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Rotation Algebras and the
Exel Trace Formula

Jiajie Hua and Huaxin Lin

Abstract. 'We show that if u and v are any two unitaries in a unital C*-algebra such that ||uv —vu|| < 2
and uvu*v* commutes with u and v, then the C*-subalgebra A, , generated by u and v is isomorphic
to a quotient of some rotation algebra Ay, provided that A, has a unique tracial state. We also show
that the Exel trace formula holds in any unital C*-algebra. Let § € (—1/2,1/2) be a real number. For
any € > 0, we prove that there exists § > 0 satisfying the following: if u and v are two unitaries in any
unital simple C*-algebra A with tracial rank zero such that

HIAV _ eZ7ri9

1
vul| <d and —r7(loguvu™v*)) =6,
2mi
for all tracial states 7 of A, then there exists a pair of unitaries # and v in A such that

W=, |u—1d]<e and |v—7 <e

1 Introduction

Let 6 be a real number in (—1/2,1/2) and let Ay be the corresponding rotation al-
gebra, defined as the universal C*-algebra generated by a pair of unitaries uy and vy
subject to the relation ugvy = e ?vyuy. Let A be a unital C*-algebra and let u and v
be two unitaries with ||uv — vu|| < 2. Consider the C*-subalgebra A, , generated by
u and v. One might ask when A, , is isomorphic to a quotient of Ay if uvu*v* com-
mutes with u and v. This may seem like a rather unreasonable question; however, if
A, has a unique tracial state, the answer is always “yes”, and it has a simple proof.
This brings us to the following question.

(Q1): Let € > 0. Is there a 6 > 0 such that if u and v are two unitaries in a unital
simple C*-algebra A with tracial rank zero satisfying

; 1
(L.1) luv — e™vu|| < § and Z—ﬂ_iT(log(uvu*v*)) =40
for all tracial state 7 of A, then there exists a pair of unitaries & and v in A such that

w =", lu—1il <e and |v—7]| <e?
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Note that J is a universal constant independent of u, v, and C*-algebra A.

A related old problem from the 1950s, popularized by Halmos, asks: if a pair
of hermitian matrices almost commute, then are they necessarily close to a pair of
commuting hermitian matrices [1, 5, 16,32]? Voiculescu realized that the answer is
negative if the word hermitian is replaced by unitary. In fact, Voiculescu showed that,
when 6 = 0, something like (1.1) in question (Q1) is necessary.

However, despite Voiculescu’s example, the related problem about almost com-
muting hermitians was solved affirmatively by the second author in [20] (see also
[14] for a simplified exposition). The problem of whether a pair of almost com-
muting unitaries can be approximated by a pair of commuting unitaries was further
studied by [3,5,12,13,27] and others. Exel and Loring, following Voiculescu’s exam-
ple, showed that the condition (1.1) is necessary for (Q1) in the case that § = 0, and
they recognized that the obstacle in Voiculescu’s example is the bott element ([13]).
Things moved quickly in the mid 1990’s resulting in the proof in ([20]). It has been
proved that (Q1) has an affirmative answer when 8 = 0 (see [8, 15,28]). The trace
formula for the bott element provided by Exel ([11]) is a very convenient tool. In
fact, the recent development in the connection to the Elliott program of classifica-
tion of amenable C*-algebras shows that the Exel trace formula has many further
applications. The Exel trace formula brought together the bott element, a topologi-
cal obstruction, and rotation number, a dynamical description. Originally, the Exel
trace formula was proved in matrix algebras ([11]). We note that it in fact holds in
general C*-algebras. One might say that this paper provides further understanding
of the Exel trace formula in the context of rotation algebras.

Shortly after the first version of these notes was posted, Terry Loring informed us
about his joint work on (Q1). In fact, Eilers and Loring showed in [6] that, for ratio-
nal values in (—1/2,1/2) (Eilers, Loring and Pedersen showed that in [7] , for ratio-
nal value %), the answer to (Q1) is affirmative if the class of all unital simple C*-al-
gebras with real rank zero is replaced by the class of finite-dimensional simple C*-al-
gebras. It should be noted that, when A is a matrix algebra M,, ﬁT(log(uvu*v*)) is
always a rational number. Moreover, when 6 is an irrational number, Ay is always in-
finite dimensional. Therefore, there is no homomorphism from Ay into M,,. It seems
natural to study (Q1) in the class of unital simple AF-algebras, or even in the broader
class of unital simple C*-algebras of tracial rank zero (see Definition 4.1). We show
that the answer to (Q1) is in the affirmative.

This paper is organized as follows. In Section 2, we list some notation and known
results about certain universal C*-algebras generated by two unitaries. In Section 3,
we give a proof that the Exel trace formula holds for any unital C*-algebra. In Section
4, we show that the answer to question (Q1) is affirmative for irrational numbers 6. In
the last section, we show that, when 6 is rational, we also have an affirmative answer
to a version of (Q1). In fact, we allow a somewhat larger class of C*-algebras, i.e., the
class of unital simple C*-algebras of real rank zero and stable rank one.

2 Preliminaries

All statements in this section are known. We review them here for the convenience
of the reader.
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Definition 2.1 Let A be a unital C*-algebra. Denote by T(A) the tracial state space
of A. We will use 7 for 7 ® Tr on M, (A), where Tr is the standard trace on M,,
n=1,2,....Denote by ps: Ko(A) — Aff(T(A)) the order-preserving map induced
by pa([p])(7) = 7(p) for all projections p e AQM,,n=1,2,....

Definition 2.2 Let A be a unital C*-algebra and let 4 € A be a unitary. Define
Adu(a) = u*auforalla € A.

The C*-algebra C(T?) of all continuous complex valued functions on the two-
torus is well known to be the universal C*-algebra generated by two commuting uni-
tary elements.

Definition 2.3 Lete € [0,2). Recall that the soft torus T, is the universal C*-alge-
bra generated by a pair of unitaries 11, and v, subject to |10 — vclt || <.

