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Abstract

Brash ice forms in harbours and ship channels from frequent ship passages and the resulting
freezing–breaking cycles create a unique ice formation. The brash ice accumulation over the win-
ter season is a result of meteorological, thermodynamical and mechanical processes. A reliable
brash ice growth model is an important asset when determining navigation routes through ice
conditions and when establishing port ice management solutions. This review aims to describe
the brash ice development and its modelling as well as the key parameters that influence the
brash ice growth and its estimation. This paper summarises the brash ice growth models and
the fundamental theories of level ice growth upon which these models are based, and outlines
the main knowledge gaps. The results highlight the importance of porosity and piece size distri-
bution and their effect on the consolidation process. The inclusion of the brash ice lateral move-
ment and the side ridge formation would improve the accuracy of forecast models. Furthermore,
the findings of the study identify the effect of omitting meteorological parameters such as snow
and radiation, from the brash ice growth models. Their contribution to the level ice thickness
suggests a significant influence on the brash ice consolidation process.

1. Introduction

Mid- and high-latitude harbours and fairways are liable to severe incidents due to cold weather
and ice cover. Events such as icing of structures, ridge formation, ice drifting, ice collar forma-
tion and brash ice accumulation, require proper management and control to ensure safe and
reliable operations. A discussion of these topics is given by de Almirόn de Andrés and others
(2018). Brash ice accumulation caused by vessel transits in harbours and channels often causes
time delays, economical losses, hindering ship movements and in some cases, collar formation
in the berthing area (see PIANC, 2004). Therefore, winter navigation relies upon management
strategies such as systematic observations, forecasting models and physical ice management
with a focus on ice-breaking operations. Frequent navigation in harbours and channels accel-
erates ice accumulation, and shipping operations must depend on the assistance of icebreakers
when brash ice accumulates. The formation of thick brash ice increases ship resistance and
does not allow ships to always navigate along the centre of the channel. Consequently, the
brash ice is not always symmetrically distributed along the channel (Sandkvist, 1986).
Eventually, with frequent breaking, navigation in the brash ice becomes harder than that in
level ice (Mellor, 1980; Fransson and Sandkvist, 1985).

Brash ice accumulation depends on the variation of the channel geometry caused by the pas-
sage frequency and ship hull geometry and propulsion. The inclined bows move the brash ice
mainly under the ship’s hull, and thus it goes back into the channel, while if the bow is wedge-
shaped ice is pushed mainly sideways (Kitazawa and Ettema, 1985; Ettema and others, 1998).
The blocks of ice that are pushed sideways can pile up under the adjacent level ice and form
side ridges. The ship channels can be divided into narrow or wide channels. In narrow channels,
brash ice experiences higher confinement, which can increase the thickness of brash ice. In nar-
row channels, the side ridges are also more prominent. The depth of the water is also an import-
ant parameter, especially for harbours, close to shore, rivers and lakes where the water is
shallower, and the accumulation of brash ice and side ridges can extend vertically down to
the seabed. In wider channels such as in harbour basins, the confinement is not that prominent
nor the side ridges (Riska and others, 2019; Bridges, 2020).

Thermally grown ice cover contributes to the weather by insulating the ocean from the
atmosphere. In particular, the development of fast ice during winter influences the local cli-
mate. Vice versa, the weather conditions, i.e. low air temperatures, wind and precipitation,
influence the ice growth and brash ice consolidation. Therefore, the ice thickness development
and accuracy of forecast models depend on different meteorological conditions in mid- and
high-latitudes (Ohata and others, 2016). While thermodynamic models have been developed,
differences between predicted and measured values are present, e.g. caused by snow (Cheng
and others, 2014). The snow contribution to ice growth has been previously studied for coastal
landfast sea ice by Leppäranta (1983), Saloranta (2000), Shirasawa and others (2005) and
Wang and others (2015), for lake ice by Leppäranta and Kosloff (2000), Cheng and others
(2014) and Ohata and others (2016), lake and river ice by Ashton (2011) and for
Antarctica sea ice by Crocker and Wadhams (1989), Adolphs (1998) and Fichefet and
Maqueda (1999). From these studies, it can be deduced that one of the main challenges
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when estimating ice thickness is accounting for the snow-ice for-
mation caused by the interface flooding after heavy snowfall. This
implies that the time of slush formation and slush thickness devel-
opment do not always correspond to the assumption of instant
flooding based on Archimedes’ principle. The slush formation
depends on the existence of fractures that enable water to rise
and flood the snow, and also the slush thickness which depends
on the snow’s ability to absorb water (capillarity). These phenom-
ena are not usually quantified and thus neglected from the ice
growth models.

Thermal and physical properties of ice, i.e. thermal conductiv-
ity, heat capacity, density and microstructure are affected by the
entrapped brine inclusions. The brine content in ice was found
to be a linear function of the ice growth rate (Weeks and
Lofgren, 1967; Nakawo and Sinha, 1981). However, observations
indicate that this does not apply to brackish water (Granskog
and others, 2006). In addition, radiation, temperature gradients
and salinity are affected by the ice thickness (Maykut, 1978).
Furthermore, modelling the ocean–atmospheric interaction is
essential to the initial ice growth in the early winter (Gabison,
1987).

Brash ice consolidation between two consecutive vessel pas-
sages occurs analogously to the level ice growth, with the addition
of the macroporosity and the initial heat capacity of ice blocks that
contribute to the consolidation. Stefan’s (1889) approach was
used earlier to forecast the brash ice volume increase between
two consecutive ship passages, which is a consequence of brash
ice consolidation and breaking (Ashton, 1974; Berenger and
Michel, 1975; Sandkvist, 1980, 1981, 1982, 1986; Vance, 1980).
These models relate the volume increase of brash ice only to
the cumulative freezing degree-days and the breaking frequency.
Effects of important parameters such as the lateral movement of
ice, macroporosity and snowfall are neglected, which can lead to
brash ice thickness overestimation. An attempt was made to
include the lateral movement of the ice pieces by introducing
coefficients for expelled ice blocks (Ettema and Huang, 1990).
However, parametrisation and estimation of such coefficients
require more observations and measurements. Improved theoret-
ical models were reported by Chomatas (2015), Riska and others
(2014, 2019) and Karulin and others (2019). The side ridge for-
mation, radiation and snow cover influence on the brash ice
development are not fully considered in these models. In addition,
the initial brash ice formation and growth when the channel is not
completely covered by ice have not been modelled. As such, the
accuracy and reliability of existing brash ice models can be
improved. Systematic observations and measurements in ports
and channels are necessary to validate and improve these models.

The current study aims to identify important parameters that
influence the brash ice development and effects of the accuracy
of the brash ice growth models. This study initially provides an
up-to-date review of the analytical level ice growth models
(Section 2) which gives the foundation on the physical, thermal
and meteorological parameters that are crucial for ice growth pre-
dictions. This is followed by a review of the brash ice growth mod-
els and physical properties that affect the brash ice consolidation
(Section 3). The study concludes with a brief outline of knowledge
gaps concerning the brash ice development and brash ice predic-
tion models (Section 4). Finally, the nomenclature for the symbols
used in this paper is summarised (Appendix).

2. Level ice formation and growth

Ice formation and thickness changes of freshwater and sea-water
ice occur in the ice/water and ice/air or snow/air interfaces, which
are usually defined as lower and upper boundaries. During fresh-
water ice formation and growth, the temperature equilibrium

between ice and water is preserved by ice formation or melting
(Stefan, 1889). Initially, when the air temperature is below the
freezing point, the water gets colder until the top temperature
of water reaches the freezing point and subsequently, the water-ice
phase change starts to take place. The maximum density of fresh
water at 4°C keeps some of the water column above freezing point
and gives rise to oceanic heat flux. The temperature gradient
between the top and bottom boundaries causes the heat generated
by ice formation, and oceanic heat to be conducted upwards into
the atmosphere. The temperature gradient between boundaries is
mainly affected by the air temperature. A comprehensive sum-
mary of ice formation for fresh water is given by Ashton (1986).

During sea-water ice formation and growth at the water/ice
interface, the salt in sea water is partially excluded from the ice
structure and partially entrapped in the ice (Bennington, 1963).
The amount of salt that is trapped in the ice varies with the freez-
ing rate. A temperature decrease causes ice formation and an
increase of salt concentration within brine inclusions, while an
increase in temperature causes the melting of the surrounding
ice and dilution of the brine (Untersteiner, 1961). The sea-ice sur-
face can also undergo accretion due to snowfall and melting upon
downwelling radiation and air temperature increase (Maykut and
Untersteiner, 1971).

The thermal growth of ice was predicted by Stefan (1889) and
this formulation has been used as a basis for deriving equations
that include the ice–atmosphere coupling (Ashton, 1989), dry
snow layer as an insulator, and snow–atmosphere coupling
(Nakawo and Sinha, 1981). These cases are shown in Table 1
(a)–(c) respectively. Additionally, the snow-ice formation in the
snow/ice interface is induced by the isostatic equilibrium between
snow mass and ice buoyant weight pushing the ice top surface
under the water level. The term ‘ice’ refers here to congelation
ice formed from water freezing. When the snow layer weight
exceeds the ice buoyant capacity, the ice/snow interface is sub-
merged, and water is seeping on top of the ice turning some
snow into slush. This process is described in detail later.
Subsequent slush to snow-ice transformation was found to be
important when estimating the snow and ice thickness especially
considering areas and winters with high-snow precipitation, i.e.
the Baltic Sea (Leppäranta, 1983). These models including the
snow ice are illustrated in Table 1(d) and (e), respectively.

Furthermore, the net radiation heat flux was introduced in the
growth models by Maykut and Untersteiner (1971) and thermal
inertia by solving the conduction partial differential equations
with finite-element techniques (Launiainen and Cheng, 1998).
A partially numerical and analytical thermodynamic model was
initially tested by Toyota and Wakatsuchi (2001), which was
focused on the initial phase of ice growth. A schematic illustration
of the heat fluxes that are usually included in numerical estima-
tions is given in Table 1(f).

2.1 Stefan’s ice growth formulation

Stefan’s (1889) approach to thermal ice growth considers a single
ice layer bounded by the ice/air and the ice/water interfaces. The
air/ice interface temperature is assumed to equal the air tempera-
ture TA and the ice/water interface temperature is assumed to
equal the freezing temperature of water TF. Therefore, the tem-
perature difference across the ice thickness creates a temperature
gradient, which induces heat to flow from the higher temperature
TF towards the lower temperature TA. The heat is transferred
through the ice and snow medium with conduction and in air
and water mostly with convection. Convection is the heat flux
transferred by the molecular or bulk motion of a fluid. In snow,
the high porosity and air content can cause, in addition to con-
duction, heat transfer by convection. The air temperature TA is
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Table 1. Schematic illustration of level ice growth model approaches

(a) Stefan’s model, ice/water

(b) Water/ice/atmosphere coupling

(c) Water/ice/dry snow /atmosphere coupling

(d) Slush/snow/atmosphere coupling

(e) Water/ice/snow ice/dry snow/atmosphere coupling

(f) Water/snow/atmosphere interface heat fluxes

The analytical level ice growth models include: the heat flux conducted through the ice, snow ice and snow layer
denoted by, respectively, wI, wSI and wS, the convective heat flux that flows through the ice or snow to the
atmosphere denoted with wIA and wSA. Heat flux generated due to water and slush freezing are, respectively, wF

and wFSL. In each interface, the incoming and outgoing heat fluxes are equal, assuming continuity in the heat
fluxes. The numerical model considers the sensible and latent heat flux wSE and wL, downwelling and upwelling
shortwave and longwave radiation wSW↓, wSW↑, wLW↓, wLW↑ and the conductive heat fluxes through ice and snow
layer.
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in practice the temperature outside the thermal boundary layer
above the ice or snow surface. Thus, TA is the screen level air tem-
perature measured near the surface from meteorological stations.
For example, the height from the ground is taken as 1.25 to 2 m
with a tolerance of 0.05 m in ISO, 17714:2007-07.

Stefan’s model neglects both convective fluxes by equalising
the air temperature with the upper interface temperature and
omitting the oceanic heat flux from the model. The ice formation
is assumed to occur only vertically, therefore the horizontal
dimension is omitted resulting in a 1-D growth model. The ther-
mal growth problem is further simplified by assuming that the
equilibrium temperature distribution is reached instantly, i.e. ∂T
(z)/∂t = 0 where T(z) is the temperature distribution in ice, z is
the vertical coordinate with an origin in the ice/atmosphere inter-
face and t is the time. This means that the heat released during the
ice temperature decrease due to thermal inertia is disregarded.
Therefore, the assumption of a linear temperature gradient leads
to Fourier’s law of steady-state conduction of the heat
(Incropera and others, 2007). The heat conducted through the
ice layer to the atmosphere wI is expressed as (in units of Wm−2):

wI = −ki
dT
dH

= −ki(TA − TF)/HI, (1)

where ki is the thermal conductivity of the solid ice (unit: Wm−1 °
C−1) and ΔT = (TA− TF) is the temperature gradient between the
upper and lower interfaces of ice, the thickness of which is equal
to HI. The thermal conductivity of sea ice for temperatures
above −8.2°C is mainly affected by the salinity and for lower tem-
peratures by the sea-ice density, which depends on the air content
(Schwerdtfecer, 1963). Pure ice conductivity kpi in Wm−1 K−1 as
a function of temperature in K is given by Yen (1981) as:

kpi = 9.828e(−0.0057T). (2)

From Eqn (2), the conductivity coefficient for pure ice at the
freezing temperature of 273.15 K is equal to 2.07Wm−1 K−1.
Additionally, the proposed thermal conductivity equations for
the so-called ‘bubbly’ ice kbi, which is the conductivity of ice
that contains air inclusions, and sea ice ki, which is the conduct-
ivity of ice that contains air and brine inclusions are given by
Schwerdtfecer (1963) as:

kbi =
2kpi + ka − 2v(kpi − ka)

2kpi + ka + v(kpi − ka)
kpi, (3)

ki = kbi − (kbi − kb)
Srs
xTi

. (4)

Sea-ice thermal conductivity depends on the bulk salinity S
and the ice temperature Ti. The coefficient of proportionality x
between the fractional salt content in the ice mass and tempera-
ture is equal to −0.0182 °C−1 and is extracted from the sea-ice
phase diagram (Assur, 1960). ka and kb are air and brine conduct-
ivity coefficients, respectively, while ν is the ratio between air and
total volume of the air–ice matrix. Brine conductivity kb (kcal
m−1 °C−1) as a function of temperature (°C) is given as:

kb = (1.25+ 0.03Ti + 0.00014T2
i )× 10−2. (5)

Alternative sea-ice conductivity formulations are given by
Untersteiner (1964), and also by Pringle and others (2007).

