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Abstract. We apply capacities to explore the space-time fractional dissipative equation:

{afu(t,x) = —v(-A)*u(t,x) + f(£,x), (tx) e RM,

(0.1)
u(0,x) = ¢(x), x e R",

where a > n and f8 € (0,1). In this paper, we focus on the regularity and the blow-up set of mild
solutions to (0.1). First, we establish the Strichartz-type estimates for the homogeneous term R, g (¢)
and inhomogeneous term G, g(g), respectively. Second, we obtain some space-time estimates
for G, p(g). Based on these estimates, we prove that the continuity of R, g(¢)(t,x) and the
Hélder continuity of G 5(g)(f,x) on RY", which implies a Moser-Trudinger-type estimate for
G, Then, for a newly introduced L?Lﬁ -capacity related to the space-time fractional dissipative
operator af + (=A)*/?, we perform the geometric-measure-theoretic analysis and establish its basic
properties. Especially, we estimate the capacity of fractional parabolic balls in R} by using the
Strichartz estimates and the Moser-Trudinger-type estimate for G,,3. A strong-type estimate of
the LILE-capacity and an embedding of Lorentz spaces are also derived. Based on these results,
especially the Strichartz-type estimates and the L{L{-capacity of fractional parabolic balls, we
deduce the size, i.e., the Hausdorff dimension, of the blow-up set of solutions to (0.1).

1 Introduction

We will study the following space-time fractional equation:

afu(t,x) = —v(=N)*u(t,x) + f(t,x), (t,x) e RY™:= [0,00) x R",

(1.1)
u(0,x) = p(x), x e R",

with the initial condition ¢(-) and the nonhomogeneous term f(-,-). Here, (—A)%/2

denotes the fractional Laplacian, and the symbol BE denotes the Caputo fractional
derivative defined as
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B _ 1 ¢ d?’
atu(t,x)—mfo () g BEOD).

When 8 = 1and « = 2, (1.1) is the classical heat equation, which is extremely important
in many areas of mathematics, physics, fluid dynamics, and engineering. When f§ =1
and « € (0,2), (1.1) reduces to the space-fractional heat equation, which has been
applied to the research of fluid dynamics (see [18, 48, 52, 60, 62] and the references
therein). When f8 € (0,1) and « = 2, (1.1) becomes the time-fractional heat equation

(1.2) afu(t,x)—Au(t,x) =0,

which exhibits the subdiffusive behavior and is related with anomalous diffusion, or
diffusion in nonhomogeneous media, with random fractal structures (cf. [51]).
The time-space fractional dissipative operator

Lop:=3F +v(-A)*, a>0&pe(0,1),

has the salient significance and backgrounds in mathematical physics. The fractional
Laplacian (-A)* plays a significant role in many areas of mathematics, such as
harmonic analysis and PDEs. In addition, the fractional Laplacian has been applied
to study a wide class of physical systems and engineering problems, including Lévy
flights, stochastic interfaces, and anomalous diffusion problems. For example, in fluid
mechanics, (-A)* is often applied to describe many complicated phenomena via
partial differential equations. Caffarelli and Silvestre showed in [10] that any fractional
power of the Laplacian can be determined as an operator that maps a Dirichlet
boundary condition to a Neumann-type condition via an extension problem. This
characterization of (-A)* via the local (degenerate) PDE was first used in [9] to get
regularity estimates of the obstacle problem for the fractional Laplacian. We also refer
the reader to [11, 12, 34, 56] for further information on applications of the fractional
Laplacian in PDEs.

The Caputo fractional derivative a’f was introduced by Caputo [13] when studying
some anelastic materials and soon became a popular tool in engineering (see also
[8, 30, 41, 45] for generalizations of Caputo derivatives). Similar to the ordinary
derivative d¢, the Caputo derivative is suitable for initial value problems, and is
extremely important in physical systems (cf. [46]) since the derivatives paired with
fractional Brownian noise must be Caputo derivatives in physical systems which
are different from those in the financial model (see [21]). For this reason, the time-
fractional calculus is widely used in a rather large number of scientific branches, such
as statistical mechanics, theoretical physics, theoretical neuroscience, the theory of
complex chemical reactions, fluid dynamics, hydrology, and mathematical finance
(see, e.g., [40] for an extensive list of references).

In recent years, fractional partial differential equations with Caputo time deriva-
tives have attracted the attention of many researchers. There exist many related
results on this topic. In [6], Allen et al. established a De Giorgi-Nash-Moser Holder
regularity theorem for solutions and also proved results regarding the existence, the
uniqueness, and higher regularities in time. Eidelman and Kochubei in [22] provided
fundamental solutions of the Cauchy problem of fractional diffusion equations. Chen
et al. [17] proved the existence and uniqueness of solutions to a class of SPDEs with
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time-fractional derivatives. Li and Liu in [44] developed some compactness criteria
that are analogies of the Aubin-Lions lemma for the existence of weak solutions
to time-fractional PDEs. In [5], Allen proved the uniqueness for weak solutions to
abstract parabolic equations with fractional Caputo or Marchaud time derivatives.
Interested readers can also refer to [21, 23, 24, 26, 27, 31, 32, 55, 57, 59, 61].

