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Abstract

We define két abelian schemes, két 1-motives and két log 1-motives and formulate duality theory for these objects.
Then we show that tamely ramified strict 1-motives over a discrete valuation field can be extended uniquely to két
log 1-motives over the corresponding discrete valuation ring. As an application, we present a proof to a result of
Kato stated in [12, §4.3] without proof. To a tamely ramified strict 1-motive over a discrete valuation field, we
associate a monodromy pairing and compare it with Raynaud’s geometric monodromy.

Notation and conventions

Let S be an fs log scheme. We denote by (fs/S) the category of fs log schemes over S and denote
by (fs/S)e (respectively (fs/S)ket, respectively (fs/S)q, respectively (fs/S)kq) the classical étale site
(respectively Kummer étale site, respectively classical flat site, respectively Kummer flat site) on (fs/S).
In order to shorten formulas, we will mostly abbreviate (fs/S)¢ (respectively (fs/S)ge, respectively
(fs/S)q, respectively (fs/S)q) as S¢ (respectively Sk, respectively Sg, respectively Skq). We refer to
[7, §2.5] for the definitions of the classical étale site and the Kummer étale site, and [11, Def. 2.3] and
[15, §2.1] for that of the Kummer flat site. The definition of the classical flat site is an obvious analogue
of that of the classical étale site. Then we have two natural ‘forgetful” maps of sites:

e 1 (£3/Shket = (fs/8)at (0.1)

and

en - (fs/Shka — (fs/5)a. 0.2)

Kato’s multiplicative group (or the log multiplicative group) G 10 is the sheaf on S¢ defined by
Gm,log(U) = T(U, M{Y) for any U € (fs/S), where My denotes the log structure of U and M;} denotes
the group envelope of My . The Kummer étale sheaf Gy, 1o is also a sheaf on Skq; see [15, Cor. 2.22]
for a proof.

By convention, for any sheaf of abelian groups F on Syg and a subgroup sheaf G of F on Ska, we
denote by (F/G)s,, (respectively (F/G)s,, respectively (F/G)s,,,) the quotient sheaf on Sg; (respectively
Sq, respectively Sket), and F /G denotes the quotient sheaf on Sy5. We abbreviate the quotient sheaf
GTm,log/Gm on Skﬂ as Gm,log-
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1. Introduction

The notion of 1-motive is introduced by Deligne in [3]. A 1-motive over a base scheme S is a two-term
complex

M=[r 5G]

of group schemes over § such that

(1) Y sits in degree -1 and is étale locally isomorphic to a finitely generated free abelian group (we call
such a group scheme Y a lattice);
(2) G sits in degree 0 and is an extension of an abelian scheme B by a torus 7 over S.

From the definition, one sees that a 1-motive over a field is a mixture of lattice, torus and abelian variety
and can be regarded as a mixed motive of weights 0, -1 and -2. The name 1-motive comes from the fact
that they are the mixed motives arising from varieties of dimension less or equal to 1. For any positive
integer n, one can associate to M a finite flat group scheme

Toynz(M) := H (M ®F Z/nZ).

Now let R be a complete discrete valuation ring with fraction field K and a chosen uniformiser
n, and we endow S = Spec R with the canonical log structure; that is, the log structure associated to
N>R, 1.

According to [13, §4.6.1], a log 1-motive is a triple Mg = (Y, G,ux), where Y and G are as in the
definition of 1-motive and

ug : Yk =Y Xg SpecK — Gg = G X5 Spec K
is a homomorphism of group schemes over K. Then we get a 1-motive
Mg = [Yg = Gg]
over K out of Mjog. In[1, Thm. 19], the authors extend 77,,z( Mk ) to a log finite group object in (fin/S),
(see Definition 5.1) by using Kato’s classification theorem for objects in (fin/U), for an fs log scheme
U with its underlying scheme the spectrum of a noetherian henselian local ring. Note that Yx and Gk
obviously have good reduction.

In this article, a log 1-motive (see Definition 2.2) is as defined in [8, Def. 2.2] rather than in [13,
§4.6.1], which is more suitable over a general base. We are going to show that a 1-motive

M = [Yx = Gg]
with both Yx and Gk having good reduction can be extended to a unique log 1-motive
M=[Y 5 Giogl
over S; see Corollary 3.1. Hence, a log I-motive in the sense of [13, §4.6.1] is a log
I-motive in our sense. Taking T7z/,z(M), we get an object of (fin/S), with generic fibre
T7/nz(Mk ). This gives an alternative proof to [1, Thm. 19]. Moreover, we replace log 1-motives

by két log 1-motives (see Definition 2.6) and generalise the result to tamely ramified strict
I-motives over a discrete valuation field K (not necessarily complete); see Theorem 1.1. Here a 1-motive

Mg = [Yx = Gk
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is called strict if Gk has potentially good reduction (see [16, Def. 4.2.3]), and a 1-motive
My = [Yg 25 Gk

is called tamely ramified if Yx (respectively G k) has good reduction (respectively semistable reduction)
after a tamely ramified extension of K.

Theorem 1.1 (See also Theorem 3.1). Let K be a discrete valuation field with ring of integers R, and
we endow S := Spec R with the canonical log structure. Let

My = [Yk =5 Gk]

be a tamely ramified strict 1-motive over K. Then Mk extends to a unique két log 1-motive M'°¢ over .
Moreover, the association of M'°% to Mk gives rise to an equivalence

Két : TameSt-1-Motg — KétLog-1-Motg

from the category of tamely ramified strict 1-motives over K to the category of két log I-motives
over S.

Let us make some historical review concerning Theorem 1.1. Without doubt, degeneration is an
important topic in mathematics. As stated in the beginning of [8], degenerating abelian varieties cannot
preserve smoothness, properness and group structure at the same time, and the theory of log abelian
varieties makes the impossible possible! in the world of log geometry. Let us get back to the setup
that R is a complete discrete valuation ring with fraction field K and S := Spec R is endowed with
the canonical log structure. Let Ax be an abelian variety with semistable reduction over K. Following
the ideas from [9] and [10], we give a sketch of the construction of the log abelian variety over S
extending Agx. We have the Raynaud extension of Ag, which is an extension G of some abelian
scheme B by some torus T over S; see [5, Exp. IX, Prop. 7.5]. Let Ay be the dual abelian variety
of Ag. Then Ay also has semistable reduction by [5, Exp. IX, Rmk. 3.5.1]. Let G" be the Raynaud
extension of A}, which is an extension of the dual BY of B by a torus T by [5, Exp. IX, Prop.
7.5]. Let Y be the character group of TV. Then the extension G" of BY by TV corresponds to a
homomorphism

v:Y — (BY)Y =B.

Let Yk =Y Xg Spec K and Gk := G Xs Spec K. Then there exists a homomorphism ug : Yx — Gk

of group schemes over K lifting vg := v Xg Spec K, such that the rigid analytic space of Ag
is the quotient of the rigid analytic space of Gk by Yk; see [5, Exp. IX, §14.1]. So we get a
1-motive

Mg = [Yg =5 Gk]
in which both Yx and Gk have good reduction (or a log 1-motive in the sense of [13, §4.6.1]). The
1-motive Mk extends to a log 1-motive

M"°¢ = [Y — G|

over S. Let 7 be a chosen uniformiser of R, S,, := Spec R/(x)"**! endowed with the induced log structure

from S, and M\%¢ := M™¢ xg S,,. Any polarisation 1x of Ax gives rise to a polarisation A,, of M.%%.

The polarisations A,, are compatible with each other as n varies. Let A,, be the log abelian variety over

ITo be more precise, one can make the impossible possible up to a certain extent at least at this moment; for example, over a
complete discrete valuation field, one can only extend the abelian varieties with semistable reduction to log abelian varieties over
the corresponding discrete valuation ring endowed with the canonical log structure.

https://doi.org/10.1017/fms.2021.5 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.5

4 Heer Zhao

S, associated to the polarised log 1-motive M,I,Og. Then we get a polarisable m-adic formal log abelian
variety A over R; that is, an object of the category P from [10, §5.1]. Through the equivalence of
categories from [10, Thm. 6.1], we get a log abelian variety A over S whose formal completion is A. To
sum up, we have the following associations:

Ax > Mg — M {M°%}, — A — A. (1.1)

Our Theorem 1.1 is a generalisation of the association Mg +— M2 to tamely ramified strict 1-
motives over a discrete valuation field K (not necessarily complete).

In the association chain (1.1), instead of starting with a semi-stable abelian variety over K, we can
start with a tamely ramified abelian variety over K. Then using Theorem 1.1, we can give a proof
to the following theorem (see also Theorem 5.2), which is stated in the preprint [12, §4.3] without
proof.

Theorem 1.2 (Kato). Let K be a complete discrete valuation field with ring of integers R, p a prime
number and Ak a tamely ramified abelian variety over K. We endow S := Spec R with the canonical
log structure. Then the p-divisible group Ak [p™] of Ak extends to a két log p-divisible group; that is,
an object of (p—ah'v/S)éog (see Definition 5.2). It extends to an object of(p—a’iv/S)(liOg (see Definition 5.2)
if any of the following two conditions is satisfied:

(1) Ak has semistable reduction.
(2) p is invertible in R.

In the association chain (1.1), starting with a tamely ramified abelian variety also brings us the
question of whether one can formulate the theory of log abelian varieties in the Kummer étale topology
instead of the classical étale topology, with which one could get a complete association chain as in (1.1)
in the new case. A second natural question is whether one can go further to define log abelian varieties
in the even finer topology the Kummer flat topology.? A third question, as suggested by the anonymous
referee, is whether one can extend alog 1-motive Mg over an fs log point with underlying scheme Spec K
to alog 1-motive over Spec R endowed with the direct image log structure along Spec K — Spec R. We
hope to come back to these questions in the future.

In Section 2, we define két tori, két lattices, két abelian schemes, két 1-motives and két log 1-motives
and formulate duality theory for these objects.

Section 3 is devoted to the proof of Theorem 1.1. A special case of Theorem 1.1 is the following
theorem, which gives rise to a concrete nontrivial example of két abelian scheme.

Theorem 1.3 (See also Theorem 3.2). Let K be a discrete valuation field with ring of integers R and
Bk a tamely ramified abelian variety over K that has potentially good reduction. We endow S := Spec R
with the canonical log structure. Then Bi extends to a unique két abelian scheme B over S.

In Section 4, to a tamely ramified strict 1-motive Mg as in Theorem 1.1, we associate a log-
arithmic monodromy pairing and compare it with Raynaud’s geometric monodromy for Mg (see
[16, §4.3]).