The ice growth ΔHI in the time interval Δt is estimated from
the continuity of the heat fluxes in the ice/water interface.

Therefore, the heat released from the ice formation wF in the
ice/water interface (in Wm−2 or usually expressed as kJ m−2

d−1), is assumed to equal the heat flux conducted through the
ice layer wI into the atmosphere and which starts from the
lower surface of the ice. The heat flux continuity requires:

wI = ki
(TF − TA)

HI
= riLi

dHI

dt
, (6)

where ρi and Li are the ice bulk density in kg m−3 and latent heat
of formation in kJ kg−1 (or W d kg−1) respectively. From the ini-
tial condition of the ice thickness H0 = 0 at t = 0, the integration of
continuity Eqn (6) leads to the ice thickness formula:

HI =
������
2ki
riLi

u

√
, (7)

where cumulative freezing degree-days (variable θ) is calculated
as:

u =
∫t
t0

(TF − TA). (7a)

Stefan’s constant, or the ice growth rate coefficient (e.g. in
units of mm °C−0.5 d−0.5) is:

a =
�����
2ki
riLi

√
. (7b)

In Eqn (7), the growth rate coefficient omits all the uncertain-
ties of the model and neglected parameters such as the snow layer,
atmospheric coupling, oceanic heat flux, net radiation heat flux,
wind action, etc. Therefore, the growth rate varies significantly,
as shown earlier. Comfort and Abdelnour (2013) estimated the
growth rate using 436 ice thickness measurements. The growth
rate coefficient was determined to be in a range from 1.1 up to
31.4 mm °C−0.5 d−0.5 with an average value of the growth rate
equal to 17 mm °C−0.5 d−0.5. The theoretical value of the growth
rate coefficient for pure ice is 34.12 mm °C−0.5 d−0.5 for kpi deter-
mined from Eqn (2), with ice density equal to 917 kg m−3 and
latent heat equal to 3.88W d−1 kg−1.

2.2 Atmospheric ice/air coupling

Later studies introduced the atmospheric air/ice coupling into
Stefan’s approach (see e.g. Ashton, 1986, 1989; Ettema and
Huang, 1990; Andres and van der Vinne, 2001). The difference
between the air/ice interface temperature TIA and the air tempera-
ture TA depends on the convective heat flux coefficient hia. The air/
ice interface temperature is estimated from the heat flux continuity.
Therefore, the convective heat flux that is flowing outwards from
the ice surface towards the air is equal to the ice conductive heat
flux. This is generated from the temperature gradient between
ice/air and ice/water interfaces. The air/ice interface temperature
TIA is obtained from the heat flux continuity at the upper boundary
as follows:

hia(TIA − TA) = ki
(TF − TIA)

HI
(8)
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where the ice/air interface temperature is obtained as:

TIA = kiTF + hiaHITA

HIhia + ki
(9)

The value of the air convective heat transfer coefficient hia var-
ies between 10 and 25Wm−2 °C−1 and is usually assumed to
depend on the wind speed (Ashton, 1986, 1989). The equation
for heat flux continuity at the lower boundary is:

riLi
dHI

dt
= ki

(TF − TIA)
HI

(10)

Substituting TIA in Eqn (10) gives the ice growth rate expressed
as:

TF − TA

HI/ki + 1/hia
= riLi

dHI

dt
. (11)

Assuming that the initial ice thickness at time t0 is zero and at
time t the ice thickness is equal to HI, then the integration of the
above expression yields the ice thickness equation at time t as:

HI =
�����������������
ki
hia

( )2

+ 2ki
riLi

u

√
− ki

hia
. (12)

This ice thickness equation yields more accurate results for the
initial ice growth compare to Stefan’s (1989) equation (Ashton,
1986, 1989). However, it neglects several components, such as
the snow layer, radiation and thermal inertia.

2.3 Snow/air coupling

As long as the snow mass is smaller than the mass needed to
depress the ice below the water level (Archimedes principle),
snow remains dry and acts as insulation, decreasing the ice growth
rate. The insulative effect on the ice growth and the snow/air
coupling were included in Stefan’s model by, for example,
Nakawo and Sinha (1981), Leppäranta (1983), Ashton (1986),
Leppäranta (1993), Andres and van der Vinne (2001), Comfort
and others (2003), Comfort and Abdelnour (2013). The two-layer
model consists of three interface temperatures: TF, snow–ice inter-
face temperature TIS and snow-air upper boundary temperature
TSA, the latter two being variables. The assumption of a linear
temperature gradient through snow and ice permits the determin-
ation of the interface temperatures from the heat flux continuity at
the interfaces. Thus, the snow–atmosphere interface temperature
TSA from the heat flux continuity at snow/air interface is
expressed as:

hsa(TSA − TA) = ks
(TIS − TSA)

HS
. (13)

This gives the snow–atmosphere interface temperature TSA

with the following expression:

TSA = ksTIS + hsaHSTA

HShsa + ks
, (14)

where hsa is the air convective heat transfer coefficient in Wm−2 °
C−1. As mentioned in the previous section, the air convective
transfer coefficient, hia depends mainly on wind conditions. The
wind has a major effect on snow layer spatial thickness distribu-
tion, density and porosity. Considering that the effects of wind

acting on the ice and snow layer are different, consequently, hsa
may be different in value from hia. The thermal conductivity of
the snow layer ks varies with the bulk density of snow.
Empirical formulations, which may be applied in the growth
models are given, for example, by Mellor (1977), Sturm and
others (1997), Calonne and others (2011) and Riche and
Schneebeli (2013). The most commonly used snow conductivity
ks (in units of Wm−1 °C−1) in ice growth models is given as
(Yen, 1981):

ks = 2.22362(rs)
1.885, (15)

where ρs is in units of Mgm−3. For a snow density ρs equal to
300 kg m−3, the snow thermal conductivity ks is equal to
0.23Wm−1 °C−1.

The snow–ice interface temperature TIS is determined by sub-
stituting the snow/air interface temperature TSA (Eqn 14) into the
heat flow continuity equation at the ice/snow interface:

ks
(TIS − TSA)

HS
= ki

(TF − TIS)
HI

. (16)

This results in the following expression of the ice/snow interface
temperature:

TIS = kiTFhe + TAHI

HI + kihe
. (17)

The parameter he was introduced by Riska and others (2019)
and represents the equivalent heat transfer coefficient from the
snow layer to the atmosphere and is given as:

he = HS

ks
+ 1

hsa
. (18)

The latent heat of freezing is equal to the heat flux conducted
through the ice and snow layer to the atmosphere:

ki
(TF − TIS)

HI
= riLi

dHI

dt
. (19)

Substitution of the snow/ice interface temperature TIS, calculated
by Eqn (17), into Eqn (19) gives the growth rate expressed as:

TF − TA

HI/ki + he
= riLi

dHI

dt
(20)

Integration of Eqn (20) yields the ice thickness equation:

HI =
��������������
k2i h2e +

2ki
riLi

u

√
− kihe. (21)

In this formulation, a layer of dry snow decreases the rate of
heat that is transferred from the lower surface of the ice to the
atmosphere, causing the ice temperature to increase, even at
very low air temperatures (Comfort and others, 2003). For
example, the maximum snow thickness of 140 mm observed in
a prairie pond by Andres and van der Vinne (2001) in the winter
of 1992–93, reduced the maximum ice thickness by 37 mm com-
pared to the bare ice growth in the same pond, which was main-
tained snow-free.
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2.4 Snow ice

Apart from the insulation effect of the snow, the snow layer can
also form a snow-ice layer. Snow-ice occurrence is mainly
observed in the early winter, or at the time when the ice layer is
relatively thin and heavy snowfall occurs, as well as at the end
of winter when water is available from the melting and refreezing
cycles of snow and precipitation.

The snow-ice formation in the early winter or from heavy
snowfall occurs when the snow mass overcomes the buoyancy
of ice and submerges the upper ice surface. In the presence of
thermal or mechanical cracks, brine or air inclusions, the water
travels to the ice/snow interface and forms a slush layer. The ice
freeboard submerges, and the slush thickness increases until the
hydrostatic equilibrium is restored. The slush layer thickness
may also be affected by the water rising upwards in the snow
caused by capillarity. The excessive amount of water driven by
capillarity in the snow layer was found to depend on snow density
and crystal size (Ager, 1962).

After flooding and slush formation, surface ice growth begins.
The surface ice growth is defined as slush transformation to snow
ice. Snow-ice density varies usually between 850 and 900 kg m−3

(Ager, 1962). The surface ice growth caused by flooding was pre-
dicted by Leppäranta (1983). The snow thickness that depresses
the ice layer below the water level is determined by comparing
the weight of snow with the buoyancy of ice. The weight of
snow is not enough to push ice under the water if the following
is valid:

rsHs ≤ (rw − ri)HI. (22)

In this case, slush formation does not occur, the dry snow layer
contributes only as an insulating layer, and the ice growth can be
predicted using Eqn (21).

If the snow weight is larger than the buoyancy of the ice layer,
then the ice surface can be flooded, and slush formation can
occur. The initial slush thickness HSL can be determined by a sim-
ple mass balance if two main assumptions are made: (1) routes
(e.g. cracks) for the water are available for the immediate flooding
of the snow/ice interface and (2) the effect of water capillarity on
the snow is negligible (Leppäranta, 1983). The mass conservation
states that the snow weight reduction is equal to ice buoyant
weight increase, which for the initial slush thickness is given as:

rsHS − rsHSL = (rw − ri)HI + (rw − rsl)HSL, (23)

where ρ and H represent the snow, ice, slush and water, densities
and thicknesses, respectively, and are indexed as s, i, sl and w.

If the buoyancy condition (Eqn 22) is not fulfilled and the
slush layer is formed, its thickness can be determined from the
mass conservation (Eqn 23). This is valid for the initial slush for-
mation when the model consists of water, ice and dry snow which
initiates the flooding. The initial slush layer thickness, which is
derived from Eqn (23) is given as follows:

HSL = HSrs −HI(rw − ri)
rs + rw − rsl

, (24)

where HS ρs is the weight of the snow layer and HI(ρw− ρi) is the
buoyancy B per unit area of the ice layer under the waterline.

If the slush thickness increases continuously due to snowfall
before the slush-snow-ice transformation occurs the subsequent
thickness increase of the slush layer is further estimated by adding
in Eqn (23) the new buoyancy of layers under the waterline, which
considers the buoyancy of ice and the initial slush thicknesses.
Therefore, the following slush thickness increase is derived from

the new mass conservation model that consists of water, ice, old
slush layer and dry snow that continues to submerge. The balance
between snow weight reduction and buoyancy increase is calcu-
lated as:

rsHS − rsHSL = (rw − ri)HI + (rw − rsl)HSL old

+ (rw − rsl)HSL . (25)

The slush thickness increase is as follows:

HSL = HSrs −HI(rw − ri)+HSL old(rw − rsl)
rs + rw − rsl

, (26)

where the term [HI(ρw–ρi) +HSL old(ρw–ρsl)] is the buoyancy B
before the slush thickness increase occurs.

When the slush layer freezes completely, and the model takes
into account the water, ice, snow ice and dry snow that initiates
the slush formation then Eqn (25) is transformed to the following
expression:

rsHS − rsHSL = (rw − ri)HI + (rw − rsi)HSI

+ (rw − rsl)HSL . (27)

The slush thickness initially formed is then calculated as:

HSL = HSrs −HI(rw − ri)+HSI(rw − rsi)
rs + rw − rsl

, (28)

where ρsi and HSI are the density and thickness of the snow ice. In
addition, the term HI(ρw− ρi) +HSI(ρw− ρsi) is the buoyancy
before the slush thickness continues to increase due to more
snow is depressed from the incoming snowfall. The subsequent
slush increase in a model that consists of water, ice, sea-ice, old
slush and dry snow can be determined from the below buoyance
balance:

rsHS − rsHSL = (rw − ri)HI + (rw − rsi)HSI

+ (rw − rsl)HSL old + (rw − rsl)HSL . (29)

The slush thickness increase is as follows:

HSL = HSrs − HI(rw − ri)+HSI(rw − rsi)+HSL old(rw − rsl)
rs + rw − rsl

,

(30)

where the term [HI(ρw− ρi) +HSI(ρw− ρsi) +HSL old] is B before
the slush thickness addition. Based on Eqns (24, 26, 28, and
30), and assuming the slush thickness increase varies with the
buoyancy before the slush addition, then a general formulation
of the slush thickness is expressed as:

HSL = Ws − B
rs + rw − rsl

, (31)

where Ws is the snow weight. Equation (31) has been previously
used to estimate the slush thickness due to flooding by Saloranta
(2000), Shirasawa and others (2005), Cheng and others (2014)
and Wang and others (2015).

The ice, snow and water densities are usually assumed con-
stants when estimating the ice thickness development. In add-
ition, the difficulty in accurately measuring the slush density
and the lack of data from field measurements can make the
slush thickness estimation prone to error. Theoretical estimations
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of the maximum slush density were previously proposed by
Adolphs (1998). The density was estimated based on the following
assumptions: (1) the snow and the slush consist of two phases –
ice/air and ice/water, (2) the snow air voids are replaced by water
when the snow transforms to slush and (3) the air density is neg-
ligible in comparison with the water and ice densities. The snow
consists of an ice fraction equal to Vi = ρs/ρi and an air fraction
equal to Va = (1 − ρs/ρi), where Va is assumed to be equal to the
volume fraction of water Vw. The slush mass is expressed as a
sum of ice and water fraction masses and is taken as:

rsl maxVsl = riVi + rwVw. (32)

Substituting the respective volume fractions yields the max-
imum slush density:

rsl max = rw − rs
rw
ri

− 1

( )
. (33)

As illustrated, if we consider ρs = 300 kg m−3, ρi = 917 kg m−3

and ρw = 1000 kg m−3, then the resulting ρsl max is 972.9 kg m
−3.

