Index

Index of symbols. These are grouped
according to the type of object to
which they most closely relate.

Categories

[n]: {0,...,n} as a category, 37

[C,D]: functor category, 36

€D Cx: direct sum of categories, 108

H A Ca: product category, 13

C\F: right-fibre category, 24

C\C: slice category, 24

Sk(C): skeleton of C, 39

As: category of abelian groups, 3

A/C: quotient category, 281

App(X): additive category generated by
X, 92

ARTR: category of Artinian modules, 102

ASSRg: Artinian semisimple modules, 90

Aut C: automorphism category, 14

BALg: category of balanced bimodules, 160

Basesg: based free modules of finite rank,
32

Basesy: based free modules, 44

BG: group as a category, 14

rBzmopg: bimodule category, 160

BranpT(Z): Brandt groupoid, 219

C x D: product category, 11

C,D,...: categories, 2

CA: product of copies of C, 13

C®: mirror category, 6

C®: split exact category, 120

C°P: opposite category, 8

C™: product of copies of C, 13

C1 X -+ X Cp: product, 13

Car: category of categories, 23

Coxk(7): in which Cok(v) is initial , 60

Coprrp(C(A)): in which the coproduct is
initial, 58
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Coprp(C’,C"): in which the coproduct is
initial, 58

EQG: group as a category, 14

E~x D C: endomorphism category, 14

Ens: category of sets, 3

Fr: free right modules, finite rank, 10

RF: free left modules, finite rank, 10

FC: category of sequences, 132

FnC: category of sequences, 132

FAg: finite abelian groups, 90

FzeLD: category of fields, 48

FreeR: free right modules, 10

rFrEE: free left modules, 10

*FrEER: based free modules, 44

Gp: category of groups, 3

‘HAg: Hausdorff topological abelian
groups, 88

InFrAs: infinite abelian groups, 60

InNJR: category of injective modules, 80

Iso C: isomorphism category, 14

Ker(y): in which Ker(v) is terminal, 59

MR, o: relative category, 161

Mp: finitely generated right modules, 10

RrM: finitely generated left modules, 10

Pr,o: relative category, 161

Pr: finitely generated projective right
modules, 10

rP: finitely generated projective left
modules, 10

Mobppg: category of right R-modules, 3

rMob: category of left R-modules, 3

MoDR q: quotient mod nilmodules, 286

Mor(W; R, S): relative morphism
category, 148

MorC: morphism category, 13

Mor?C: morphisms of morphisms, 16

Nz1LR,q: nilmodules, 286

NoEeTHg: Noetherian modules, 102

ORrp: category of ordered sets, 4
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Prp(C(A)): in which the product is
terminal, 58

Prp(C’,C"): in which the product is
terminal, 57

PreaDpD(X): category generated by X, 85

ProJg: projective right modules, 10

RProJ: projective left modules, 10

RznNgc: category of rings, 3

RnwaG: category of nonunital rings, 3

SeT: category of sets, 3

STANBasesE: free modules with
standard bases, 44

T4 (0),0: torsion adéle modules, 306

T4(0),p: Primary adele modules, 306

To,Rr: relative f. g. torsion modules, 130

To, To,r, Tp,r: categories of {. g. torsion
modules, 267

To: finitely generated torsion modules, 112

Tp,0: primary modules, 112

T F: finitely generated torsion-free
modules, 112

T Fo,r: relative torsion-free modules, 130

TFo, TFo,r, T Fp,r: categories of f. g.
torsion-free modules, 267

T op: category of topological spaces, 4

ToprAs: topological abelian groups, 88

ToRre,R: relative torsion modules, 130

Torp, Torp R, TORO, R: categories of
torsion modules, 267

Exact sequences

C(M,E): measures non-exactness of Hom
sequence, 335

Ex(C): specified exact sequences, 119

Exth(M", M’): group of extensions, 81

¢« E: push-out of sequence, 80

0*E: pull-back of sequence, 80

Functors

7: natural transformation, 26
idp: identity natural transformation, 36

~e

natural isomorphism of functors, 30
equivalence of categories, 38
— ®R —: tensor bifunctor, 142
— ®gr N: tensor functor, 140
Ab: abelianization functor, 25
Cnstp, Cnstp: constant functors, 43
Ext%(—, —): extension bifunctors, 77
f#: restriction of scalars, 165
fa: extension of scalars, 166
F(Cl7 -y Ch-1, ‘7Ch+11 cee vck):
restriction of multifunctor, 35
Fr: free object functor, 19
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GF, G o F: composite or product of
functors, 19, 20