Compared with the aforesaid achievements, the study of space-time fractional
PDEs with the Caputo time derivative and the fractional Laplacian on spatial variables
is relatively few. In [42], Kolokoltsov and Veretennikova studied the Cauchy problem
for nonlinear in time and space pseudo-differential equations and analyzed the well-
posedness and smoothing properties of the corresponding linear equation. For a
nonlocal heat equation with fractional order both in space and time, Kemppainen et al.
[39] proved a representation formula for classical solutions, a quantitative decay rate
at which the solution tends to the fundamental solution, an optimal L2-decay of mild
solutions in all dimensions, and L2-decay of weak solutions via energy methods. For a
system of nonlinear space-time fractional SPDEs, Mijena and Nane in [53] proved the
existence and the uniqueness of the mild solution, and the bounds for intermittency
fronts solutions to these equations were investigated in [54]. For space-time fractional
SPDEs in a Gaussian noisy environment, Chen et al. in [16] proved the existence and
the uniqueness of solutions. Foondun and Nane [25] studied the asymptotic properties
of space-time fractional SPDEs. Time-fractional Hamilton-Jacobi equations and the
notion of viscosity solutions have been discussed in [28, 43].

Different from the abovementioned works on space-time fractional equations,
in this paper, we aim to investigate the regularity properties and the blow-up set
of solutions to equation (1.1) via capacities. This work is closely motivated by [15,
35, 36, 64, 65]. Using the fractional Duhamel principle, the mild solution of (1.1) is
represented as

w(tx)= [ G -nemdy+ [ [ Goile- )P (s pdyds.

Let f(t,x) =1 1_[; g(t,x), where I 1_‘8 denotes the fractional integral corresponding to
the time variable t. Then

13wt = [ G-nemdr+ [ [ Gt ygls ndyis
Set

Rep(9)(6:2) = [ Gilx=2)o(»)dy,

Gas(@(t:3):= [ [ sl pals y)dyds.

Under the assumption that « > #n and 8 € (0,1), we first establish the homogeneous
and inhomogeneous Strichartz-type estimates for (1.1), some other space-time esti-
mates of G, (g), and the regularity of R, g(¢) and G 3(g), respectively. Strichartz-
type estimates are significant tools for PDEs, such as nonlinear wave equations and
Schrodinger equations (see [29, 37, 38, 52, 58, 66]). In [25], Foondun and Nane proved
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that the space-time fractional heat kernel G, (-) satisfies the following estimate:

P
(il by

It follows from (1.4) and the Young inequality that

(14) Gi(x) a>n&pe(0,1].

(1.5) |Rap (@)l 2y § £ P 0] 1y gny, 1<7<p<oo.

Inequality (1.5) allows us, in Section 2.2, to deduce the Strichartz-type estimates and
the space-time estimates for R, g and G related to L (I; LE(R")), respectively.
Here, the mixed norm Lebesgue space LI (I; LY (R")), 1< p, g < oo, is defined as the
set of all measurable functions g(-,-) over an interval I ¢ (0, c0) satisfying

alp \V1
sz = ([ ([t orax)” i) <o

Specially, for I=(0,00), we denote L{((0,00); LE(R")) by LILE(RY"). These
space-time estimates obtained in Section 2.2 will be used to compute the lower bound
of the capacities of fractional parabolic balls. Moreover, we investigate the regularities
of Ry g and G g. By the aid of fractional heat kernels K, (-), in Proposition 2.1, we
prove that there exist positive constants C and & such that for || < tF/%,

|G (x+h)-G (x)‘<C L SL
t ¢ = tBla (tﬁ’/tx+|x|)n+a’
which, together with the estimate

[Ra5(9) (11, %) = Rap(9)(£2,)|

(PVa/ep) _ O] p g o,

S lele mn

implies that R, s(¢) is continuous on R}™ for ¢ € LY (R") (see Theorem 2.12). Let
pellioo),1<qg<oo, nB/p+ajg<a, (t,x) R, and [g] s,z gien) < oo. For the
inhomogeneous part G, g, under the assumption that (t,x) is sufficiently close to
(%o, x0), the following Hélder continuity holds, precisely:

|Gas (8) (1 %) = Ga,p(€) (0, %0)|
< ”g”Lfo(]RI:r") (|t _ t0|171/q*13n/pzx + |x _ x0|a(1—1/q)//37n/17)
(see Theorem 2.13).