The temperature is considered in the slush layer to equal the
freezing point of the slush–water mixture, which varies with sal-
inity. For air temperatures below freezing, the slush layer begins to
freeze from above, at the snow/slush interface. The snow ice can
also form in the slush/ice interface due to the stored heat capacity
of ice. However, this phenomenon is assumed to have a low con-
tribution to the snow-ice growth, and consequently, the ice layer
is assumed to reach the freezing point instantly. During the
snow-ice formation, the growth at the lower ice/water interface
is assumed to be zero (Comfort and others, 2003, Comfort and
Abdelnour, 2013). This implies that the temperature gradient
between the upper and lower boundaries of ice is zero for the per-
iod that the ice has a temperature equal to TF. The snow-ice for-
mation from the freezing of slush can be determined from the
continuity of the heat fluxes in the snow/slush interface, as illu-
strated in Table 1(e). The heat flux released from slush freezing
is equal to the heat flux through the snow to the atmosphere, as
follows:

ks
(TF − TSA)

HS
= 1− rs

ri

( )
rsiLi

dHSI

dt
, (34)

where the term (1 − ρs/ρi) is the volume fraction of water Vw in
the slush layer. Substitution of the surface temperature (Eqn 14),
and integrating the above equation yields the snow-ice thickness,
which is assumed to stop when all slush has refrozen:

HSI = u

(Hs/ks + 1/hsa)VwrsiLi
. (35)

Alternative estimates of the snow-ice formation include the
so-called ‘snow to slush to snow-ice’ compression coefficient β
(Leppäranta and Kosloff, 2000; Shirasawa and others, 2005;
Ohata and others, 2016). β is an empirical coefficient defined as
the sum of the thickness change of snow when transformed to
slush and when subsequently transformed to snow ice. The com-
pression coefficient was estimated to be 1.5 from measurements
conducted in Lake Pääjärvi where snow ice constituted 10–43%
of the total thickness (Leppäranta and Kosloff, 2000). The value
was estimated to be 2.0 for measurements conducted in Lake
Abashiri, where the snow ice constituted 29–73% of the total
thickness (Ohata and others, 2016).

After the slush layer freezes, the subsequent growth of the ice is
modelled considering the snow ice as a layer overlying the sea/ice,

as illustrated in Table 1(e). From the continuity of heat fluxes at
the interface of each layer: air/snow; snow/snow ice; snow ice/
ice, and the integration of heat flux balance between the heat con-
ducted through ice and the latent heat of freezing yields the fol-
lowing ice growth equations:

dHI

dt
= 1

riLi

TF − TA

HI/ki + HSI/ksi +Hs/ks + 1/hsa

( )
, (36)

hek = HI

ki
+HSI

ksi
+Hs

ks
+ 1

hsa
, (37)

HI =
���������������
k2i h

2
ek +

2ki
riLi

u

√
− kihek. (38)

As an example of this method, the omission of the slush occur-
rence and snow-ice formation from the sea-ice thickness simula-
tions for the monthly mean values of the winters of 1979–90, led
to a total ice thickness difference of 25% (Saloranta, 2000). There
are, however, several sources of errors affecting the accuracy of the
growth model. These include the assumption of the slush layer
with an instant formation together with the slush to snow-ice
transition, the thermal and physical properties of slush
(Leppäranta, 1983; Saloranta, 2000), as well as the availability of
the cracks or other water routes through the ice layer (Ashton,
2011). These errors were noticed when thickness measurements
were compared with the predicted values. The main model dis-
crepancies were related to the time of the snow-ice formation in
the individual annual predictions (Saloranta, 2000), as illustrated
in Figure 1. However, it is important to mention that the ice
thickness presented by Saloranta (2000) was estimated based on
a numerical approach, which computes the surface temperature
from the surface heat budget (including the net radiation, sensible
and latent heat fluxes).

Other approaches have focused on the effect of snow on lake
ice development. A thermodynamic model that considered the
thermal inertia through the ice was used to simulate the ice and
snow thickness for the three consecutive winters (2009–12)
(Cheng and others, 2014). The model solved the partial

Fig. 1. Observed (o) and modelled (m) snow (HS), snow ice (HSI) and total sea-ice
thickness (HI) are illustrated with blue, red, black, dashed and solid lines, respect-
ively. The measurements were conducted on fast sea ice in the Baltic Sea during
the winter (1988 and 1989). Modified from Saloranta (2000).
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differential equations of conduction through the snow and ice
layers and the surface heat fluxes were also estimated numerically.
Compared to previous models i.e. models developed by
Leppäranta (1983) and Saloranta (2000), the snow and bottom
ice thickness simulations showed higher accuracy. The freeboard
simulations, however, had a higher deviation from the measure-
ments, as shown in Figure 2. The freeboard error was judged to
be a consequence of omitting the effect of water capillary on
the snow layer.

A partly numerical approach has been introduced recently
aiming to study the effect of snowfall on the initial ice growth
stage (Toyota and others, 2020). The initial ice growth was esti-
mated by including the surface temperature in Stefan’s analytical
ice growth approach. The surface temperature was estimated
numerically by considering the net radiation, sensible and latent
heat fluxes. Observations showed that a 10 mm snowfall formed
a slush layer that froze rapidly on a snow-ice layer above the initial
2 mm columnar ice layer. The study suggested that the snowfall
contributed to the total ice thickness and affected the ice micro-
structure. However, freezing of a thin snow-slush layer at the ini-
tial ice formation did not have a significant effect on the
subsequent ice growth rate.

2.5 Surface heat budget

The heat flux exchanged between the ice or snow surface with the
atmosphere, denoted earlier as wIA or wSA, combines the effects of
all heat fluxes that affect the surface temperature. An accurate
forecast of the ice or snow surface temperature is essential for
the ice growth at the lower surface of the ice, which is driven
by the temperature gradient between boundaries. The surface
temperature is a function of all the heat fluxes that flow in and
out from the surface. The net radiation flux has a strong effect
on this heat balance. Therefore, a numerical approach was devel-
oped to estimate the heat budget on the upper boundary of the
system (Untersteiner, 1961, 1964), as in Table 1(f).

All the heat fluxes that flow towards the surface (down from
the atmosphere) are considered positive and the heat fluxes flow-
ing away from the surface (towards the atmosphere) are consid-
ered negative. The heat budget equation commonly used to

estimate the surface temperature is:

wSE↕ + wL↕ + wI + (1− a)wSW� + wLW� − I0z

− wLW� = 0,
(39)

where wI, wSE, wL are the conducted, sensible and latent heat
fluxes per unit area, respectively. In addition, wSW↓, wLW↓ and
wLW↑ are the incoming shortwave radiation, incoming longwave
radiation, and the outgoing longwave radiation heat fluxes,
again per unit area.

The net longwave radiation influences the snow and ice-covered
surface temperatures, particularly during the winter season when
the incoming solar radiation is low. Stefan–Boltzmann’s equation
of the black-body radiation is widely used to parametrise the
incoming and outgoing longwave radiation (wLW↓ and wLW↑),
which is emitted from the atmosphere and snow or ice surfaces
respectively. The outgoing longwave radiation is given by:

wLW� = 1ssT
4
s , (40)

where εs is the surface emissivity fraction, σ is the Stefan–
Boltzmann constant (5.67 × 10−8Wm−2 K−4) and Ts is the ice or
snow surface temperature given in K. Earlier, this temperature
was denoted for ice/atmosphere and snow/atmosphere interface
as TIA or TSA, respectively. The incoming longwave radiation
wLW↓ is linearly correlated to snow or ice surface emissivity that
varies depending on the physical and optical properties of the sur-
face (Rees and James, 1992; Hori and others, 2006; Cheng and
Liang, 2014). The surface and sky emissivity can be simply esti-
mated from the ratio of the measured longwave radiation with
black-body radiation of the same temperature (Konzelmann and
others, 1994).

The sky emissivity depends on vertical temperature profile,
humidity, vapour pressure, precipitated water and cloud occur-
rence (Niemelä and others, 2001). Equations of the downwelling
radiation based on different sky conditions are summarised in
Table 2.

The incoming shortwave radiation in spring and summer
causes ablation and can retard the freezing process in the autumn
and early winter (Perovich and Grenfell, 1981). The shortwave
radiation that is absorbed on the surface Is and influences the sur-
face temperature (Eqn 39) is expressed as:

Is = (1− a)fSW� − I0z , (41)

Fig. 2. Modelled thickness of lake ice (HI (m)), snow (HS (m)) and freeboard (F (m)),
for winter (2011–12) are illustrated with black, blue and red solid lines. The meteoro-
logical station data were used as input values for the thickness estimations. The mea-
sured thicknesses are shown with three different patterns. Modified from Cheng and
others (2014).

Table 2. Parametrisation of downwelling longwave radiation for clear and
overcast skies

Clear sky LW↓

Ångström (1918) (0.83− 0.18× 10−0.067e0 )sT4
A

Dilley and O’Brien (1998) 59.38+ 113.7 TA
273.16

( )6+96.96
���
wp

25

√
Prata (1996) [1− (1+ wp)exp(−(1.2+ 3wp)

0.5)sT4
A ]

Guest (1998) sT4
A − 85.6

Niemelä and others (2001) [0.72+ 0.009( e0 − 2)]sT4
A for e0 ≥ 2

[0.72+ 0.076( e0 − 2)]sT4
A for e0 , 2

van den Broeke and others (2004) 0.76sT4
A

Overcast sky LW↓
Konzelmann and others (1994) 0.23+ 0.483 e0

TA

( )1/8
(1− c3)+ 0.963c3

[ ]
sT4

A

Guest (1998) sT4
A − 18.7

Niemelä and others (2001) 1+ LW�
LW�cl

− 1
( )

0.87c3.49
[ ]

TA is the air temperature (K); e0 is the vapour pressure (hPa); σ is the Stefan–Boltzmann
constant equal to 5.67 × 10−8 Wm−2 K−4; c is the cloud fraction in tenths; wp is the
precipitated water (cm) and the notation cl stands for a clear sky.
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where wSW↓ is the incoming shortwave radiation and a is the
albedo which is defined as the part of the incident irradiance
that is reflected in the atmosphere. It is considered as the ratio
of the upwelling irradiance to the down-welling irradiance
(Perovich, 1990). Albedo values change from high values with
low-spatial variation during winter due to snow-covered surfaces
to lower values with higher-spatial variation during spring and
summer due to possible melting ponds, bare ice and open water
(Perovich and others, 1998, 2002a, 2002b). Additionally, a vertical
variation of the total albedo is possible due to changes in sea-ice
thickness, microstructure and brine content. Then, for an ice
cover thicker than 0.8 m, the albedo approaches a constant
value (Perovich, 1996). The first term in Eqn (41) represents
the amount of incoming shortwave radiation that is not reflected.
The radiation component I0z is the fraction of shortwave radiation
that penetrates deeper into the snow or ice layers, which can also
be defined as transmitted radiation (Grenfell and others, 2006).
This can be thought of as the ratio between the measured light
intensity in certain depths and the measured incoming radiation.
In addition, the transmitted radiation I0z (intensity measured) at
each depth and the absorbed shortwave radiation Iz are related by
the Bouguer–Lambert equation. The solar radiation absorption is
assumed to decrease exponentially with depth (from the surface
coordinate z) as follows:

I0z = Iz × e−kabsz , (42)

where kabs is the radiation absorption coefficient. The absorbed
radiation is sensitive to ice microstructure (Perovich, 1996) and
the bulk ice density (Jin and others, 1994). The air content scat-
ters the light, and the brine inclusions both scatter and absorb the
light. Therefore, higher ice bulk densities absorb more radiation.

In addition to the effect of net radiation on the surface heat
budget (Eqn 39), the latent heat wL that is the energy gained or
released during surface evaporation and sublimation, and the
sensible heat flux that is the heat exchanged between water or
ice surface with the atmosphere wSE, were found to be an import-
ant heat source, especially in the initial phase of the ice growth
(Toyota and Wakatsuchi, 2001; Toyota and others, 2020). The
sensible and latent heat fluxes can be determined from equations
proposed by Maykut (1978):

wSE = racaksew(TA − TS), (43)

wL = Lsbkew(qa − qs). (44)

The sensible heat flux wSE represents the convective heat trans-
fer between i.e. air and snow. Its value depends on the tempera-
ture differences between air and snow or ice surface, the air
density ρa, the air specific heat capacity ca, the sensible heat trans-
fer coefficient kse and the wind speed w. Based on Eqn (43), a
wind speed equal to zero yields a sensible heat flux equal to
zero, which implies that there is no heat exchange between the
ice surface and atmosphere. The sensible heat flux was estimated,
for the initial ice growth from 0.05 to 0.2 m, to vary from 29 to
362Wm−2 (Maykut, 1978).

Latent heat flux represents the heat released due to the ice for-
mation on the surface by sublimation. Lsb is the latent heat of sub-
limation; ke is the evaporation coefficient; qa and qs are the
specific humidity in the air and the surface; the sensible and latent
heat fluxes are substituted in the surface heat budget (Eqn 39).
The latent heat flux was estimated to vary from 12 to 36Wm−2

for the initial ice growth from 0.05 to 0.2 m (Maykut, 1978).
Consequently, the heat fluxes suggested by Maykut (1978) for

an ice growth from 0 to 0.2 m are considerable. In addition,
Toyota and others (2020) showed that for the first 10 mm of
the initial ice growth from open water and the initial consolida-
tion of 10 mm slush layer, the sensible heat fluxes were ∼27
and 26Wm−2, respectively. For the same conditions, the latent
heat fluxes were 17 and 16Wm−2. Also, the change in ice thick-
ness increase from 10 to 30 mm decreased the sum of sensible and
latent heat fluxes by 3 and 7Wm−2, respectively. The contribu-
tion of the sensible and latent heat fluxes to the initial phase of
ice growth may depend on the initial energy state of the open
water, i.e. the oceanic flux (which is discussed later), and the
energy stored in the water during summer radiation. For example,
during brash ice growth, these heat fluxes contribute to the
growth of ice in the open water fraction. The influence of sensible
and latent heat fluxes on ice thickness is not well defined and
should be further investigated.