Given 0 € R, let Ay be the universal C*-algebra generated by a pair of unitaries
up and vy subject to ugvy = ™ ygup. If 6 is irrational (resp., rational), Ay is called
an irrational (resp., rational) rotation algebra. The algebras Ay are usually called
noncommutative tori, since C(T?) 2 A, the C*-algebra of continuous functions on
the two-torus T2.

Let B, be the universal C*-algebra generated by a set of unitaries {x, : n € 7}
subject to ||x,+1 — x,|| < eforalln € Z.

Let . be the automorphism of B, specified by a.(x,) = x,+1. More details for the
soft torus T, and B, can be found in [11].

Theorem 2.4 ([11, Theorem 2.2]) Let z denote the canonical generator of the C*-
algebra C(), and let 1. : B. — C(T) be the unique homomorphism such that 1. (x,) =
z foralln. If e < 2, then 1 is a homotopy equivalence between B, and C(T).

Proposition 2.5 ([11, Proposition 2.3]) For all ¢ € [0,2) one has an isomorphism
@1 Te = Be X, Zsuch that o(11,) = xo and p(010}) = x;.

This is proved in [11, Proposition 2.3], but we would like to emphasize that
p(u) = x0 and (v u0}) = x1.

In what follows we will identify x, with 1, and x; = v.u.p}.

Let z and w denote the coordinate functions on T? so that z and w represent two
unitaries in C(T2). There is a unital homomorphism ¢.: T, — C(T2) such that
(1) = zand @ (v,) = w.

By the proof of [11, Theorem 2.4], we have the following commutative diagram
with exact rows, where v, and ¢, are isomorphisms:

0 —— Ko(B.) —— Ko(T.) —2—= Ky(B,) — 0

Vey \L Pex J/ Ve \L

0 — Ko(C(T)) ——= Ko(C(T?)) —2= K, (C(T)) —= 0
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Definition 2.6 By the above diagram, there is an element b € Ky(C(T?)) such that
0(b) = [z] in K;(C(T)). Denote by b, the element in Ko (7T,) defined by b, = cp;l (b).
Then 9(b,) = [xy] = [u.] in K;(B,).

We may assume that there are projections p., q. € Mx(7T,) such that [p.] —[g.] =
b, where K is an integer. Note that
(2.1) |70 pg (be)| < 2K

forall 7 € T(T,).

Definition 2.7 (see [13] with reversed roles for # and v) Define

£ty = 1—-2t, ifo<t<1/2,
—1+2f if1/2<t<1,

(ezmt) _ (f(eZﬂ'it) _ f(ezmt)z)%’ ifo<t< 1/2’
§ 0, if1/2<t<1,

ety — 10 if0<t<1/2,
= A o

(f(e™) — f(™)?)2, if1/2<t <1,
These are non-negative continuous functions defined on the unit circle.
Let A be a unital C*-algebra, and u, v € A be two unitaries, define

(S gk
e(u,v) = <g(u) + vh(u) 1— f(u) ) '

This is a self-adjoint element. Suppose that uv = vu, then e(u, v) is a projection.
In M,(C(T?)), e(z, w) is a non-trivial rank one projection. Then

(2.2) b= [e(z,w)] — K}, 8)}

(where b is from Definition 2.6) is often called the bott element for C(T?).

There is 09 > 0 (independent of unitaries u, v and A, see [29] for existence of dp)
such that if ||[u, v]|| < Jo, then the spectrum of the element e(u, v) has a gap at 1/2.
The bott element of # and v is an element in K((A) as defined by

bott(u, v) = [X(1/2,00)(e(1, )] — {((1) 8)} ’

Note that (when |Juv — vul| < &) there is a continuous function x: [0,00] —
[0, 1] such that

x(e(u,v)) = X(1/2,00)(e(14, V).
The reader is referred to [12,13,27] for more information about the bott element.
The following proposition is also known.

Proposition 2.8 Ife € [0,0,), then b, = bott(u,,v,).

Proof When € € [0, dy),
(‘Pe ® isz)(X(e(UE,DE))) = X(e(805(ue)7 @e(nf))) = X(E(Z, W)) = E(Z, W)
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o ([ewnn) <[ (5 o)]) =@

Therefore, b, = bott(u,, v,). [ |

It follows that

3 Exel Trace Formula

Let A be a unital C*-algebra and let a.: A — A be an automorphism. If 7 is a trace
on A that is invariant under the action « and if u is an implementing unitary of «,
then 7o E gives a trace T on A X, Z, where E: A X, 7 — A is the expectation defined
by EQ"F , aiu') = ag.

Definition 3.1 ([10, Definition I1.9]) If 7 € T(A) is a fixed tracial state on a unital
C*-algebra A, we say that the pair (A, 7) is an integral C*-algebra if pa(x)(1) C Z for
all x € Ko(A).

Let A be a unital C*-algebra and let U, (A) be the group of all unitary elements of
AR M,,n=1,2,.... We denote by U, (A) the inductive limit of the sequence of
groups

Int1

Ui (A) L> U,(A) i) :> U,(A) L> Upr1(A) — -+,
where i, is defined by

i) =u®1y € Up1(A) forallu e U,(A)andalln € N.
We often use U (A) for U, (A).

Definition 3.2 ([10, Definition I1.2] and [17]) Let A be a unital C*-algebra and
let 7 € T(A). We say that a group homomorphism

det,: Uso(A) — T

is a determinant associated with the tracial state 7 if for all self-adjoint elements i €
M,,(A), one has det, (¢") = 7",

It is proved by Exel ([10, Theorem II.10]) that such a determinant exists if and
only if (A, 7) is an integral C*-algebra.

Let a be an automorphism of a unital C*-algebra A. Denote by 9: Ko(A x, Z) —
K (A) the connecting map of the Pimsner-Voiculescu sequence ([30]).

Let us recall the following two results.

