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STARLIKE FUNCTIONS WITH A FIXED COEFFICIENT

V.V. ANH

This paper establishes several conditions on the parameters A, B, b for the exact radius
of convexity of the class

Sltt(A, B) = { / ( * ) = * + ak+1z"+l + a2lt+1z
2k+l +...; i^M € ft.k(A, B)} ,

k,b(A, B) = L(z) = 1 + b( A - B)zk + p2kz™ + ...; P(z) < | + *** I ,

where

Pk,

k = l, 2, 3, . . . , - l ^ B < A ^ l , 0 < 6 ^ 1 .

1. INTRODUCTION

Let Pk(A,B), - 1 < B < A < 1, k = 1 ,2 ,3 , . . . , denote the class of functions

p(z) = 1 + PkZk + P2kz2h + • • • defined by

. . 1+Azk

in the unit disc A = {z;|z| < 1}, where -< means subordination. Then each p(z) in
Pk(A, B) has a positive real part in A. As is well-known, a necessary and sufficient
condition for a function f(z) = z + a^z2 + . . . to be univalent starlike in A is

This condition suggests that starlike functions can be defined in terms of functions of
positive real part in the unit disc. In fact, a general class of starlike functions may be
defined as

St(A, B) = | / ( 2 ) = z + afc+1z
fc+1 + a2fc+1*"+1 + ...; ^j- € Pk(A,
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146 V.V. Anh [2]

With k = 1, the following special cases of Sk(A, B) are familiar:

5*(1 - 2a, - 1 ) = {f(z) = z + a2z
2 + ...; Re[z/ ' (z) / / (z)] > a, 0 < a < 1},

5*(1, I /a - 1) = {/(z) = z + a2z
2 + . . . ; \zf'(z)/f(z) - a| < a, a > 1/2},

5*(a, 0) = {/(z) = z + a2z
2 + . . . ; |z/'(z)//(z) - 1| < a, 0 < a < 1},

5*(a, - a ) = {/(z) = z + a2z
2 + ...; |z/'(z)//(z) - 1| / |z/'(z)//(z) + 1| < a,

0 < a < 1}.

These classes of functions have been studied by many authors, starting with Robertson
[7] for starlike functions of order a. The classes 5*(1, I/a - 1), S*(a, 0), S*(a, - a )
were introduced by Janowski [2], MacGregor [3] and Padmanabhau [5] respectively.

In this paper, we study starlike functions with a fixed coefficient. For functions
p{z) = l+pkz

k+p2kz
2k + --- i n Pk(A, B), i t is k n o w n t h a t \pk\ ^ A-B, k = 1, 2 , 3 , . . .

(see Anh [1], Theorem 4.1). We may therefore define the following subclass of Pk(A, B):

Pkib(A, B) = {p(z) = 1 + b(A - B)zk + ...e Pk(A, B), 0 < b < 1}.

We shall then consider the corresponding class of fc-fold symmetric starlike functions
with a real nonnegative second .coefficient:

S*k<b(A, B) = {/(z) = z + (b(A - B)/k)zk+1 +...; zf'(z)/f(z) G Pk,b(A, B)}.

We shall investigate mainly how the second coefficient in the series expansion of
functions in Sk b(A, B) affects their radius of convexity. This problem was studied
in Tepper [8], McCarty [4], Tuan and Anh [9], among others. Tepper [8] obtained
the radius of convexity of S*b(l, —1). The results contained in McCarty [4] for
5J b(l — 2a, — 1) and Tuan and Anh [9] for Sf^A, B) are in fact achieved by functions
in larger classes where the second coefficient is allowed to vary. It is more difficult to
obtain sharp results within Sk b{A, B) where the second coefficient is assumed fixed,
real and nonnegative. As far as we are aware, apart from Tepper's result for the simplest
class 5J>(>(1, —1), no complete and accurate radius of convexity for any other class of
starlike functions with a real fixed coefficient is available. It seems that the radius of
convexity of Sl<b(A, B) can be derived only with some restriction on the parameters
A, B, b. In Section 2, we obtain the required conditions for an extremal problem
on Pktb(A, B). The results play an essential role in the derivation of the radius of
convexity for Skb(A, B). This is investigated in Section 3. The conditions of Section
2 are established iii the hope that they would be satisfied for some simpler cases of
Slb(A, B). This is indeed the case for 5JJ 6(1, I /a — 1) whose radius of convexity is
now completely determined. The radii of convexity of Skb(a, —a) and 5£ b(a, 0) are
also obtained for a certain range of a.
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[3] Starlike functions 147