Theorems 2.12 and 2.13 indicate that the blow-up phenomenon of mild solutions
to (1.1) merely occurs on the nonlinear part of (1.3), i.e., G4,p(g) for np/p+a/q >
. Based on this observation, in Section 3, we introduce the following blow-up set,
denoted by B[G, g(g), p> q], of solutions to equation (1.1):

B[Ga,p(g): 2 q] = {(1,6) € RY™: Gap(g)(1ox) = 00}

for nonnegative functions g(-,-) € LYLE(R*"). We apply capacities to measure the
size, i.e., the Hausdorff dimension, of B[G4,z(g), p q]. In the literature, capacities
related to operators and given function spaces are widely applied in the research
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of the potential theory and partial differential equations. For example, the Besov-
type capacities cap(; A7) were used to establish the embedding of homogeneous
Besov spaces into Lorentz spaces with respect to nonnegative Borel measures (see
[4, 50, 63, 65]). The embedding of Sobolev spaces via heat equations and the p-
variational capacity was due to Xiao [64, 65]. In [20], Dafni et al. introduced a class of
measures generated by Riesz, or Bessel, or Besov capacities, and established geometric
characterizations of these measures. For further information on this topic, we refer the
reader to [1, 15, 19, 47, 67] and the references therein.

To measure the Hausdorft dimension of the blow-up set of the wave equation, in
[2], Adams introduced a class of capacities related to the wave operator 0 and L7 L%-
norm spaces, and studied the size (in terms of Hausdorff content) of the blow-up sets
of weak solutions to the nonhomogeneous wave equation in three space dimensions.
By a similar idea, Jiang et al. [35] applied the LILE-type capacities to investigate the
blow-up set of a weak solution to the special case = 1 of equation (1.1). Following the
idea of [2, 35], we introduce the following L7 LY -capacity associated with Gq, .

Definition 1.1 Let1< p,q < oo. Denote by p A g := min{p, q}. For any set E c R"*!,
define

Chral (B) = inf {|gf 3ty o+ 820 & Gap(g) > 1}
be the L?L-capacity of E for the space-time fractional dissipative operator, where 15
is the characteristic function of E.

In Sections 3.1-3.3, we study the dual form, the basic properties of the L7L%-
capacity C;,‘féﬁ )(-), and further, utilize Theorem 2.6 to estimate the LL%-capacities

of fractional parabolic balls BS;" P )(to,xo). In Section 3.4, denote by E; with A > 0,

the distribution set of G, g i€,

E) := {(t,x) eR™:  Gup(g)(tx)> /\}.

Let1< p,g < oo, a>nand f € (0,1). We obtain the following capacitary strong-type
inequality:

[T et (e S gt Y 8(o) € LIE(REY)
(see Theorem 3.8). As a corollary of Theorem 3.8, in Theorem 3.10, we deduce an equiv-
alent condition of the embedding from LYLE (R1") to Lorentz spaces L") (RL™, ).
By use of the results obtained in Sections 3.2 and 3.3, we obtain that the Hausdorft
dimension of B[Gg,g(g), p, q] is dominated by nf — «(p A q —1) under the assump-
tion that 1< p < oo and 1< g < oo with a > nand (p A q)(nf/p+a/q—a) >0 (see
Theorem 4.2).

Remark 1.2

(i) In the main results of this paper, we restrict the scope of the index («, ) to
(n,00) x (0,1). For equation (1.1), there are many important cases concerning
« < n. However, for the characterization of (1.1) via the capacity, we need the
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convolution kernel G, (+) satisfies the upper bound estimate:

CtP
Gt(x) < (|x| . tﬂ/a)”“’a >

which is true for a > n.

(ii) The results in the paper are stated for assumptions on g(-,-) € LILE(R"*!). In
fact, we can replace this assumption by the assumption that the nonhomogeneous
term f(-,-) satisfies

(/000 (/Rn |alt_ﬁf(t’x)|de)q/pdt)l/q < o0,

which indicates g(-,-) € LILE(R"*).

Some notations:

o Let O cR”. Throughout this article, we use C(Q) to denote the space of all
continuous functions on Q. Let k € N, U {co}. The symbol C¥(Q) denotes the class
of all functions f : Q) — R with k continuous partial derivatives. Let C§°(Q)) stand
for all infinitely smooth functions with compact supports in Q.

o For 1< p< oo, denote by p’ the conjugate number of p, ie, 1/p+1/p’ =1
U ~ V represents that there is a constant ¢ > 0 such that ¢™'V < U < ¢V whose right
inequality is also written as U < V. Similarly, one writes V 2 U for V > cU.

o For convenience, the positive constant C may change from one line to another
and usually depends on the dimension n, «, 8, and other fixed parameters. For
f e .(R"), f means the Fourier transform of f.

2 Regularity estimates

In this section, we investigate the regularity of solutions to (1.1). We first state some
preliminaries which will be used in the sequel. For further information, we refer the
reader to [25] and the references therein.