Theorem 3.3 ([10, Theorem V.12]) Let (A, T) be an integral unital C*-algebra and
let « be a trace-preserving automorphism of A. Then for every a in Ko(A X, 7)) we have

exp(27ri7~'o pAX“z(a)) = detT(a(ufl)u) ,

where u is any unitary element of U (A) whose Ky -class is 0(a).
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Lemma 3.4 ([11, Lemma 3.3]) Let o be an automorphism of a C*-algebra A, and
let 7y and T, be traces on A x, Z such that Ty = 7, on A. Then 71 0 pax, 7 = T2 0 Pax, 7
on Ko(A X 7).

Note that if € € [0,2), then |[[uvu*v* — 1| = ¢ < 2. Then —1 is not in the
spectrum of uvu*v*. Therefore, there is a continuous branch of logarithm defined on
the compact subset F, = {e' : t € [—7 +2arccos(e/2), m — 2arccos(e/2)]}. In what
follows, unless otherwise stated, we use log defined on F.. Moreover, if 0 < €; < ¢,
we may assume that log is defined on F..

Theorem 3.5 Lete € [0,2), u.,0. € U(T,) be generators of T.. Then

1
pr. (b )(T) = ﬂr(log(ufnsufnf)) forall T & T(T.).
T

In particular, when € € [0, dp),

pq{(bott(ué,né)) (1) = %T(log(ufneu’:n’:)) forall T € T(T,).
i

Proof Identify B, as a subalgebra of T, under the isomorphism of Proposition 2.5.
Let 7 € T(7,). Then 7 is given by restriction an c.-invariant trace on B.. Moreover,
T is an integral trace on B, since any tracial state is an integral trace on the homotopy
class of C(T) by Theorem 2.4. Let 7 be the canonical extension of 7|5, . By Lemma 3.4
and Theorem 3.3 we obtain

exp(27ri7' o pg((bf)) = exp(ZWiFo pq{(b;)) = detT(aﬁ(u:‘)uF)
= det, (ag(xg)xo) = det, (x]xo)
= det, (exp(log(x]xy)) ) = exp(7(log(x{x0)))
= exp(7(log(vafv}1,)) ) = exp(7(log(uvul0}))).
So there is an integer k. € 7Z such that

1 * %
p7.(b)(T) — 27rl.7'(log(115n€u( De)) =k,.
Note that by (2.1),

|k;] <2K+1 forall 7€ T(T).

Fix £ = (1,1) € Tx T = T2 Let Pe: C(T?) — Clg, C 7. be the point-
evaluation defined by P¢(f) = f(£)1g, forall f € C(T?). Define m¢: T, — C by
me = P¢ o ¢, where . : To — C(T?) is defined just before Definition 2.6. Note that
(¢)50(be) = (Pg)«(b) = 0, because f(1) = 1 and g(1) = h(1) = 0 using (2.2). Let
u=1u®I,and v = v, @ I,, where I, is the identity of M,,,(T;), then

a 0 0
0 7'('5(@) 0
Pla) = | . .

me(a)

(m+1) X (m+1)
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defines a homomorphism ®: T, — M, (T,) such that ®(u.) = u and ®(v,) = v.

Let 7o € T(My11(T¢)). Then 75 o @ is an an integral trace on B, since any tracial
state is an integral trace on the homotopy class of C(T) by Theorem 2.4. It follows
that

1
To © pMmH(T()( +0(De )) 270 o @(log(ufn u; )) =krop €7Z.

On the other hand, one may write 7y = D @ 7) for some 7 € T(T,). We

compute that

m+l(

70 0 @ (log(uvuf0})) = 7 (log(ucvuln!)).

By the definition of ® and the fact that (¢).o(be) = 0, we also have

T0 © PMyi (T, ( x0(be )) n 17'0,0‘1(55)-
It follows, by combining this with (2.1), that (K only depends on €)
k- 2K +1
3.1 kool =
G.D) [knoal |m +1 s m+1"

This holds for all integers m. It follows that k0 = 0. Then, by (3.1), k. = 0 for all
7 € T(T.). Therefore,

p7.(b)(T) = ;_l (log(u I\ u*v*)) forall 7€ T(T,). [ |

Definition 3.6 Let A be a unital C*-algebra and let  and v be two unitaries in A
such that ||uv — vu|| < e < 2. Denote by A,,, the C*-subalgebra of A generated by u
and v. There is a surjective homomorphism ¢, ,: T, — A, such that ¢, , (1) = u
and ¢, (0.) = v. Put by, = (Puv)wo(be). If ||uv — vu|| < do, then

b,y = bott(u,v).

Theorem 3.7 (The Exel trace formula) Let A be a unital C*-algebra. Then for any
u,v € U(A) and ||uv — vu|| < 2, we have

pA(z*O( w)) (1) = —T(log(uvu*v*)) forall T € T(A),
where 1: A, — A is the unital embedding. If, in addition, |[uv — vu|| < ¢, then

,OA(bott(u v)) (1) = %T(log(uvu*v*)) forall 1€ T(A).

Proof Since ||uv —vu|| = € < 2, there is a unique homomorphism ¢: T, — A such
that ¢(1.) = uand ¢(v.) = v. Then 7 o ¢ is a tracial state on T, and we get

pr. (b )(T o) = —T o (b(log(uen u; )) forall 7€ T(A).
Note that ¢(T.) = A,,. So

Pa(teo(by))(T) = %T(log(uvu*v*)) forall 7€ T(A). [ ]
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Remark 3.8 The Exel trace formula was first found for matrix algebras ([11]). It
was later proved that the same formula also holds in unital simple C*-algebras of
tracial rank no more than one ([26, Theorem 3.5]).

Theorem 3.9  Let A be a unital C*-algebra, and assume u,v € U (A) satisfy the con-
dition |luv—vu|| < 2 and uvu*v* commutes with u and v. Let A,,,, be the C*-subalgebra
generated by unitaries u and v. Suppose that 0 € (—1/2,1/2). IfﬁT(log(uvu*v*)) =
0 forall T € T(Ay,), then A,, is isomorphic to a quotient of Ag. Moreover, uv =
ezﬂi‘gvu.