In Section 5, we present a proof to Theorem 1.2.

2. Két log 1-motives
2.1. Kétlog I-motives

The following definitions about log 1-motives are taken from [8, §2].

2The theory of log abelian varieties in the Kummer flat topology has been expected by Kazuya Kato as Professor Chikara
Nakayama informed the author.
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Definition 2.1. Let S be an fs log scheme, T a torus over the underlying scheme of S with character
group X. The log augmentation of 7', denoted by Tj,g, is the sheaf of abelian groups

}ComSé[ (X7 Gm,log)

on (fs/S)s. Let G be an extension of an abelian scheme B by T over the underlying scheme of
S. The logarithmic augmentation of G, denoted by Giqg, is the pushout of G along the inclusion
T — Tiog.

Definition 2.2. A log 1-motive over an fs log scheme S is a two-term complex M = [Y N Giog]
in the category of sheaves of abelian groups on (fs/S)s, with the degree —1 term Y an étale lo-
cally constant sheaf of finitely generated free abelian groups and the degree 0 term Giog as above.
We also call Y the lattice part of /. A morphism of log 1-motives is just a homomorphism of
complexes.

By [19, Prop. 2.1], one can replace (fs/S)¢ by (fs/S)kg in the above definitions. In particular, Tjog
and Gog are sheaves on (fs/S)g.
Now we define két 1-motives and két log 1-motives, and we work with (fs/.S)ke.

Definition 2.3. A két (kummer étale) lattice (respectively két torus, respectively két abelian scheme)
over an fs log scheme S is a sheaf F of abelian groups on (fs/S)ke such that the pull-back of F to S is
a lattice (respectively torus, respectively abelian scheme) over S’ for some Kummer étale cover S’ of S.
Here by a lattice we mean a group scheme that is étale locally representable by a finite rank free abelian

group.
Definition 2.4. Let S be an fs log scheme. A két 1-motive over S is a two-term complex M = [V N G]
in the category of sheaves of abelian groups on (fs/S)e, such that the degree —1 term Y is a két lattice

and the degree O term G is an extension of a két abelian scheme B by a két torus T on (fs/S)ke- A
morphism of két 1-meotives is just a homomorphism of complexes.

Lemma 2.1. Let S be an fs log scheme. Then the associations
T — Homs,, (T,Gy), X+ Homs, (X,GCGn)

define an equivalence between the category of két tori over S and the category of két locally constant
sheaves of finitely generated free abelian groups over S, and the equivalence restricts to the classical
equivalence between the category of classical tori over S and the category of étale locally constant
sheaves of finitely generated free abelian groups over S. We call the két lattice Homs,, (T, Gn) the
character group of the két torus T.

Proof. This follows from the classical equivalence between the category of tori and the category of
étale locally constant sheaves of finitely generated free abelian groups. O

Definition 2.5. Given a két torus T over S, let X := Homs,, (T, Gy,) be the character group of 7. The
logarithmic augmentation of 7', denoted by Tjg, is the sheaf of abelian groups

}ComSkél (X9 Gm,log)

on (fs/S)ket- Let G be an extension of a két abelian scheme B by T over S. The logarithmic augmentation
of G, denoted by G, is the pushout of G along the inclusion T’ < Tj,.

Note that the quotient (G1og/G)s,, is canonically identified with the quotient (Tiog/7T)s,,, Which can
be further identified with Homg,, (X, (Gm,log/Cm)sie.)-

Definition 2.6. A két log 1-motive over an fs log scheme S is a 2-term complex M = [Y N Giog] of
sheaves of abelian groups on (fs/S)e such that the degree -1 term Y is a két lattice over S and G is an

https://doi.org/10.1017/fms.2021.5 Published online by Cambridge University Press


https://doi.org/10.1017/fms.2021.5

6 Heer Zhao

extension of a két abelian scheme B by a két torus on (fs/S)ks. The composition
Y i’ Glog - (Glog/G)Ské[ = (Tlog/T)Skél = g-comSké[(X7 (Gm,log/Gm)Ské[)

corresponds to a pairing
YxX — (Gm,log/Gm)Skép

We call this pairing the monodromy pairing of M. A morphism of két log 1-metives is just a
homomorphism of complexes.

Proposition 2.1. Let G be an extension of a két abelian scheme B by a két torus T over an fs log scheme
S. Then G is Kummer étale locally an extension of an abelian scheme by a torus for the classical étale

topology.
Proof. Without loss of generality, we may assume that B (respectively T) is an abelian scheme (re-

spectively torus) over S. Let € : (fs/S)e — (fs/S)¢ be the forgetful map between these two sites. The
spectral sequence

Ey’ = Exty (B, R/e.T) = Extg! (B,T)
gives rise to an exact sequence
0 — Extg, (B,T) — Bxtg _(B,T) — Homg, (B, R'&.T).

By this exact sequence, it suffices to show that Homg, (B, Rle*T) = 0. We may assume that 7 = Gy,
then we are reduced to show that Homg, (B, R le,Gp) vanishes. The proof of the vanishing is an adoption
of the proof of [8, Lem. 6.1.1] in our situation. Letting ¢ € Homg, (B, R'e.Gy,) and U any object of
(fs/S), we show that the map B(U) — R'e,Gy,(U) induced by ¢ is trivial. By the same argument as
in the proof of [8, Lem. 6.1.1], we are reduced to the case that U is a log point; that is, its underlying
scheme is the spectrum of a field K. Let p be the characteristic of K. Then we have

ng*Gm = (Gm,log/Gm)Uﬂ ®z (Q/z)’

over U, where

lim l7)7, ifp>1;
(Q/Z) = { > np)=t ™
Q/Z, if p=0.

Let (st/U) be the full subcategory of (fs/U) consisting of all objects that are strict over U. The
restriction of (G, log/CGm)u, ®z (Q/Z)’ to (st/U) is a locally constant sheaf and hence is represented
by an étale group scheme over U. Because a homomorphism of group schemes over U from B Xg U
to an étale group scheme is trivial, the restriction of ¢ to (st/U) is trivial. Hence, the homomorphism
B(U) — R'€,Gy(U) induced by ¢ is trivial. This finishes the proof. O

Remark 2.1. For an abelian scheme B and a torus T over S, the same argument as in the proof of

Proposition 2.1 shows that Extgﬂ (B,T) 5 Ext}gkﬂ (B, T). Furthermore, we have

Extg  (B,T) = Extg, (B,T) = Extg, (B,T) = Extg_(B,T).

2.2. Két log 1-motives in the Kummer flat topology

In this subsection, we assume that the underlying scheme of the base S is locally noetherian. We show
that a két log 1-motive can be regarded as a 2-term complex in the category of sheaves for the Kummer
flat topology.
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Lemma 2.2. Let S be an fs log scheme, and let F be a sheaf of abelian groups on (fs/S)e such that
F xg S’ is representable by an fs log scheme for some Kummer étale cover S” of S. Then F is also a
sheaf for the Kummer flat topology. In particular, két lattices, két tori and két abelian schemes over S
are sheaves for the Kummer flat topology.

Proof. 1t suffices to prove that, for any U € (fs/S) and any Kummer flat cover {U;};e; of U, the
canonical sequence

0 FW) - [ [Fwy - [] Fwsy)

iel i,jel
is exact, where U;; := U; Xy U;. Let " denote S X §’. Consider the following commutative diagram:

0 0 0
0 ———=F(U) ———— [lies FUi) ———— [1i,jer F(Uij)

0 ——=F(UxsS8) ——[lies F(Ui x5 §") —— [ jer F(Uij X5 S")

0——F(UXsS8") —— [lies F(Ui Xs 8”) —— [1i jer F(Uij X5 S”)

with exact columns. Because F Xg S’ is representable by an fs log scheme, so is F' Xg S”’. By [9, Thm.
5.2], both F Xg S” and F x5 S’ are sheaves for the Kummer flat topology. It follows that the second row
and the third row are both exact. Therefore, the first row is also exact. This finishes the proof. O

Corollary 2.1. Let S be an fs log scheme, and let G be an extension of a két abelian scheme B by a két
torus T over S. Then the logarithmic augmentation Giog of G defined in Definition 2.5 is a sheaf for the
Kummer flat topology.

Proof. Because Gy, 1og is a sheaf for the Kummer flat topology by [11, Thm. 3.2] and X is a sheaf for the
Kummer flat topology by Lemma 2.2, so is Tiog = Homg,, (X, G 1og). Let 6 : (fs/S)ka — (fs/S)ke; be
the forgetful map between these two sites. The adjunction (&%, §.) gives rise to the following commutative
diagram:

0 Tiog Giog B 0

[

0 — Tiog — 040" Glog — B —— R'6.Tiog

with exact rows. The left vertical identification comes from Tjos being a sheaf for the Kummer flat
topology. The right vertical identification follows from Lemma 2.2. Because Tjoe is Kummer étale
locally of the form G[’n,log, we get R ! 0.T10g = 0 by Kato’s logarithmic Hilbert 90, see [11, §5]. Therefore,
the canonical map Giog — 0.0"Glog is an isomorphism; that is, Gy is also a sheaf for the Kummer flat
topology. O

2.3. Duality of két abelian schemes

In this subsection we assume that the underlying scheme of the base S is locally noetherian. We formulate
the duality theory for két abelian schemes.
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Let B be an abelian scheme over a base scheme S. The dual abelian scheme B" of B can be described
as Sxtéﬂ (B, Gp) by the Weil-Barsotti formula. We are going to use this description to define the dual of
a given két abelian scheme.

Theorem 2.1. Let S be an fs log scheme. For any két abelian scheme B over S, let BY = Extgkﬂ (B, Gp).
Then we have the following:

(1) The sheaf B is a két abelian scheme over S.