HM(-), Hx(-): Hom functors, 76, 77

Id¢: identity functor, 18

Inc: inclusion functor, 18

lir_plz derived functor, 250

Mir: mirror functor, 21

M ®pr —: tensor functor, 141

Mor¢(—, —): morphism bifunctor, 33

Mor(—, X), Mor(L, —): morphism functors,
22

Op: opposite functor, 18

P: R+ (1g): ring to prime subring, 28
Torn (—, —): Tor bifunctors, 153

T: forgetful or underlying functor, 18

Groups

ghg=1h~1: commutator, 25

(T'): monoid generated by T, 254

[C): element in Grothendieck group, 123

Cl(O): ideal class group, 217

Fr(C): free abelian group on isomorphism
classes, 123

Gap: commutator quotient group, 25

[G, G]: commutator subgroup, 25

G’ x G": group free product, 58

GL(R): stable general linear group, 229

GL,(R): general linear group of degree n,
29

HE: normal closure, 64
Ko(C), Ko(C,Ex(C)): Grothendieck group,
123

Pic(R): Picard group, 214
Rel(C): relation subgroup, 123
Sn: symmetric group, 16

Homomorphisms and morphisms

2: jsomorphism, 14

ap: localized homomorphism, 265

a @ B: direct sum, 117

f#a: homomorphism arising from
restriction, 165

f#a: homomorphism arising from
extension, 167

Hom(C, D): homomorphisms, 3

Hom(L g, Xgr): homomorphisms, 69

Hom_c(L ®p M, N): bimodule
homomorphisms, 146

idc: identity morphism, 5

tc: morphism from initial object, 48

tr : R — Mp(R): inclusion as scalars, 28

M < as a morphism, 4

A*, €«: induced maps on morphisms, 23

Mor¢ (C, D): morphisms in a category, 2
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Mor(L, &), Mor(), X): induced maps on
morphisms, 22

Ideals

{a}: class of a in Cl(O), 109

ab: product, 109

Ann(M): annihilator, 111

Cl(O): ideal class group, 109

¢(S, R): conductor, 339

Frac(O): fractional ideals, 109

In(R): invertible fractional ideals, 220
n(L, M): an invariant, 321

Pr(0O): principal ideals, 109

rad(R): Jacobson radical, 103

Matrices

A @ 1: augmented matrix, 29
A?: transposed matrix, 29

Mm n(R): m x n matrices, 145
My, (R): matrix ring, 28

Measuring functions

||-]l: norm, 310

d(r, s): metric, 310

pdg(L): projective dimension, 342
vp: p-adic valuation, 292

Modules

{W}: class of W in Pic(R), 214

*N: twisted module, 176

A(M): adéle module, 328

f# M: module obtained by restriction, 165
f#M: module obtained by extension, 166
Frr(X): free right R-module on X, 19
Ind(R): indecomposable projectives, 317
M ®pgr N: tensor product, 136

M X pgr L' pull-back, 67

M’ @ M": direct sum, 91

M' @, L: push-out, 65

M©®: induced module, 178

Myp: localization at p, 264

Ma: module times ideal, 169

M<: twisted module, 175

MA: direct sum of copies of M, 144
M™: direct sum of copies of M, 144
MS: M ®gr S when Mp is flat, 169
MRy: My for R torsion-free, 269

My localization of module, 264

Ny restricted module, 178

rad(L): radical of a module, 208

R™: standard free right module, 30

RA: standard free right module, 44

"R, AR: standard free left module, 144

Q
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SN: S®gr N when gN is flat, 169
T(M): torsion submodule, 110