2.1 Basic estimates of the space-time fractional heat kernel

Let X, denote a symmetric « stable process with the density function denoted by
Ka2,¢(+). This is characterized through the Fourier transform, which is given by

Kopi(§) = 1",

Let D ={D,,r >0} denote a f3-stable subordinator, and let E, be its first passage
time. It is well known that the density of the time changed Xp, is given by G;(x).
By conditioning, we have

@1 Gi(x) = [ Kapas) i (5)ds,
where

fe.(s) = tp7s P gy (4s71F).
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Here, gg(-) is the density function of D; and is infinitely differentiable on the entire
real line, with gg(u) = 0 for u < 0. Moreover,

K(‘g/u)(l—ﬁ/Z)/(l—ﬁ) exp{ - /3|(u//3)ﬁ/(l3—1)}’ u— 0+,
(2.2) g;;(u) ~ ﬁ g1
I‘(l _ ﬁ) u 5 u Q.

Another explicit description of the heat kernel G,(-) is as follows. Denote by (-)
the Laplace transform. Then

= AB-1
Gi(x) = FavEe v|€|""

Inverting the Laplace transform yields the Fourier transform of G,(-) is G;(&) =
Eg(-v|&[ftP), where Eg(-) is the Mittag-Leffler function, which is defined as

) xk
Eﬂ("):;omwsk)’
<E __ 0
1+r(1 g) = s x)‘1+r(1+,8)-1x’ e

Let Hp',* denote the H-function given in [49, Definition 1.9.1, p. 55]. By the formula

o AICL SR AFOERCEN:

it can be deduced from the cosine transform of the H-function (cf. [33, equation
(12.9)]) that

Gi(x )-i lw

|| vtP

Specially, by reduction formula for the H-function, we can get, for « = 2,

(L1),(1,8),(1,a/2)
(La), (LD, (La/2) |

,ol|x|2 @)
IR
x| B vtBla2)
Gt(x) — ‘ |

exp(—|x|*/4vt), =1

], Be(0,1).

1
(4vmt)V/2
Foondun and Nane [25] obtained the following estimate for G;(-).

Proposition 2.1 [25, Lemma 2.1] Let € (0,1).

(i) There exists a positive constant Cy such that for all x € R",

P
(2.3) Gi(x) > C min{t-ﬁ"/“, }

|x|n+oc
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(ii) If we further suppose that o > n, then there exists a positive constant C, such that
forall x e R",

B
(2.4) G(x) < C, min {t‘ﬁ"/“ t}.

> ‘x|n+oc

The following is an immediate corollary of Proposition 2.1.
Corollary 2.2 Let a > nand 3 € (0,1). Then

A
Go(x)x —
(2.5) t (] + 2l yee

[Rn Gi(x)dx S L

(x,t) e RY",

Proof Below, we always assume that & > n. By (i) of Proposition 2.1, it holds

B B
L —
C ( )> |x|n+a (|x|+t[5/vc)n+oc
X) =<
‘ 1 P 8/
|x| < tF/<.

>
nplea ™ (|X| + tﬁ/tx)n-Hx >

On the other hand, it can be deduced from (ii) of Proposition 2.1 that

th th
S x| > e,
|x|n+a (|x| + tﬁ/a)n+rx
Gi(x) S
1 th 8
N , |x| < tP/*,
tBn/a (|.X| + tﬁ/tx)n+(x
Finally,
B
Gi(x) = ([ + Fleymee
which, via a direct computation, gives
Gi(x)d L =
X ~ ———dx <1
fRn t( ) x Rr (|x|+t/3/a)n+tx
In the following, we assume & > n. We can deduce the following lemma from

Corollary 2.2.
Lemma 2.3 Letl<r<p<ooand¢eL (R"). Fora>n, e (0,1),andt>0,
np(1/r-1/p)/a

IR, ()| Lo gny S £ lo
Proof Letqobeyl/r+1/g=1/p+1. By Young’s inequality,

L (R")-

HR«x,ﬁ(Q")HLg(Rn) =[G = QOHL;’(R»«) S H‘PHL;(R")HGt(')HLZ(R“)'
It follows from Corollary 2.2 that

tﬁq

1/q
< Bn(1/q-1)/a
re (|| + Al )a(n+a) dx) St >

HGt(')HLZ(R") E(
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which implies

< thn(1/a-1)/a _ (Bn(/r-1/p) e

HRa,ﬂ(‘P)HLg(Rn) HS"HL;(R") H‘P”L;(Rn)- [}

2.2 Strichartz-type estimates

In this section, we establish homogeneous and inhomogeneous Strichartz-type esti-
mates.

Definition 2.4 Let X be a Banach space, and let I = [0, T).
(i) The space Cy(I,X) is defined as the set of all f € C(I;X) such that

[ flc. iz = sup 7 £(1,) | < oo
te

(i) The space Cy(I;X) is defined as the set of all bounded continuous functions from
I'to X.

For R, g(¢), we can prove the following Strichartz-type estimates.

Theorem 2.5 Assume that a«>n and 0<f <1 Let 1<r<p<oo satisfying
1/g = Bn(1/r—1/p)/a. Given ¢ € L"(R") and I = [0, T) with 0 < T < oo.