(2) There exists a functorial isomorphism ¢ : B N (BV)V.
Proof. For part (1), we may assume that B is actually an abelian scheme. Let eg : (fs/S)a — (fs/S)a
be the forgetful map between these two sites. Let F (respectively F») be a sheaf on (fs/S)g (respectively
(fs/S)ka)- Then we have

e Jomsy (egF1, F2) = Homs, (Fi, £q. Fy).
Let 6 be the functor sending F, to

e JHoms, (eqF1, F2) = Homs, (Fi, £q.Fy).
Then we get two Grothendieck spectral sequences

E}? = RPeq, o RYHoms,, (e F1,—) = RP*0

and

EY? = RPHomg, (F1,-) o R9gq. = RP*94.
These two spectral sequences give rise to two exact sequences

00— RISH*}COmSkﬂ (SEFI, Fz) - RIQ(FQ) - 8ﬂ*8xl;~kﬂ (SEFI, Fz)

— R2$ﬂ*f]-(0mskﬂ (eqF1, F2)

and

0 — &xtg (Fi,en.Fy) — R'0(F2) — Homg, (F1, R'en. Fa).
Let Fy = B and F, = Gy,. Because Homyg,, (B, Gpm) = 0 by [5, Exp. VIII, §3.2.1], we get
R'0(Gn) = en.Extg (B, Gn);
therefore, we get an exact sequence
0— Extéﬂ (B,Gp) — sH*Extékﬁ (B,Gm) — Homs, (B, R'e4.Gn).
We also have
Homs, (B, R'e1.Gm) = Homs, (B, (Gm,iog/Cm)s, ®z (Q/Z)) =0

by a similar argument as in the proof of Proposition 2.1. It follows that

Ext} (B,Gm) = en&xtl (B,Cn). @.1)
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By the Weil-Barsotti formula, the sheaf Sxt}gﬁ (B, Gny) is representable by the dual abelian scheme of B.
This finishes the proof of part (1).
Now we prove part (2). By [5, Exp. VIII, §3.2.1], we have

Homs,, (B, Gm) = Homs,, (B”,Gp) = 0.

By [5, Exp. VIIL §1.1.1, §1.1.4], we get

Homg,, (B, (B")") « Biexty, (B, B';Gn) — Homg,, (B", B).

Let: : B — (BY)" be the homomorphism corresponding to 1gv under the above identification. Note
that ¢ is the isomorphism giving the duality in the case that B is actually an abelian scheme. Because B
is Kummer étale locally an abelian scheme, ¢ is Kummer étale locally an isomorphism. It follows that ¢
is also an isomorphism over S. O

Definition 2.7. Let S be an fs log scheme and B a két abelian scheme over S. In view of Theorem 2.1, we
call BY := Ext}gkﬂ (B, Gn) the dual két abelian scheme of B. The biextension P € Biextg (B, B"; Gm)
corresponding to ¢ is called the Poincaré biextension of (B, BY) by Gy,,.

Remark 2.2. In view of (2.1), one can also define the dual of B in the flat topology.

2.4. Duality of két 1-motives

In this subsection we keep assuming that the underlying scheme of the base S is locally noetherian. We
formulate the duality theory for két 1-motives.

First we give an equivalent description of két 1-motives using Poincaré biextension, through which
we present the duality theory of két 1-motives. We will also describe morphisms of két 1-motives with
respect to the new description. The situation is almost the same as in the case of classical 1-motives,
see [3, §10.2.12, §10.2.13, §10.2.14].

Let M = [Y N G] be a két 1-motive over S, where G is an extension) - 7 - G —- B — 0
of a két abelian scheme B by a két torus T on (fs/S)ka. For any element y € X := Homs, (T, Gp),
the pushout of the short exact sequence 0 - T — G — B — 0 along y gives rise to an element of
BY = Extékﬂ (B, Gy,), whence a homomorphism

vW:X — BY. (2.2)

Let v be the composition

v: Y5 G — B, (2.3)

then u corresponds to a unique section s : ¥ — v*G of the extension v*G € Extgkﬂ (Y, T). Consider the
following commutative diagram:

Biexty (B, BY;Gm) —— Homg,, (B, B)

l(lB’VV)*

Exty (B, T) —= Biexty (B, X;Gn) (2.4)

v*l l(",lx)*

Exty (Y,T) —— Biextg (Y, X;Gn),
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where the horizontal isomorphisms come from
Homs,, (B, Gm) = 0 = Extg (X, Cm)

and Sxt}gkﬂ (BY,Gy,) = B with the help of [5, Exp. VIII, §1.1.4]. Because G gives rise to the map vV,
the biextension corresponding to G is (1, v")*P, and we have the following mapping diagram:

P+—1p

|

G<+—— (1g,vV)*P
VG — (v,vV)*P

with respect to the commutative diagram (2.4). The section s of v*G corresponds to a section of the
biextension (v, vY)*P of (Y, X) by G, which we still indicate by s by abuse of notation. Therefore, we

get an equivalent description of the két 1-motive M = [Y 4 G] of the form
(v xv)*P —— P

i

Yx X —X", px B,

where (v x v¥)*P denotes the pull-back of the Poincaré biextension P. Note that the section s and the
composition

YxX — (vxv)P—> P

determine each other; thus, we also denote the composition by s by abuse of notation and use the
diagram

P

P

Y x X X Bx BY

to describe M. The description (2.5) is symmetric. If we switch the role of Y and X, v and v, B and

BY, we get another két 1-motive M"Y = [X i GV], where
G e Extg (B',T") 2.7

corresponds to (v, Igv)*P € Biext}gkﬂ (Y, BY;Gp) with TV := Homs,, (Y, Gp). The association of MY
to M is clearly a duality.

Definition 2.8. We call the két 1-motive MV = [X — G"] the dual két 1-motive of the két 1-motive
M=[Y5Gl.

We give a description of morphisms of két 1-motives via Poincaré biextension. Let
(o fo) M =Y 5 Gl > [Y' = G =M
be a morphism of két 1-motives.
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Lemma 2.3. There is no nontrivial homomorphism between a két torus and a két abelian scheme.

Proof. This follows from the classical result that there is no nontrivial homomorphism between a torus
and an abelian scheme. O

By Lemma 2.3, fy induces amap f; : T — T’ on the torus part and a map fyp : B — B’ on the abelian
part. Let f_v1 : X’ — X be the map between the character groups induced by f;, and let faY) :BY — BY
be the dual of f,. Let v (respectively v¥) be as in (2.3) (respectively (2.2)), and similarly we define v’
and v'V for M’. Then we get two commutative squares

v v
Y — 5B X ——BY
fll Jﬁb f}T T@J (2.8)
Y —— B, X' —— BV,
\Y v

v

Let P (respectively P’) be the Poincaré biextension of (B, BY) (respectively (B’,B"Y)) by G, and
s : Y XX — P (respectively s’ : Y’ X X’ — P’) the section corresponding to M (respectively M’). Then
in the following canonical diagram

P
S
YxX— > BxB"
vXv
eV lxﬁ’t\’/ Vo * * D/
Ixfy (IXfp) P=(fan X )P =:Q
/////////—/i:::::L// (2.9)
YxX ————— 3 BxBY
vxv Y
JapX1
faxl P’
5

Y'XxX' ————— B'xB",
’ \%

V' XV

the equality fy o u = u’ o f_ implies that for any y € Y and any x” € X’ we have

s () =" (f1 (), x) (2.10)

’

after identifying the Gy,-torsors Pv(y)’v\/(f;\l/(xl)) and Pv’(ﬁl )Y ()

along the composition

PV(y),vV(f,\((X’)) < Qv () - Py (100 ().

Conversely, given any two commutative squares as in (2.8) such that the equality (2.10) holds with
respect to the diagram (2.9), we get a morphism from M to M’ of két 1-motives.

2.5. Duality of két log 1-motives

In this subsection we keep assuming that the underlying scheme of the base S is locally noetherian. We
formulate the duality theory for két log 1-motives, which is analogous to the case of két 1-motives.
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First we give an equivalent description of két log 1-motives using Poincaré biextension, through
which we present the dual theory of két log 1-motives. We will also describe morphisms of két log
1-motives with respect to the new description.

LetM=1[Y N Giog] be a két log 1-motive over S, where G is an extension
0-T—-G—->B—0

of a két abelian scheme B by a két torus T on (fs/S)q. For any element y € X := Homs,, (T, Gp,), the
pushout of the short exact sequence

0-T—-G—->B—0
along y gives rise to an element of BY = Sxtgkﬂ (B, Gy,), whence a homomorphism
vW:X— BY. (2.11)
Let v be the composition

v:Y 5 Glog — B. (2.12)

Then u corresponds to a unique section s : ¥ — v*Gjog of the extension v*Giog € Extékﬁ(Y, Tiog)-
Consider the following commutative diagram:

Biext;kﬂ (B,BY; Gm,log)

l(lB,VV)*

Exty, (B, Tiog) —— Biexty, (B, X; Gm,log) (2.13)

V*J J(V’IX)*

Exty (Y, Tiog) —— Biexty (Y, X; G log)s
where the horizontal isomorphisms come from
Extékﬂ (X, Gm,log) =0

with the help of [5, Exp. VIII, §1.1.4]. There is an obvious map from the diagram (2.4) to the diagram
(2.13). Let P'°2 be the pushout of P along Gy, = G, 1og, and we call it the Poincaré biextension of
(B, BY) by G, 100- Because G € Extékﬁ (B, T) corresponds to the biextension

(1s,v")*P € Biextg (B, X;Gn),
we have that G € Extém (B, Tiog) corresponds to

(15,vY)"P'¢ € Biextg (B, X;Gm,log)-
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We have the following mapping diagram:

Plog

|

Glog ¢ (1p,vY)*Plog

]

V*Glog ¢ > (v, VV)*Plog

with respect to the commutative diagram (2.13). The section s of v*Gjeg corresponds to a section of the
biextension (v, v¥)* P2 of (¥, X) by G, log> Which we still denote by s by abuse of notation. Therefore,

we get an equivalent description of the két log 1-motive M = [Y N Giog] of the form

(V X VV)*PIOg N Plog

1]

Y xX —""— BxB,
where (v x v¥)*P!°¢ denotes the pull-back of P'°¢ along v x vV. Note that the section s and the
composition
Y xX — (vxvY)ple - plog
determine each other, and we also denote the composition by s by abuse of notation and use the
diagram

Plog

/ l (2.15)

vxvY

YxX —=BxBY

to describe M. Note that the description (2.14) is symmetric. If we switch the role of ¥ and X, v and

\%
vV, B and BY, we get another két log 1-motive MY = [X —— Gl\gg], where G]\gg is the log augmentation

of GV (see (2.7)). The association of M" to M is clearly a duality.

Definition 2.9. We call the két log 1-motive MY = [X N Gl\gg] the dual két log 1-motive of the két
log 1-motive M = [Y 5 Giogl.

