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1. Introduction. Any extension of a group A by a group B can be embedded in their
wreath product 4 Wr B. Here we consider generalizations of this result for inverse semi-
groups.

Suppose S is an inverse semigroup and p, is a congruence on S. We put T = §/p, and
denote the natural map from S to T by p. The kernel of p is the inverse image E;p~! of the
semilattice £ of idempotents of T. First we show that if each p,-class of idempotents of S
is inversely well-ordered, then S can be embedded in K Wr T, the standard wreath product of
K and T. In general, not all elements of K Wr T have inverses. However, we can define a
wreath product W(K, T) which is an inverse semigroup and which contains S when the previous
condition holds. 1If p, is idempotent-separating and S is 0-bisimple, K is the union of zero and
a family of isomorphic groups. In this case, we can replace K by a single component group G
of K, augmented by zero, and show that S can be embedded in W(G°, T). These results are
analogous to the extension theories of D’Alarcao [1} and Munn [3] and they give conditions
under which all inverse semigroup extensions of an inverse semigroup 4 by an inverse
semigroup T are contained in a semigroup with structure depending only on 4 and T.

N. R. Reilly (see [6]) has previously obtained results related to some of those presented
here, using a construction generalizing the wreath product of permutation groups. I thank
the referee for his comments and for informing me of Reilly’s work.

2. Embedding in the standard wreath product. We recall the definition of the standard
wreath product of two semigroups, due to Neumann [4]}.

Let 4 and T be inverse semigroups and let F denote the set of maps from Tto A. Then F
is an inverse semigroup with respect to multiplication given by x(fg) = (xf)(xg) for xeT
and f, ge F. For feF and re T, we define ‘fe F by x(*f) = (xt)f for all xe 7. The wreath
product W= A Wr T is the semigroup consisting of all pairs ft with feF, teT, under the
mulitiplication (ft)(gu) = (f."g)(tu), for f, geF, t, ueT. In general, W is not an inverse
semigroup; if A and T contain zero, the element f7 has no inverse if we take r=0, Of =0
and xf # 0, for some xeT.

Given an inverse semigroup S and a congruence p, on S such that T = S/p,, we consider
the possibility of constructing a homomorphism w from S to 4 Wr T such that sw = fi(sp),
where p is the natural map from § to T and f,eF. Clearly this is equivalent to finding
{f;:5€S} © Fwith f,, = f,.""f. for all r, se S. Evaluating this expression gives

Urs = (X rp)f),

for all reT. 1f we require w to be injective, the corresponding condition on {f;} is that if
rp = sp but r # s, then there exists £e T such that #f, # tf..
Let us define a partial multiplication on the set 7'x S by putting (¢, r)(u, s) = (1, rs)
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whenever #(rp) =u. Then T x S is an associative partial groupoid, in the sense of Clifford
and Preston [2].

LeMMA 1. Let n: W — T be the projection map. There is a one-one correspondence between
the homomorphisms w from S to W such that wn = p and the homomorphisms B from T x Sto A.
Furthermore, w is injective if and only if the corresponding B has the property that for r, s€ S
with rp = sp but r # s, there exists te T such that (t, r)B # (t, 5)B.

Proof. Given such an w, with sw = f(sp), we put (¢, s)B = 1f,. Conversely, given p,
put sw = f(sp), with ¢f, = (¢, s)B. The results follow immediately.

We shall now give sufficient conditions for the existence of a homomorphism J from
T x S to the kernel K of p.

Let Eg be the set of idempotents of .S and recall that E is partially ordered by the relation
e £ fif and only if ¢f = e. Suppose 7 is a left inverse of p such that, for all te T and s€e S,

(tr.s) . s (. sp)r) " (¢t . sp)r.
For (¢, s)eT x S, put
sy =t rr.s((t.sp)r)"1).
We show that y is a homomorphism from T x S to its subgroupoid M consisting of those
(e, k) with e, kpe Eg and kp < e. If re S then
@, syy.(t.sp, r)y = (tt™2, tr.s((t. sp)0) V)¢t sp(t.sp) 2, (t.sp)r.r((t.sp . rp)T)"Y)
= (7, tr.s((t.sp)r) (¢ sp)r. r((2. (sr)p)T) ™).
By the assumption on 1,
tr.s((t.sp)t)"L(t.sp)t =tr.5s
and so
(t, s)y.(t.sp, r)y = (1, sr)y.
We note that if (¢, s)y = (e, k) then
kp=t.sp(t.sp)~ " = t(sp)sp) 't S0 =

If (e, k), (kp, h)eM then (e, k)(kp, h) = (e, kh). Thus the projection map &, given by
(e, k)d =k, is a homomorphism from M to the kernel Kof p. Then § = yd is a homomorphism
from T x Sto K.