In particular, if 0 is an irrational number, then A, = Ag.

Proof Letw = uvu™v*. Suppose that the spectrum of w has more than one point,
say e2™% and ¥ since ||w — 1| = [Juvu*v* — 1| = |Juv — vu| < 2, we have
|1 — ™| < 2for j =1,2.

Note that w commutes with u and v. Working in the enveloping von Neumann
algebra A7, let py, € A7, be the spectrum projection of w associated with the point
{e2™%}, j = 1,2. Since e¥™% is in the spectrum of w, py, # 0in A}%, j = 1,2.
Moreover, py, is a closed projection of A, ,. Since w commutes with u and v, py, is
central. Define p;(a) = apy, foralla € A,,, j = 1,2. Then p;(w) = pyw =
e¥™ipg., j = 1,2. It follows that

i Weiw),  j=1,2.

pi(u)p;(v) = pouv = pgwvu = e
Thus, ¢;: Ay, — @j(Ay,) is a unital surjective homomorphism from A, , onto
a quotient of Ag,, j = 1,2. We have T(p;(A,y)) # @, because p;(A,,) = Ay,
when 6 is irrational and all irreducible representations of quotients of Ay, are finite
dimensional when 0; is rational.
Let 7j € T(pj(Ayy)). Then 7j 0 @; € T(A,,). We have

1
27 (710 3 (loglueru'v)) ) = £ (71 (108 (110007 05(1") ) )
=0;.

By assumption, 6; = 0, j = 1,2. So the spectrum of w has only one point, which is
equal to e In other words, w = €™ It follows that uv = ¢*"?vu. Therefore, A, ,
is isomorphic to a quotient of Ay.

If 0 is an irrational number, it is well known that irrational rotation algebra Ay is
simple, so A, , = Ay. [ |

Remark 3.10  One might ask what happens when 6 = % in above theorem. In fact,
for any pair of unitaries u and v in a unital C*-algebra A such that ||uv +vu|| < 2 and
uvu*v* commutes with « and v, let A, , be the C*-subalgebra generated by u and v. If
ﬁT(logO(uvu*v*)) = 1/2forall 7 € T(A,,), where log, is a continuous logarithm

defined on a compact subset F of {¢* : t € (0,27)} with valuesin {ri : r € (0,2m)},
then uv = —vu.
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Corollary 3.11 Let A be a unital C*-algebra and let u, v € U (A) satisfy the condition
|luv — vu|| < 2, and assume uvu*v* commutes with u and v. Let A, be the C*-sub-
algebra generated by unitaries u and v. If A,,, has a unique tracial state, then A, is
isomorphic to some irrational rotation algebra Ay or some matrix algebra M,,.

Proof Let 7 be the unique tracial state on A,,. If %ﬂr(log(uvu*v*)) = 6 is an
irrational number, then by Theorem 3.9, 4,,, = Ay.

If ﬁT(log(uvu*v*)) = 0 is a rational number, then A, , is isomorphic to a
quotient of rational rotation algebra Ay. It follows from [31] that Ay is strongly
Morita equivalent to C(T?). Therefore Ay ® X = C(T?) ® K, where X is the C*-
algebra of compact operator on an infinite dimensional separable Hilbert space. Let
¢: Ag ® K — C(T?) ® K denote the isomorphism. Then

Ag = (14, ®e11)(Ag @ K) (14, ®en1) = P14, ® e1)(C(T?) @ K)p(1a, ® enn).

Thus, we can find a projection P; € My(C(T?)) that is equivalent to ¢(14, ® e11)
for some N € N. So Ay = P;My(C(T?))P;, where N is an integer and P; €
My(C(T?)) is a projection. Since each quotient of PyMy(C(T?))P; is isomorphic
to PyMy(C(X))P; for some closed subset X C T2, we have A,, = PiMy(C(X))P;
for some closed subset X C T?. The assumption that A, , has a unique tracial state
implies that X is only one point. It follows that A, , = M,, for some n € N. [ |

4 Stability of Irrational Rotation in Infinite Simple C*-algebras

Eilers and Loring ([6, Corollary 7.6]) showed that the answer to (Q1) is affirmative
for all rational numbers in (—1/2,1/2] if the class of unital simple C*-algebras of
tracial rank zero is replaced by the class of all matrix algebras. As mentioned in the
introduction, to include irrational numbers, one may replace M, a finite dimen-
sional simple C*-algebra, by a unital infinite dimensional simple AF-algebra. To
make it even more general, we will replace finite dimensional simple C*-algebras
(matrix algebras) by unital simple C*-algebras with tracial rank zero.

We would also remark that an affirmative answer to (Q1) does not follow from
Theorem 3.9, even with the additional assumption that uvu*v* commutes with u
and v. Note that in Theorem 4.5 and Theorem 5.3, the 7 are tracial states on A, while
the 7 in Theorem 3.9 are all tracial states on A, .

We recall the definition of tracial (topological) rank of C*-algebras.

Definition 4.1 ([22]) Let A be a unital simple C*-algebra. Then A is said to have
tracial (topological) rank zero if for any € > 0, any finite set 5 C A and any nonzero
positive element ¢ € A, there exists a finite dimensional C*-subalgebra B C A with
1 = p such that

(i) |lpa—ap| <cforallae F;
(ii) dist(pap,B) < eforalla € F;
(iii) 14 — p is Murray-von Neumann equivalent to a projection in cAc.

If A has tracial rank zero, we write TR(A) = 0.
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Definition 4.2 LetL: A — Bbe alinear map. Let 6 > 0and § C A be a (finite)
subset. We say L is §-d-multiplicative if

|[L(ab) — L(a)L(b)|| < 6 forall a,beg.
We begin with the following lemma, which is known.