Ts(M): torsion submodule, 264

Tp(M): p-primary component, 111

W* = Hom(gW, grR): dual, 185

W** = Hom(W§, Rg): double dual, 186

Objects in categories

C'I]C": coproduct, 58

[T, Cx: coproduct of objects, 59

C'T]C": product, 57

[14 Cx: product, 58

H': restricted direct product, 305

(C, D, x): morphism from C to D, as
object in morphism category, 13

[ca]: image in direct limit, 226

Ch:

object of direct sum of categories, 108
direct system of objects, 225

(Cok~, x): cokernel, 60

colimp: colimit of elements, 227

Colim: colimit of objects, 237

D(M, N): denominator set, 279

dir limp: direct limit, 226

ind limy: inductive limit, 227

lim: colimit, 227

—

l‘ir_n: limit, 247

inv lim: inverse limit, 247

Is(C): isomorphism classes of objects, 123

(Ker+, k): kernel, 60

M(M, N): direct system of abelian groups,
280

ObC: objects of a category, 2

(R)#: Mobg, viewed as an object in CrT,
165

X\T: objects T-under X, 50

Rings

(1gr): prime subring, 28

Fpm: finite field, 228

Fp: algebraic closure of Fp, 228

Q,: p-adic rationals, 302

2,,: p-adic integers, 248, 302

D(T): rational functions, 271

D(T, c): skew rational functions, 271
F|[T]): formal power series, 302

K: complete field, 297

Oq: powers of a inverted, 274

Op: localization, 254

O\ p: difference set, 254

O, Op: completion or complete ring, 296
V: valuation ring, 291

Al¢]: ring of dual numbers, 99
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AG: group ring, 178 exact sequences, 120
A(K): adéle ring, 305 monomorphism, 120
A(0O): adele ring, 305 algebra, 67
A[T, a]: skew polynomial ring, 180 algebraic closure, 228
A[T,T~',q]: skew Laurent polynomial of Fp, 235
ring, 254 algebraically closed field, 228
CR: cone of a ring, 288 almost all, 111
mR: nonunital ring of all finite matrices, almost always locally projective, 338
229 amalgamated free product, 67
My (R): matrix ring, 28 annihilator, 111, 322
R: unitalization, 28 anti-automorphism, 179
Ry: localization of an order, 254 anti-isomorphism
Ry:: ring of fractions, 256 of groups, 15, 42
s R: ring of left fractions, 272 Artinian

ring, 103, 208
semisimple, 103, 208, 215

Sets Splitting Theorem, 90
augmentation
Ll Xx: disjoint union, 65 homomorphism, 183
A: partially ordered set, 4 ideal, 183
Lat(R): division lattice, 224 automorphism
Latid(R): ideal lattice, 237 category, 14, 94, 105
Map(X,Y): maps between sets, 3 conjugation, 181
w: natural numbers as ordered set, 224 inner, of ring, 175
P(X): power set, 225
P;(X): finite subsets of X, 225 Baer sum, 81
balanced bimodule, 160
Index of names base change, 80
basis, 31
Brandt, H., 220 dual, 186
Cohn, P. M., 103, 261 biadditive balanced map, 136
Hodges, W., 2 bifunctor, 34, 142, 160
bimodule, 76
Index of terms balanced, 160
inverse, invertible, 214
a-adic Cauchy sequence, 294 by duality, 9
a-adic norm, 310 by linearity, 138
a-torsion, 218
a”-torsion, 286 C*-algebra, 207
A-algebra, 67 C-isomorphism, 277
abelian categories
category, 99, 100 dual, 38
group, 70 equivalent, 38
subcategory, 116 isomorphic, 38
abelianization, 25 product of, 11, 13
functor, 25, 42 sum of, 107
additive category, 2
category, 83, 91 abelian, 99, 100
functor, 94 additive, 83, 91
subcategory, 92 discrete, 14, 25
adele ring, 305, 328 exact, 119
adjoint relative, 121, 161
functors, 35, 43 fibre, 24, 51, 60, 280
pair, 35, 43 filtered, 232
adjointness relation, 146 G-exact, 119
admissible group as, 14
epimorphism, 120 left, 6
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left-fibre, 24, 60