2. A N EXTREMAL PROBLEM ON Pk,b(A, B)

By definition, the radius of convexity of 5£ b(A, B) is the smallest root in (0, 1]
of the equation

min min Re < 1 + . , , } > = 0.
/(z)6S* b(A,B) \z\=r<l { J \z) )

From the definition of 5£ b(A, B), we derive that

1 i ZJ Vz/ I_\ . ZP \z) r>t-\ r- u. .1 A D\

Thus the radius of convexity of Slb(A, B) is obtained if we can solve the extremal
problem

(2.1) min min Re \p(z) +min Re \p(z) + ^ r ^ l .
,B) \z\=r<i \ry p(z) J

Problem (2.1) is studied in this section. We first obtain the growth theorem for functions
in Pk,b{A, B), which is required in the solution of (2.1). We need the following result:

LEMMA 1. For a given point z in A, let F be regulas in a neighbourhood of

each point p(z), p £ Pk(l, — 1). Then the functional ReF(p(z)), z £ A, attains
its maximum and minimum over the class P/b(l, —1) only for functions of the form

{l + e-iezk)/(l-e-iezk).

PROOF: See Pfaltzgraff and Pinchuk [6, Theorem 7.3]. |

THEOREM I . If p{z) e Pk,b{A> B)> tllen °n \z\ = r < 1>

l+b(l-A)rk-Ar*k , , _ „

Re{P(z)}- ' ^ - ° ^ - ° ^ * " • * - ! . ». 6 . -

The results are sharp.

PROOF: We require a representation formula for Pktb{A, B). Denote by U the
class of functions V>(z) regular in A and such that |i/'(z)l ^ 1 there. For p(z) £
Pk,b(A, B), we define
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Then ipi(z) 6 U and Vi(O) = b. The function

is therefore in U and ^2(0) = 0. Hence the function

(2.4) *(,) = tM

belongs to U. From (2.2)-(2.4), it follows that a function p(z) G Pk,b(A, B) can be

represented in the form

where

As IV(^)I ^ 1 in A, we have \w{z)\ s$ C on \z\ = r < 1, where C = r*(r* + 6)/
(l + br ) . An application of the subordination principle then implies that the image
of \z\ ^ r under the transformation (2.5) is contained in the disc

\p(z) -afc.il < 4,6,

where
1 - ABC2 {A-B)C

ak'b ~ ! _ B2C2 ' k'b ~ 1 -

It follows immediately that for p(z) 6 Pk,b(A, B) and on \z\ — r < 1,

The upper bound is sharp for the function p(z) with i>(z) = 1 in (2.6) and at z = r.
The lower bound is attained for the function p(z) with i>{z) = —1 in (2.6), at z = — r
and for k = 1,3,5, For k even, this lower bound is not achieved by a function
within Pk,b{A, B). For the sharp lower bound in the case of k even, we represent p(z)
in terms of function in -Pfc(l, —1). As seen from (2.3), the function V'2(-E) satisfies the
conditions of Schwarz's lemma. Therefore, the function
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[5] Starlike functions 149

belongs to the unrestricted class Pk(l, - 1 ) . From (2.2), (2.3) and (2.3a), a function
p(z) £ Pkj,(A, B) can be represented in the form

_ (l
(Z.ib) p(z) - ( i

where q(z) 6 Pfc(l, —1)- An application of Lemma 1 now yields that Re{p(z)} attains
its minimum over Pk{A, B) for a function of the form (2.3b), where q(z) is given by
(l + £2fc)/(l — ez&), |e| = 1. For the time being, we consider a larger class, namely

Pkib(A, B) = {p(z) = 1 + b{A - B)eiezk + .. . G Pk(A, B), 9 real}.

Then, since P(ex6z) belongs to Pkib(A, B) if p(z) is in Pkit,(A, B) , we may assume,
without loss of generality, that the minimum of Re{p(z)} over Pktt,(A, B) is attained
on the real axis at z = —r. Now, using (2.3b) with q(z) = (l + ezfc)/(l - ezk) , we get

_ l+bArk+ (Ark + b)erk

P ( ~ r ) = 1 + bBrk + {Br^ + b)erk

1 + bArk 1 + Merk

~ 1 + bBrk " 1 + Nerk '

where M = (Ark + b)/(l + bArk) , N = (Brk + b)/(l + bBrk) . It can be checked
that —1 < TV < M < 1. Thus, the minimum of Re{p(-r)} corresponds to e = - 1 ,
that is

-«•>» ;

over /^(((.A, 5) . However with e = —1, the extremal function becomes

(1 + 6)(1 + Azk) (1 - zk)/(l + zk) + (1 - 6)(1 - Azk)
P{Z) ~ (1 + 6)(1 + 5zfc)(l - zfc)/(l + zfc) + (1 - 6)(1 - Bzk)