Lemma 4.3 ([24, Lemma4.1]) Let A be a separable unital C*-algebra. For any e > 0
and any finite subset § C A, , there exists 6 > 0 and a finite subset G C A, , satisfying
the following. For any G-6-multiplicative, contractive, completely positive, linear map
L: A — B, any unital C*-algebra B with T(B) # @, and any tracial statet € T(B),
there exists a T € T(A) such that

[[toL(a) —T(a)|| <€ forall a€d.

Let § € (—1/2,1/2) be an irrational number and € = |1 — ¢™|. Recalling Defi-
nition 2.6, we write

pe = (aij)kxk, qe= (¢ij)kxx and  be = [p] — [qc]
where a; j, b; ; € T..

Let ¢g: T. — Ay be the homomorphism such that ¢p(1t.) = uy and ¢y(v.) =
vp. Let A be a unital C*-algebra and let ,v € A be two unitaries. Let A, , be the
C*-subalgebra of A generated by u and v. If |[uv — vu|| < ¢, then there is a surjective
homomorphism ¢,,,: T — A,,, such that ¢,,, (1) = uand ¢, ,(v.) = v.

Lemma 4.4 Let® € (—1/2,1/2). For any ey > 0, any 1y > 0, and any finite subset
§ C Ay, there exists 6o > 0 satisfying the following. For any unital C*-algebra A
and any pair of unitaries u, v € A, if ||uv — &™vu|| < &9, then there exists a unital
G-m -multiplicative, contractive, completely positive, linear map L: Ap — A such that
|IL(1g) — u|| < €, ||L(vg) — v|| < €9 and

(10 Guy)wo([pel) = [L o dpl([peD),

(10 Guy)wo(lge]) = [Lo dpl(lge]) in  Ko(A),
where 1: A, — A is the unital embedding map. Moreover, if § = p/q € (—1/2,1/2],

where p and q are non-zero integers with (p,q) = 1 and q > 0, we may also assume
that

(4.1) [L](bott(ug,vZ)) = bott(ul, v1).

Proof Let7 > 0be any positive number with ) < €9/2 and let N > 1 be an integer.
There is dpy > 0 such that if ||uv — e*™¥vu|| < &y, then there exist a surjective
homomorphism ¢,,: T — A,, such that ¢, ,(1t.)) = u and ¢,,(v.) = v, and a

G-n;-multiplicative, contractive, completely positive, linear map L: Ay — A such
that

|10 Gun(ai) — Ligo(ai )| < 1/(4K?),
|10 Gun(cij) — Ligo(cij))|| < 1/(4K?)
foralli,je {1,2,...,K}.
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Moreover, we may also assume that
(4.2) IL(ug) — ul| < n/AN < ey and ||L(vp) — v|| < n/4N < €,
IL(u)) — L(ug)N|| < m/4 and ||L(v)) — L(vp)N|| < n/4.

We then obtain

1160 $uy) @ ida 1(p) — [(L 0 d9) @ idug J(po)|| < 1/4,
1160 $u) @ ida 1g0) — [(L o dp) ® idag 1 (90| < 1/4.

It follows that

(10 Guy)o[pe]) = [Lo @yl([pe]) and (10 duy)so(lge]) = [L o ggl(lgel).

In the case where 6 = p/q, as described in the lemma, we choose N = g. By (4.2),
we have

|L(ul) —ul]| <n/2 and |[L(v]) — 1| < n/2.

Therefore, with sufficiently small 7, by the definition of the bott element in Defi-
nition 2.7, (4.1) also holds. [ |

Theorem 4.5 Let 0 € (—1/2,1/2) be an irrational number. For any ¢ > 0, there
exists 0 > 0 satisfying the following. For any unital simple infinite dimensional C*-al-
gebra A with tracial rank zero and any pair of unitaries u, v € A such that

||MV _ eZﬂ'i('?

1 ko k
vu|| <6 and Z—WT(log(uvu v)) =6

forall T € T(A), there exists a pair of unitaries u,v € A such that

W=, |u—ul| <e, and |v—v|<e

Proof Letey = |1 — ™| < 2. We will apply [25, Theorem 3.2]. Let Ay be the
irrgtional rotation algebra generated by a pair of unitaries 1y and vy such that upvy =
e %vguy. By [9], Ag is a unital simple AT-algebra of real rank zero with

(Ko(Ag). Ko(Ag)s [14)]) = (Z+70,(Z+70),,1) and Ki(Ag) =Z& 7.

To apply [25, Theorem 3.2], put C = Ay. Let 7 be the unique tracial state on C.
For each t € T(A), define v: C,,. — Aff(T(A)) by v(c)(t) = 7(c) for all ¢ € C,,,
and all t € T(A), where C;,_ is the set of all self-adjoint elements of C.

Fix1 > e > 0andletF = {14,,up,vp}. Letn > 0,5y > 0 (in place of §), G, C C
(in place of G) be a finite subset, let H C Cj,. be a finite subset, and let P C K(C) be
a finite subset required by [25, Theorem 3.2] for €/2 (in place of €) and F given.

Note that 7 o pc(by,.,) = 0. Therefore, Ko(C) is generated by [1¢] and b, ,.
Thus, we may assume, without loss of generality, that P = {[1¢], by, v, [us], [ve]}

It follows from Lemma 4.3 that there exists a finite subset H; C C;, and 6, > 0
satisfying the following. For any J{,-§,-multiplicative, contractive, completely pos-
itive linear map L: C — A, for any unital C*-algebra A with T(A) # o, and any
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tracial state t € T(A), we have

[toL(c)—7(c)|<n forall ceH.