loop, 43

mirror, 6, 33, 233

module, 10

of abelian groups, 3

of Artinian modules, 102, 121, 128

of Artinian semisimple modules, 90, 98,
102, 116, 121, 128

of automorphisms, 14, 94, 105

of balanced bimodules, 160

of based free modules, 32, 44

of bimodules, 160

of categories, 23, 43

of endomorphisms, 14, 94, 105

of f. g. ¥-torsion modules, 267

of f. g. 3-torsion-free modules, 267

of fields, 48

of finite abelian groups, 90, 98, 124

of finitely generated left modules, 10

of finitely generated modules, 112, 121,
128

of finitely generated projective left
modules, 10

of finitely generated projective modules,
112, 121, 128

of finitely generated projective right
modules, 10, 103

of finitely generated right modules, 10

of finitely generated torsion modules,
112, 267

of finitely generated torsion-free
modules, 112, 267

of free left modules, 10

of free left modules, finite rank, 10

of free right modules, 10

of free right modules, finite rank, 10,
121, 128

of functors, 36, 61, 95, 106

of groups, 3, 6

of Hausdorff topological abelian groups,
88, 89, 102

of infinite abelian groups, 60

of injective modules, 80

of isomorphisms, 14, 94, 105

of left R-modules, 3, 6

of morphisms, 13, 94, 105

relative, 148

of nilmodules, 286, 287

of Noetherian modules, 102, 121, 128

of nonunital rings, 3

of ordered sets, 4, 44

of p-primary modules, 112

of projective left modules, 10

of projective right modules, 10

of right R-modules, 3

of rings, 3

of sequences, 132
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of sets, 3
of X-torsion right modules, 267
of topological abelian groups, 88
of topological spaces, 4
of torsion modules, 267
of weak equivalences, 133
opposite, 8, 33, 87, 99
partially ordered set as, 4
preadditive, 83, 84
proto-simplicial, 45
Q-exact, 125
quotient, 281, 285
mod nilmodules, 286, 287
relative exact, 130
repletely
exact abelian, 127
Q-exact, 126
right, 5, 17
right vs. left, 20
right-fibre, 24, 51, 237
semisimple, 121
skeletal, 39
skeleton of, 39
slice, 24
small, 10
small skeleton, 39
split Q-exact, 126
with cofibrations, 131
Cauchy sequence, 294, 310
convergent, 294, 303
in module, 302
central multiplicative set, 253
chirality, 2, 5, 20
of functor, 21
class vs. set, 10
classifying space of a group, 25
closed under
base change, 125
cobase change, 126
composition of admissible epimorphisms,
125
composition of admissible
monomorphisms, 125
direct sums, 120
extensions, 127, 267
isomorphism, 119, 277
cobase change, 80
cochiral, 21, 23
functor, 42
in the ith variable, 34
codiagonal
homomorphism, 81
map, 117
codomain, of a morphism, 2
coefficient ring, 130
coequalizer, 232
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cofibration, 130 degeneracy operator, 45
sequence, 130 denominator set, 279
cofiltering, 232 dense functor, 39
cofinal, 231, 237, 262 dense subcategory, 277
coherence condition, 225, 247 derived functor, 153, 250
coherent system of right modules, 242 determinant, 30
coinduced module, 165, 182 diagonal
cokernel, in a category, 60, 88 action, 179
colimit, 43, 227, 232, 237 embedding, 305
comma category, 24 homomorphism, 81
common right multiple, 253, 256 map, 117
commutative diagram, 13, 37
diagram, 14, 38 chase, 113
domain, 109, 254 commutes, 14, 38
commutator direct limit, 226
quotient group, 25 direct product, 247
subgroup, 25 of modules, 59
complete, 294 of rings, 12, 105, 180, 249
complete module, 303 restricted, 305
complete valuation ring, 299 direct sum
completion, 296 in a category, 91, 93
general, 309 of categories, 115
composable, 5 infinite, 108
composite of functors, 96
functor, 19 of modules, 56, 59, 236
morphism, 5 of morphisms, 93
composition convention of nonunital rings, 249
for right category, 5 of unordered pair, 92
for left category, 6 vs. direct product, 248
conductor, 339 direct system, 225
cone of a ring, 288 of left modules, 233
conjugation automorphism, 181 directed set, 223
connecting morphism, 118 discrete category, 14, 25
constant functor, 43, 63, 237 discrete rank one valuation ring, 293
contrachiral, 21 disjoint union, 65, 226
functor, 42, 142 division lattice, 224
in the ith variable, 34 division ring of fractions, 275
contravariant domain
f-extension, 180 commutative, 109, 254, 264
functor, 18, 42 Krull, 293, 340
in the ith variable, 34 noncommutative, 254, 261
convergent Cauchy sequence, 294, 303 Ore, 271
coordinate vector, 31 simple, 275
coprime ideals, 203 domain, of a morphism, 2
coproduct, 58, 59, 232 double dual, 186
of groups, 58 space, 47
of modules, 58 dual
of sets, 65 basis, 46, 186
couniversal object, 56 module, 185
covariant numbers, 99, 117, 161, 163
f-extension, 180 space, 46
functor, 17, 42 duality, 46
in the i th variable, 34 by, 9