2.6 Oceanic heat flux

The oceanic heat flux is the heat flux transferred from water to ice
at the ice/water interface. It is generated from the temperature gra-
dient developed in the oceanic vertical water column. Three dif-
ferent processes can be attributed to affecting the temperature
gradient in the water column: turbulent currents induced mainly
by the wind stress; convection energy exchange in the interface of
the oceanic water layers which are stratified based on density dif-
ference, and the tidal currents (Gabison, 1987).

The oceanic heat flux is generally included in the seasonal or
annual ice thickness prediction models as an external (constant)
heat source. It is estimated from the observed heat flux balance
at the ice–water interface and calculated from the difference
between the total energy conducted through the ice to the atmos-
phere and the ice freezing latent heat flux (Shirasawa and others,
1997; Ohata and others, 2016):

wW = ki
DT
Dz

− riLi
dh
dt

. (45)

Another formulation of the ice/water interface energy budget
equation commonly used to estimate the oceanic heat flux is as
follows (McPhee and Untersteiner, 1982):

wi + wF + wS − wW = 0, (46)

where wi, wF, ww and ws are the conductive, freezing, oceanic and
thermal inertia heat fluxes.

The oceanic heat flux numerical value that is generated from
the temperature gradient in the water column can be estimated
after an equation proposed by Ohata and others (2016):

wW = rwcwkwW(Tw − TF). (47)

where ρ, c and k are the density, specific heat capacity and con-
ductivity of water. W is the water current velocity and (Tw− TF)
is the temperature gradient between the ice/water interface and
water under the ice. For the lake ice growth (Ohata and others,
2016), the oceanic heat flux varied between 1 and 11Wm−2.
Equation (47) shows that if there are no water currents, the
oceanic heat flux is zero even when there is a temperature gradient
present. In addition, Eqn (47) neglects the depth of the water col-
umn by considering the water temperature under the ice, which
can reach the freezing point quickly, and consequently assumes
that the oceanic heat flux is an important heat source only in
the initial phase of ice growth. This can be considered a reason-
able approximation when modelling the landfast ice and lake
ice growth.
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Solar radiation was found to have a significant contribution
to the magnitude of the oceanic heat flux measured under a
drifting ice pack in the central Arctic (Maykut and McPhee,
1995). The seasonal variation of the oceanic heat flux was sug-
gested to be important when estimating the annual thermo-
dynamic ice growth (Wang and others, 2015). Thickness
estimations of Arctic fast ice for three different oceanic heat
flux inputs (ww = 3, 5 and 10Wm−2) resulted in high thickness
variations. While recent observations of the turbulent currents
under drifting ice located in the Arctic showed that storms
could double the oceanic heat flux in the ice/water interface
(Peterson and others, 2017), as shown in Figure 3. In addition,
oceanic heat fluxes were found to be as high as 10–15Wm−2 for
the initial ice growth period in the central Arctic (Lei and
others, 2014). Despite the seasonal changes in the oceanic
heat flux, the warm Atlantic streams and the effect of wind,
the oceanic heat flux during the winter growing season in the
central Arctic for three consecutive winters (2010–14) varied
from 2 to 4 Wm−2 (Lei and others, 2018). Therefore, the
importance of the oceanic flux in the ice growth estimations
can vary on the local atmospheric conditions including winds,
water currents as well as the river’s turbulent current (as com-
monly observed in the Baltic sea), and the solar radiation that
over summer contributes to the water’s temperature with inter-
annual variations.

3. Brash ice formation and growth

The lifespan of brash ice consists of three phases: formation,
growth and melting. Furthermore, the brash ice formation phase
may comprise two different events: first, the formation from break-
ing the level ice, or second the brash ice initiation from vessel
passages starting at the beginning of ice formation when brash
ice grows from slush.

The first type of brash ice formation occurs when a vessel ini-
tially navigates in thick unbroken level ice. The first ship passage
breaks the level ice into sharp-edged ice floes. This initial breaking
forms a vessel track that consists of ice blocks floating in the water.
The channel initially has a width slightly larger than the vessel’s
beam and comprises many open water patches. The time between
two consecutive ship passages allows the thermodynamic ice
growth (consolidation) to occur at the open water where ice
growth is similar to level ice growth. The consolidation (growth)
of the broken ice pieces is initially driven by the temperature gra-
dient of the submerged ice with water and continues until the
temperature equilibrium is reached. The subsequent growth is dri-
ven by the temperature gradient between the ice/atmosphere and
ice/water interfaces. The same consolidation phenomenon is
observed in the ridge formation (Høyland and Liferov, 2005)
where the ice initially consolidates due to the stored energy (the
specific heat capacity of ice), followed by the thermodynamic
growth driven by the temperature gradient between boundaries.
However, contrary to ridge formation, the brash ice consolidation
is a repeated process after each ship passage. This consolidation
process freezes the ice pieces into a solid ice layer. The following
vessel passages in the same track break the consolidated layer, dis-
place and erode the ice pieces (Ettema and Huang, 1990).
Consequently, the size and shape of the ice pieces are modified
after several vessel passages into rounded but still floe-shaped
ice pieces (Greisman, 1981; Sandkvist, 1986). Transiting ships dis-
place the brash pieces below the adjacent level ice and overtime
these form side ridges (Kitazawa and Ettema, 1985; Sandkvist,
1986; Ettema and others, 1998). The piece size of the ice floes
reduces with frequent breaking. After several ship passages, new
ice pieces are generated from the broken consolidated ice, and
the existing ice floes have eroded, and eventually, the brash ice
covers the whole water surface. This brash ice formation is com-
mon in fairways which are made later in the winter, and often as
an alternative to the existing fairways with high brash ice accumu-
lation or in regions with less shipping traffic. A schematic illustra-
tion of this process is shown in Figure 4, and a discussion of the
brash ice formation and growth is given by Ettema and Huang
(1990).

The second type of brash ice formation begins with frequent
navigation at the start of winter. When the air temperature

Fig. 3. Relative frequency of the oceanic heat flux ww (Wm−2), during calm and windy
conditions respectively the shade bars and the solid lines for two different cases, the
Arctic winter (for water depth above 3750 m) and over the Atlantic water (for water
depth below 2000m). Reprinted from Peterson and others (2017).

Fig. 4. Brash ice formation and accumulation scheme showing: (1) the first ship passage in level ice (LI) and the vessel’s beam (VB), (2) the width of brash ice
channel (BICh) and side ridge (SR) formation phase, (3) the end of brash ice formation phase where the channel is fully covered with ice pieces and (4) the
brash ice and side ridge accumulation and thickening. Adapted from Ettema and Huang (1990).
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drops below the water-freezing temperature, ice crystals form and
suspend on the water surface. Over time, the initial ice crystals
consolidate into a thin layer of ice. The initial ship passages in
the early stage of ice forming agitate the ice with water and
form a slush layer. The snowfall may add to the mass of the initial
slush formed (Toyota and others, 2020; Zhaka and others, 2020).
The heat loss due to cold air temperature and slush ice agitation
initiate consolidation of the slush (Sandkvist, 1982). Initially, the
slush formed at each ship passage does not cover the whole chan-
nel and ice growth is a mixture of open water freezing and slush
consolidation. When the slush gets thicker, the whole channel
becomes covered. However, there is no published information
on when this initial phase ends, i.e. the point when the whole
channel is ice covered. Further breaking and refreezing leads to
the accumulation and growth of slush into brash pieces to the
point when the ship channel is fully covered with a layer of
brash ice pieces.

After both types of brash ice formation, the second phase of
development consists of the thickening of the brash ice layer
after the surface of the brash ice channel is fully covered. After
each vessel passage, the brash ice is partly redistributed in the
channel and partly displaced sideways. Ice that moves sideways
builds up under the level ice edge, thus increasing the side
ridge thickness. The lateral confinement from the adjacent side
ridges and level ice force the brash ice to accumulate in the chan-
nel’s centre (Greisman, 1981, Sandkvist, 1982). This accumulation
and packing of ice blocks create voids in the brash ice layer,
so-called macroporosity which is the fraction of water volume
to ice volume. Theoretically, the macroporosity can be considered
as the sum of the individual macropore volumes. The macropores
can be either water-filled voids surrounded by the ice blocks after
the brash ice displacement stops or air-filled which are commonly
formed on the channel’s surface (in the freeboard above the water
level). Between two vessel passages, the consolidation occurs ini-
tially in the open water fraction in the brash ice surface (if pre-
sent), and subsequently the freezing proceeds downwards by
freezing the water-filled macropores. Macroporosity is to be dis-
tinguished from microporosity which usually means the ratio of
air bubbles (and other additions) to the total volume of solid
ice. Repeated vessel passages break the consolidated layer which
generates an additional volume of ice and thickens the accumu-
lated brash ice layer, while also changing the macroporosity.

Melting of the brash ice channels is the last phase of the annual
brash ice lifespan. The melting phase can be faster in a frequently
navigated fairway as a consequence of the turbulent heat fluxes
caused by ship passages and an increase in heat transfer due to
the water-ice agitation.

3.1 Brash ice accumulation

Brash ice growth models draw many elements from the level ice
models, such as the description of the consolidation process.
However, the brash ice models are more complex due to mechan-
ical and hydrodynamical effects. Brash ice models have been
developed based on Stefan’s growth approach to predict the ice
volume accumulated in the ship tracks after each breaking
event. The first brash ice model was reported by Ashton (1974).
After each passage, part of the channel’s surface is assumed to
consist of open water. The channel’s surface fraction occupied
by open water is denoted as γ. The surface fraction of the channel
surface occupied by the brash ice pieces is 1− γ. The open water
fraction was assumed constant for the performed model valid-
ation (20–30%). However, in reality, the surface open water frac-
tion in the initial phase of brash ice formation differs from the
second accumulation phase where γ reaches a constant value
(Ashton, 1974). In the initial phase of brash ice formation, the

open water fraction reduces until the brash ice channel surface
is covered with ice and the second brash ice development phase
begins.

The consolidation between two vessel passages is assumed to
occur in the open water fraction in the same manner as in the
open sea. The brash ice pieces continue to consolidate from the
fraction of the ice pieces that are in the channel after the breaking
event. It is assumed that the amount of ice that remains in the
channel is equal to the amount of ice before the breaking event.
In Ashton’s model, the brash ice macroporosity is neglected,
and as such, the brash ice average thickness (ice fraction + water
fraction) formed after the ship passage is neglected. Therefore,
the brash ice fraction in the channel after the ship passage is con-
sidered to be the former brash ice consolidated thickness HC,(i−1),
where the index i refers to the number of ship passages. Under
these assumptions and neglecting ice volume loss caused by the
sideways movement, the consolidation of the brash ice between
two vessel passages HC,i was formulated as follows:

HC, i = [H2
C,(i−1) + (1− g)2a2Dui]

0.5 + gaDu0.5i . (48)

The first term in Eqn (48) represents the growth of the brash
ice fraction and the second term represents the ice growth in the
open water surface. Δθi = θi − θi−1 is the cumulative degree-days
between two vessel passages i− 1 and i. The ice growth rate coef-
ficient used for the brash ice estimation was 18 mm °F−0.5 d−0.5 in
the example case for the Mississippi River.

Another equation was proposed to predict the brash ice growth
between two consecutive ship passages by Sandkvist (1980, 1981).
The initial ship transit was assumed to occur through an intact ice
layer with an initial thickness of H0. Ship passages were assumed
to generate an equivalent brash ice thickness in the channel. The
equivalent brash ice layer is the uniform brash ice thickness where
all the ice pieces generated after each breaking event are consid-
ered to be in a channel that has a width equal to the vessel’s
beam. In addition to the previous assumptions, the open water
fraction is neglected (this means, in effect, that the initial forma-
tion phase is neglected) and the brash ice consolidation between
two consecutive passages HC,i is formulated as the following:

HC, i = H0 +
∑i

i=1

a(Dui)
0.5. (49)

The ice consolidation rate α proposed for estimating the brash
ice accumulation in the fast sea-ice channels in the Bay of Bothnia
in the Baltic was based on empirical data fitting and resulted in a
value equal to 12 mm °C−0.5 d−0.5. The Sankvist formulation was
used to estimate the equivalent brash ice thickness generated in
the Saimaa Canal, in the Gulf of Finland, during the winters of
1980–82 (Eranti and others, 1983). The consolidation rate coeffi-
cient was found to have a good fit with the measured thicknesses
when α = 6.5 mm °C−0.5 d−0.5.

In addition to the assumptions made for Stefan’s ice growth,
the above-mentioned models neglect the ice growth caused by
the thermal inertia of ice pieces submerged after each breaking
event and also any explicit inclusion of porosity. Furthermore,
the assumption that all the ice pieces remain in the channel
after every ship transit results in an overestimation of the brash
ice thickness (Ettema and Huang, 1990; Riska and others, 2019).

Another model was developed to estimate the brash ice con-
solidation between two vessel passages HC,i, and the brash ice
thickness HBi that remains in the channel after each breaking
event (Ettema and Huang, 1990). The model assumed that the
brash ice layer after each vessel passage consists of a uniform
layer of the brash ice and water mixture, which has a constant
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porosity p before and after each passage. Also, a constant open
water fraction was assumed. In addition to previous models, the
ice expulsion sideways was considered. The thermal growth equa-
tion was developed based on Stefan’s theoretical assumptions dis-
cussed previously. The ice consolidation between two vessel
passages was calculated as a sum of the open water consolidation
component and the thermal growth of an existing brash ice thick-
ness. This thickness was equal to the total thickness of brash ice
multiplied by its ice fraction content (1− p)HBi,(i−1). The brash
ice consolidation between two vessel passages was formulated as:

HC, i = HC,(i−1) + ga
∑i

i=1

DT(Pi − tp)

( )0.5

+(1−g) (1−p)HBi,(i−1)a
2
∑i

i=1

DT(Pi − tp)

( )0.5

− (1−p)HBi,(i−1)

[ ]
,

(50)

where HC,(i−1) is the former thickness of brash ice in the channel.
The second term estimates the ice growth in the open water frac-
tion and is modified to estimate the cumulative freezing degree-
days between two vessel passages. This is the difference between
the two vessel transit times Pi and the time needed for the ice
to reach the thermal equilibria tp before the growth begins.
However, the time needed to reach the thermal equilibrium varies
with the former brash ice transit period and the cumulative freez-
ing degree-days within that period. Therefore, its determination is
not straightforward. The third term is the ice growth of a brash ice
volume which has an initial thickness of (1− p)HBi,(i−1).