Let §, = H; U G, and let 3 = min{d;,0,}. Choose 1 > § > 0 such that there
is a §,-d5-multiplicative, contractive, completely positive, linear map L: C — A (for
any unital C*-algebra A) such that
(4.3) |IL(ug) — u|| < €/2 and ||L(vg) —v|| < ¢/2
for any pair of unitaries u and v in A with |Juv — ¢¥™%vu|| < . Furthermore, by
Lemma 4.4, we may also assume, by choosing even smaller §, that

(4.4) (Lo @pl([pe,]) = (10 Guy)so([pe D),
(4.5) (Lo ¢gl([ge,]) = (10 Pup)io(lge,])-

Now suppose that A is a unital simple C*-algebra with tracial rank zero and let
u, v € A be two unitaries such that

; 1
|uv — ™ vul| <6 and —t(log(uvuv*)) =6
271

for all t € T(A). Therefore, there exists a G,-d3-multiplicative, contractive, com-
pletely positive, linear map L: C — A such that (4.3)—(4.5) hold. Moreover, by the
choices of § and G,

[toL(c)—7(c)| <n forall ce€ Handt e T(A).
It follows from (4.4) and (4.5) that
[L](buy,v) = (10 Puv)s0(bey)-
Thus, by the Exel trace formula of Theorem 3.5,
(4.6)  pa([L1(byy ) (1) = pa((10 Gur)solbe,)) (£)
= 0 (120(bu) (1) = 5t (loglumv*)) = 6

forallt € T(A). Define k: Z + 70 — Ko(A) by x([1]) = [14] and £(0) = 1.9(by,,)-
Since t(140(buy)) = 0 = 7(by,,) forallt € T(A),  is an order preserving homo-
morphism. Now, by [25, Theorem 5.2], we have a unital homomorphism h: Ay — A

such that
(47) h*o =K
(4.8) hiei([ug]) = [u] and  h.([ve]) = [v].

It follows from (4.7) and (4.8) that [h]|p = [L]|». Moreover, by (4.6),

[toL(c) —~v(c)(#)| <n and |toh(c)—~(c)(t)] <n

forallc € Handall t € T(A). It follows from [25, Theorem 3.2] that there exists a
unitary W € A such that

(4.9) (IW*h(ug)W — L(ug)|| < €/2 and ||W*h(ve)W — L(vp)|| < €/2.
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Let
u=W*h(ug)W and v =W h(vy)W.
Then, since & is a homomorphism, v = €>™vii. By (4.9) and (4.3),

lt—ul| <e and |v—7v| <e. [ |

Remark 4.6 A version of Theorem 4.5 also holds in unital, amenable, purely infi-
nite, simple C*-algebras (see [23]).

5 Stability of Rational Rotation in Infinite Simple C*-algebras

Now we consider the case where 0 is a rational number.

Recall that the rational rotation C*-algebra associated with the rational number
0 is the universal C*-algebra Ay generated by a pair ug, vy of unitaries with ugvy =
e?™%yy14, where @ is a rational number. When § = 0, Ay = C(T?). If § # 0, write
0 = +p/q with p,q coprime and 0 < 2p < g. Let A = ¢*™ and define q x q
matrices

2
5.1 S = A and S, = L0
P 1 0

Then S;S, = €2™%85,S,. By the universal property, there is a unital homomorphism
701 Ay — M, such that 7 (uy) = S; and 7 (vy) = S,. Since S; and S, generate
M,, this gives an irreducible representation of Ay. Fix a pair of complex numbers
(t1,1;) € T? and choose a pair of g-th roots (r;,r;) € T? such that r] = #; and
1 = t,. Define an automorphism ay, ,,: Ay — Ay such that «a,, ,,(4p) = riup and
oy, 1, (vg) = 12v9. Then 70 o oy, 1, also gives an irreducible representation. It is easy
to verify that if (r{,r}) € T2 and (1)1 = t, and (r})1 = t,, then 7 o o, ,, and

7@ o ay 4 are unitarily equivalent (by considering permutations of the g-th roots).
In particular, they have the same kernel I, ;,. Note that

(0)

0
7 0 a1, (1) = 11 - g, = 7 0 gy (u5)

and

(0) (0)

70 ay, ,(v)) =t - 1y, = 7 0 ap  (V)).

Therefore, if (t1,1,) # (¢],£5) in T2, then L, ,, # Iis ;- In particular, they are not
unitarily equivalent.

The following lemma will be used in the sequel. It is certainly known to many
experts and should follow from [31] and the discussion in [2,4]. To clarify the matter,
we include the proof here.

Lemma 5.1 Let® = p/q € (—1/2,1/2] be a non-zero rational number, where p
and q are two integers, p#0,q > 0, and (p,q) = 1.
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Then there exist an integer N and a projection P € Mn(C(T?)) (of rank q) and
an isomorphism H: Ay — PMy(C(T?))P such that e © H(ug) = t1P(t1,t,) and
e o HW]) = ,P(t1,1,) forany € = (t1,1,) € T2, where ¢ is the evaluation map at €.

Proof It follows from [31] and the proof of Corollary 3.11 that
Ag = PyMN(C(T?))Py,

where N is an integer and P, € My(C(T?)) is a projection. Let 1) denote the isomor-
phism.

Let 7 be any irreducible representation of Ag. Let A = e*™. Since ujvy =
)\qveug = v(;uz, we have that “Z lies in the center of Ay and ()7 lies in the cen-
ter of m(Ap), whence w(up)? is a scalar. Similarly, w(vg)? is also a scalar. Let t;,t, € T
such that W(ug) = ;] and W(VZ) = t,I. Thus 7(ug) has possible eigenvalues r, \/ for
0 < j < qand for some r; € T such that r! = #. Let E; = wup (11 M) be the
corresponding spectral projections in 7(Ay) (which we do not know are non-zero at
moment). We may write

q—1

m(ug) = > rl)\jE]—.
=0

Since
q—1
Z(Al)k =0
k=0

foralll € {1,...,q — 1}, we obtain that

1l k
Ei == > (n\) "m(ug)".
q k=0

Therefore, for 0 <i < g,

T (vg)E; = ;qzl(rlx)—"w(vem(ue)" S A A ()

k=0 q k=0
1920k k
=3 Do (N T (ug) w(vg) = Eigim(vp).
k=0

Let r, € T such that #! = t,. We then verify that E; i= (Fm(vg)) ~JE ; are partial
isometries for 0 < i, j < q. Since (727 (vy))? = I, it is easy to verify that these form a
set of matrix units for M,. Moreover,

q—1 q—1
m(vg) = > m(v)Ej =12 3 Ejj,
=0

j=0
where we interpret E;,_; as Ey 4. Hence C*(m(ug), m(vp)) is isomorphic to M,. It
follows that E; are all one dimensional.