(i) Rap(9) € LI(LLE(R™)) N Co(L; L (R™)) with the estimate

|Rap (@)l 11 (e mnyy S I@lny(rny-

(ii) Rap(9) € Cq(LLE(R™)) N Co(L; LL(R™)) with the estimate

HRa,ﬁ(G")”cq(I;Li(Rn)) <le LL(R")-

Proof (i) We divide the argument into two cases.
CaseI: p = r and q = co. By Lemma 2.3, we obtain

np(1/r=1/r)/« Il

IRa,p(¢) L (517 (my) S Stug) t @) S o)Ly @ny-
>

Case 2: p # r. Denote F(t)(¢) = |Ra,p(¢) [ 12 (gn)- Since 1/q = fn(1/r —1/p)/a, a
further use of Lemma 2.3 can deduce that

26 F()(9) = [Rap(@)lizgeny 5 PP

It follows from (2.6) that F(¢) is a weak (7, g)-type operator since

|{t’ [F(2)(9)| > T}| < |{t: t< (WLT“R))Q H < (WLTUR))q

On the other hand, the inequality

LL(R") = ) LL(R")-

B
e (v =yl + 1

[Ra,p(9)(x)| < yara lp(»)ldy
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implies that
I (@) 11y =599 | Rag(9) 1z ) % PP o]y gy
>

which means that F(t) is a (p, o0)-type operator.
We can find another triplet (g1, p, 1) such that q; < g < coand r; < r < p satisfying

1/q=6/q+ (1-0)/oo,
r=0/r1+(1-06)/p,
1/q1 = pn(1/r —1/p)/a.

The Marcinkiewicz interpolation theorem implies that F(t) is a strong (7, q)-type
operator and

HRa,ﬁ(?’)HL;’(I;Lﬁ(R")) Sle LL(R")-

(ii) The argument can be also divided into two cases.
Case 3: p = r and q = co. We have

||Ra,ﬁ(¢)HL;’°(I;Lf(R”)) = Stug’ HRa,ﬁ(ﬁo)HLﬁ(R") S H‘P“Lﬁ(Rn)'
>

Case 4: p # r. Because 1/q = fn(1/r — 1/p)/a, upon taking q* such that 1/p +1=
1/r +1/q*, we obtain

Bn(1/r=1/p)/a

IRap (@)l c, 122y S sup (g lolzyeny < l@ler@n)-
>

On the other hand, for ¢ € I, [ Ry, 5(¢) [ (&) S |9 (mry- Consequently, Ry 5(¢) €
Co(LLL(R")). |

We then give the following Strichartz-type estimate for G,3(g)-

Theorem 2.6  Assume that o > nand 0 < B <L If (q, p) and (q, p) satisfy

1<p<p<oo&l<g<q<oo,
(1/q-1/q) + pn(1/p-1/p)/a =1,

then

fot /R Gis(x - y)g(s, y)dyds

Proof An application of Lemma 2.3 yields

< -
LI(BLE(Rm)) ”gHL?(I;Li(R"))'

| [ G- nglsindy| | sle= s b 0mimiegs,.))
,, .,

P .
L£ (R Lx (]Rn)
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It follows from the boundedness of fractional integrals that

t
. fR Gis(x = y)g(s, y)dyds

L{(LLY(R"))
t
f,, Gis(x = »)g(s, y)dy ds
k LE®) i
-nB(1/p=1/p)/«
t ) S5 ")
N ”gHL?(I;LE(R”))’
which finishes the proof. ]

Other space-time estimates for G, g

We will establish the following space-time estimate for G, g.

Theorem 2.7 Givena>nand0< <1 Forb>0and T >0, letry=npb/aandl =
[0, T). Assume that r > ro > 1 and that (q, p,r) is a triplet satisfying 1< r < p < oo,

1/q = pn(1/r—1/p)/a, and p > b +1.
(i) Ifg() e LD (1LY D (R)), then

|1Ga,p(g) ||L<;°(1;L;(1Rn))

Tl—ﬁnb/(ﬂx) ”gHL"/("“)(I Lp/(b+1) (®"))’ p < T’(b + 1),
TinBb/(re) | g 1/ b+ ‘ 0(b+1) H| [/ b1) (1-0)(b+1) p2r(b+1)
L (KLY (R")) LnLiey)’ ’
where 0 = (p/(b+1)-1)/(p-71).
(ii) Ifg(-,-) € LY (1, L2/ (Rm)), then
|Ga,p(g) ||L'§(1;L§(1Rn))
Tl—nb/;/(ﬂx) ”gHL?/("“)(I;Li’/(HI) (R"))? p< r(b + 1),
0(b+1) (1-6)(b+1)
p-nbB/(ra) ||| 11/ (b+1) o/ e+1) C psr(bil),
4 ‘L}”(I;LL(R”)) H| | LY(LLE(R™)) pzrib+l)
where 0 = (p/(b+1)-1)/(p-71).
Proof (i) For the case p < r(b + 1), we have
t
|1Gap(g) HL}”(I;L;(R")) =sup f Gi—s(x = y)g(s, y)dyds
ter 1JO JR" L7 (R")
t
S sup f Ges(x—y)g(s, y)dy ds.
tel R7 L7 (R")
Take q* such that (b +1)/p +1/g* =1+ 1/r. Then, by Lemma 2.3,
B O L e FICR R
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which implies that
t
HGa,ﬁ(g) HL;n(I;Lr(Rn)) S Su? fo (t - 5)—”,5((b+1)/17—1/r)/0¢ ”g(s’ ')‘|L§/(b“)(R")ds'
te
Let g be the conjugate of q/(b+1), ie., (b+1)/q+1/q=1. Because r>ry:=
bBn/a, then
0<1-nB((b+1)/p-1/r)q/a=q(1-bpn/ra) <1.