__ 1 - 6(1 - A)zk - Az2k

~ 1 - 6(1 - B)zk - 5z2fc

= l+b{A-B)zk + ...

which belongs to Pk>b(A, B). Consequently, the bound given by (2.3c) is the best
possible bound over Pk^{A, B), k — 2, 4, 6, |

For the solution of (2.1), we require the following lemma. For k = 1, 2, 3, . . . , let
Bk be the class of functions w(k) = bkz

k + &2fcZ2fc + . . . regular in A and satisfying the
conditions tu(0) = 0, |w(z)| < 1 in A.
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150 V.V. Anh [6]

LEMMA 2. If w(z) e Bk, then for 2 e A,

(2.8) \zw\z) - kw(z)\ ^ V
 t

_

PROOF: We have \w(z)\ < \z\k for w(z) = bkz
k + b2kzik + ... € Bk in view of

Schwarz's lemma. Therefore, we may write

w(z) = zkip(zk), z € A

for il>(z) G U. Then

From Caratlieodory's inequality

^ 1 - \z\2

we obtain (2.8) directly. Equality in (2.8) occurs for functions of the form zk(zk — c) /

We now prove

THEOREM 2. Let a ^ 0, /3 ^ 0, k = 1 , 2 , 3 , . . . , \z\ = r < 1,

L = /?fc(l -A)(l + Ar2k), K = a(A-B)(l-r2k) + (3k(l - B)(l + Br2k). If

p(z) € Pk,biA> B)> then °n \z\=r,

under the condition that

K \1-BC)

The result is sharp.

PROOF: From the representation formula (2.5), we may write

a

p(z) 1 + Bto(z) P [1 + Aw{z))[l + Bw(z)}
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w(z) being defined by (2.6). Applying (2.8) to the second term of the right-hand side,
we find

(A-B)krv(z) \

(l-\z\2k)\l+Aw(z)\\l

From (2.5), we also have

»(*) =
p(z) - 1

A - Bp(z)

Hence, in terms of p(z), the above inequality becomes
(2.11)

k(3(r™\A-BP(z)\2-\P(z)-l\2)

(A-B)(l-r™)\p(z)\ •

Put p(z) = ak,b + u + iv, \p(z)\ - R, and denote the RHS of (2.11) by S(u, v). Then,

as

r2k \A - Bp(z)\2 - \p{z) - 1|2 = r2k(A2 - 2AB(aktb + u) + B2R2)

- R2 + 2(aM + «) - 1

= _(1 _ B2r2k)R2 + 2(1 - ABr2k)(akfi + u)

- (1 - A2r2k)

= _(x _ B2r2k)R2 + 2ofci l(l - B2v2k){ak<b + u)

we get

R

• \ [(afc-fr + u ~ afc-l)2 + v' ~ < » ] } •
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Now,

where

I _ g2r2k
T(u,v) = 2A(ak>b + u)+ i _ ^ [R* - R(a\A - 2afc,1(aJb>6 + u) - d2

k<1)}

( 1 - £2r2* \ 1 - B2r2k

= 2(aktb +•„) {A + x_r2k ak<lRj + -JL^- {# - R (a2,, - d\A)) .

Since

dC _rk(l-r2k) d(akib - dkib) = A-B dC

db (i _ BC? ' db < '

d(ak,b + 4 ,6) .A-.8 dC_

db ~ (1 + BC)2 "db> '

we have afc)6 - 4 , 6 > ojfc,! - dk<1 , ak<b + dk,b ^ a*,o - 4,o • Also R ^ ofcjl - dk<1 . It
follows that

l-B2r2k
 n A l-B2r2k, .2

+ 1 _r2fc " ak'lR ^A+ 1 _ r 2 f c (afc.i ~ d*,i)

2 - ABr2k)
>~ (l-Brkf

In view of this inequality and the result that

o-k,b + u = Re{p(^)} ^ aktb - dkjb

we then have

T(u, v) > G(R),

where

f 1 - fl2r2fc 1 1 - 5r
G(R) = 2(ak<1 - 4,i) [A + - I _—-a f c i l i ? j + L - ^ - [R> - R [a2, - < , ] ] .

Now,
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Therefore,

G(R) > G(aktl - dktl) = 2(afcil - dhtl) \ l ~ ^

> 0 as seen above.