We have just proved that 7 = AdU o 7'” o o, ,, for some unitary U € M, and
with the primitive ideal space I, ;,.

Let £ € T2 Define me(a) = a(€) for all a € PyMy(C(T?))P;. Then m¢ o 1
gives an irreducible representation of Ap. From what we have proved, there is
(t(&)1,t(£)2) € T? such that ¢ has the kernel I, 4(¢),. We will show that the map
o: & — (t(&)1,t(£),) is a homeomorphism. From the discussion preceding this
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lemma, we know that ¢ is injective and, from what we proved above, it is also surjec-
tive. Since T? is a compact Hausdorff space, it suffices to show that ¢ is continuous.
For that, we assume that &, — & in T2. Then

[[7e, (W (ug)) — me, (b(ug)) || = 1161 - 1ag, — £(E0)1 - Iy, || = 0,
[, (D)) — me, (W = 1E(E)2 - 1ag, — t(€0)2 - 1ag, || = O.

Therefore,

[t(€)1 —t(&o)1| = 0 and  [t(£)2 — t(&o)2] — 0.

This proves that o is continuous. Therefore, o is a homeomorphism. Define
Y1 PLMN(C(T?)Py — PyMy(C(T?)P,y

by ¥1(f)(x) = f(c7'(x)) for all x € T? and all f € P,Mn(C(T?))P,, then ¢ is
an isomorphism. Put H = 4, o 9. Let (t;,t:) € T>and y = o7 1((t1,1)), ie.,
(t(¥)1,t(y)2) = (t1,t2). Then

Tt © H(ug) = T, 1) 0 thy 0 Y(ug) = m, 0 () = 11 - Ly,
and
Tt © HVY) = Ty 0 1 0 (V) = my 0 h(v)) = 15 - 1y,

Put P = 11 (P;), and the lemma follows. [ |
The following is a consequence of [21, Theorem 2.7].

Lemma 5.2 Let P € My(C(T?)) be a projection of rank q (for some integer N > q)
and let C = PMn(C(T?))P. For any € > 0 and finite subset T C C, there exists §(¢) > 0
and finite subset G(e) satisfying the following. For any unital simple infinite dimensional
C*-algebra A with real rank zero and stable rank one, if L: C — A is a contractive,
completely positive, linear map that is G-0-multiplicative and [L]|ier p. C ker pa, then
there exists a unital homomorphism ¢: C — A such that |L(f) — ¢(f)|| < € for all
fed.

Proof First consider the case C = C(T?). Note that Ko(C) = Z& Z with ker pc = Z
(which may be identified with the second copy of Z) and K;(C) = Z & Z. Thus
KL(C,A) = Hom(Ky(C), Ko(A)) & Hom(K;(C),K;(A)). Let « € KL(C, A). Then, it
follows from [19] that there is a unital homomorphism h: C — A such that [h] = «
ifand only if a([1¢]) = [14] and a(ker pc) C ker p,4. Thus this theorem follows im-
mediately from [21, Theorem 2.7] when C = C(T?). It is then clear that the theorem
holds in the case where C = M,,(C(T?)) for any integer n > 1.

For the general case, we note that there exists an integer N; > 1 and a rank one
projection e € My, (C) such that eMy, (C)e =2 C(T?). Therefore, there is a projection
Q € My, (C(T?)) C Mnn,(C) for some integer N,, and there is a unitary W €
Mn,N, (C) such that W*QW = P. Define L; = L ® idMN1 My, (C) =C® My, —
A ® My, . Let ¢, > 0 be given. If L is a G-d-multiplicative, contractive, completely
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positive, linear map with sufficiently small 6 and sufficiently large G, then there exists
a unitary V' € A ® My, such that

||(L ®idMN1NZ)(W) — VH < €].

Then L, = Lilemy, (c)e 1s close to a unital completely positive linear map L; from
eMy,(C)e = C(T?) into EMy,(A)E for some projection E € My, (A) that is
close to Ly(e), whenever ¢ is sufficiently small and G is sufficiently large. Put
B = My, (eMy,(C(T?))e). Then B = My, (C(T?)). Define Ly = L3 ® idy,, : B —
My, (A) ® My, . If Ly is close to a unital homomorphism, say ¢: B — My, (A) ® My,
then Ly|gpq is close to t|gpg. Note that there is a unitary Vi € A @ My,n,
which is close to Ly, x, such that V' (V*¢¥(Q)V)V, = L(Q) = 1. Therefore L is
close to Ad(V'Vy) o 9|qpqg- Therefore, the general case can be reduced to the case
C = M, (C(T?)) for some integer . [ |

Theorem 5.3 Let§ € (—1/2,1/2) be a rational number. Then for any € > 0 there
exists § > 0 satisfying the following. For any unital simple C*-algebra A with real rank
zero and stable rank one and for any pair of unitaries u and v in A such that

2mif

1 %k
luv — e vul| <6 and %T(log(uvu v¥)) =6

for all T € T(A), there exists a pair of unitaries u, v € A such that

~~ 2mi0 >~

w=e"vu, |lu—ull<e and |v—7||<e

Proof For the sub-class of simple finite dimensional C*-algebras, the theorem fol-
lows from [6, Corollary 7.6]. In what follows we will assume that A is infinite dimen-
sional.