A direct computation, together with change of variables, gives
; 1/q
( f (t- 5)—"/5((b+1)/P—1/f)ﬁ/ads) < TYT-np((b+)/p=1/r)]ax
0

Then we obtain

|Gap ()L (1i2r)

t /7 , (b+1)/q
- —1nNg b
Ssup(fo (t —s)~"PU+D/p=1 )q/ads) (/0 |g(5,.)|%§(;}3(w)ds)

tel
< Tl/q—nﬁ((bJrl)/P—l/r)/a Hg” Lf/(bH) (L2 (R

-b
< Tl fnfra Hg” L;I/(b“) (I;Lg/(bﬂ) (R"))”
where in the last inequality we have used the fact that

1/g9-nf[(b+1)/p-1/r]/a =1-bfn/ra.

When p > r(b +1), Lemma 2.3 gives

fRn Grs(x - y)g(s,y)dyHL

t
1Gap (&) (Lr®my) S Supf
tel 40

t
ssup [ g5
tel 40

Li(Rn) = Ilg(s, .)|1/(b+1) ”Zr&“)(n@")' Hence,

ds
L(R")

1y 95

Notice that ||g(s, )

b+1

t
G. e f M) d
1Ga,p (&)l Lo (1L (mn) 5:39 A H\g(s l L1 (g

Take 6 € (0,1) such that 1/(rb+r)=0/r+ (1-0)/p. Let py=(b(1+6))" and
q1=p/(r(b+1)(1-0)) such that1/p; + 1/q; = 1. Applying Holder’s inequality on the
spatial variable, we obtain

.)|1/(b+1) b+1

H |g(S L;(bﬂ) (R7)

o YR oy o W
s{ [Llsorema [ jgsxrt-max)

0(b+1)/r (b+1)(1-6)/p
s{ [lsr@ast T [ gm0 s ,
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which indicates that

|1Gap () Le*(LLL(R"))
t
Sup [ [lg(s. 0
tel Y0

< H|g("')|1/(b+1)||$:(11)ir(w))Squ llg(s, )|1/(b+1)||ill)(;)n(b+l)
t 1-(b+1)(1-0)/q
S e 08 ey s (1)

(b+1)(1-6)/q
(1-0)(b+1)q/(1-6) (1+b)
D R

S T OO a] oy /() ||§;f(ll);‘i;(w))”|g|

6(b+1) 1/(b+1) | (1-0) (b+1)
vy Mg (s )DLy ds

1/(b+1) || (b+D(1-6)
HL'f(i’sLP(R"))'

Since 1/q = fn(1/r-1/p)/aand @ = (p—rb-r)/((p—7)(b +1)), then
‘0(h+1)

L (BLL(R™))

(1-6)(b+1)

Tl npb/(ra) 1/(b+1)

H| |1/(h+1)

|1Ga,p(&) Lo (1 () S 8]

LI(LLE(R"))

This completes the proof of (i).
(ii) For the case p < r(b+1), using Minkowski’s inequality and Lemma 2.3, we
obtain

|Gap (&)l (riz2 rry)

r ! q Y4
L 6t st ) ]

! t a V4
S{fo ([0 (f—S)_”ﬁ((b“m’_l/p)/“||g(5>')\|L5/<b+u(Rn)d$) dt}

t
| e s g5, e oy s

L

Let y be the number such that 1/qg+1=(1+b)/q +1/x. An application of Young’s
inequality gives

1/x
T
”er,li(g)HLf(l;Lg(Rn)) S |g("')|L?/(b“)(I;L{/(”“)(R"))(fo t_nﬁbX/Padt)

—-nfb
< Ti-nB [ra Hg("')HL?/(“’)(I;Lﬁ/("“)(R"))’

where in the last inequality we have used the fact that1/q = n(1/r —1/p)/«.
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For the case p > (b + 1), we apply Lemma 2.3 again to get

ds
LE(R")

fRn Grs(x=y)g(s,y)dy

[ Gup(8) HL?(I;L‘;(R”)) S
L{(D)

t
fo (t- S)fnﬁ(l/r—l/p)/rx |||g(5).)|1/(b+1) ”L;’(Rn) ds

L

Choose 6 € (0,1) such that 1/(b+1) = 6 + (1- 0)r/p. Letting p, = (b +b6)~! and
q2 = p/(r(b+1)(1- 0)), we use Holder’s inequality on the spatial variable to deduce

t
-B(1/r=1/p)/a
t_
JAGD!
1/(rqz2)