The brash ice consolidation can, however, be simplified and
corrected by assuming that the volume increase is a sum of the
growth in the open water fraction γ and the consolidation in
the macropores of brash ice, which is described by the porosity
p. Based on Stefan’s thermal ice growth in open water and the
macropores, then the ice consolidation between two vessel pas-
sages can be estimated as:

HC, i = HC,(i−1) + a
1
g

∑i

i=1

DT(Pi − tp)

( )0.5

+a
1

pHBi,(i−1)

∑i

i=1

DT(Pi − tp)

( )0.5

,

(51)

where the first term is the ice volume before the breaking event,
the second term is the ice growth in the open water and the
third term is the growth of ice within pores of the new brash
ice having a uniform thickness.

The brash ice uniform thickness HBi after each ship passage is
derived from the ice mass conservation equations before and after
the shipping transit (Ettema and Huang, 1990). Thus, it is
assumed that the brash ice fraction after each breaking event (1
− p)HBi is equal to the sum of the former brash ice fraction before
consolidation (1− γ)(1− p)HBi,(i−1), with the ice volume increase
between two passages (HC,i −HC,(i−1)). Thus, the brash ice thick-
ness is given as:

HBi = (1− 1)[HBi,(i−1)(1− p)(1− g)+ (HC,i −HC,(i−1))]
(1− p)

,

(52)

where ε represents the fraction of the brash ice expelled sideways
and is assumed to be constant.

Another brash ice accumulation model was developed by Riska
and others (2019). The brash ice was assumed to consist of three
layers; the dry brash ice above the water level Hd, the consolidated
brash ice thickness HC,i and the brash ice thickness submerged in
the water below the consolidated layer called wet brash ice Hb.
Before a breaking event, the fraction of dry brash ice above
water level and the fraction of the ice below were estimated
based on the buoyancy principle as follows:

Hd,(i−1) = HB,(i−1) 1− ri
rw

( )
, (53)

Hb,(i−1) = HB,(i−1) − HB,(i−1) 1− ri
rw

( )
−HC,(i−1)

( )
, (54)

where HB,(i−1) is the total brash ice equivalent thickness before the
breaking event, and HC,(i−1) is the consolidated layer of brash ice
formed between consecutive breaking events and is determined
from the last step of the breaking cycle. For simplicity, the
model was divided into phases as shown in Figure 5. As the
first step, the model considered the breaking event, which forms
a new brash ice layer with a thickness HB and porosity p0, and
a uniform temperature Teq (equilibrium temperature). In this
step, the model estimates the equilibrium temperature and the
new equivalent brash ice thickness HB. Teq is obtained from the
mass and heat conservation before and after the breaking event
given as:

Teq = ((TDI + TDA)/2)(1− p0)Hd,(i−1)

+((TF + 1TDI)/2)HI,(i−1) + TF (1− pi−1)Hb−1

HB(1− p0) ,
(55)

where the interface temperatures TDA and TDI are determined
from the continuity of the heat flux balance at the interfaces as
discussed earlier. pi−1 and p0 are the wet brash ice porosity before
the breaking event and the dry brash ice porosity before the
breaking event. In addition, the equivalent brash ice thickness
after the breaking event is obtained from the mass conservation
of the ice before and after the ship passage:

HB = Hd,(i−1) + HI,(i−1)

(1− p0)
+Hb,(i−1)

(1− pi−1)
(1− p0)

. (56)

As the second phase of the brash ice accumulation, the model
considers the wet brash ice porosity change from p0 to pi right
after each breaking event. The porosity change is caused by the
initial thermal inertia brash ice growth and is assumed to occur
instantly after the breaking event. However, the porosity of the
dry brash ice after the breaking event remains the same ( p0).
The new brash ice porosity is calculated from the heat balance
between ice pieces and the surrounding water. The heat released
due to the freezing of water is equal to the heat absorbed by
the ice pieces that manifest in a temperature increase. Then the
new brash ice porosity pi is calculated as:

pi = p0
ciDT
Li

+ 1

[ ]
− ciDT

L
, (57)

where ΔT = (TF− Teq) is the average temperature difference
between the ice pieces and surrounding water. In the last step,
the model estimates the thermal consolidation of the brash ice
layer based on Stefan’s ice growth model. The schematic
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illustration of this step is given in Figure 6. The thickness equation
is determined under the same approach and derivations as the
atmosphere/dry snow/ice growth model discussed earlier in
Section 2.3. The two main changes compared to Ashton (1974)
and Sandkvist (1980, 1981) incorporated in the model are the
dry brash layer with its insulating effect, and the porosity p,
which is added to the freezing heat flux equation. It is assumed
that freezing occurs in macropores filled with water present in
the brash ice layer. The model scheme and heat flux continuity
equations at each interface are illustrated in Figure 6. The substi-
tution of the interface temperatures at heat flux continuity equa-
tions and the integration of the heat flux balance at the lower
surface of the consolidated layer (Eqn 3 in Fig. 6) yields the
brash ice consolidation thickness equation:

TF − TA

HI/ki + he
= piriLi

dHI

dt
, (58)

which can be integrated to give the consolidated layer thickness
as:

HIC =
�����������������
k2i h2e +

2ki
piriLi

u

√
− kihe, (59)

he = Hd

kd
+ 1

hda
, (60)

where he is the equivalent heat transfer coefficient and kd is the
conductivity coefficient of the dry brash ice layer, the value of
which depends on the porosity and was assumed equal to 1.31
Wm−1 K−1 for p0 equal to 0.2.

3.2 Porosity and piece size distribution

In partially consolidated brash ice or ice ridges, the macroporosity
is defined as the ratio between the volume of water and air with

Fig. 5. Scheme of brash ice models where the brash ice thickness before breaking event is divided into three layers: the dry layer above the water level with air-filled
voids, the consolidated ice layer and the water-filled pores brash below solid ice. After the ice-breaking incident, the brash ice profile was assumed to have a
vertically uniform temperature and porosity. Ice temperature and porosity are redistributed, and refreezing occurred before another breaking event. Adapted
from Riska and others (2019).

Fig. 6. Atmosphere–surface coupling growth model of the consolidated brash ice between two consecutive ship passages. Hd, HC,i and Hb represent, respectively,
the thicknesses of the dry brash ice, consolidated brash ice and wet brash layer. Adapted from Riska and others (2019).
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the total volume bordered by the outer surfaces of brash ice.
Porosity is an important parameter that influences the consolida-
tion of the brash ice and side ridges. The porosity is mainly influ-
enced by the piece size distribution and shape of the brash ice
pieces. These are affected by particulars of the ship, breaking fre-
quency, former brash ice consolidation thickness, the time that
allows the ice piece to settle tp (initial consolidation) and the con-
finement by side ridges. In addition, the packing of the brash ice
pieces is also affected by the side ridges’ thickness, which after
several passages forces the ice to remain in the channel. The por-
osity also reduces consolidation during tp. The period between
breaks is important when the brash ice channels are navigated
very frequently, such that it reduces or prevents the consolidation
between passages.

An early study of the full-scale brash ice channel in the Bay of
Bothnia showed that the brash ice water content increases with
depth from 20% of water content in the surface to 100% water
below the brash ice layer (Sandkvist, 1980). The water content
was determined across the channel’s cross section at 0.05 m
depth intervals. The water content at each depth interval (i.e.
from 0 to 0.05 m; 0.05 to 0.1 m; 0.1 to 0.15 m, etc.) was calculated
as a ratio between the number of drilled holes that contained
water with the total amount of holes observed across the channels’
cross section, i.e. assuming a uniform brash ice layer. The number
of measurements across the cross section in each 50 mm depth
varied from 30 to 50 observations. In other words, in each drilled
hole, the ice or water occurrence is recorded for the 0.05 m depth
intervals. For example, in the depth interval from 0.2 to 0.25 m,
ten holes (from 30 holes in total) across the channel cross section
contain water, and 20 holes contain ice. Subsequently, the water
content in the depth interval 0.2–0.25 m is 10/30 which is equal
to 33% of water content. The estimated change of water content
with depth is shown in Figure 7. Results showed an almost linear
increase of water content with time and breaking events. It
should, however, be recognised that this is not a true indication
of the channel porosity (and thus referred to as water content)
since it assumes a uniform brash layer when in reality it is varied
across the channel.

Another study that focused on the ship resistance in brash ice
reported a model scale brash ice channel porosity equal to 46%
(Kitazawa and Ettema, 1985). A more recent study of a model
scale brash ice channel observed porosity values between 40 and

60% (Bridges and others, 2020). In addition, the pressure
ridge porosity can be a useful reference for brash ice studies.
A study that focused on the first-year pressure ridges has
reported rubble ice macroporosity that varied between 10 and
27% (Ervik and others, 2018). Higher values reported by
Høyland (2007) reached 45%. However, the rubble ice forms
naturally from compressing or shearing of level ice (Høyland,
2007), while brash ice continuously changes in shape, size and
layer packing due to the freeze-breaking cycle. Brash ice pieces
are usually spherical ice blocks and the rubble ice are naturally
sharped edge blocks that change in size mainly from con-
solidation and melting processes. Although the rubble ice
macroporosity in ice ridges may differ from the brash ice macro-
porosity, it can be a useful reference for the brash ice layer and
brash ice side ridge macroporosity, considering that limited
brash ice channel measurement data are published on this
aspect. As such, it is difficult to compare the full-scale brash
ice porosity with model-scale brash ice porosity, especially
when considering all the factors that affect this parameter. For
example, the piece sizes and shapes of the model brash ice are
different from the full-scale brash ice, consequently, the porosity
may be different, see Matala (2021). This comparison requires
porosity measurements in full-scale brash ice channels and
brash ice accumulated in port areas.

The physical properties of three different brash ice models
were investigated and reported by Matala and Skogström (2019)
and Matala (2021). The measured brash ice porosity varied
between 30 and 55.1%. In addition, the research reported that
the piece size distribution of the model brash ice channel was lim-
ited by the thickness of the original ice layer. Measurements on a
full-scale brash ice channel in the Barents Sea reported a log-
normal piece size distribution with sizes varying between 0.06
and 0.7 m (Bonath and others, 2019), this distribution trend is
also supported by Tuovinen (1979), although the piece size mea-
surements were limited to the equipment size that was used to
collect the brash ice. The vertical piece size distribution measured
in a full-scale testing channel in the Bay of Bothnia reported a
mean piece size of 0.7 m (Sandkvist, 1982).

Further investigation and research of porosity as a function of
piece size, former thickness and ship passages could give a better
understanding of the brash ice development and increase the
brash ice forecast accuracy.

Fig. 7. Development of water content, assuming a uniform brash ice layer across the channel, with time and cumulative freezing degree-days. Where 13/12/78-14.5
shows the time of measurement and the cumulative temperature from the last passage. The linear correlation coefficient of porosity as a linear function of depth is
given. Observations were conducted in a full-scale brash ice channel in Luleå harbour, Sweden during winter 1978–79 by Sandkvist (1980). Adapted from Sandkvist
(1980, 1986).
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3.3 Consolidation

Between two consecutive vessel passages, the brash ice consolidates
and its bulk temperature cools according to the cumulative freezing
temperature. The consolidation process is defined as the downward
freezing of ice initially caused by the stored specific heat of ice (ini-
tial phase of consolidation) and subsequently by the increase of the
cumulative freezing degree-days (Høyland, 2002). Heat exchange
between water and cold submerged ice blocks reach a temperature
equilibrium, which for water and ice mixture is the freezing tem-
perature that results in ice formation and is defined as the initial
phase of consolidation. Consequently, after each vessel passage,
the average macroporosity in the brash ice layer continuously
decreases with time until the next breaking event.

The consolidation process of side ridges piled on both sides of
a ship channel may be similar to the first-year pressure ridge con-
solidation. The theories and findings of ridge consolidation can be
applied in the brash ice side ridge consolidation estimations.
However, the formation phase and its duration make an import-
ant difference between these two features. The main challenge is
estimating the brash ice side ridge accumulation, which is a grad-
ual process, as the brash ice side structures grow in thickness fol-
lowing each ship transit. In addition to ice side way movement,
the turbulent currents caused by ship passages could be a heat
source that can affect the side ridge consolidation, however
these aspects have not been studied.

Similar to ice ridges, consolidation of rubble ice provides a case
that can be considered similar to that of brash ice. Studies on the
initial phase of rubble ice consolidation have shown that this
phase begins with the submergence of ice and ends when a thermo-
dynamic temperature equilibrium between water and ice is reached
(Høyland and Liferov, 2005). The ice growth and heat exchange
between ice and water during the initial consolidation phase were
found to depend on the initial rubble temperature, size of the rubble,
as well as on the salinity (Høyland and others, 2001; Høyland and
Liferov, 2005; Chen and Høyland, 2016; Chen and others, 2020).

The influence of the rubble thickness in the initial ice consoli-
dation was investigated by Høyland and others (2001). Three ice
layers were prepared from brackish water having a salinity of 8.5
ppt. The ice layers had an initial temperature of −32°C and thick-
nesses of 24.5, 48.5 and 96 mm. The ice layers were insulated from
the top and the sides thus hindering the effect of air temperatures
on the ice growth. The growth in the ice/water interface caused by
the thermal gradient between the initial ice temperature and the
water temperature was measured. The ice layers grew 61, 41 and
26% for the three different thicknesses, during the first 250 min.
This study highlights the influence that the rubble thickness can
have on the initial phase of consolidation. Similar to level ice
growth, during the initial consolidation the heat conducts faster
through the thinner rubble ice and thus resulting in quicker
consolidation.