We give a description of morphisms of két log 1-motives via Poincaré biextension. Let

(foro fo) : M= [¥ 5 Guggl = [Y' 5 Gl ] = M
be a morphism of két log 1-motives over S.
Lemma 2.4. The canonical map
Homg(G,G’) — Homg(Gioy, Gl’og)
is an isomorphism.
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Proof. Let S be a Kummer étale cover of S such thathoth G xs S8 and G’ xs S are extensions of a classical
abelian scheme by a classical torus over S, and let § := § xg S. In the following commutative diagram

0 —— Homg (G, G’) —— Homg(G,G') ——— HomSz(G, G’)

e

0 —— Homg (Giqg, Gl’og) —— Homg(Gioq, Gl’og) — HomS=(G10g, Gl'og)
with exact rows, both the middle vertical map and the right vertical map are isomorphisms by [8, Prop.
2.5]. It follows that the left vertical map is an isomorphism. O

By Lemma 2.4, fj is induced by a unique homomorphism fp : G — G’ over S. Let f; : T — T’
be the map induced by fi,p on the torus part and f_v1 : X’ — X the map between the character groups
induced by fi. Let fup : B — B’ be the map induced by fi,p on the abelian part, and let £/ BY — BY
be the dual of f;,. Let v (respectively v¥) be as in (2.12) (respectively (2.11)), and similarly we define
v/ and v for M’. Then we get two commutative squares

y—" B . Xx—" B .
fll Jfab f_ﬁ Tf,,g (2.16)
Y —— B’ X —— BV
v 4V;

v

Let P2 (respectively P°2) be the Poincaré biextension of (B, BY) (respectively (B’, B'Y)) by G, log
and s : ¥ x X — P2 (respectively s’ : Y’ x X’ — P’°2) the section corresponding to M (respectively
M’). Then in the following canonical diagram

Plog

YXX—— > BxXBY

vxvY

Ixfy)

xfy (1X f)" P8 = (fup x 1)" P08 =: Q'e®

/ //) (2.17)

Y x X' =————— BxB"

VXV

Fax o plog

Y’ x X' 4 B’\/’

VXV

the equality fy o u = u’ o f_; implies that for any y € Y and any x” € X’ we have

s f5(x) = 5" (f21 (), x7) (2.18)
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after identifying the Gy, jog-torsors Plvo(gy)’vv V) and P/vlf)f () () Along the composition
log (i Qlog i P’log
v(¥), vV (£ (x) v(y),vV(x) V(1 ()Y ().

Conversely, given any two commutative squares as in (2.16) such that the equality (2.18) holds with
respect to the diagram (2.17), we get a morphism from M to M’ of két log 1-motives.

3. Extending tamely ramified strict 1-motives into két log 1-motives

From now on, R is a discrete valuation ring with fraction field K, residue field k and a chosen uniformiser
m, S = Spec R, and we endow S with the log structure associated to N — R, 1 — x. Let s (respectively
7n7) be the closed (respectively generic) point of S, and we denote by i : s < § (respectively j :  — §)
the closed (respectively open) immersion of s (respectively n7) into S. We endow s with the induced log
structure from S.

Following [16, Def. 4.2.3], a 1-motive Mg = [Yk LN Gk] over K is called strict if Gk has

potentially good reduction. We call a 1-motive Mg = [Yx ELNYe: x| over K tamely ramified if there
exists a tamely ramified finite field extension K’ of K such that Yx Xspec x Spec K’ has good reduction
and Gk Xspec k Spec K’ has semistable reduction (i.e., the connected component of the Néron model of
Gk Xspec k Spec K is a semi-abelian scheme). A lattice (respectively torus, respectively abelian variety)
over K is called tamely ramified? if it is so regarded as a 1-motive over K. A lattice (respectively torus)
over K is called unramified if it extends to a lattice (respectively torus) over S. The main goal is to
prove the following theorem.

Theorem 3.1. Let K be a discrete valuation field with ring of integers R, and we endow S := Spec R
with the canonical log structure. Let Mg = [Yk LS Gk | be a tamely ramified strict 1-motive over K
with Gk an extension of an abelian variety B by a torus Tx. Then Mk extends to a unique két log
1-motive M'*2 over S.

Moreover, the association of M'°% to M gives rise to an equivalence

Két : TameSt-1-Motg — KétLog-1-Motg
from the category of tamely ramified strict 1-motives over K to the category of két log 1-motives

over S.

Before going to the proof of Theorem 3.1, we treat some special cases in the first few subsections.

3.1. Extending tamely ramified lattices into két lattices

For any positive integer n, let S, be the fibre product S Xspecz[n] Spec Z[N], where Spec Z[N] is
endowed with the log structure associated to the canonical homomorphism N — Z[N] and the map
Spec Z[N] — Spec Z[N] is induced by the multiplication by n map on the monoid N. The canonical
map S, — S is a finite Kummer flat cover, and it is even a finite Kummer étale cover if # is invertible on
S.Let R, := R[T]/(T" — m). It is easy to see that R,, is also a discrete valuation ring and S, is nothing
but Spec R,, endowed with the log structure associatedtoN — R, 1 +— T.

Lemma 3.1. Let H be a két lattice (respectively két torus, respectively két abelian scheme) over S.
Then

(1) there exists a positive integer n such that n is invertible on S and H Xs S, is a classical lattice
(respectively classical torus, respectively classical abelian scheme) over Sy,;

3For abelian varieties, this terminology agrees with the one from [6, §2.1.4].
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(2) the generic fibre Hxs Spec K is a classical lattice (respectively classical torus, respectively classical
abelian variety).

Proof. (1) Let U — S be a Kummer étale cover such that H Xg U is a classical lattice (respectively
classical torus, respectively classical abelian scheme) over U. By [15, Prop. 2.15], by passing to a
further Kummer étale cover of S over U, we may assume that U — S factorises as U — S,, — S for
some positive integer n with U — S,, a classical étale cover and » invertible on S. It suffices to show
that H Xg S, is representable by a classical lattice (respectively classical torus, respectively classical
abelian scheme) over S,,. If H Xg U is a classical torus over U that is affine over U, so is H Xg S,
by descent with respect to the classical étale cover U — S,. If H Xs U is a classical lattice over U,
we are reduced to the torus case by Lemma 2.1. Now we assume that H Xg U is a classical abelian
scheme over U. Because U — S, is a classical étale cover, the morphism H Xs U — H Xg S, is
representable by surjective classical étale morphisms. Hence, H Xg S,, is representable by an algebraic
space over S, endowed with the inverse image log structure from S,. By [17, Tag 0422], [17, Tag
041W] and [17, Tag 041V], the morphism H xs S, — S, is proper, flat and of finite presentation.
Therefore, H Xs S, — S, is an abelian algebraic space; see [4, §1.1] for the definition. Because S,
is a trait, H X5 S, — S, is actually an abelian scheme by [4, §1.1 (b)]. This finishes the proof of
part (1).

(2) Let Hx := H Xs SpecK, K, := R, ®r K and Hk, = H Xs S, Xs, SpecK,,. Then Hg, =
Hg Xspec k Spec K. Because Spec K, is a classical étale cover of Spec K and Hk,, is a classical lattice
(respectively classical torus, respectively classical abelian scheme), so is Hx by the same argument as
in part (1). ]

Proposition 3.1. Let Yx be a lattice over K; that is, a group scheme over K that is étale locally
representable by a finite rank free abelian group. Assume that Yx is tamely ramified, then Yk extends to
a unique két lattice Y over S.

Furthermore, the association of Y to Yk gives rise to an equivalence of categories

TameLaty — KétLatg,Yx — Y

with inverse Y — Y Xg Spec K, where TameLatg denotes the category of tamely ramified lattices over
Spec K and KétLatg denotes the category of két lattices over S. And the equivalence restricts to an
equivalence from the category of unramified lattices over Spec K to the category of classical lattices
over S.

Proof. Let K’ be a tamely ramified finite Galois field extension of K such that Yx Xspec x Spec K’
is unramified. If necessary, by enlarging K’ by a further unramified extension, we may assume that
Yk Xspec k Spec K’ is constant. Let R’ be the integral closure of R in K’ and 7" a uniformiser of R’. We
endow S’ := Spec R’ with the log structure associated to N — R’, 1 + n’. Then S’ is a finite Kummer
étale Galois cover of S with Galois group Gal(K’/K). Therefore, Yx extends to a Kummer étale locally
constant sheaf ¥ on .

By Lemma 3.1 (1), any két lattice becomes a classical lattice after base change to a Kummer étale
cover S, — S for some positive integer n. Therefore, it corresponds to a finite rank free abelian group
endowed with a continuous n'llog (S)-action, where ﬂllog (S) denotes the log étale fundamental group; see
[7, §4.6]. On the other hand, an object of TameLatg corresponds to a finite rank free abelian group
endowed with a continuous G‘;mc-action, where Gt;éme denotes the tame quotient of the absolute Galois

group of K. By [18, Chap. 3, §3.3.1, Example (2)] we have a canonical isomorphism G £ =N ﬂ'llog(S).
It follows that the functor

TameLaty — KétLatg,Yx — Y

is an equivalence of categories. Clearly, the equivalence restricts to an equivalence from the category
of unramified lattices over Spec K to the category of classical lattices over S. O
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Example 3.1. Let Yx € TameLatg, which is not unramified. Then it extends to a két lattice over S,
which is not a classical lattice by Proposition 3.1.

3.2. Extending tamely ramified tori into két tori

Proposition 3.2. Let Tk be a torus over K. Assume that Tk is tamely ramified, i.e. there exists a tamely
ramified finite field extension K’ of K such that Tx Xx K’ has good reduction. Then Tk extends to a két
torus T over S.

Furthermore, the association of T to Tk gives rise to an equivalence of categories

TameTorgy — KétTorg, Tx +— T

with inverse T — T XgSpec K, where TameTorg denotes the category of tamely ramified tori over Spec K
and KétTorg denotes the category of két tori over S. And the equivalence restricts to an equivalence
from the category of unramified tori over Spec K to the category of classical tori over S.

Proof. Because the functor
TameTorg — TameLatg, Tk +— Xk = Hom (spec k) (Tk» Cm)

is an equivalence of categories, the result follows from Lemma 2.1 and Proposition 3.1. O

Example 3.2. Let Tx € TameTorg, which is not unramified. Then it extends to a unique két torus over
S, which is not a classical torus by Proposition 3.2.

3.3. Extending tamely ramified abelian varieties with potentially good reduction into két abelian
schemes

Let Bk be a tamely ramified abelian variety over K, which has potentially good reduction, and let
K’ be a tamely ramified finite Galois field extension of K such that Bxs := Bg Xspec x Spec K’ has
good reduction. Let R’ be the integral closure of R in K’. Then Bk~ extends to an abelian scheme B’
over S” := Spec R’. Let 7’ be a uniformiser of R’, and we endow S’ with the log structure associated to
N — R’, 1+ n’. Then §’ is a finite Galois Kummer étale cover of S with Galois group I' := Gal(K’/K).
Let p: I' X §” — S’ be the canonical action of I on §’. Then the morphism

(p,pry) :Tx S8 — 8 xg 8

is an isomorphism. By [2, §1.2, Prop. 8], B’ is the Néron model of Bg-. By the universal property of
Néron models, the I'-action on Bk extends to a unique I'-action

p:I'xB — B 3.1

on B’, which is compatible with the I'-action p on S’ and the group structure of B’. We endow B’ with
the induced log structure from S’.