of categories, 38

Dedekind domain, 112, 149, 197, 211, 217,  dvad, 145
273, 274, 320
structure of modules, 109
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endomorphism, 14
category, 14, 94, 105
of ring, 175, 254

enveloping ring, 64

(epi, mono) factorization, 100

epimorphism, 86

equivalence
of additive categories, 107
of categories, 38

evaluation
at 1, 79
homomorphisms, 188
exact
category
relative, 121
repletely, 120, 162
split, 120
functor, 122, 133
sequence, 70
in abelian category, 115
short, 73
split, 73, 92, 119
term of, 71, 115
extended
ideal, 167
module, 167
extension
closed, 127
functors, 77
of an ideal, 167
of scalars, 167, 219

F-over C, 24
F-under C, 24
face operator, 45
faithful functor, 39
faithfully projective (module), 192, 203
fibre category, 148, 280
field

of fractions, 254

of p-adic rationals, 302
filtered category, 232
finite field, 228
finite rank, 31
finitely related, 161
firm

module, 162

nonunital ring, 199, 207
Five Lemma, 113
flat module, 151, 169, 238
Flat Test, 155
flatness transitive, 167
forgetful functor, 18, 36, 50
formal power series, 302, 317
fractional

ideal, 109, 160, 196

for order, 216
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right ideal, 202
free
associative algebra, 262, 275
generating set, 31
module functor, 19, 36
product of groups, 58
right module, 31
on a set, 19
Frobenius Reciprocity Law, 183
full
functor, 39
lattice, 320
set of orthogonal central idempotents,
210, 215
subcategory, 10
functor, 18
abelianization, 25, 42
additive, 94
adjoint, 35, 43
category, 36, 61, 95, 226
as abelian category, 106
constant, 43, 63, 237
contravariant, 18
covariant, 17
dense, 39
exact, 122, 133
extension, 77
faithful, 39
forgetful, 18, 36, 50
full, 39
homomorphism, 68
in k variables, 34
induction, 167, 178
mirror, 21, 42
monad, 284
opposite, 20, 21, 42
product reversing or preserving, 21
quotient, 169, 282
representative, 39

G-exact category, 119
G-invariants, 183
Galois module problem, 340
general linear group, 29, 229
generator (module), 191
genus, 274, 340
Glueing Axiom, 133
Goldie’s Theorem, 284
graph, 37
Grothendieck group, 123, 133
group
as a category, 14, 24, 25, 42
ring, 162, 167, 178, 182
groupoid, 16, 220