Summing up, we have T(u,v) > 0, and it follows from (2.12) that the minimum of
S(u, v) on the disc \p(z) — at^l Sj dk,b occurs at v = 0 and for some u in [—dk<bi dkj,] •
Setting v = 0 in the expression for S(u, v), we get

S(u, 0) = /? 1 jj j-
1 - , » J'

where

L = /9A(1 - il)(l + Ar2fc), Jf = a(i4 - fl)(l - r2k)

It is seen that

dS(u, 0) 1 F L

du (A

1 /*?

vanishes at the point w0 = (L/K) — a^^. Now,

(1-B)(1 +

1 + Ar2k

Thus, «o < <̂ fc,6 • However, it is not necessary that «o > —dk,b • It is seen that the

condition wo ̂  —dk,b is equivalent to («o + aJfc,6) ^ {ak,b — dk,b) ', that is,

K ^ [l-BC

Thus, under the above condition, the minimum of S(u, 0) occurs at the end point

u = —dkj, > its value being

A-B {A - B){1 - r2k)
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We have seen earlier that the lower bound ak,b — dk,b of Ke{p(z)} is attained for
the function

. . 1 - 6(1 - A)zk - Az2k

^ Po^ = l-b\l-B)zk-Bz2k

at z = — r obtained by taking rj)(z) — —1 in (2.6). To show that the result of this
theorem is sharp, we need only to show that inequality (2.10) is an equality for the
same function pQ(z) at z = — r. In fact, with ip(z) = —1 in (2.6), direct calculation
gives

(i - bzky

k(z2k-w{

l - z 2 k '

which yields equality in (2.10). |

Remark 1. To obtain some condition simpler than (2.9), we note that in a more

symmetrical form, condition (2.9) holds if

Ar2k) r i - , 4 C l 2

v ' ( 1 - B ) ( l + B r 2 k ) [l- BC\ "

Also, as
1 + Arik 1 + A
1 + Br*k

condition (2.14) holds if

I-A2 \1-AC12

1-B2 ^ [1-BC\

This is equivalent to

(2.15) A + B-2(1+AB)C + (A + B)C2 > 0.

We note that, apart from the simple case A = 1, B = — 1, inequality (2.15) is not
satisfied if A + B < 0, AB ̂  — 1. This has eliminated several interesting cases such as
the class S*(a, —a), where .4 + f? = 0. Our next theorem will give conditions which
cover this case.

Remark 2. As mentioned in the proof of Theorem 2, the minimum of S(u, 0) can
occur within the interval [—<ifc,&, dk,b}- In that case, the minimum value is

S(u0, 0) = 0J±1 + _ | V

It seems that this bound is not achieved by any function in Pk,b{A, B).
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THEOREM 3. Let a ^ 0 ,/? ^ 0, k - 1,3, 5, . . . , \z\ = r < 1, £> =

(r* + 6)/( l + 6rfc) , C = rfcl>. Under t ie following conditions:

(i) A + B>Q,AB<A + B,

(ii) i _ r2t + (A + 5)r2fc - 2rfc(l + ABr2k)D + r2k(A + B- AB(l - r2*))
D 2 > 0 , 0 < r < l , w e iave for p(z) E Pk,b(A, B) that

(A-B)(3krk rk + (l-r2k)D-rkD2

The result is sharp.

PROOF: Write

Then, for p(z) 6 Pk,b(A, B), we have

which yields

(2 16) RcfZ P > ( z ) ] >

(A-B)\zf\kV{z)

Re{p(z)} |1 -

= {A-B)\zw'(z)\
1 + {A + B) Re{zk<p{z)} + AB \zk<p{z)\2'

where w(z) = zk<p(z). Under the condition A + B ^ 0, (A + B)Re{zk<p(z)}
-(A + B) \zk | \<p(z)\. In this case, (2.16) becomes

1 -

Also, in view of Lemma 2,

thus,

(217) Rdzp'{z))- ^-g>*l*l* ^ - I ^ I ^ X + I^-N*!^)!2

PW l - l ^ l 2 * l-(A + B)\z\k\<f{z)\ + AB\z\2k\v(z)\i
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Put |y(z)| = x, and denote the second factor on the RHS by F(x); then

dF N{x)

dx ~ (1 - (A + B)rkx + ABr2kx2f '

where

N{x) = 1 - r2k + {A + B)r2k - 2vk(\ + ABr2k)x + r2k[A + B - AB(l - r2k)]x2.

Now,

^L = _ 2 r
f c ( l + ABr2k) + 2r2k[A + B- AB(l - v2k))x.

Under the conditions AB < A + B, A + B > 0, we have A + B - AB(l - r2k) > 0.
Thus, in this case,

^L < _2r
fc(l + ABrU -U + B-AB + ABr2k))

ax
= -2rk(l - A)(l - B) < 0.