Let p’ denote the structure morphism B’ — §’, @ denote the morphism S” — S and p := @ o p’. For
any U € (fs/S) and any (a, b) € (B’ Xs B’)(U), we have a(p’(a)) = a(p’(b)). Hence, there exists a
unique y € I" such that p’(a) = p(y, p’(b)). Because

p'(p(y.b)) = p(y,p'(b)) = p'(a),
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we get (a, p(y, b)) € (B’ Xs» B’)(U). We define a morphism
®:B' xXs B > T x (B xg B)

by sending (a, b) to (y~', (a, p(y, b)).

Lemma 3.2. The morphism ®© is an isomorphism with inverse
lP:FX(B, Xs Bl) — B’ Xs BI’ (7/’ (a’b)) = (a’ﬁ(y’b))

forany U € (fs/S), any (a,b) € (B’ Xs» B')(U) and any y € T.
Proof. Clearly ® and ¥ are inverse to each other. O

Lemma 3.3. The canonical morphism
(p.pry) :I'x B — B'xg B’ (3.2)

is a monomorphism of sheaves on (fs/S)kg.

Proof. The composition

r'x B (P.pra)

B'xs B’ B'xs B' 5 T'x (B’ xg B
is identified with the morphism 1r X A pr/s/, where ¢ denotes the morphism switching the two factors
and A p/s/ denotes the diagonal embedding. Therefore, the result follows. O

By [17, Tag 0234], the action g defines a groupoid scheme over S; hence, by [17, Tag 0232] the
morphism

(p,pry) :I'x B — B'xg B’
is a pre-equivalence relation. Moreover, (g, pr,) is an equivalence relation by Lemma 3.3. The morphism
(p,pry) : IT'x S — 8 xs §

being an isomorphism is clearly an equivalence relation.

Now we are following [17, Tag 02VE] to construct a két abelian scheme over S. We remark that
although the setup there does not agree with ours, the proofs there work verbatim in our case.

Following the approach of [17, Tag 02VG], we take the quotient sheaves for the equivalence relations
(p,pry) and (p,pr,) on the site (fs/S)ke. Because (p,pr,) is an isomorphism, the corresponding
quotient sheaf is representable by the terminal object S. Let B = Kéf(Bk ) be the quotient sheaf for the
equivalence relation (g, pr,). Because the two equivalence relations are compatible with each other, we
get a morphism B — S. Since the equivalence relation (g, pr,) is compatible with the group structure
of B’, the quotient sheaf B’ carries a structure of sheaf of abelian groups. The verbatim translations of
the proof of [17, Tag 045Y] and the proof of [17, Tag 07S3] show that

I'x B = B xz B’ (3.3)
and
B 5 Bxg S, (3.4)

respectively; hence, B is a két abelian scheme over S.

Let Ck be another tamely ramified abelian variety over K, which has potentially good reduction, and
let fx : Bk — Ck be ahomomorphism of group schemes over K. By enlarging the field K’ such that K’
remains a finite tamely ramified extension of K, we may assume that Ck+ := Ck Xspec k Spec K’ extends
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to an abelian scheme C’ over S’. By the same reason as for Bg, we have a natural action of I" on C”’ that
is compatible with the natural action of I" on S’ and the quotient for the action gives rise to a két abelian
scheme over S. Let fx- be the base change of fx to K’. Then it extends to a unique homomorphism
f’ : B” = C’ of group schemes over S’ by the universal property of the Néron model. For any y € T,
the compatibility of the canonical actions of I on Bg+ and Ck- gives rise to a commutative diagram

7

BK' 4}3](!

L/ ]

Spec K’ — SpecK’.

—>CKr

Hence, the following diagram

C’*>C’

7.7

B’*>B’

I/

S’T>S’

is commutative by the universal property of the Néron model for any y € I'. It follows that the ["-actions
on B’ and C’ are compatible with each other; hence, f’ induces a homomorphism f : B — C of két
abelian schemes over S, where C = K¢é1(Ck) is the két abelian scheme for Cx defined in the same way
as B = Két(Bg) for By .

Therefore, we get a functor

Két : TameStAbx — KétAbs, By > Két(Bk)

from the category of tamely ramified abelian varieties with potentially good reduction over K to the
category of két abelian schemes over S.

Theorem 3.2.

(1) Let B and C be two két abelian schemes over S, and let Bk := B Xg Spec K and Ck := C Xgs Spec K.
Then the restriction map

Homg (B, C) — Homspec x (Bk , Ck)

is an isomorphism.
(2) The functor

Két : TameStAbg — KétAbg, Bk +— Két(Bg)

is an equivalence of categories, and it restricts to an equivalence from the category of abelian
varieties with good reduction over K to the category of abelian schemes over S.

Proof. (1) ByLemma 3.1, there exists a positive integer n such that both B,, := BXsS, and C,, := CXgS,
are classical abelian schemes over S,, where S, is as defined in the begmnmg of Subsection 3.1.
Let S, := S, Xs Sn, By, := BXg Sy, Gy := C X5 S,, Ky = S, XSSpecK K, = 8§, Xs Spec K,
Bk, = B, Xs SpecK, Ck, = C, Xs SpecK, BK,, = B, Xg Spec K and CKn =C, Xs Spec K. Because
S, is a Kummer étale cover of S, we get the following commutative diagram:
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0 —— Homg(B, C) — Homyg, (B,, C,) — Homg (B, Cp)

T

0 —— Homg (BK,CK) — HOIIlKn (BK,,: CKn) E— Hom,gn (BKH, C'Kn)

with exact rows. Here we abbreviate Homgpeco(—, —) as Homs (-, —) for ? = K, K, K,,, in order to make
the diagram not too big. The middle vertical map and the right vertical map are isomorphisms by the
universal property of Néron models, it follows that the first vertical map is also an isomorphism.

(2) By part (1), the functor K¢t is fully faithful. Given any B € KétAbg, we have Bx := BXgSpec K €
TameStAbg by Lemma 3.1 (2). By part (1), the identity map on Bk extends to a unique isomorphism

Két(Bg) — B. Hence, the functor K¢t is essentially surjective, and so is an equivalence of categories.
In fact, it is easy to see that the functor

(—)k : KétAbg — TameStAbg, B — B Xgs Spec K

is inverse to the functor Két by the construction of Két. If Ax € TameStAbg has good reduction — that
is, it extends to an abelian scheme A over S (which is unique by the theory of Néron models) — then
there exists a unique isomorphism A — Kér(Ak) extending id4, . Therefore, Kétr(Ax) = A, and so
the functor Két restricts to an equivalence from the category of abelian varieties with good reduction
over K to the category of abelian schemes over S. O

Example 3.3. Let By € TameStAbg, which has no good reduction. Then Két(Bg) is a két abelian
scheme over S that is not a classical abelian scheme by Theorem 3.2 (2).

It is natural to investigate whether the functor Két is compatible with the dualities on both sides.

Proposition 3.3. The functor Két : TameStAbx — KétAbg is compatible with the dualities; that is,
we have a canonical identification

Két(BY) = Két(Bg)".
Proof. LetS’, T, B’ and B be as in (3.3) and (3.4). Then B = Két(Bg). By (3.4), we have

BY x5 §" = Exty (B,Gm) Xs " = Exty, (BXs S, Cn)
kfl kfl
= &xty (B',Gw)=B".
kfl

It follows that BY = Exték,l(B, Gp) is the quotient sheaf for a descent data with respect to the Galois

Kummer étale cover S’/S. Such a descent data is given by a group action 7 : I' x B — B'V. In order
to have the identification Két(B),) = Két(Bk)" = B", we are reduced to identify the action 7 with the
action 5V : ' x BY — B for By, that corresponds to the action (3.1) for Bx . But this is clear, because
I'xBY = Ly «rB" and these two actions agree over the generic fibre. O

3.4. Proof of Theorem 3.1

In this subsection, we prove Theorem 3.1.

Let vk be the composition Yx X6 k — Bk, Xk the character group of the torus Tx and
v¥< X — B} the homomorphism corresponding to the semi-abelian variety Gg. By [16, §2.4.1],
the 1-motive Mg is uniquely determined by a commutative diagram of the form
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Pk

/ l 3.5)

VK
\
Yk Xspeck Xk — Bk Xspeck By,

where sk is a bilinear map. Note that sx corresponds to a unique section
tk : Yk Xspeck Xk — Ek, 3.6)

where Ex denotes the pull-back of the Poincaré biextension Pk of Bk and its dual B} along vg X vy(.
Let K’ be a finite tamely ramified Galois extension of K such that

Bk Xspec k Spec K’
extends to an abelian scheme B’ over S’ := Spec R’,

Yk Xspec k Spec K’
extends to a constant group scheme over S’ and

Tk Xspec k Spec K’

extends to a split torus over S’, where R’ denotes the integral closure of R in K’. Let 7’ be a uniformiser
of R’ such that 7/ = ¢ with e the ramification index of the extension K’ /K, and we endow S’ with the
log structure associated to N — R’, 1 + x’. Then §’ is a finite Galois Kummer étale cover of S with
Galois group I' := Gal(K’/K).

Let Y (respectively X) be the két lattice over S extending Yx (respectively Xk ) as constructed in
Subsection 3.1. Then Y (respectively X) can be regarded as a I'-module. Let T be the két torus over
S extending Tk as constructed in Subsection 3.2. Note that 7' is nothing but Homsg,, (X, Gy). Let B
(respectively B") be the két abelian scheme extending B (respectively B},) as constructed in Subsection
3.3, and let P be the Poincaré biextension of (B, BY) by G,.

Lemma 3.4. The homomorphism vk (respectively vy, ) extends to a unique homomorphismv : Y — B
(respectively vV : X — BY).

Proof. We only treat the case of vk, and the other case can be done in the same way. We have BxgS’ = B’
by (3.4). Therefore,
B(S’") = B’(S’) = B’(Spec K’) = Bk (SpecK’).

