any positive constants c and C.
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The main result of this section is stated in the following theorem.

THEOREM 4. Let k = k(n) be a function of n such that k = o(n) but k//n — o0
asn — 00. Then

VS yn—k—5
(20) tn k) = (1 + o)) 2HKR

(n —k)!

REMARK. Note that 7 (n, k) = (2 + o(1))(k/n)’ exp(—k?/2n + O(k*/n?)). Thus,
if we transform (19) using Poisson’s formula, in the resulting sum the polynomial
coefficient of exp(—1/8) disappears.

PROOF. Let us consider first the case when k is odd. Each tree with diameter
k = 2r + 1 could be, in a natural way, decomposed into two rooted trees, each having
height r, so

1 n—h+1

(2 1) = 3 (:l>mh(m,r)(n — m)h(n —m, 1),

m=h+1

where the factor 1/2 appears since we count each tree twice. If m is contained between
n/2 and 3n/4 then we could use Theorem 2 to estimate 4(m, r) and h(n — m, r), so,
using Stirling’s formula, we get

3n/4

% 3 ( r’; )mh(m,r)(n —m)h(n —m, 1)

m=n/2
1+ 0(1) n! 283mim™ =3 2r3(n — m)\(n — m)yn—m—"-3
2 ;m!(n—m)! (m—r)! n—m—r)
14 0(1) 2rén!nr—2r+1/2 1 (n — 2P Y=Y M= (n — myr—m=r
- V2r (=20 —mrn—m) P (m — )" (n—m —ry

Setm =n/2 + Am. Then

3n/4 1 n=2r " m""(n —m)y~""
m=Zn/2 m’2(n —m)2n=2(m —-ry*"(n —m — ryr-m-"

n/2 27 (n — 2r)n—2r(n + 2Am)n/2+Am—r(n _ 2Am)n/2—Am—r
= A,n:Z—n/z (n% — 2(AM)D)2 nn=2 (n + 2Am — ry/2+Am=r(n _ 2 Am — ry/2—Am=r
3 2/2: 2 (1 ___16r(n —r)(Am)? )""/2

A 12 (n?2 —4(Am)*)712 (n —2r)2(n2 — 4(Am)?)

: 8rAm )A’"
(n—=2r+2Am)(n —2Am)
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o2 27 8r2(Am)? r(Am)*>  r*(Am)?
- Z (n2 — 4(Am)?)2 exp (_ n3 +O( ns/2 + nt ))

Am=—n/2
5
=1+ 0(1))2rm

nit/z’
Hence
1 3n/4 n 26n!r5nn—2r—5
5 M;Z (m)mh(m, Y —mh(n —m,r) =1+ 0(1))W
2n!(2r 4 1)°pr-@r+b-5
=(1 1
A+ o) — o

Moreover, one can use (16) and repeat the above calculations to show that the sum of
all terms for which either m < n/2 orm > 3n/4is o(n\r’n"~#*Y=5/(n — 2r — H).
Thus, (20) holds for odd k.

Now let k = 2r. Then, similarly as in the odd case, each tree T having diameter
k = 2r can be viewed as two rooted trees 7’ and T” whose roots are joined by an
edge, where the heights of 7’ and 7" equals r and r — 1 respectively. Furthermore,
for each tree T, such a decomposition could be done in at least two ways. Hence,
since h(n, k) = (1 + o(1))h(n, k + 1), as an upper bound for ¢ (n, 2r) we get

1< /n
2 '; (m>mh(m, r—Dn—mhn—-—m,r)

= % ; (::l)mh(m, rin—mhin —m,r)

Q1) = (14 o(1))t(n, 2r + 1).

However, the number of decomposition of a tree T with even diameter into 7' and
T” can be larger than 2. Indeed, it might happen that deleting from T the common
midpoint w of all paths of length 2r results in a forest of rooted trees, among which
more than two have height r — 1. (By the root of a tree in such a forest we mean the
vertex previously joined to w.) Thus, in order to show that the number of trees for
which this happens is a negligible fraction of the number of all trees with diameter
k, it is enough to check that a ‘typical’ tree 7" having height r contains no two
edge-disjoint paths of length » which start at the root.

Note first the following simple fact.

FACT 1. Let F(n, k) be a forest chosen at random from all forests with vertex set
{1,2, ..., n}, which consists of k components each of them containing precisely one
Sfrom vertices {1,2,...,k} and w(n) — o0 as n — oo. Then the probability that
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the component of F (n, k) containing 1 has more than nw(n)/k vertices tends to 0 as
n — oo.

PROOF. By symmetry, the expected size of each component of F (n, k) is n/k. Thus
the assertion follows from Markov’s inequality.

From the proof of Theorem 2 it follows that to build a rooted tree T with n vertices
and height k one should set / slightly larger than n/k, choose k — [ vertices, build a
path P = vov; v, . . . v starting at the root, choose roughly m other vertices, build on
these vertices a rooted tree having height £ — / — 1, join the root of this tree to the last
vertex v;_; of P and finally, on the remaining n — m vertices, build a forest F such that
each of its components contains precisely one of vertices vy, vy, vs, ..., ;. Thus,
by the fact above, if T is chosen at random from all rooted trees with n vertices and
height £ then the component of F containing root v, almost surely has size less than
J/n < k, provided k/./n — o0 as n — oc. Hence, the number of rooted trees of n
vertices which have height r and contain two or more paths of length r starting at the
root is negligible when compared with the number of all rooted trees of size n and
height r, provided r//n — 0 as n — oo. Consequently, (21) gives the correct value
of t(n, 2r) and the assertion follows.

REMARK. Similarly as in the case of the height of rooted trees one can also prove
that

t(n, k) < Ank’n" 3 /(n — k),

for every k > /n and some absolute constant A’.
Moreover, if k(n)/n — a, where a < 0 < 1, then

_ a?(a@yn\k’n"*3
t(n, k) = (1 + 0(1))W,

where the constant ¢ (a) is defined by (18)).
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