Hasse principle, 339
hereditary order, 200, 202, 319, 338, 341
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Hilbert Basis Theorem, 270
homomorphism

functors, 68

splitting, 8

ideal
augmentation, 183
class
group, 109, 212, 217
of a module, 110, 212
fractional, 109, 160, 196
right, 202
integral, 200
invertible, 109, 197
for a order, 216, 219
prime, 254
squarefree, 202
idempotent
central, 210
endomorphism, 312
matrix, 312
primitive, 318
idempotent lifting problem, 312
idempotents
orthogonal, 210, 318
orthogonal central
full set, 210
identity
functor, 18
morphism, 5
natural transformation, 36
image, in abelian category, 101, 115
inclusion
functor, 18
of a ring in a matrix ring, 28
indecomposable module, 317
Induced Mapping Theorem, 101
induced module, 178
induction functor, 167, 178
inductive limit, 227
initial object, 48
injective
hull, 80
module, 9, 75, 79
object, 99
inner automorphism, 175
integral ideal, 200
invariant for comparing lattices, 321
invariant basis number, 31, 44, 187, 246
failure, 221, 276
invariant factors, 293
inverse
left, 86
right, 86
inverse bimodule, 214
inverse limit, 247, 296
inverse system, 247, 296
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invertible

bimodule, 214

ideal, 109, 197

for an order, 216, 219

in a category, 14
isomorphism

category, 14, 94, 105

in a category, 14

local, 274, 340

of categories, 23, 38, 42

of functors, 30

vs. monomorphism and epimorphism, 88

Jacobson radical, 103, 208, 260, 312, 314
joke, 8, 61, 113, 139

kernel, in a category, 60, 88
Kronecker product, 245
Krull domain, 293, 340

lattice, 320

full, 320

reference, 321
Lazard’s Theorem, 239
left

adjoint, 36

category, 6

fractional ideal, 216

inverse, 86

multiplication by m, 79

R-progenerator, 192
left vs. right fractions, 272
left-fibre category, 24, 60
lifting

of idempotents, 313

of projective module, 311, 315

of units, 314
lifting problem

for idempotents, 312

for projective modules, 311
limit, 247

direct, 226

inductive, 227

inverse, 247

of Cauchy sequence, 294

projective, 247
linearity, by, 138
local ring, 260, 313
local-global methods, 289
localization, 167, 252, 260

at p, 264

at a prime ideal, 254

of a module, 264
locally

free, 340

isomorphic, 274, 340
loop category, 43
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Lubkin-Heron-Freyd Representation
Theorem, 113

made abelian, 25
mathematical physics, 207
matrix
of a homomorphism, 32, 44, 187
ring, 28, 228, 242
maximal
element, 245
order, 200, 319, 338
ring of fractions, 261
metric, 310
mirror
category, 6, 33, 233
functor, 21, 42
Mittag-LefHler, 251
mixed chiralities, 12
module
category, 10
coinduced, 165, 182
complete, 303
double dual, 186
dual, 185
extended, 167
faithfully projective, 192, 203
finitely related, 161
firm, 162
flat, 151, 169, 238
free, 19, 31, 44, 50
finite rank, 31
generator, 191
indecomposable, 317
induced, 178
injective, 9, 75, 79
Noetherian, 102
over a Dedekind domain, 109
p-primary, 111
progenerator, 192, 203
projective, 8, 75, 176, 189, 312, 332
over a Dedekind domain, 110
rank, 212
restriction, 164
Y-torsion, 264, 276
standard free left, 144
standard free right, 31, 44
torsion, 110, 264, 276
torsion-free, 264, 276
twisted, 175
monad functor, 284
monoid, 15
as a category, 15
monomorphism, 86, 97
Morita
context, 199, 287
generalized, 198
equivalent, 205
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theory, 184
morphism, 2