Because Y is equivalent to a ['-module, we get
Homg (Y, B) = Homz wmoa(Y, B(S"))" = Homz_moa(Yk , Bk (Spec K'))".
It follows that vk extends to a unique homomorphismv : Y — B. O

By Lemma 3.4, we getamap v x v" : ¥ xs X — B xg BY. Letting P'°¢ be the pushout of P along
the inclusion Gy, = Gy jog, We get the following diagram:

Plog
] ‘r
S J 3.7

oovxvY

Y xg X — B xg BY

over S. The dotted arrow in (3.7) means that it is only a map over Spec K. The restriction of (3.7) to
Spec K is clearly just the diagram (3.5).
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Lemma 3.5. The bilinear map sk from (3.5) extends uniquely to a bilinear map s'°% : Y xg X — P'°2
making the diagram (3.7) commutative.

Proof. Let E be the pull-back of P along the map v x vV on (fs/S)kq, and let E'°¢ be the pushout of E
along the canonical map Gy, < G j0g On (fs/S)kn. Because both ¥ and X are Kummer étale locally
representable by a finitely generated free abelian group, we have

Biextékﬂ Y, X;-) = Extgkﬂ (Y ®HZ" X,-) = Extgkﬂ Yoz X,-)

by [5, Exp. VII, §3.6.5]. Therefore, E (respectively E'°¢) can be regarded as an element of Ext}gkﬂ Y ®z
X, Gy,) (respectively ExtISkﬁ (Y®zX, G,l0g)), and E'°2 is still the pushout of E under these identifications.
Similarly, Ex := E Xs Spec K can be regarded as an element of Ext%spec K (Yx ®z Xk, Gny). Note that
both E and E'°¢ over S restrict to Ex over K. The extensions E, E'°2 and Ex give rise to exact sequences

0 — Gu(S") = E(S") = Y ® X(S') — Hy(S',Cm), (3.8)
0 — Gin,og(8") = E8(S") = Y @z X(S') = H\(S’, Gim,log) 3.9)

and
0 — Gm(K') = Ex(K’) — Yk ®z Xk (K') — Hj(SpecK’, Gn), (3.10)

respectively. Clearly, we have

Hy(S',CGm) = H}(S',Gm) =0

and

Hé(Spec K',Gpn) = Hélt(Spec K’',Gpn) =0.
The short exact sequence 0 — Gy — G log — (Gm,log/Cm)s, — 0 gives rise to an exact sequence
Hy(S',Gm) = Hy(S', Gm,iog) = Hy(S", (G tog/Gim)s,)-
Let i’ denote the inclusion of the closed point s’ of S into itself. Then we get
Hi (S, (Gm,tog/Cm)sy) = Hy(S',i1Z) = Hy(s",Z) = Hy(s",Z) = 0.
It follows that Hé(S’, Gm,log) = 0. By Kato’s logarithmic Hilbert 90 (see [15, Thm. 3.20]), we get
Hy(S', G log) = Hy(S', Gm,1og) = 0.

The exact sequences (3.8), (3.9) and (3.10) fit into the following commutative diagram

00— Gm(S") E(S") Z(8") —>— H](Gp)
0 —— Gmlog(S) ——— E8(§") ———— Z(§') ——————— 0 (3.11)

| | |

0 —— Gu(SpecK’) —— Ek (Spec K’) —— Zg (Spec K') ———— 0
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with exact rows,* where H]iﬂ (Gm) (respectively Z, respectively Zx ) denotes Hliﬂ (87, Gnm) (respectively
Y ®z X, respectively Yx ®z Xk ). Because Y and X become constant over S’, the map

Z(S") = Zk (SpecK’)

is an isomorphism. The map Gp, 10g(S’) — Gu(SpecK’) is also an isomorphism. Therefore, the
restriction map

E™¢(8") — Ex (SpecK’) = E'°¢(Spec K”)

is an isomorphism. We regard Ex as an extension of Yx ®z Xk by Gy, then the section ¢k (see (3.6))
of Ex induces a section to the surjection E'°2(S’) — Y ®; X(S’). This induced section is clearly
Gal(S’/S)-equivariant and therefore gives rise to a section

%% .Y @ X — E'°¢ (3.12)

to the extension E'°2 of Y ®; X by Gm,log- The homomorphism 11°¢ is automatically a section to the
corresponding biextension E'°¢ of (Y, X) by G, log- Note that E log js also the pull-back of P'°¢ along
v x vV, and 1'°¢ gives rise to a bilinear map s'°¢ : ¥ xg X — P!°2 that extends sk . Clearly, we have the
following commutative diagram:

Plog
s'os J (3.13)

Y x5 X 2% Bxg BY.
This finishes the proof. O

Now we are ready to prove Theorem 3.1.

Proof of Theorem 3.1.
Step 1: We prove that Mg extends to a két log 1-motive over S. Recall that T = Homg (X, Gy,), and
let Tiog = Homs(X, Gy log). We have the following two commutative diagrams:

Exty _(B,T) —— Biexty, (B, X;Gm)
V*J/ J(V, Ix)*
Extg, (Y,T) —— Biexty (Y, X;Gn)

and
EXt}Skﬂ (B, Tlog) ; BieXt}S‘kﬂ (B’ X; Gm,log) ’

V*J, J(v,lx)*
Extg, (Y, Tiog) — Biexty (Y, X; Ginlog)
where the horizontal maps being isomorphisms comes from
Extg (X,Gn) = Extg (X, GCmlog) =0

with the help of [5, Exp. VIIL, §1.14]. Let G € Extg (B,T) (respectively Giog € Extg (B, Tiog))
be the extension corresponding to the biextension (1, vY)*P (respectively (1z,v")*P'°¢). Then the

4We will see that the map ¢ is zero in Subsection 4.2.
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section 7°2 of E'°2 (see (3.12)) gives rise to a homomorphism u!°¢ : ¥ — G1og fitting into the following
commutative diagram

Y
uloa J{
0 Tiog Glog B 0 (3.14)
0 T G B 0

of sheaves of abelian groups on (fs/S)kg. This gives rise to a two-term complex

Mlog
Yy — Glog-

Because both X and Y are representable by a finitely generated free abelian group over S’, we have that
G Xg 8’ is an extension of the abelian scheme B Xg S’ by the torus T Xg S” on (fs/S”)¢ by Remark 2.1
and

U x5 8" 1Y x5 8" — Giog Xs S’

log
is a log 1-motive over S’. Therefore, [Y £ Glog] is a két log 1-motive over S. Clearly, the két log
log
1-motive [Y 25 Giog] extends Mg, and its construction is functorial. Therefore, we get a functor

Két : TameSt-1-Motg — KétLog-1-Motg.

Step 2: We show that

Mor(M, M) — Mor(Mg, M)

for any two objects M = [Y 4 Glog] and M’ = [Y’ 5 Gl’og] in KétLog-1-Motg, where Mg =

M xs Spec K and My, := M’ Xg Spec K. It suffices to show that any morphism (f-1, fo) : Mx — My,
extends to a unique morphism from M to M’. We rewrite the két log 1-motive M and M’ as

(Y 5 B, X 5 B, Y x X 5 Plg)

and

’

' 5B x 2 B,y x xS ey,

respectively, according to (2.15). Let vk := v Xs Spec K, and similarly for Xg, Yx and so on. By [3,
§10.2.12, §10.2.13, §10.2.14], the morphism (f_, fo) gives rise to a diagram
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P®
SK
Yk X Xk v Bk X B}é
VKXVK
v IXT“Vb Vv \x plog « p'log . log
b (1% )" PRE = (fu X 1) PR = O
(3.15)
Yk X Xj ————— Bg X BY
VKXVKV
fabx1 ,
foixl1 ° P[1<0g
Sk
Yy X Xp ———— B}, X BY,
Vi X!
such that
(1) the two squares are commutative;
(2) forany y € Yk and any x” € X we have
sk (0, 7Y () = sk (Fo1 (), x7) (3.16)

after identifying the Gy,-torsors

(PR vk (v (7, ()
and

(PR (11 5110y )

along the composition

log = log = ’log
(P v v (1 (xy) < (Qg )VK(y),v;(V(x’) — (Pg )vk(f_l(y)),v;g/(x’)‘

By Proposition 3.1, f_| (respectively f",) extends to a unique homomorphism f_; : ¥ — Y’ (respectively
fj’l : X’ — X). By Theorem 3.2 (1), fu (respectively f:b) extends to a unique homomorphism fy, :
B — B’ (respectively f} : BY — BY). Because fu 0 vk = Vi o f1, we have fipb 0o v = V"o f
by the same reason as for Lemma 3.4. Similarly, we have f} o vV=1Vo £, In order to show that
((f-15 fan), (£}, f,1)) gives amorphism (f_y, fo) from M to M’, we are left with checking the condition
(2.18). But this follows from the equality (3.16) and I'(Spec R, G 10g) = I'(Spec K, Gyy) for any finite
field extension K of K, where R denotes the normalisation of R in K and Spec R is endowed with the
canonical log structure. The uniqueness of (f-1, fo) follows from those of f_1, fub, f; and a{).

Step 3: By Step 1 and Step 2, the functor Két is fully faithful. For any M € KétLog-1-Motg, the base
change Mg of M to Spec K lies in TameSt-1-Motg . By Step 2, the identity morphism of Mg extends
to a unique isomorphism from M to Két(Mk). Therefore, Két is essentially surjective and hence an
equivalence of categories. This finishes the proof of Theorem 3.1.
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Example 3.4. Let Mg = [Yx X6 k| € TameSt-1-Motg, and Gk an extension of an abelian variety
Bk by atorus Tx over K. Assume that either Yk is not unramified, or Tk is not unramified or Bx does
not have good reduction. Then the két log 1-motive M'°¢ := Két(M ) is not a log 1-motive by Example
3.1, Example 3.2 and Example 3.3.

Corollary 3.1. Let the notation and assumptions be as in Theorem 3. 1. We further assume that both Yg

log
and G have good reduction. Then the két log 1-motive M'°2 := Két(Mx) = [V £ Giog] associated
to Mk is a log 1-motive.

Proof. Because both Yx and Gk have good reduction, both X and Y are étale locally representable
by a finitely generated free abelian group over S. Therefore, G is an extension of the abelian scheme
B by the torus T on (fs/S)ka. By Remark 2.1, G comes from an extension on (fs/S)s. It follows that

log
[Y 5 Glog] is alog 1-motive over S. O

Remark 3.1. Corollary 3.1 shows that a log 1-motive in the sense of [13, §4.6.1] extends uniquely to
a log 1-motive in our sense (i.e., in the sense of [8, Defn. 2.2]). This must have been known to Kazuya
Kato, who is one of the authors of both [13] and [8].