Suppose now that for each se S there exists € T such that (r1) " ¢t = ss™ 1.
and s, using the previous assumption on T,

For such ¢

(@.sp)) " Yt.spyr 2 (tr.8) r.s=s"(tr) Mr.s =515
Now (1, $)B = tt.s((t.sp)r)"! and so
()t )B.(t.sp)t = (tr) Mtz s.(¢.sp)r((t.sp)r) ! =s.

Thus if rp = sp but r # 5, then (¢, r)f # (1, 5)B.
We summarise and apply these results.
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LemMa 2. Suppose p has a left inverse t such that
(i) for all te T and se S,

(trr.s) " ttr.s S ((t.sp)0) " (2. sp)r,
(ii) for each s€ S there exists te T such that (tt)"'tt = ss™ 1.

Then B, given by
(t, ) = tr.5((t.sp)r)™",

is a homomorphism from T x S to K = Ker p, satisfying the conditions of Lemma 1 with A = K.
We recall that a partially ordered set is inversely well-ordered if each subset has a greatest
element.

THEOREM 3. Let S be an inverse semigroup and let p be a homomorphism from S onto T
such that, for each ee Er, ep~* n Eg is inversely well-ordered. Then there is a monomorphism w
Jrom S to K Wr T such that wn = p, where K is the kernel of p and n is the projection map from
KWrTtoT.

Proof. We find a map t satisfying the conditions of Lemma 2. For teT and setp™!

we have s 'se(t™'t)p~' N E;. Choose setp™" such that s~'s is maximal in (¢ ')p~! NE;
and define © by the rule that 1t =s. For any teT, seS, we have (f1.5)p =t.sp so

(rr.5) e s S ((t.sp)r) "Mt . sp).

1

Given ueT, for seup™! it follows that (ss~!)p = uu~! and

(D) Y D2 (ss™ ) s =557

From Lemmas 2 and 1, w, given by sw = f(sp) with tf; = tt.s((¢. sp)r) !, is a monomorphism
of the required type.
We note that the result of Theorem 3 holds for any idempotent-separating homomorphism

of an arbitrary inverse semigroup. On the other hand, it holds for an arbitrary homomorphism
of an inverse semigroup with inversely well-ordered semilattice of idempotents.

3. Embedding in a wreath product related to principal left ideals. We now define a wreath
product of inverse semigroups which is itself an inverse semigroup and for which the embedding
result of Theorem 3 holds. Let 4 and T be inverse semigroups and let F now consist of all
maps from principal left ideals of T to 4. We denote the domain of fe F by D(f) and recall
that each principal left ideal has an idempotent generator, since Tt = Tt ~'t. Thusif f, geF
and D(f) = Td, D(g) = Te, with d, ec E, then D(f) nD(g) = Tde. We define fg by taking
D(fg) = D(f)nD(g) and x(fg) = (xf)(xg) for xe D(fg). Then F is an inverse semigroup.

Suppose te T and fe F. Since D(f) = Te, for some e E, we have

D(f)t™'t = Tet™'t < Te = D(f).

Putting x(*f) = (xt)f for all xe D(f)t™!, we see that 'fe F with D(/f) = D(f)t~'. We now
define W = W(A, T) to consist of all pairs ft with feF, teT and D(f)=Tt"'. Ife=1"",
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the last condition implies that xe = x for xe D(f) and hence °f =f. As before, the rule
(fD(gu) = (f.'g)(tu) defines an associative multiplication on W; we note that

D(f.'¢)=D(f)n D@t =Tt ' nTu 't™' = T(ru)~*.
If gue W is an inverse of fte W then
gu=gu.ft.gu=(g .. ""g)(utu)

ft=ft.gu. ft=(f."g."f)tur).

Thus u=1"" and so “g=g, “f=f Then g=g.% .9 and /="f.g."f, so g =(f)"L.
Conversely, if u=1t"", then (*f)"'ue W and is an inverse of fr. Thus W is an inverse
semigroup. We call W = W(4, T) the wreath product of A and T with respect to principal left
ideals. 1t is related to the ‘‘ partial wreath product ” defined by Petrich [5].

As before, we suppose p is a homomorphism from S onto 7 and we consider the possibility

of constructing a homomorphism w from S to W such that sw = f(sp). The argument follows
the previous lines, except that we now have to consider the domains of the functions involved.