As a result, we have N(x) ^ N(D) since ^(z)! < D on \z\ — r. Consequently,

dF/dx > 0 if N{D) > 0. The condition N{D) > 0 will then yield that F(x) < F{D),

that is,

Putting (2.7) and (2.18) together, we obtain the lower bound for Re{ap(z) + f3zp'(z)/

p(z)} of the theorem. As noted before, the lower bound of Re{p(z)} is achieved by
taking ip(z) = - 1 in (2.6) (that is, by choosing <p(z) = (b - zk)/(l - bzk) ) and at the
point z = —r. It is a simple exercise to check that every inequality used in this proof
becomes an equality at z = —r, k = 1, 3, 5, . . . and for ip(z) = - 1 . Hence the result
is sharp. I

3. RADII OF CONVEXITY

As noted at the beginning of Section 2, the radius of convexity of S£ b{A, B) is

given by the smallest root in (0, 1] of the equation M(r) = 0, where

M(r)= min min Re{p(r )+ t v '
p(z)€Pklb(A,B) |z| = r<l t p(z)

All application of Theorem 2 with a = 1, 0 — 1 gives M(r), and solving M(r) = 0

we obtain
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COROLLARY 1. Let A, B, b be such that
(3.1)

+ Ar2fc)(l - BC)2 < [(A - B)(l - r2k) + jfe(l - B)(l + Br2k)](l - AC)2

for 0 < r < 1. Tiien tiie radius of convexity of S£ b(A, B) is given by the smallest root

in (0, 1] of the equation

(3.2)
[{A + B) (1 - r2k) — 2Jfe(l — ABr2k)} (l + 6(1 - A)rk - Ar2k) (l + 6(1 - B)rk - Br2k)

+ k(l - A)(l + Ar2k) (1 + 6(1 - B)rk - Br2k)2

+ [(A - B)(l - r2k) + fc(l - £ ) (1 + Br2k)](l + 6(1 - A)rk - Ar2k)2 = 0.

It can be checked that the LHS is equal to (2 — k)A — kB at r = 0 and it is
equal to 0 at r = 1. Thus, the above equation has at least one root within (0, 1]. For
the class SJ t ( l , I / a — 1), it is seen immediately that condition (3.1) is satisfied for
any 6 and for any a > 1/2. Thus, the radius of convexity for this class is determined
completely as

COROLLARY 2. The radius of convexity of SjJ>6(l, I / a - 1) is given by the smallest

root in (0, 1] of equation (3.2) with A = l, B = I / a - 1.

For the class 5jJ6(a, 0), condition (2.15) becomes a ^ 2C / ( l + C2) . Thus, for

this class, we have

COROLLARY 3. The radius of convexity of SjJ 6 (a , 0) is given by the smallest root

in (0, 1] of equation (3.2) with A = a , B = 0 and a ^ 2C/ ( l + C2) .

Using Theorem 3, we have

COROLLARY 4. Let A, B , b satisfy conditions (i) and (ii) of Theorem 3. Then the

radius of convexity of S£ b(A, B) is given by the smallest root in (0, 1] of the equation

(3-3)

(1 - r2k) (l + 6(1 - A)rk - Ar2k) [1 + (26 - A - B)rk

+ (62(1 - A)(l -B)~A- B)r2k -b{A + B- 2AB)r3k + ABr4k]

-{A- B)krk(l + 6(1 - B)rk - Br2k)(l + 2rk - (1 - 6)r2fc - 2r3k - brik) = 0.

Again, it can be checked that the LHS is equal to 1 at r — 0 and 0 at r =
1. Thus, the equation has at least one root within (0, 1]. For the class Slb(a, 0),
condition (i) of Theorem 3 is obvious, while condition (ii) becomes

1 - 2rfc + (2a - l)r2fc > 0, 0 < r < 1.

Consequently, for this class, we have
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COROLLARY 5. The radius of convexity of 5£ b(a, 0) is given by the smallest root
TQ in (0, 1] of equation (3.3) with A = a, B = 0 for such a that

1 - 2rk + (2a - l)rj* > 0.

For the class S^b(a, —a), we note that condition (i) of Theorem 3 is always sat-
isfied, while conditions (ii) becomes

1 _ 2r* - (1 - a2)r2k + 2a2rik - a V * > 0, 0 < r < 1.

Thus for this class, we get

COROLLARY 6. The radius of convexity of 5£ b(a, —a) is given by the smallest
root rx in (0, 1] of equation (3.3) with A = a, B = —a for such a that

1 _ 2 r* - (1 - ec2)r\k + 2oc2r\k - «2r\k > 0.
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