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1. Introductory. A number of integrals of 2?-functions with respect to their parameters
have been given by Ragab [1, 5]. Two further integrals of this type are given in § 2 and § 3.
In § 4 it is shown that these can be employed to sum series of products of ^-functions.

The four following formulae will be made use of in the proofs [2].

IfR(Pa+1)>R(«v+1)>0,

J A«J>+I-I (1 -• Xyw-'w1 E (p ; ar: q ; p3 : z/X) dX
o

; a r : q + 1; p3 : z) (1)

J, AA-p+i-1 E(p ; a r : q; Ps: zjX)dX =E(p + \\ ar: q; Pa : z) (2)

o

If | amp z | < 77,

E(<x: :z) = r(a)( l+l /z)— = z"E(a: : 1/z) (3)

If | amp z | < 77,

w, ^ l f
E(p; a r : q; Ps : z) = —. J

•(4)

where the integral is taken up the 77-axis, with loops, if necessary, to ensure that the pole at
the origin lies to the left and the poles at a1} a2, ..., aP to the right of the contour. Zero and
negative integral values of the parameters are excluded and the a's must not differ by integral
values. If p < q +1, the contour is bent to the left at both ends. If p > q + l, the formula
is valid for | amp z \ < \(p-q + \)Tt.

2. The first integral. If p ^ q,

-g+2)77, iJ(S-a-)S) > 0, R(Pn) > R(an) > 0 (n = 1, 2,..., q),
2J(an)>0 (n

- £ : z

8, ft>...,/.,

the path of integration being as in (4), with loops, if necessary, to ensure that a and jS are to
the right of the contour.

In proving (5) note that, in virtue of (1) and (2), the integral can be put in the form
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x n I" e-*nX°n«-(-1dXnE(8-<x-p::zl(\1...Xv)).
n=g+l J 0

Here change the order of integration, putting the first integral last, and get

f ft r(Pn - ajl"1 ft fl K"'1 (i - An)"1-"-1 dxn
l_» = 1 J n = UO

x n e-^A;«-1rfAnr(8-a-i
«"« + ! JO

i f

Now, from (4), the last line is equal to

a+0—*

a, )8 :

- « , s - j 8 : z/(Ai... A

and, on applying (1) and (2), the result is obtained.
Note. The restrictions on the p's can be omitted, as the paths of integration from 0 to 1

can be replaced by contours starting from 0, passing round 1, and returning to 0.

3. The second integral. Ifp 5s q, \ amp z \ < \(j>-q + 2)ir,R(a.n) > 0 (n = 1, 2, ...,p),

« „ - ? : q; p.-t: s)z« dt,

y,<x1,...,xv: q; p3: z), (6)

where the path of integration is that of (4), with a loop, if necessary, to ensure that /? lies to
the right of the contour.

The integral is equal to

ft r(pn-an)V ft T A^-MI-AJ"—-1^

x ft f°° e-*» A ^ - 1 d\n E(y: : z l ( \ ... X,))
n = ?+l Jo "

= I" ft r(Pn-«n)V ft flA^-l(l-Af,)"»-»-1dAn
Ln •= 1 J n = 1 J 0

x ft f" e-*» A;,""1 dXn E(y:: 2 / ( A 1 . . . A, ) ) ^ f

But the last integral is equal to

and, from (3),
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E(P: :zl(X1...Xv))E(y: : z/(A1 ... A,)) = B(P, y)E(p+y : : z/(A1 ... A,)).

Hence, on applying (1) and (2), the result is obtained.

4. Summation of series. Special cases of (5) and (6) are

where | amp z | < fir, JB(8 - a -j8) > 0, R(y) > 0 ; and

, / S + y : :z) (8)

where | amp z | < \ir, R (a) > 0.

These may be employed to sum two series given by Ragab.
The first [3] is

E(y+r, a + jS-8+r : : z) E(y +r, 8 -a +r, 8 -/3+r : 8+r: z)2 ; = ; ;

where | amp z \ < fir, R(* + j3 - 8) > 0, iJ(y) > 0.

To prove this, substitute on the left from (4), so getting

-2, f i»r(y+r-W)r(»-,+r-wyr(8-/>+r-W)^
2TT»J r(B+r-w)

Here replace £ and w by £ + r and w+r, and change the order of integration and summation.
Then the expression becomes

; y ;

Now apply Gauss's Theorem and get

r(8-a-w)r(8-j3-ie)
f(8 - w)

and the result follows from (7).

The second series [4] is
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where | amp 2 | < fn-, R (a) > 0.
Proceeding as before it is seen that the series is equal to

and from (8) the result follows.

REFERENCES

1. F. M. Ragab, Proc. Glasgow Math. Assoc, 3 (1956), 94-98.
2. T. M. MaoRobert, Functions oj a complex variable, 4th edition (London, 1954).
3. F. M. Ragab, Proc. Glasgow Math. Assoc, 3 (1958), 194^195.
4. F. M. Ragab, New York University Institute of Mathematical Science, Research Report No.

BR-23.
5. F. M. Ragab, Koninkl. Nederl. Akademie van Wetenschappen-Amsterdam, Proc. A. 61 (1958),

335-340.

THE UNIVERSITY

GLASGOW

https://doi.org/10.1017/S204061850003392X Published online by Cambridge University Press

https://doi.org/10.1017/S204061850003392X