Let C be the subset of T x S consisting of those (f, s) such that te T(sp)™!. If (¢, s),
(t.sp,r)eC, then t.spe T(rp)~* and so t = t(sp)(sp) ' € T((sr)p)™* and (¢, sr)e C. Thus C is
a subgroupoid of the associative partial groupoid 7 x S. Suppose 6 is a homomorphism
from C to an inverse semigroup 4. Define a map w:S— W = W(4, T) by the rule that
sw = f(sp), where f, is the map from T(sp)~' to 4 given by tf, = (1, 5)0. Then w will be a
homomorphism if and only if f,, = f,."f; for all r, se S. Now

D(f,."f) = D(f) n D(*f) = T(rp)~" 0 T(sp)~'(rp) ™"
= T((rs)p)™" = D(£,,)

and

and, for te D(f,,),
(f,."f) = (1,0 .(t.rp, )0 = (t,rs)0 = tf,,

as required.

Suppose that ep ™! A Eg is inversely well-ordered, for all ee E;. In the proof of Theorem 3,
we constructed a map t satisfying the conditions of Lemma 2 and thus giving rise to
homomorphisms f§ and y from T x S to K and Er x K respectively, defined by

(t,9)B = tr.5((t.sp)r)"!
and (1, sly = (117", (1, 5)B).
THEOREM 4. Let S be an inverse semigroup and let p be a homomorphism from S onto T
such that, for each e€ Er, ep™* N Eg is inversely well-ordered. Then there is a monomorphism @

from S to W= W(K, T)such that wr = p, where K is the kernel of p, W is the wreath product of
K and T with respect to principal left ideals, and = is the projection map from W to T.

Proof. From the remarks above, the restriction 8 of f to C corresponds to a homo-
morphism « from S to W with wr = p, and it remains to prove that w is injective. If r, se S
with r@ = sw then rp = sp and f, =f,. In particular, since e = (ss™!)peT(sp)~* = D(f;), we
have ef, = ef, and so (e, r)f = (e, s)B. For te T, tr was chosen so that (17)~'(¢7) is maximal in
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(t')p~' NEs. Takingt=e = (ss™')p, we have (er) " !(et) = ss~*, and taking ¢ = sp, we have
(spt)~Y(spr) = 5~ 's. Then

1

s=ss"1.s.57 s = (er) " (er)ss™!

.5.5" Ys(spt) " (spr)
= (et) " '(et)s(spr) " '(spt) = (er) " t. (e, 5)B. (spT).

Since rp = sp, a similar argument shows that r = (et) ™' .(e, r)B.(rpt) and hence r = 5.

Finally we consider the case where S is 0-bisimple and p is idempotent-separating. In
this situation, the #-class of an idempotent e of S contains (ep)p~! as a subgroup. Further-
more, the isomorphism of [2, Theorem 2.20] between the #-classes of two non-zero
idempotents of S induces an isomorphism between the corresponding subgroups. Thus the
inverse images of non-zero idempotents of T are isomorphic groups. For G representing such
a group, we shall construct a homomorphism from C to G° which leads to an embedding of S
in W= W(G° T).

Since p is idempotent-separating, ep~ ! n Eg is trivially inversely well-ordered, for ee Ey,
and so we are in the situation of Theorem 4. Then y, defined by (¢, s)y = (171, (¢, 5)B),
induces a homomorphism from C to Er x K. For (¢, s)e C, we have te T(sp)™*! and so

(t,5)p = (tr.5((t.sp))) ™) p = sp)(sp) 't =17

Thus the image of C under y is contained in the set N of all (e, k) with keep™*, ec E;. Now
N is the disjoint union of a zero element (0, 0) and copies of G, with multiplication defined
only in the components of the union. Thus there is a homomorphism « from N to G° inducing
a monomorphism on each component of N. Combining y and o« we have a homomorphism
¢ =yo from C to G° The map o from S to W(G° T) corresponding to ¢ will be a
homomorphism and it remains to show that w is injective.

If r, s€ S with rw = sw then rp = sp and f, =f,; in particular, ef, = ef,, for e = (ss~!)p.
Then

(e,(e, 1)) = (e, 1)@ = ¢f, = ¢f; = (e,5) = (e, (e, ).

Now « acts as a monomorphism on the component groups of N, and (e, (e, r)B), (e, (e, 5)f)
are in the same component. Thus (e, r)§ = (e, 5)B and it follows from the proof of Theorem 4
that r = 5. We have thus proved the following result.

THEOREM 5. Let S be a 0-bisimple inverse semigroup and let p be an idempotent-separating
homomorphism from S onto T. Let G be a group isomorphic to the inverse images of the
non-zero idempotents of T. Then there is a monomorphism  from S to W such that won = p,
where W = W(G®, T) is the wreath product of G° and T with respect to principal left ideals and
7 is the projection map from W to T.
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