Another laboratory experiment was conducted to compare the
effect of salinity on the initial stage of consolidation by Chen and
Høyland (2016). Two ice samples were prepared with the same
initial temperature of −32°C and thickness of 100 mm. The first
sample was prepared from fresh water and the second sample
had a salinity of 2.65 ppt. The ice blocks were submerged in
fresh water with an initial temperature of 0.2°C. The top and
side surfaces of the ice rubble were insulated and the growth in
the ice/water interface was measured. The freshwater ice grew
15.9% and the saline ice grew 26%. Even though the growth of
the saline ice sample was higher, the thermal equilibrium for
the freshwater ice reached faster, 500 and 2500 min, respectively.
This study highlighted that the saline ice has higher specific heat
stored in ice and therefore the initial consolidation phase for
saline ice lasts longer and the ice growth is higher.

The same laboratory tests were conducted for five freshwater
ice samples and the results have been reported recently by Chen
and others (2020). Four samples had an initial temperature of
−20°C and an initial thickness of 49, 64, 102 and 205 mm. A
fifth sample had an initial ice temperature and thickness of
−32°C and 101 mm. The experiments showed that the ice growth
was greater for the coldest sample. On the contrary, the thicker ice
samples required a longer time to reach the temperature equilib-
rium between the ice rubble and underlying water. This study
highlighted that the initial ice temperature and thickness influ-
ence the initial phase of consolidation.

In addition to the effects of ice thickness, temperature and sal-
inity on the initial rubble consolidation, the heat flux exchange
between water and ice in the ice/water interface for the insulated
systems discussed above was estimated by Chen and Høyland
(2016) and Chen and others (2020). In this closed system, the
temperature gradient between submerged ice rubble and freezing
water drives the ice formation in the ice/water surface. The
amount of ice formed or the amount of the latent heat released
during the ice formation is equal to the difference between the
energy stored in the ice rubble (the specific heat capacity of ice
which for freshwater ice depends only on the initial temperature)
and the heat convected by the water. The water heat flux was
determined to be the difference between the specific heat capacity
flux of the rubble ice with the latent heat flux. This stored energy
(specific heat), in each time interval of ice formation defines the
potential for further ice growth. When the thermal equilibrium
(between ice and water) is reached the heat capacity of ice theor-
etically reaches zero. At the beginning of the experiment, the
maximum heat fluxes were 280 and 380Wm−2 for the saline
and freshwater ice samples, respectively (Chen and Høyland,
2016). The value of heat flux for the freshwater ice approached
a constant value with time. However, the saline water reached a
minimum after 2 h of exposure and increased again, postulated
to be due to brine expulsion, as shown in Figure 8.

Another study estimated the convective heat flux in the initial
formation phase of two pressure ridges artificially formed in
Svalbard, Norway (Høyland and Liferov, 2005). A simple numer-
ical heat flux conservation equation was used:

wC,r − w W = wF − wsp, (61)

from where the heat flux was estimated as:

wW = wC,r − wF + wsp, (62)

where wC,r is the heat flux conducted in the atmosphere through
the ridge, wW is the heat flux transferred from the water into the
ice, wF is the heat flux generated from ice freezing and wsp is the
initial specific heat capacity stored in the ice given as:

wsp = riVici(T0 − TF), (63)

where the term Vi is the rubble ice volume, T0 is the initial tem-
perature of the ice rubble and ci is the specific heat capacity of the
ice. The change in heat flux per unit time wsp/Δt represents the
heat flux caused by the stored energy in ice. It was observed
that the salinity content above 4 ppt influences the heat capacity
of sea ice. The specific heat capacity estimation of the sea ice
was presented by Schwerdtfecer (1963) based on Assur’s (1960)
sea-ice phase diagram. The equation for heat capacity of the sea
water (csw) is given as:

csw = − S
xT2

Li + S
xT

(cw − ci)+ ci, (64)
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where cw and ci are the specific heat capacities of freshwater and
pure ice, respectively. The coefficient of proportionality between
bulk salinity S and temperature in °C is x = −0.0182 °C−1. The
heat flux transfer from water to ice was estimated to equal 63
and 235Wm−2 for initial consolidation thicknesses of 0.1 and
0.32 m, respectively (Høyland and Liferov, 2005).

After the initial phase of the pressure ridge consolidation, the
rubble macroporosity reduces while consolidation progresses
downwards. This consolidation depends on the water permeabil-
ity from the ocean into the macropores between the ice rubble
(Shestov and Marchenko, 2016). The influence of initial macro-
porosity, water temperature and sea-ice salinity in the porosity
reduction was estimated based on measurements conducted in
the Barents sea (Shestov and Marchenko, 2016) (see Fig. 9).
Results showed that the macroporosity changes were smaller for
lower water temperatures, which could be a result of a lower tem-
perature gradient between ice and water. In addition, the estima-
tions showed that an increase in the water salinity from 3 to 6 ppt
for the same initial macroporosity and water temperature resulted
in a greater reduction in porosity. This implies that an increase in
salinity will also increase the heat capacity of ice, therefore the
consolidation and thus the porosity reduction is higher in the ini-
tial phase of consolidation. This result is also supported by Chen

and Høyland (2016). Finally, a study on the consolidated layer
along the cross section of the channel was obtained by
Sandkvist (1980). The thickness of the consolidated layer mea-
sured in the so-called ‘North Track’ is illustrated in Figure 10.
The scatter of the consolidated layer with the cumulative freezing
temperature can be considered to be due to the initial porosity in
the location of measurements and the frequency of breaking.

The above discussion supports the importance of parameters
that influences the initial ice consolidation after each breaking
event due to the temperature gradient between ice and water
and its dependency on the initial physical properties such as tem-
perature, size and salinity. In addition, the effect of brash ice
macroporosity on consolidation and vice versa should be further
investigated and related to physical properties such as piece size
distribution and brash ice shape.

4. Summary of knowledge gaps

This review investigated the level ice and brash ice growth models
and parameters that influence the growth and accumulation of
ice. Level ice analytical growth models derived from Stefan’s
approach were analysed for level ice and level ice covered with
dry snow. The slush formation from snow flooding, its

Fig. 8. Water heat transferred and ice growth evolution with time. The ice samples had different salinities but the same initial temperature (−35°C) and were sub-
merged in fresh water with an initial temperature equal to 0.2°C. SI and FWI are, respectively, saline and freshwater ice. Adapted from Chen and Høyland (2016).

Fig. 9. Macro-porosity reduction Δp versus initial porosity p0 for water salinity of 3 and 6 ppt. The water temperature is (1) −1.6°C; (2) −0.8°C and (3) −0.2°C.
Adapted from Shestov and Marchenko (2016).
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transformation to snow ice and its contribution to the total level
ice thickness were all investigated. The influence of surface heat
budget on the surface temperature and ice growth was evaluated
including the net radiation, sensible and latent heat fluxes. The
oceanic heat flux convected in the ice/water interface and its con-
tribution to the annual ice growth was also analysed. It was found
that snow physics, in particular, the slush-to-ice transformation
process has a major contribution to the differences between mea-
sured and predicted ice thickness values. The main sources of
model errors were related to accurately estimating the time of
flooding, slush and snow-ice formation. In addition, shortwave
radiation in spring and summer initiates the melting of snow fol-
lowed by a snow-ice formation which retards the ice growth. The
shortwave radiation absorbed in the ice causes ice ablation. The
freeze-up of the water at the beginning of the winter season
depends on the oceanic heat flux which is partly caused by the
heat accumulated during summer from shortwave radiation. In
addition to oceanic flux, the sensible and latent heat fluxes are
observed to be an important parameter that contributes to the
freeze-up of the open water and the initial growth of level ice.

In addition to thermodynamical and meteorological phenom-
ena that influence level ice growth and brash ice consolidation, the
brash ice formation and accumulation in ice-infested waters is
affected by the mechanical process of frequent icebreaking. A
description was given for the brash ice formation initiating
from breaking the thick level ice or from initially navigating in
very thin ice skim. This included the description of brash ice
growth and the accumulation of brash ice caused by the frequent
vessel navigation and the thermodynamic consolidation. The
study comprised of a description of the brash ice growth models
and the important parameters that contribute to brash ice devel-
opment, including the lateral movement of brash ice and the side
ridge formation, macroporosity, piece size distribution and con-
solidation. However, the existing brash ice growth models are
based on few parameters such as the cumulative freezing degree-
days, icebreaking frequency and macroporosity. Parameters
included in the level ice models such as snow, shortwave radi-
ation, sensible, latent and oceanic heat fluxes are not included
in the existing brash ice models and their contribution to the
brash ice development is not supported by measured data for veri-
fication. The effect of snow as an insulator between two consecu-
tive passages and its effect on adding to the volume of brash ice
after each ship passage has not been previously studied, and con-
sequently, the influence of snow is neglected from the growth
models. Considering the effect that these parameters have on
the level ice development, it is suggested that i.e. the snow, and

in particular the slush-to-ice transformation process can affect
the brash ice consolidation in locations and winters when the
amount of snowfall is significant. The latest model developed
by Riska and others (2019) divided the brash ice model into
three layers characterised by different porosity and thermal prop-
erties; the dry brash ice, the consolidated layer and the wet brash
ice layer. A further improvement in the model should include the
snow layer on the dry brash ice layer. Their model validation with
brash ice thickness values from Sabetta port (Arctic) showed a
higher accuracy compared to model validation with brash ice
thickness data from Luleå port (Sub-Arctic). The highest devi-
ation from the measurements in Luleå was observed in
mid-March to April, which can be explained by the possible influ-
ence of the shortwave radiation that was omitted from the model.
The effect of shortwave radiation and surface heat budget on the
consolidation of the brash ice should also be further investigated
and incorporated into future ice growth models.

The brash ice measurements are mostly obtained from full
scale and model scale brash ice channels formed from breaking
an initial level ice layer of thickness H0. Little is known about
the brash ice’s initial formation from ships’ navigation channels
in early winter, and the importance of this initial stage has not
been previously addressed, i.e. the transformation of slush to
brash ice, as well as the effect of snow on this process.
Full-scale observation and measurement in the early winter can
give insights into the importance of this initial formation phase.
After each ship transit, the temperature of the ice blocks that sub-
merge in the freezing water varies with the cumulative freezing
temperatures between vessel passages. The temperature difference
between the water and ice blocks causes a temperature gradient
that is followed by ice formation until the temperature equilib-
rium between the two phases (water and ice) is reached. The
time required to reach the temperature equilibrium after each ves-
sel passage and the quantification of this porosity reduction
require further investigation and research. Even though this phe-
nomenon is addressed in previous models (Ettema and Huang,
1990; Riska and others, 2019), there is limited data to support
the parametrisation of the phenomenon. Furthermore, after
each vessel passage, a part of the brash ice is pushed sideways.
Most of the brash ice forecast models assume that all ice remains
in the channel which theoretically could lead to an overestimation
of brash ice layer thickness. This is also concluded from the val-
idation of brash ice growth models described previously by
Ettema and Huang (1990) and Riska and others (2019). The vol-
ume fraction of the brash ice that is pushed from the channel at
each vessel passage was previously included in the brash ice accu-
mulation forecast by Ettema and Huang (1990); however, the
accurate determination of this fraction requires systematic full-
scale measurements.

To conclude, a better understanding is required for the initial
brash ice formation phase, the amount and influence of brash ice
lateral movement, the initial consolidation after each breaking
event, the porosity variation during the brash ice lifespan, the
snow and effect of radiation on brash ice formation and growth.
These phenomena should be studied further, along with full-scale
and model-scale observations and measurements, and be intro-
duced in the brash ice growth models.

Acknowledgements. The authors acknowledge the support from
TotalEnergies, and wish to thank the two anonymous reviewers and the
Scientific Editor Stephen Jones for their valuable comments and suggestions
that led to an improved manuscript.

Author contributions.
The team of four authors has formulated the research aims and methods of approach.
VZh conducted the literature review and wrote the manuscript. All co-authors contribu-
ted to the revision and improvement of the manuscript by editing and adding to the text.

Fig. 10. Thickness of the consolidated layer was measured in a full-scale brash ice
channel versus the cumulative freezing degree-days. Adapted from Sandkvist (1980).

Journal of Glaciology 701

https://doi.org/10.1017/jog.2021.126 Published online by Cambridge University Press

https://doi.org/10.1017/jog.2021.126


References

Adolphs U (1998) Ice thickness variability, isostatic balance and potential for
snow ice formation on ice floes in the south Polar Pacific Ocean. Journal of
Geophysical Research: Oceans 103(C11), 24675–24691. doi: 10.1029/
98JC02414

Ager BH (1962) Studies on the density of naturally and artificially formed
fresh-water ice. Journal of Glaciology 4(32), 207–214. doi: 10.3189/
s0022143000027404

Andres DD and van der Vinne PG (2001) Calibration of ice growth models
for bare and snow covered conditions: a summary of experimental data
from a small prairie pond. In 11th Workshop on River Ice: River Ice
Processes within a Changing Environment. CGU HS Committee on River
Ice Processes and the Environment (CRIPE).

Ångström A (1918) A study of the radiation of the atmosphere. Smithsonian
Miscellaneous Collections 65, 1–159.

Ashton GD (1974) Evaluation of ice management problems associated with
operation of a mechanical ice cutter on the Mississippi river. CRREL
Special Report, US Army Cold Regions Research and Engineering
Laboratory (214).

Ashton GD (1986) River and lake ice engineering. Water Resources
Publications: U.S. Library of Congress Catalogue Number, 86-50681.

Ashton GD (1989) Thin ice growth.Water Resources Research 25(3), 564–566.
doi: 10.1029/WR025i003p00564

Ashton GD (2011) River and lake ice thickening, thinning, and snow ice for-
mation. Cold Regions Science and Technology 68(1–2), 3–19. doi: 10.1016/j.
coldregions.2011.05.004

Assur A (1960) Composition of sea ice and its tensile strength. U.S. Snow, Ice
and Permafrost Research Establishment Research Report 44, 1–49.