Remark 3.2. As we have proposed in Section 1, as a generalisation of Theorem 3.1, it is natural to
ask whether every strict (not just strict tamely ramified) 1-motive over K extends to a unique kfl log
I-motive over S, where a kfl log 1-motive can be defined as in Definition 2.6 by using the Kummer flat
topology instead of the Kummer étale topology. In the proofs of Proposition 3.1, Proposition 3.2 and
Theorem 3.2, we have used explicitly the theory of logarithmic fundamental group, which is only
available in the Kummer étale topology. Therefore, our method in this article does not work for the
Kummer flat case.

4. Monodromy

In this section, we construct a monodromy pairing for a tamely ramified strict 1-motive Mg over a
discrete valuation field via the két log 1-motive M'°2 associated to M. We compare our monodromy
pairing with Raynaud’s geometric monodromy pairing from [ 16, §4.3]. Note that although the base field
K in [16, §4.3] is assumed to be complete, the definition of the geometric monodromy works for any
discrete valuation field. We remark that Raynaud’s geometric monodromy paring is defined for all strict
1-motives over K, whereas our monodromy pairing is only defined for tamely ramified strict 1-motives.

4.1. Logarithmic monodromy pairing

We adopt the setup and notation from last section. Consider the following pushout diagram:

0 Gm E Yoz X ——0
J,\ 4.1
0 Gm,]og E'og Yz X —0,
N~
tlog
where 71°¢ is the section (3.12). Then the section #'°¢ induces a linear map
log
Y ®7z X t—> Elo‘g — ElOg/E = (Gm,log/Gm)Skn’
which corresponds to a bilinear map
(= =) 1 Y XX = (G tog/CGm)siy - (4.2)

This pairing is nothing but the monodromy pairing (2.6) for the két log 1-motive M2,
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Definition 4.1. We call the pairing (4.2) the logarithmic monodromy pairing of the tamely ramified
strict 1-motive Mg .

Proposition 4.1. Let the assumptions and notation be as in Theorem 3.1 and its proof. The monodromy

pairing (4.2) vanishes if and only if the section 1'% is induced from a sectiont : Y ®z X — E of E.
When such a section t exists, it corresponds to a section s : Y Xs X — P, which further corresponds to

amapu : Y — G. The maps s and u extend the diagrams (3.13) and (3.14) to the commutative diagrams

P—— Pl
/ {/ - J (4.3)

Y xs X —— B xs BY == B xs B’
vXv
and
Y
log /J
u / v
u/
0 Tlog Glog // B 0 4.4)
/
/
v
0 T G B 0,

respectively. Therefore, the given 1-motive Mg extends to a unique két 1-motive M = [Y 5 G| such
that the két log 1-motive M'°2 associated to M is induced from M.

Proof. By the construction of the monodromy pairing, its vanishing is clearly equivalent to '°¢ being
induced from a section ¢t : ¥ ® X — E of E. The proof of the rest is similar to the proof of
Theorem 3.1. O

log
Proposition 4.2. Let Mk be a tamely ramified strict 1-motive over K and M'°¢ = [Y SN Glog] the két
log I-motive associated to Mk . Assume that the logarithmic monodromy pairing of Mg is induced by
a pairing ur 1 Y x X — 1. Let

log
Uy o Y - Tiog = J—Comgkﬂ(X, Gm,log) C Giog

. log ,_ log _ ,log log
be the map induced by u,, and Uy = u Uy - Then ul’nfactors as

Y ul’”’ G — Glog;

ulng
that is, the két log 1-motive [Y SLLN Giogl is induced from the két 1-motive [Y N G].

Proof. It suffices to prove that ullo‘fr factors through G < Giog; the rest is clear. The monodromy pairing
log
u

log
of the két log 1-motive [Y BELN Glog] is the difference of the monodromy pairings of [V £ Gog] and
log MIOE

[y BN Glog]. Because the two monodromy pairings agree, the monodromy pairing of [Y SELN Giog]
vanishes. By Proposition 4.1, we are done. )
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Example 4.1. Let Mg = [Yk .6 k| be a tamely ramified strict 1-motive over K. Assume that
both Yx and Gk have good reduction. Then both Y and X are étale locally constant. Therefore, the
monodromy pairing

(= =) 1Y XX = (G log/Cm)si
factors through the canonical homomorphism
nt = Mﬁp/o§ - (Gm,log/Gm)Skﬁ-

In other words, the monodromy pairing of Mk satisfies the assumption of Proposition 4.2 in this case.

. o . I I o
Proposition 4.2 gives rise to a decomposition u'¢ = u® +uy® whose construction involves the

. . -, 1
chosen uniformiser 7. Next we look for a decomposition #'°¢ = ulog

choice of a uniformiser and satisfies the following condition:

+ ulzog that is independent of the

log

|~ is induced by some map u; : ¥ — G and ulzog factors through Tjo; <= Giog. 4.5)

u

log
Proposition 4.3. Let Mg be a tamely ramified strict 1-motive over K and M'¢ = [Y £ Giog] the

két log 1-motive associated to M. The decompositions u'°% = ullog + ulzog satisfying the condition (4.5)

correspond canonically to the trivialisations t : Y ®z X — E of the extension E from (4.1). And under
this correspondence, the homomorphism u12°g is induced by the difference homomorphism t'°¢ —t, where
¢ is as in (4.1).

Proof. Given a decomposition 1'°¢ = ullog + ulzog satisfying the condition (4.5), the map u associated to

ullog gives rise to a section? : ¥ ®2 X — E of E.
Conversely, given a sectiont : Y ® X — E of E, the decomposition

=14+ (¢ —1) =1 +1,

log
2 1
G — Giog. By an easy calculation 7'°¢ — ¢ factors through G 1o < E'°%; therefore, u,* factors as

. 1
Y — Tiog — Giog. Hence, the decomposition u'°¢ =

gives rise to a decomposition 1'°¢ = ullog +u, ° with ui.og induced by #;. It is clear that ullog factors through

+ ulzog satisfies the condition (4.5). O

As before, let Z := Y ® X. We abbreviate (G, 1og/Gm)s,; as @m,log. Applying the functor
Homyg,, (Z, —) to the short exact sequence

0—-Gy— Gm,log - @m,log — 0,
we get an exact sequence
a —
HomSkﬂ (Z9 Gm,log) - HomSkﬂ (Z9 Gm,log) - Ethkﬂ (Z» Gm) - EXt;kﬂ (Z’ Gm,log) .

Let u'°¢ € Homg,, (Z,@m,log) be the element corresponding to the logarithmic monodromy pair-
ing (=, =) of M. Then the element E of Exty (Z,Gp) is the image of u'°¢ along the map

Homg,, (Z, @m,log) — Extékﬂ (Z,Gy). If E is trivial, then the subset
a,_l (/Jlog) c HOInSkﬁ (Zv Gm,log) = Homskﬂ (Y7 Tlog)

is not empty, and its elements correspond to the choices of u12°g.
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4.2. Comparison with Raynaud’s geometric monodromy
Because B and BY become abelian schemes after base change to §”, P Xg S’ is the Poincaré biextension

of the abelian schemes B Xg S’ and BY Xg S’; in particular,

P xs S" € Biexty, (B Xs S, BY X5 §'; Gn).
fl

It follows that the extension E xg S’ lies in the subgroup Extl, (¥ ®z X) x5 §’,Gy,) of the group
fl
Extg, ((Y ®z X) X5 §’,Gp). Therefore, the image of the map § from (3.11) lands in the subgroup
kfl

H}(S',Gn) of H);(S",Gm). Because H}(S”,G) = 0, the diagram (3.11) gives rise to the following
commutative diagram

0——Gm(S) ———— > E(S') ————— Y @, X(§') ————0

J J

0 ——— Gintog(§) ——— E¢(§") —————— Y @7 X(§)) ————— 0

J{ l o S l (46)

0 —— G (Spec K') —— Ek (Spec K') —— Yk ®z Xk (Spec K') —— 0
foe

-

1K
with exact rows. Then the pairing (4.2) induces a pairing
Y($") x X(8") = T'(S’, (Gm,tog/Cim)sia)-
which actually factorises through a pairing
(= =) 1 Y(8") X X(8') = Gm,10g(5")/Gm(S") 4.7

by the diagram (4.6). The pairing (4.7) is clearly Gal(S’/S)-equivariant and also determines the mon-
odromy pairing (4.2). We have the canonical identification G, 10g(S”)/Gm(S”) = (K’)*/(R’)*. Let
K be a separable closure of K containing K’. Then the valuation of K extends to a unique valua-
tion of K taking value in Q. Applying the valuation of K on (K’)*/(R’)%, we get a monomorphism
Gm,log(8)/Gm(S") = (K')*/(R’)* — Q. Then the pairing (4.7) induces a pairing

(== Y(§)xX(S)—>Q (4.8)

that is equivariant with respect to the action of Gal(S’/S) = Gal(K’/K).

Proposition 4.4. The pairing (4.8) coincides with the geometric monodromy pairing u : Yg (Spec K') X
Xk (SpecK’) — Q from [16, §4.3].

Proof. The map tx in the diagram (4.6) induces a homomorphism
Yk ®z Xk (SpecK') — Ek (SpecK’)/E(S") = G (SpecK’)/Gm(S")
= (K')*/(R")*

that gives rise to exactly the monodromy pairing from [16, §4.3] after applying the unique valuation of
K, which extends the valuation on K. Because the second row and the third row in the diagram (4.6) are
isomorphic, we are done. m}
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If Raynaud’s geometric monodromy pairing u factors through Z — Q, [16, Prop. 4.5.1] gives a

decomposition ux = ug . +uy . such that
1

u T
the K-1-motive M 11< ==k BNV k| has potentially good reduction;

and ué‘” factors through the torus part Tx of Gg. “4.9)

When the field K is complete, such a decomposition is made independent of the choice of the
uniformiser 7 in [16, Prop. 4.5.3] via rigid geometry. And a decomposition ux = u}< + u?,( that satisfies
the condition analogous to (4.9) and is independent of the choice of a uniformiser corresponds to a
trivialisation 7 : Zxg =Yg ®z Xx — &, of the extension &g of Zg by U, defined in [16, Rmk. 4.5.2
(iii)].

Lemma 4.1. Raynaud’s monodromy pairing factors through Z — Q if and only if the assumption of
Proposition 4.2 holds; that is, the logarithmic monodromy pairing (4.2) of Mk is induced by a pairing

e Y XX — 7Z.