bifunctor, 33

category, 13, 94, 105

relative, 148

composite, 5

functor, 22, 27

identity, 5

of direct systems, 225, 233

product, 5
multifunctor, 33, 34
multiplicative set

central, 253
multiplicative(ly closed), 253

natural, 28

equivalence, 30

isomorphism, 30

transformation, 26

kernel, cokernel of, 61

naturally

equivalent, 30

isomorphic, 30
N1LR g-isomorphism, 287
nilmodule, 286
Noetherian

module, 102

ring, 102, 103, 208, 270, 271
non-zerodivisors, 253
nonunital ring, 3, 28, 64, 287

homomorphism, 228, 249
normal

closure, 64

monomorphism, 100

O-order, 130
object, 2
objects
over C, 24
under C, 24
opposite

category, 8, 33, 87, 99
functor, 18, 20, 21, 42
of a group, 15
ring, 7, 29, 233
order, 130, 162, 209, 212, 216, 254, 264,
267, 320
complete, 313
hereditary, 200, 202, 319, 338, 341
maximal, 200, 319, 338
tiled, 200, 212, 219, 220, 318, 341
ordered set, 4, 223
Ore domain, 271
right, not left, 272
Ore set
left, 272
necessity for fractions, 262
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right, 253
orthogonal idempotents, 318
over, under (in a category), 24

p-adic Cauchy sequence, 294
p-adic integers, 248, 302
p-torsion submodule, 304
p-adic Cauchy sequence, 302
p-adic completion, 296

of module, 303
p-adically complete, 294
pairing, 160

for group ring, 179
partially ordered set, 4

as category, 4
Picard group, 214, 219, 220
pointwise definitions, 95
power set, 225
p-primary module, 111
preadditive

category, 83, 84

subcategory, 85

Primary Decomposition Theorem, 111

prime element, 291
prime ideal, 254
prime ring, 28
principal ideal domain, 109
right, Picard group of, 220
principal ideal ring
right, 246
principal valuation ring, 293
principle of duality, 9
product
category, 11, 13, 104, 105
functor, 19
in a category, 57, 58
morphism, 5
of groups, 57
of ideals, 109, 160
of modules, 57
of sets, 65
reversing products, 142
tensor, 136
products
reversed vs. preserved, 21
progenerator, 192, 203
projection formula, 171
projective
coordinate system, 190
dimension, 342
limit, 247
module, 8, 75, 176, 189, 312, 332
over Dedekind domain, 110
object, 89, 98, 99
proper partially ordered set, 4
proto-simplicial category, 45
Priifer group, 231
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pull-back
along a homomorphism, 165
exact sequence, 125
in a category, 67
of modules, 67
of sequence, 80
push-out
exact sequence, 126
in a category, 65
of modules, 65
of sequence, 80

Q-construction, 119
Q-exact category, 125
quadratic number field, 181
quasicyclic p-group, 231
quotient

category, 281, 285

functor, 169, 282

map, 131

R-lattice, 320
radical

Jacobson, 103, 208, 260, 312, 314

of a module, 208
raising the indices, 233
rank

of a module, 212, 293
rank, of a module, 110
rational functions, 271
reciprocity

formula, 171

laws, 183
reference lattice, 321
regular central generator, 217
relative

category, 121

exact category, 130, 161
repletely

exact, 162

abelian category, 127

G-exact, 120

Q-exact, 126
representable functor, 42
representative functor, 39
representative set