Bennington KO (1963) Some crystal growth features of sea ice. Journal of
Glaciology 4(36), 669–688. doi: 10.3189/s0022143000028306

Berenger D and Michel B (1975) Algorithm for accelerated growth of ice in a
ship’s track. In Proceedings, 3rd International Symposium on Ice Problems,
Hanover, New Hampshire, USA.

Bonath V, Zhaka V and Sand B (2019) Field measurements on the behavior
of brash ice. Proceedings of the International Conference on Port and Ocean
Engineering under Arctic Conditions, POAC, 2019-June.

Bridges R (2020) Geometric model on the evolution of brash ice channels.
Proceedings of the International Offshore and Polar Engineering
Conference, 2020-October, 617–621.

Bridges R, Riska K, Suominen M and Haase A (2020) Experimental tests on
brash ice channel development. Proceedings of the International Offshore
and Polar Engineering Conference, 2020-October, 639–643.

Calonne N and 5 others (2011) Numerical and experimental investigations of
the effective thermal conductivity of snow. Geophysical Research Letters 38
(23), 1–6. doi: 10.1029/2011GL049234

Chen X and Høyland KV (2016) Laboratory work on heat transfer in sub-
merged ice, theory, experimental setup and results. Proceedings of the
23rd IAHR International Symposium on Ice.

Chen X, Høyland KV and Ji S (2020) Laboratory tests to investigate the initial
phase of ice ridge consolidation. Cold Regions Science and Technology 176,
103093. doi: 10.1016/j.coldregions.2020.103093

Cheng B and 6 others (2014) Evolution of snow and ice temperature, thickness
and energy balance in Lake Orajärvi, northern Finland. Tellus A: Dynamic
Meteorology and Oceanography 66(1), 21564. doi: 10.3402/tellusa.v66.21564

Cheng J and Liang S (2014) Effects of thermal-infrared emissivity direction-
ality on surface broadband emissivity and longwave net radiation estima-
tion. IEEE Geoscience and Remote Sensing Letters 11(2), 499–503. doi: 10.
1109/LGRS.2013.2270293

Chomatas K (2015) Development of brash ice growth models and estimation
of the energy needs to manage ice in the Yamal LNG port in Sabetta. Master
of Science Case Study, Master of Science in Offshore and Dredging
Engineering, Delft University of Technology.

Comfort G and Abdelnour R (2013) Ice thickness prediction: a comparison of
various practical approaches. 17th CRIPE Workshop on River Ice, 1–14.

Comfort G, Gong Y, Singh S and Abdelnour R (2003) Static ice loads on dams.
Canadian Journal of Civil Engineering 30(1), 42–68. doi: 10.1139/l02-080

Crocker GB and Wadhams P (1989) Modelling Antarctic fast-ice growth.
Journal of Glaciology 35(119), 3–8. doi: 10.3189/002214389793701590

de Almirón de Andrés CR, Saarinen S and Uuskallio A (2018) Review of ice
challenges and ice management in port areas. Coastal Engineering
Proceedings 36, 79–79. doi: 10.9753/icce.v36.papers.79

Dilley AC and O’brien DM (1998) Estimating downward clear sky long-wave
irradiance at the surface from screen temperature and precipitable water.
Quarterly Journal of the Royal Meteorological Society 124(549), 1391–
1401. doi: 10.1002/qj.49712454903

Eranti E, Penttinen M and Rekonen T (1983) Extending the ice navigation
season in the Saimaa canal. Proceedings of POAC-83, 3, 381–391.

Ervik Å, Høyland KV, Shestov A and Nord TS (2018) On the decay of first-
year ice ridges: measurements and evolution of rubble macroporosity, ridge
drilling resistance and consolidated layer strength. Cold Regions Science and
Technology 151, 196–207. doi: 10.1016/j.coldregions.2018.03.024

Ettema R and Huang HP (1990) Ice formation in frequently transited navi-
gation channels. U.S. Army Corps of Engineers, Cold Regions Research &
Engineering Laboratory, Special Report 90-40.

Ettema R, Schaefer JA and Huang HP (1998) Ice-tank data on brash-ice
loads against barges. Journal of Cold Regions Engineering 12(3), 153–161.
doi: 10.1061/(ASCE)0887-381X(1998)12:3(153)

Fichefet T and Maqueda MM (1999) Modelling the influence of snow accumu-
lation and snow-ice formation on the seasonal cycle of the Antarctic sea-ice
cover. Climate Dynamics 15(4), 251–268. doi: 10.1007/s003820050280

Fransson L and Sandkvist J (1985) Brash ice shear properties: laboratory tests.
In International Conference on Port and Ocean Engineering under Arctic
Conditions: 07/09/1985–14/09/1985. Dansk Hydraulisk Institut.

Gabison R (1987) A thermodynamic model of the formation, growth, and
decay of first-year sea ice. Journal of Glaciology 33(113), 105–119. doi: 10.
3189/s0022143000005414

Granskog MA, Uusikivi J, Sequeiros A B and Sonninen E (2006) Relation of
ice growth rate to salt segregation during freezing of low-salinity sea water
(Bothnian Bay, Baltic Sea). Annals of Glaciology 44, 134–138. doi: 10.3189/
172756406781811259

Greisman P (1981) Brash ice behavior. U.S. Coast Guard Research and
Development Center, Report No. USCG-D-30-81.

Grenfell TC, Light B and Perovich DK (2006) Spectral transmission and
implications for the partitioning of shortwave radiation in Arctic sea ice.
Annals of Glaciology 44, 1–6. doi: 10.3189/172756406781811763

Guest PS (1998) Surface longwave radiation conditions in the eastern Weddell
Sea during winter. Journal of Geophysical Research: Oceans 103(C13),
30761–30771. doi: 10.1029/98JC02146

Hori M and 10 others (2006) In-situ measured spectral directional emissivity
of snow and ice in the 8-14 μm atmospheric window. Remote Sensing of
Environment 100(4), 486–502. doi: 10.1016/j.rse.2005.11.001

Høyland KV and 6 others (2001) Physical modeling of first-year ice
ridges-part I: production, consolidation and physical properties. In
Proceedings of the International Conference on Port and Ocean
Engineering Under Arctic Conditions.

Høyland KV (2002) Consolidation of first-year sea ice ridges. Journal of
Geophysical Research: Oceans 107(C6), 15–11. doi: 10.1029/2000jc000526

Høyland KV (2007) Morphology and small-scale strength of ridges in the
North-western Barents Sea. Cold Regions Science and Technology 48(3),
169–187. doi: 10.1016/j.coldregions.2007.01.006

Høyland KV and Liferov P (2005) On the initial phase of consolidation. Cold
Regions Science and Technology 41(1), 49–59. doi: 10.1016/j.coldregions.
2004.09.003

Incropera FP, Dewitt DP, Bergman TL and Lavine AS (2007) Fundamentals
of Heat and Mass Transfer, 6th Edn. John Wiley & Sons, Hoboken, NJ,
USA.

International Standardisation Organisation (2007) ISO 17714:2007.
Meteorology. Air temperature measurements. Test methods for comparing
the performance of thermometer shields/screens and defining important
characteristics.

Jin Z, Stamnes K, Weeks WF and Tsay SC (1994) The effect of sea ice on the
solar energy budget in the atmosphere-sea ice-ocean system: a model study.
Journal of Geophysical Research: Oceans 99(C12), 25281–25294. doi: 0.
1029/94JC02426

Karulin EB, Karulina MM and Tarovik OV (2019) Analytical model of nav-
igable channel evolution in ice conditions. International Journal of Offshore
and Polar Engineering 29(3), 277–285. doi: 10.17736/ijope.2019.ik05

Kitazawa T and Ettema R (1985) Resistance to ship-hull motion through
brash ice. Cold Regions Science and Technology 10(3), 219–234. doi: 10.
1016/0165-232X(85)90034-5

Konzelmann T and 5 others (1994) Parameterization of global and longwave
incoming radiation for the Greenland Ice sheet. Global and Planetary
Change 9(1–2), 143–164. doi: 10.1016/0921-8181(94)90013-2

702 Vasiola Zhaka and others

https://doi.org/10.1017/jog.2021.126 Published online by Cambridge University Press

https://doi.org/10.1029/98JC02414
https://doi.org/10.1029/98JC02414
https://doi.org/10.3189/s0022143000027404
https://doi.org/10.3189/s0022143000027404
https://doi.org/10.1029/WR025i003p00564
https://doi.org/10.1016/j.coldregions.2011.05.004
https://doi.org/10.1016/j.coldregions.2011.05.004
https://doi.org/10.3189/s0022143000028306
https://doi.org/10.1029/2011GL049234
https://doi.org/10.1016/j.coldregions.2020.103093
https://doi.org/10.3402/tellusa.v66.21564
https://doi.org/10.1109/LGRS.2013.2270293
https://doi.org/10.1109/LGRS.2013.2270293
https://doi.org/10.1139/l02-080
https://doi.org/10.1139/l02-080
https://doi.org/10.3189/002214389793701590
https://doi.org/10.9753/icce.v36.papers.79
https://doi.org/10.1002/qj.49712454903
https://doi.org/10.1016/j.coldregions.2018.03.024
https://doi.org/10.1061/(ASCE)0887-381X(1998)12:3(153)
https://doi.org/10.1061/(ASCE)0887-381X(1998)12:3(153)
https://doi.org/10.1007/s003820050280
https://doi.org/10.3189/s0022143000005414
https://doi.org/10.3189/s0022143000005414
https://doi.org/10.3189/172756406781811259
https://doi.org/10.3189/172756406781811259
https://doi.org/10.3189/172756406781811763
https://doi.org/10.1029/98JC02146
https://doi.org/10.1016/j.rse.2005.11.001
https://doi.org/10.1029/2000jc000526
https://doi.org/10.1016/j.coldregions.2007.01.006
https://doi.org/10.1016/j.coldregions.2004.09.003
https://doi.org/10.1016/j.coldregions.2004.09.003
https://doi.org/0.1029/94JC02426
https://doi.org/0.1029/94JC02426
https://doi.org/10.17736/ijope.2019.ik05
https://doi.org/10.1016/0165-232X(85)90034-5
https://doi.org/10.1016/0165-232X(85)90034-5
https://doi.org/10.1016/0165-232X(85)90034-5
https://doi.org/10.1016/0165-232X(85)90034-5
https://doi.org/10.1016/0921-8181(94)90013-2
https://doi.org/10.1016/0921-8181(94)90013-2
https://doi.org/10.1016/0921-8181(94)90013-2
https://doi.org/10.1017/jog.2021.126


Launiainen J and Cheng B (1998) Modelling of ice thermodynamics in nat-
ural water bodies. Cold Regions Science and Technology 27(3), 153–178. doi:
10.1016/S0165-232X(98)00009-3

Lei R and 5 others (2014) Multiyear sea ice thermal regimes and oceanic heat
flux derived from an ice mass balance buoy in the Arctic ocean. Journal of
Geophysical Research: Oceans 119(1), 537–547. doi: 10.1002/2012JC008731

Lei R and 6 others (2018) Seasonal and interannual variations of sea ice mass
balance from the central Arctic to the Greenland Sea. Journal of Geophysical
Research: Oceans 123(4), 2422–2439. doi: 10.1002/2017JC013548

Leppäranta M (1983) A growth model for black ice, snow ice and snow thick-
ness in subarctic basins. Nordic Hydrology 14(2), 59–70. doi: 0.2166/nh.
1983.0006

Leppäranta M (1993) A review of analytical models of sea-ice growth.
Atmosphere – Ocean 31(1), 123–138. doi: 10.1080/07055900.1993.9649465

Leppäranta M and Kosloff P (2000) The structure and thickness of lake
Pääjärvi ice. Geophysica 36(1–2), 233–248.

Matala R (2021) Investigation of model-scale brash ice properties. Ocean
Engineering 225, 108–539. doi: 10.1016/j.oceaneng.2020.108539

Matala R and Skogström T (2019) Soil mechanics measurement methods
applied in model brash ice. Proceedings of the International Conference on
Port and Ocean Engineering under Arctic Conditions, POAC, 2019-June.

Maykut GA (1978) Energy exchange over young sea ice in the central Arctic.
Journal of Geophysical Research 83(C7), 3646. doi: 10.1029/jc083ic07p03646

Maykut GA and McPhee MG (1995) Solar heating of the Arctic mixed layer.
Journal of Geophysical Research: Oceans 100(C12), 24691–24703. doi: 10.
1029/95jc02554

Maykut GA and Untersteiner N (1971) Some results from a time-dependent
thermodynamic model of sea ice. Journal of Geophysical Research 76(6),
1550–1575. doi: 10.1029/jc076i006p01550

McPhee MG and Untersteiner N (1982) Using sea ice to measure vertical heat
flux in the ocean. Journal of Geophysical Research 87(C3), 2071–2074. doi:
10.1029/JC087iC03p02071

Mellor M (1977) Engineering properties of snow. Journal of Glaciology 19(81),
15–66. doi: 10.3189/s002214300002921x

Mellor M (1980) Ship resistance in thick brash ice. Topics in Catalysis 3(4),
305–321. doi: 10.1016/0165-232X(80)90037-3

Nakawo M and Sinha NK (1981) Growth rate and salinity profile of first-year
sea ice in the high Arctic. Journal of Glaciology 27(I), 315–330. doi: 10.3189/
S0022143000015409

Niemelä S, Räisänen P and Savijärvi H (2001) Comparison of surface radia-
tive flux parameterizations part I: longwave radiation. Atmospheric Research
58(1), 1–18. doi: 10.1016/S0169-8095(01)00084-9

Ohata Y, Toyota T and Shiraiwa T (2016) Lake ice formation processes and
thickness evolution at Lake Abashiri, Hokkaido, Japan. Journal of Glaciology
62(233), 563–578. doi: 10.1017/jog.2016.57

Perovich DK (1990) Theoretical estimates of light reflection and transmission
by spatially complex and temporally varying sea ice covers. Journal of
Geophysical Research: Oceans 95(C6), 9557. doi: 10.1029/jc095ic06p09557

Perovich DK (1996) The optical properties of sea ice. US Army Corps of
Engineers Cold Regions Research & Engineering Laboratory (Monograph
96-1).