1/(rp2)
t
<, (t—s)"ﬂ“/”/"”“( / |g<s,x>|’9“dx) ( / |g<s,x>|’“>q2dx) ds
0 R» R»

< /t(t_S)*"ﬁ(l/ffl/P)/amg(s) )|1/(b+1) if“i)
0 (R™)

t
gL oy, (=9 g B s

b+1

g(s, )/

L;<b+l) (R" )

b (1-0)(b+1)
(s, ) Ly s

which gives

1/(b+1) |0 (b+1)
HGlx,ﬁ(g) HL?(I;Lﬁ(]R”)) S ”|g(’)| /( " )”Lw(IL'(R”))

[(t 5) s 1/p)/a|||g( )|1/(b+1)||i;(;)(b+l)

L

Suppose that ¥ obeys1/qg+1= (1+b)(1- 6)/q +1/¥. Young’s inequality on the time
variable gives

1Gap(&) o122 mry)

S JlgCM @D o NgGMEDED0 D

T /X
x ( f t—”ﬁ(l/f—l/P)Y/“dt)
0

—bBn/(ra 0(b+1) (b+1)(1-0)
S TGO i g oy 118G Ly gy

where in the last inequality we have used the fact that 1/y - nf(1/r - 1/p)/a =1-
bBn/(ra). This completes the proof of Theorem 2.7. ]

Theorem 2.8 Leta>nand0<f <1 Forb>0andT >0,letrg=bnB/a,1=[0,T).

Assume that r > ro > 1and (q, p,r) is a triplet satisfying1 < r < p < 00, 1/q = Bn(1/r -
1/p)/e, and p > b +1.
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(D) If g € Coppeny(LLY TV (R™)), then

1Ga,p ()] Lo (15 ()

T1-bBn/(ra) HgHc,,,(hﬂ)(I;Li’/("“)(R”))’ p<r(b+1),
) a-bnp/(ra) ||| 1/ (b+1) || 0 (0+D) 1/(b+1) || (1=6)(b+1)
g P i a8 Pl a2 20D,
where 0 = (p/(b+1) -1)/(p-71).
(i) If g € Cgyqorny (LY ™D (R™)), then
1Ga.p(&)lc, (2 (rry)
T1-bBn/(ra) Igl Cyyoany (KLY D (Rn))> p<r(b+1),
~ | 1-bng/(r 1/(b+1) || 0(0+1) 1/(b+1) || (1-0) (b+1)
T1=bnB/( vc)|||g|/(+)H )H| |/(+)|| p2r(b+1),

Ly (BLL(R™) Cy(LLE(R™))

where 0 = (p/(b+1) -1r)/(p-71).

Proof (i) We first consider the case p < r(b + 1), and it follows from Lemma 2.3 that

| [ Gty | s (o g5,
which implies that

|Ga,p(2) ||L;>°(1;L;(R”))

S sup ds
te[0,T) LL(R™)

< sup {f (t—s)" nB(b+1)/p-1/r] /aHg(S, )|Lp/(b+1)(]Rn)d}

te[0,T)

S HgHCq/(bH)(I;Lﬁ'/(h“)(R”)) sup {[ (t-s)” nB[(b+1)/p-1/r]/a —(b+1)/qd5}

te[0,T)

)8(s, y)dy

A direct computation, together with the change of variables: u = s/, gives

“f ) BLG p1r) e - (b41) a gg < [-nBb/(ra)
(t-s) s dsst >
0

which indicates that
1-nBb
[Gap (&) iz S TP gl cra oo (amy-

Now, we consider the case p > (b +1)r. By Lemma 2.3, we have

| [ G -ngsndy|  slgls) e
R Ly (R")
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If6€(0,1), p3 = W’ and g3 = m, then we obtain

1Ga,p(&) L= (r1rmy) = suF
te

JRR—

t
ssup [ 1905, lugeny s
tel Y0

LL(R")
Notice that1— (b +1)(1-6)/g =1- bfn/(ra). An application of Holder’s inequality
gives

I Ga,p (g) HL?"(I;L;(]R”))
b+1

t
< ) [1/(b+1)
S sup fo eI .

t
s sup { [ [lgCs e
te[0,T) \ /0

S [lg oD Hf,ﬁf’&ﬁig(m lie

ds

0(b+1)
L (R™)

(1-6)(b+1)
85, ™ as)

1/(b+1) || (1=0) (b+1) " (b+1)(1-0)/q
leyazceny oy Wo ds

S [ L Eyretecs
t Hx q\HHx

We begin to prove (ii). Let g € Cy/(p1) (I Lﬁ/(b“)(R”)). For the case p < r(b +1),
we have