of indecomposable projectives, 317

of irreducible modules, 314
respects injectivity, 154
restricted

direct product, 67, 305

module, 165
restriction

functor, 165

of a functor, 20

of scalars, 165, 186, 219
reverses direction, 18

359
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right semiperfect ring, 313
adjoint, 36 semisimple category, 121
category, 5 separable algebra, 338
denominator set, 253 sequence of morphisms, 37
fractional ideal, 216 Serre subcategory, 277, 285, 287
inverse, 86 set
Ore domain, 271 as discrete category, 41
polynomial, 254 directed, 223
right-fibre category, 24, 51, 237 ordered, 223
ring partially ordered, 4
Artinian, 103, 208 proper, 4
Artinian semisimple, 103, 208, 215 power, 225
centre, 209 (totally) ordered, 4
commutative, 7, 264 vs. class, 10
cone of, 288 short exact sequence, 73
direct product, 12 in a category, 89
endomorphism, 175, 254 split, 90
enveloping, 28 short exact sequences
inner automorphism, 175 equivalent, 81
local, 260, 313 3-
Noetherian, 102, 103, 208, 270, 271 inverting, 259
nonunital, 3, 28, 64, 162, 180, 287 torsion-free, 264
firm, 162, 199, 207 torsion module, submodule, 264
of adeles, 305, 328 simple
of all finite matrices, 229, 243, 288 domain, 275
of dual numbers, 99, 117, 161, 163 ring, 209
of formal power series, 302, 317 simplex, 46
of fractions, 252, 256 simplicial
division, 275 complex, 46
maximal, 261 object, 45
of left fractions, 272 skeletal, skeleton, 39
of matrices, 28, 228, 242 skew
of noncommutative polynomials, 262, 275 formal power series ring, 310
of p-adic integers, 302 Laurent polynomial ring, 254, 270, 275
of rational functions, 271 polynomial ring, 180, 254, 275
of skew formal power series, 310 rational functions, 271
of skew Laurent polynomials, 254, 270, slice category, 24
275 small
of skew polynomials, 180, 254, 275 category, 10, 23, 123
of skew rational functions, 271 skeleton, 123
of triangular matrices, 41, 45, 148, 150, Snake Lemma, 82, 118
217, 218, 318 space
opposite, 7, 29, 233 double dual, 47
prime, 28 dual, 46
principal right ideal, 246 split
rational functions, 272 epimorphism, 86
semilocal, 313 exact category, 120
semiperfect, 313 exact sequence, 119
simple, 209, 275 monomorphism, 86
valuation, 291 Q-exact, 126
complete, 299 splitting homomorphism, 8
von Neumann regular, 243 squarefree ideal, 202
Russell’s Paradox, 10 standard
basis, 31, 44
S-R-bimodule, 76 embedding of rng in ring, 65
semigroup with identity, 15 form of module over Dedekind domain,
semilocal ring, 313 110, 212
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free left module, 144

free right module, 31, 44
Steinitz’ Theorem, 110
Strong Approximation Theorem, 300
subcategory, 9

abelian, 116

additive, 92

full, 10

preadditive, 85
submodule

3-torsion, 276

torsion, 264
sub-Q-exact category, 127, 285
subring, prime, 28
sum

of categories, 107

of morphisms, 93
Swan’s Theorem, 340
symmetric group, 16

tensor product, 136
associative, 139
of matrices, 245
term of a sequence, 71
terminal object, 56
thick subcategory, 277
Three Lemma, 118
tiled order, 200, 212, 219, 220, 318, 341
Tor and torsion, 273
Tor functor, 162
torsion
with respect to an ideal, 218
module, 110, 264, 276
submodule, 264, 276
torsion-free, 264
module, 264, 276
totally ordered set, 4
tower of modules, 250
transfer map, 165
transpose of a matrix, 29
triangle commutes, 38
Triangle Inequality, 310
triangular matrix ring, 41, 45, 148, 150,
217, 218, 318
trifunctor, 34, 146
twisted module, 175
type of a ring, 221

ultrametric, 310
ultranorm, 310
under

X, 50

C with respect to F, 24
underlying functor, 18
uniformizer, 291
uniformizing parameter, 291, 325
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Unique Factorization Theorem for Ideals,
109
unique up to unique isomorphism, 49
unitalization, 28, 162, 286, 287
universal
construction, 55
object, 51, 56, 136
property, 60
of completion, 298
of direct limit, 230, 234
of inverse limit, 248
of localization, 259
unnatural behaviour, 46
upper bound, 223

valuation, 290
p-adic, 292
valuation ring, 291
vertex, 46
group, 16
Villamayor’s Lemma, 157
von Neumann regular ring, 243

Waldhausen category, 133
weak equivalence, 133
Wedderburn-Artin Theorem, 315

Yoneda’s Lemma, 41
zero

functor, 96
object, 59, 84