Perovich DK and Grenfell TC (1981) Laboratory studies of the optical prop-
erties of young sea ice. Journal of Glaciology 27(96), 329–344. doi: 10.1017/
s0022143000015410

Perovich DK, Grenfell TC, Light B and Hobbs PV (2002a) Seasonal evolu-
tion of the albedo of multiyear Arctic sea ice. Journal of Geophysical
Research: Oceans 107(10), 1–13. doi: 10.1029/2000jc000438

Perovich DK, Roesler CS and Pegau SW (1998) Variability in Arctic sea ice
optical properties. Journal of Geophysical Research: Oceans 103, 1193–1208.
doi: 10.1029/97JC01614

Perovich DK, Tucker WB and Ligett KA (2002b) Aerial observations of the
evolution of ice surface conditions during summer. Journal of Geophysical
Research: Oceans 107(10), 1–14. doi: https://doi.org/10.1029/2000jc000449

Peterson AK, Fer I, McPhee MG and Randelhoff A (2017) Turbulent heat
and momentum fluxes in the upper ocean under Arctic sea ice. Journal
of Geophysical Research: Oceans 122, 1439–1456. doi: 10.1002/
2016JC012283

PIANC (2004) INCOM Report WG 23, Technical and Economic Problem of
Channel Icing, PIANC, Brussels.

Prata AJ (1996) A new long-wave formula for estimating downward clear-sky
radiation at the surface. Quarterly Journal of the Royal Meteorological
Society 122(533), 1127–1151. doi: 10.1256/smsqj.53305

Pringle DJ, Eicken H, Trodahl HJ and Backstrom LGE (2007) Thermal con-
ductivity of landfast Antarctic and Arctic sea ice. Journal of Geophysical
Research: Oceans 112(4), 1–13. doi: 10.1029/2006JC003641

Rees WG and James SP (1992) Angular variation of the infrared emissivity of
ice and water surfaces. International Journal of Remote Sensing 13(15),
2873–2886. doi: 10.1080/01431169208904088

Riche F and Schneebeli M (2013) Thermal conductivity of snow measured by
three independent methods and anisotropy considerations. The Cryosphere
7(1), 217–227. doi: 10.5194/tc-7-217-2013

Riska K and 8 others (2019) Brash ice growth model – development and val-
idation. Cold Regions Science and Technology 157, 30–41. doi: 10.1016/j.col-
dregions.2018.09.004

Riska K, Blouquin R, Coche E, Shumovskiy S and Boreysha D (2014)
Modelling brash ice growth in ports. 22nd IAHR International
Symposium on Ice Singapore, August 11 to 15, 2014.

Saloranta TM (2000) Modeling the evolution of snow, snow ice and ice in the
Baltic Sea. Tellus, Series A: Dynamic Meteorology and Oceanography 52(1),
93–108. doi: 10.3402/tellusa.v52i1.12255

Sandkvist J (1980) Observed growth of brash ice in ships’ tracks. Research Report;
Series A No. 42, Division of Water Resources Engineering, University of Luleå.

Sandkvist J (1981) Conditions in brash ice covered channels with repeated
passages. In POAC 81: The Sixth International Conference on Port and
Ocean Engineering under Arctic Conditions, Québec, Canada July 27–31,
1981, Proceedings, 244–252.

Sandkvist J (1982) Vertical block sizes in brash ice covered channels. WREL
Report Series A No. 101, Division of Water Resources Engineering, University
of Luleå.

Sandkvist J (1986) Brash Ice behaviour in Frequent Ship Channels. Licentiate
Dissertation, 139.

Schwerdtfecer P (1963) The thermal properties of sea ice. Journal of
Glaciology 4(36), 789–807. doi: 10.3189/S0022143000028379

Shestov AS and Marchenko AV (2016) Thermodynamic consolidation of ice
ridge keels in water at varying freezing points. Cold Regions Science and
Technology 121, 1–10. doi: 10.1016/j.coldregions.2015.09.015

Shirasawa K and 6 others (2005) The thickness of coastal fast ice in the Sea of
Okhotsk. Cold Regions Science and Technology 42(1), 25–40. doi: 10.1016/j.
coldregions.2004.11.003

Shirasawa K, Ingram RG and Hudier EJ-J (1997) Oceanic heat fluxes under
thin sea ice in Saroma-ko Lagoon, Hokkaido, Japan. Journal of Marine
Systems 11, 9–19. doi: 10.1016/S0924-7963(96)00023-1

Stefan J (1889). Uber die theorie der eisbilding, insbesondere uber eisbildung
im polarmeere. Annalen der Physik, 3rd Serie 42, 269–286.

Sturm M, Holmgren J, König M and Morris K (1997) The thermal conduct-
ivity of seasonal snow. Journal of Glaciology 43(143), 26–41. doi: 10.1017/
S0022143000002781

Toyota T, Ono T, Tanikawa T, Wongpan P and Nomura D (2020)
Solidification effects of snowfall on sea-ice freeze-up: results from an onsite
experimental study. Annals of Glaciology 61(83), 299–308. doi: 10.1017/aog.
2020.49

Toyota T and Wakatsuchi M (2001) Characteristics of the surface heat budget
during the ice-growth season in the Southern Sea of Okhotsk. Annals of
Glaciology 33, 230–236. doi: 10.3189/172756401781818400

Tuovinen P (1979) The size distribution of ice blocks in a broken channel.
Teknillinen Korkeakoulu.

Untersteiner N (1961) On the mass and heat budget of Arctic sea ice. Archiv
Für Meteorologie, Geophysik Und Bioklimatologie Serie A 12(2), 151–182.
doi: 10.1007/BF02247491

Untersteiner N (1964) Calculations of temperature regime and heat budget of
sea ice in the central Arctic. Journal of Geophysical Research 69(22), 4755–
4766. doi: 10.1029/JZ069i022p04755

Vance GP (1980) Clearing ice-clogged shipping channels. Cold Regions
Research and Engineering Laboratory 80(28), CRREL report, 1–20.

van den Broeke M, Reijmer C and van de Wal R (2004) Surface radiation
balance in Antarctica as measured with automatic weather stations.
Journal of Geophysical Research D: Atmospheres 109(9), 1–17. doi: 10.
1029/2003JD004394

Wang C, Cheng B, Wang K, Gerland S and Pavlova O (2015) Modelling
snow ice and superimposed ice on landfast sea ice in Kongsfjorden,
Svalbard. Polar Research 34(1), 20828. doi: 10.3402/polar.v34.20828

Weeks WF and Lofgren G (1967) The effective solute distribution coefficient
during the freezing of NaCl solutions. Physics of Snow and Ice 1(1),
579–597.

Journal of Glaciology 703

https://doi.org/10.1017/jog.2021.126 Published online by Cambridge University Press

https://doi.org/10.1016/S0165-232X(98)00009-3
https://doi.org/10.1016/S0165-232X(98)00009-3
https://doi.org/10.1016/S0165-232X(98)00009-3
https://doi.org/10.1002/2012JC008731
https://doi.org/10.1002/2017JC013548
https://doi.org/0.2166/nh.1983.0006
https://doi.org/0.2166/nh.1983.0006
https://doi.org/10.1080/07055900.1993.9649465
https://doi.org/10.1016/j.oceaneng.2020.108539
https://doi.org/10.1029/jc083ic07p03646
https://doi.org/10.1029/95jc02554
https://doi.org/10.1029/95jc02554
https://doi.org/10.1029/jc076i006p01550
https://doi.org/10.1029/JC087iC03p02071
https://doi.org/10.3189/s002214300002921x
https://doi.org/10.1016/0165-232X(80)90037-3
https://doi.org/10.1016/0165-232X(80)90037-3
https://doi.org/10.1016/0165-232X(80)90037-3
https://doi.org/10.3189/S0022143000015409
https://doi.org/10.3189/S0022143000015409
https://doi.org/10.1016/S0169-8095(01)00084-9
https://doi.org/10.1016/S0169-8095(01)00084-9
https://doi.org/10.1016/S0169-8095(01)00084-9
https://doi.org/10.1017/jog.2016.57
https://doi.org/10.1029/jc095ic06p09557
https://doi.org/10.1017/s0022143000015410
https://doi.org/10.1017/s0022143000015410
https://doi.org/10.1029/2000jc000438
https://doi.org/10.1029/97JC01614
https://doi.org/10.1029/2000jc000449
https://doi.org/10.1029/2000jc000449
https://doi.org/10.1002/2016JC012283
https://doi.org/10.1002/2016JC012283
https://doi.org/10.1256/smsqj.53305
https://doi.org/10.1029/2006JC003641
https://doi.org/10.1080/01431169208904088
https://doi.org/10.5194/tc-7-217-2013
https://doi.org/10.5194/tc-7-217-2013
https://doi.org/10.5194/tc-7-217-2013
https://doi.org/10.5194/tc-7-217-2013
https://doi.org/10.1016/j.coldregions.2018.09.004
https://doi.org/10.1016/j.coldregions.2018.09.004
https://doi.org/10.3402/tellusa.v52i1.12255
https://doi.org/10.3189/S0022143000028379
https://doi.org/10.1016/j.coldregions.2015.09.015
https://doi.org/10.1016/j.coldregions.2004.11.003
https://doi.org/10.1016/j.coldregions.2004.11.003
https://doi.org/10.1016/S0924-7963(96)00023-1
https://doi.org/10.1016/S0924-7963(96)00023-1
https://doi.org/10.1016/S0924-7963(96)00023-1
https://doi.org/10.1017/S0022143000002781
https://doi.org/10.1017/S0022143000002781
https://doi.org/10.1017/aog.2020.49
https://doi.org/10.1017/aog.2020.49
https://doi.org/10.3189/172756401781818400
https://doi.org/10.1007/BF02247491
https://doi.org/10.1029/JZ069i022p04755
https://doi.org/10.1029/2003JD004394
https://doi.org/10.1029/2003JD004394
https://doi.org/10.3402/polar.v34.20828
https://doi.org/10.1017/jog.2021.126


Yen Y (1981) Review of thermal properties of snow, ice and sea ice. United
States Army Corps of Engineers Cold Regions Research and Engineering
Laboratory Hanover, New Hampshire, U.S.A. (CRREL Report 81–10 Review).

Zhaka V, Bonath V, Sand B and Cwirzen A (2020) Physical and mechanical
properties of ice from a refrozen ship channel ice in Bay of Bothnia. In
Proceedings of The 25th International Symposium on Ice. (November),
23–25.

Appendix

a surface albedo
c cloud fraction
ca specific heat capacity of air
ci specific heat capacity of pure ice
csw specific heat capacity of sea-water ice
cw specific heat capacity of fresh water
e0 vapour pressure
hda convective heat transfer coefficient in dry brash ice/air interface
he equivalent heat transfer coefficient
hia convective heat transfer coefficient in ice/air interface
hsa convective heat transfer coefficient in snow/air interface
ka conductivity coefficient of air
kabs shortwave absorption coefficient
kb conductivity coefficient of brine
kd dry brash ice conductivity coefficient
ke evaporation coefficient
ki ice conductivity coefficient
kbi conductivity coefficient of ice that contains air inclusions
kpi conductivity coefficient of pure ice
ks conductivity coefficient of snow
kse sensible heat transfer coefficient
ksi conductivity coefficient of snow ice
p brash ice porosity assumed constant before and after every vessel

passage
p0 dry brash ice porosity, which is assumed equal to the brash ice por-

osity after the breaking event
pi wet brash ice porosity, before the breaking event
qa specific air humidity
qs specific surface humidity
t time
tp brash ice initial consolidation driven by the specific heat capacity of

ice
w wind speed
wp precipitated water
x coefficient of proportionality between ice salinity and ice temperature
z vertical coordinate or depth of ice
B buoyancy component
Hb thickness of wet brash ice
HB equivalent thickness of brash ice
HBi uniform thickness of brash ice that remains in the channel after each

breaking event
HC,i consolidated thickness of the brash ice
Hd uniform thickness of dry brash ice
HDR draft water thickness
HI congelation ice thickness noted here as ‘ice’
HS snow thickness

HSI snow-ice thickness
HSL slush thickness
Is shortwave radiation that is absorbed in the ice or snow surface
Iz shortwave radiation absorbed by the ice in the depth z
I0z shortwave radiation transmitted into the ice depth z
Li latent heat of freezing
Lsb latent heat of sublimation
Pi time between two vessel transits
S salinity of ice
TA air temperature
TDA dry brash ice/air interface temperature
TDI dry brash ice/consolidated ice interface temperature
TF water-freezing temperature
TIA ice/air interface temperature
TIS ice/snow interface temperature
TISI ice/snow–ice interface temperature
TSA snow/air interface temperature
TSS snow-ice/snow interface temperature
TW water temperature (different from the water-freezing temperature)
Va fraction of air content in the snow cover
Vi fraction of ice content in the slush layer
Vw fraction of water content in the slush layer
W water current velocity
WS snow weight
α Stefan’s coefficient of ice growth
β snow-slush-snow-ice compression rate
γ surface open water fraction in the brash ice channel
εs surface emissivity
ν volume of air in the total air-ice matrix volume
ρa air density
ρi ice density
ρs snow density
ρsi snow-ice density
ρsl slush density
ρsl max maximum slush density
ρw water density
σ Stefan–Boltzmann constant
wC,r conductive heat flux through the ridge
wF latent heat flux of water
wFSL latent heat flux of slush
wI ice conductive heat flux
wIA ice/air convective heat flux
wL latent heat flux of sublimation
wLW↓ heat flux of downwelling longwave radiation
wLW↑ heat flux of upwelling longwave radiation
ws thermal inertia heat flux
wsp specific heat flux of ice
wS snow conductive heat flux
wSA snow/air convective heat flux
wSE sensible heat flux
wSI snow-ice conductive heat flux
wSW↑ heat flux of upwelling shortwave radiation
wW oceanic heat flux
ΔHI ice thickness change
ΔHSI snow-ice thickness change
Δt change in time
Δθi cumulative temperature change between two vessel passages
θ cumulative temperature
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