The statement for § = 0 follows from [21, Corollary 2.11] immediately, or from
Lemma 5.2. So, for the rest of the proof, we may assume that § = £p/q, where p
and q are non-zero integers with (p,q) = 1,0 < 2p < g. By Lemma 5.1, we may
write Ag = PMy(C(T?))P, where N is an integer and P € My (C(T?)) is a projection
of rank g. Moreover, m¢(u)) = t; o P¢ and m¢(v)) = P forall € = (t1,1,) € T2
Therefore ker py4, is generated by a single element bott(u}, vl). Let € > 0 and let
F = {ug, vy, 1a,}. Let &, > 0 (in place of 6(¢)) be a positive number and §; C Ay (in
place of G(¢)) be finite subset required by Lemma 5.2 for C = Ag = PMy(C(T?))P,
€/2and F.

Let dgg be as required by Lemma 4.4 for ¢y = min{d;, ¢/2} and G, (in place of ).
Let

§ = min{bo0/24", 60/24%, 1/24°},

where d; is defined in Proposition 2.8. Suppose that A is a unital simple C*-algebra
of real rank zero and stable rank one and suppose that u, v € A are two unitaries
such that

. 1
|uv — ™ vul| < 6 and —7(log(uvu*v*)) = 6.
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It follows from Lemma 4.4 that there exists a unital §;-G;-multiplicative contractive,
completely positive, linear map L: Ay — A such that
(5.2)

IIL(ug) — u|| < €/2, ||IL(vg) —v|| < €/2 and [L](bott(ug,VZ)) = bott(u?,v1).

Let S, S, € Mybeasin (5.1). PutU = u® S, andV = v®@ §;in A ® M,. We
compute that

UV =ur® 5,8, ~;5 & vu @ (e72)8,S, = VU.

Denote
Z=(u® Ly)(v® Ly) (" @ Ly, )(v* @ Lyy,).
Then

1 *Y7*
27”.(7 ® Tr) (log(UVU*V™))
1
1
= E(T @ Tr) (log(Z(14 ® $3)(14 ® S1)(14 ® S3)(14 ® S)))

! —2mi
63) =5 @TlogZ e - Luyw))
forall 7 € T(A). Since e =27 . L, (a) is in the center of M,(A), (5.3) equals

1 1

27“.(7'®Tr)(logz) —q0 = 27_1.(7' ® Tr) (log(uvu™v*) @ 1n,)) — g8 = g6 — q0 = 0.
By the Exel trace formula, we conclude that

(5.4) bott(U, V) € ker py.

It follows that

bott(U4, V1) = g* bott(U, V) € ker py4.
Note that U? = u? @ 1y, and V1 = v1 @ 1y, . It follows that
qbott(ul, v1) = bott(U?, V1) € ker pa.

This implies that for all 7 € T(A),

qT(bott(uq,vq)) =0,
which implies that
(5.5) bott(u?, v1) € ker p,.

It follows from (5.5) and (5.2) that

[L](bott(uz,vg)) = bott(u?,v1) € ker py.
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Consequently, [L]ker p,, C ker pa. By applying Lemma 5.2, we obtain a unital homo-
morphism ¢: Ay — A such that

(5.6) IL(ug) — d(ug)|| < €/2 and ||L(vp) — d(vp)|| < €/2.

Put 4 = ¢(up) and v = ¢(vy). Note that, since ¢ is a unital homomorphism,
v = ™0y
We also have, by (5.6) and (5.2),
lu—ul| <e and ||v—v| <e. [
Next we consider that § = 1.
Theorem 5.4 Forany 1 > € > 0, there exists 0 > 0 satisfying the following. For any

unital simple infinite dimensional C*-algebra A with real rank zero and stable rank one
and for any pair of unitaries u and v in A such that

1
luv+vu|| <6 and TT(logo(uvu*v*)) =1/2
i

forall T € T(A), wherelog, is a continuous logarithm defined on a compact subset F of
{e" : t € (0,27m)} with values in {ri : r € (0,2m)}, then there exists a pair of unitaries
u,v € A such that

w=-vu, |u—i|<e and |v—7| <e

Proof The case that A is a unital simple finite dimensional C*-algebra follows from
[7, Theorem 8.3.4]. We will consider only infinite dimensional simple C*-algebras
of real rank zero and stable rank one. The proof is exactly the same as that of Theo-
rem 5.3 except the part to verify (5.4), i.e.,

bott(U, V) € ker py.
In other words, using the Exel trace formula, we need to show that

(5.7) (1@ Tr)(log(UVU*V*)) =0 forall 7 & T(A).

We compute

UV=ur® SZSI 5 627Ti9VM X (6727”'6)5152 =VU.

We may assume that

(5.8) |y +vul| < 1/10
and

1 * %
(5.9) %T(logo(uvu vy =1/2.

forall 7 € T(A). Therefore (by (5.8))

uvu™v* = exp(ia),

https://doi.org/10.4153/CJM-2014-032-2 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2014-032-2

422 J. Hua and H. Lin

for some a € A;,, with spec(a) C (r — 7/10, 7 + 7w /10). Moreover, by (5.9)

T(a) =,

forall T € T(A).
For any 7 € T(A), we have

1 .
5= (7 @) (log(UVU™VY)
= ZLﬂ'I(T ® Tr)(log((u ®S)(v® S ® S ® ST)) )
- ZLW'(T ® Tr) (log ((uvu'v* @ 1ag) - (€™ - Law)) )
= %(T & Tr)(log((e—m/a (" ® 1M2)) (e le(A))) ) .

Note that spec((u RSV RSHW @SV ® ST)) , spec(e%m € @ 1y, ), and
spec(e™>™/3 - 1y, (a)) areallin {e’* : ¢t € [—27/3, 7+ /10 — 7/3]}.
Since e~ ™/? - ¢ ® 1), commutes with e=™*™/3 . 1,/ 4y, we have

(1@ Tr) (log((e™™7 - e @ 1ag,) - (7™ - 1ay))) )

=(r® Tr)(log(e_’”A/3 @ 1y,)) +(T® Tr)(log(e"”u””/3 S IYA))

o 27
= (7@ Tr) (logle™™/ @ 1y,)) — 2T

—Ti . 2mi
:27'(?‘}'611) — T—O
It follows that (5.7) holds. [ |
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