Proof. If the logarithmic monodromy is induced by p ., then the image of the composition

’ tlog ’ ’ ’ ’
Y ® X(S') — E5(S')/E(S") = Gimjog(5")/Cm(S") (4.10)
lands in 772G, (S”)/Gm(S’). Because #1°2 restricts to #, the image of the composition

Yk ®z Xk (SpecK’) — Ex (SpecK’)/E(S") = G (Spec K')/Gm(S")
= (K')*/(R)"

lands in 7%(R’)*/(R’)*. Thus, Raynaud’s monodromy factors through Z < Q.

Conversely, if Raynaud’s monodromy factors through Z < Q, we clearly have that the image of the
composition (4.10) lands in 727G, (S")/Gm(S’) = n%. Because the logarithmic monodromy pairing is
induced by the pairing (4.7), we are done. O

Under the assumption that Raynaud’s monodromy factors through Z — Q, we have Raynaud’s
decomposition ug = u}< x +u%{ > as well as the decompositions u'og = ullog +u12°g and u'°¢ = ullog +u ]2°g
from Propos1t10n 4.2 by Lemma 4.1. If K is complete, we also have Raynaud’s decomposition ugx =

ul x+ u? % - From the constructions of these decompositions, it is easy to check the following proposition.

o, .y . 1 I
Proposition 4.5. The restriction of the decomposition u'°¢ = ulog +u, Ve - Jrom S 1o Spec K gives rise

, . 1 1
to Raynaud’s decomposition ug = u}ﬂﬂ + u%( . If K is complete, the decomposmon u'oe = u, 8 4 u, Ve

: — 1 2
restricts to ug = U + Uk

5. Log finite group objects associated to két log 1-motives
5.1. Log finite group objects

Let S be a locally noetherian fs log scheme. Kato has developed a theory of log finite group objects that
is parallel to the theory of finite flat group schemes in the non-log world. The main references are [12]
and [14].

Definition 5.1. The category (fin/S). is the full subcategory of the category of sheaves of finite abelian
groups over (fs/S)a consisting of objects that are representable by a classical finite flat group scheme
over S. Here ‘classical’ means that the log structure of the representing log scheme is the one induced
from S.

The category (fin/S) is the full subcategory of the category of sheaves of finite abelian groups over
(fs/S)n consisting of objects that are representable by a classical finite flat group scheme over a Kummer
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flat cover of S. For F € (fin/S), let U — S be a log flat cover of S such that F; := F xg U € (fin/U)..
Then the rank of F is defined to be the rank of Fy; over U.

The category (fin/S); is the full subcategory of (fin/S)f consisting of objects that are representable
by a log scheme over S.

The category (fin/S)g is the full subcategory of (fin/S)f consisting of objects F such that there exists
a Kummer étale cover U of S such that F' Xg U € (fin/U),.

Let F € (fin/S). Then the Cartier dual of F is defined to be the sheaf

F* := Homg,,(F,Gp).

By the definition of (fin/S), it is clear that F* € (fin/S).
The category (fin/S)q is the full subcategory of (fin/S), consisting of objects whose Cartier dual also
lies in (fin/S),.

Proposition 5.1 (Kato). The categories (fin/S), (fin/S), (fin/S), and (fin/S)q are closed under
extensions in the category of sheaves of abelian groups on (fs/S)kq.

Proof. See [12, Prop. 2.3]. O

Definition 5.2. Let p be a prime number. A log p-divisible group (respectively két log p-divisible
group, respectively kfl log p-divisible group) over S is a sheaf of abelian groups G on (fs/S)kq
satisfying the following:

(1) G =U,»0Gn with G, :=ker(p" : G — G);

(2) p: G — G is surjective;
3) G, € (fin/S), (respectively G, € (fin/S)s, respectively G,, € (fin/S)) for any n > 0.

We denote by (p-div/S)!°¢ (respectively (p-div/ S)éog, respectively (p—div/S)}og) the category of log
p-divisible groups (respectively két log p-divisible groups, respectively kfl log p-divisible groups) over
S. The full subcategory of (p-div/S)!°¢ consisting of objects G with G,, € (fin/S)q for all n > 0 will
be denoted by (p-div/ S)(ljog. A log p-divisible group G with G,, € (fin/S). for all n > 0 is clearly just
a classical p-divisible group, and we denote the full subcategory of (p-div/ S)(llOg consisting of classical
p-divisible groups by (p-div/S).

Remark 5.1. For G € (p-div/S)"°¢ to lie in (p-div/S)(ljog, it is enough to require G| € (fin/S)y. We
explain this as follows. The short exact sequence 0 — G; — G, — G| — 0 gives an exact sequence

0> G} > G35 G} — &xty (G1.G).

We claim that « is an epimorphism for the Kummer flat topology. To prove the claim, we may assume
that G is a classical finite flat group scheme. Then we have Sxtlsﬁ (G1,Gy) =0by [5, Exp. VIII, Prop.

3.3.1] and R'm.Gy = 0, where m denotes the natural map from the classical flat site to the classical
étale site. Therefore, we get a short exact sequence

0—-G]—=G,—>G]—0
of sheaves of abelian groups on (fs/S)a. Thus, G € (fin/S); by [12, Prop. 2.3]. Inductively we get
G}, € (fin/S) forall n > 1.

5.2. Log finite group objects associated to két log 1-motives

Definition 5.3. Let S be an fs log scheme, M log — [Y 5 Giog] akétlog 1-motive over S and n a positive
integer. By Lemma 2.2 and Corollary 2.1, we can regard M'°2 as a complex of sheaves on (fs/S)cq and
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define
TZ/nZ(Mlog) = H'(M"¢ ®IZf Z/nZ).

Proposition 5.2. Let S be a locally noetherian fs log scheme,
Mg = [Y 4 Glog]

a két log 1-motive over S and n a positive integer. Then we have the following:

(1 TZ/nZ(Mlog) fits into the following exact sequence
0 — Giog[n] = Tzjnz(M'8) — Y/nY — 0

of sheaves of abelian groups on (fs/S)n, where Giog[n] denotes the n-torsion subgroup sheaf of
Giog.-

(2) Tzjnz(M"2) € (fin/S)e.

(3) Let m be another positive integer. Then the map

T2 fnz (M%) — Tz (M)

induced by Z/mnZ tmodm, Z/nZ is surjective.
(4) If M™% is a log 1-motive, then TZ/nZ(Mlog) € (fin/S)q.

Proof. For part (1), by [16, §3.1], it suffices to show that the multiplication by » is injective on Y and
surjective on Gyog for the Kummer flat topology. The injectivity of the map Y 2, Y is trivial. We are

reduced to show the surjectivity of the map Giog N Giog. Without loss of generality, we may assume
that M'°¢ is a log 1-motive. Let G be an extension of an abelian scheme B by a torus 7 over S. Consider
the following commutative diagram

0 Tiog Giog B 0
Pl
0 Tiog Giog B 0

with exact rows. The multiplication by n is clearly surjective on B, and the surjectivity of the multi-
plication by n on Tjo, follows from the surjectivity of G jog LN G, log- It follows that Gjog 4 Gog is
surjective.

For part (2), we may still assume that M'°¢ is a log 1-motive. We have a short exact sequence
0 — Tieg[n] — Giogln] — B[n] — 0. Let X be the character group of 7. Then we get an exact
sequence

0—T — Tog = Homg,, (X, Gm,log/Gm) — 0.

Because G 1og/Gn is torsion free, we get T'[n] = Tjoe[n]. Then we get a short exact sequence 0 —
T[n] — Giog[n] — B[n] — 0. Therefore, Giog[1] € (fin/S); by Proposition 5.1. Applying Proposition
5.1 again to the short exact sequence

0 = Giog[n] = Tzuz(M'®) > Y [n¥ — 0,
we get Tz/,z(M'°%) € (fin/S);.

Part (3) is clearly true for the two két log 1-motives [Y — 0] and [0 — Giqg]. It follows that it also
holds for Mg,
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At last, we prove part (4). By the proof of part (2) we get 17;,z(M lo2) ¢ (fin/S),. Similarly, we have
T2/nz(M'°8)* = T7,,7((M'°8)V) € (fin/S),, where (M'°2)" denotes the dual of the log 1-motive M'°2.
It follows that 77,z (M'°%) € (fin/S)q. o

Definition 5.4. Let S be a locally noetherian fs log scheme,
M"% = [Y = Giog]

a két log 1-motive over S and p a prime number. The két log p-divisible group of M'°2 is defined to be
M [p=] := U, Tz prz(M'8).

5.3. Extending finite group schemes associated to tamely ramified strict 1-motives

Theorem 5.1. Let the notation and the assumptions be as in Theorem 3.1, and let n be a positive integer.
Then Tzjuz(M 18} lies in (fin/S)e, and it extends the finite group scheme T7/n7(Mk ) over Spec K to S.

Proof. Because TZ/nZ(Mlog) Xs S’ = TZ/nZ(MIOg Xs 8”) € (fin/S), and S’ is a Kummer étale cover of
S, we get TZ/nZ(MIOg) € (fin/S)s. Because M'°¢ x5 Spec K = Mg, we get TZ/nZ(Mlog) Xs Spec K =
Tz/nz(Mk). o

The following theorem is stated in [12, §4.3] without proof. Here we present a proof.

Theorem 5.2 (Kato). Let K be a complete discrete valuation field with ring of integers R, p a prime
number and Ak a tamely ramified abelian variety over K. We endow S := Spec R with the canonical
log structure. Then the p-divisible group Ak [p*™] of Ak extends to an object of (p-div/ S)éog. It extends

to an object of (p-div/ S)}fg if any of the following two conditions is satisfied:

(1) Ak has semistable reduction.
(2) p is invertible in R.

Proof. By [16, §4.2], there exists a tamely ramified strict 1-motive
Mk = [Yx =5 Gk]

such that Mg [p®] = Ak [p™], and both Yx and Gk have good reduction provided that Ax has

log
semistable reduction. By Theorem 3.1, M extends to a két log 1-motive M'°2 = [Y £ Giog]. Then

Mg [p*] extends to M'2[p™] € (p-div/S)e!og by Theorem 5.1.
If Ak has semistable reduction, then both Yx and Gk have good reduction. Therefore, the két log

1-motive M'°2 is actually a log 1-motive over S by Corollary 3.1. It follows that M'°2 [ p®] € (p-div/ S)(liog .

If p is invertible in R, then the object TZ/an(M'Og) € (fin/S)s actually lies in (fin/S)q by [12, Prop.

2.11. It follows that M2 [p™] € (p-div/S)\™. O
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