S (1-5) PP g (s, )
LE(R")

H L, Greslr = )g(s,y)dy

HLg/(bﬂ) (R")?

and hence

Ga,p(8)

1/q /'t ‘/ _
S sup ¢ Ge—s(x s, y)d ds
Co(LLL(R™)) te[O,I:;") 0 Rn t ( y)g( y) Y 1P ("

t
S sup tl/qf (t—s)_"ﬁb/p“Hg(s,-)HL,,/(M)(R,,)ds
te[0,T) 0 x

1 t —-nBb/pa —(b+1
< HgHcq/(,,ﬂ)(I;Lﬁ/(M)(R”)) teS[l(,)lI;)t/q A (t—S) Bb/p s (b+ )/qu

1-Bbn/pa
< Hg“Cq/(b+l)(I;L£/(h+l)(an))T .

For the case p > r(b +1), it holds

H[R Gis(x—y)g(s, y)dy

I D A HCY

Lr(R")
LE(R *

b+1

S (8= )P 1 (s, YD i -
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Taking 60 = (p - r(b+1))/(p — r), we use the Holder inequality to deduce

(b+1)6

t
< sup 14 /0 (= 5) PrQ/r=1in)/a|| g (s, /(0D e

Co(LLE(R™)) ™ te[0,T)

O et

|Geus(2)

|1/(b+1) ”(h+1)0

(b+1)(1-6)
L= (LLL(R")) [lgl D) ¥

S H|g Cq(LLE(R™))

X sup {tl/q ft(t_S)—ﬁn(l/r—l/p)/as—(bH)(1—9)/qds}
te[0,T) 0

< T1-Bbn/ra ” |g|1/(b+1) || (b+1)6

(b+1)(1-0)
Lo (ILE(R™)) [1gl¢*V] )

Cq(LLY(R™))
This completes the proof of Theorem 2.8. ]

2.4 Regularities of R, g and G, s

At first, let us recall the following well-known estimates for the fractional heat kernel
Kot (+).

Proposition 2.9 [52, Lemmas 2.1and 2.2] Let o > 0.

(i) There exists a constant C such that

t Ct
Ktx,t(x)‘ = Cmin{t_"/za } o

> |x|n+2¢x (tl/Za +|x|)n+2<x'

(i) For & > 0, there exists a constant C > 0 such that for |h| < t/2¢,

Kt + h) = Ko (3)] < ct ( U )

(tl/Zot + |x|)n+2a t1/2a

Remark 2.10 It is easy to see that in (ii) of Proposition 2.9, the condition |h| < /2
can be replaced by |h| < |x]/2.

Below, we investigate the Holder continuity of the kernel G,(-).

Proposition 2.11 Assume that o > n and 0 < $ < 1. For e € (0, a — n), there exists a
positive constant C such that for all x € R" and |h| < tP/*,

Wy
(2.7) |Gt(x+h)—Gt(x)‘SC(tﬁ/a) Wl s e

Proof We first verify (2.7) for |h| < |x|/2. Recall that

Gi(x) = [ Kupaa )i (5)ds,

where fg, (x) = tp'x717//F gg(tx~'/F). An application of change of variables gives

Gi(x) = [ Kepa,(uop ()ga(w)ds
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which, together with Proposition 2.9(i) with ¢ € (0, « — n), implies that
(2.8)
Getx+ 1) =G| [
=( Il Y (t/u)?
< d
L™ () cpespmasstoas

u B-Be/e 1 ]
| | -[ ( ) (t/u)ﬁ/“+|x|)n+agﬁ(u) u
LN
SW[ uP el gy (u)du
|h] ¢ B(n+e)/a B(n+e)/a-p-1
S(tﬁ/“ {nfla [ d“+f u du
W\ 1
<l —1 ——
~ tﬁ/‘x tn[i/a’

where in the last inequality we have used the facts that « > nand 0 < e < @ — n.
On the other hand, by Proposition 2.9,

Koo (e (% + ) = Koo (e ()| (1) s

s |h |h s
Ka/z,s(“h)-Ka/z,s(x)‘ S (sl/“+x|)*“(51/“) S (Sl/a e’

and we have

oo u 8 £
(2.9) ‘Gt(x+h)—Gt(x)‘5f %3 ((t/lh)lﬁ/a) gs(u)du

o IHE e pele [ B041) gy )
0

|x|n+tx

ALY
"’|x|n+<x tﬁ/tx '

Finally, it can be deuced from (2.8) and (2.9) that

N Y
\Gf(“h)‘Gf(x)|Smm{(tﬁ/a bl Jarea \1bls | [

equivalently,

Id tF

‘G (x+h)-G (X)|<C(tﬂ/u) (Bl + [x|)n+a”

Now, we assume that || < t8/ If |h| < |x|/2 < tP/* or |h| < tF/% < |x|/2, itis obvious
that (2.7) holds. Now, we consider the case |x|/2 < |h| < t#/%. We split |G,(x + h) —

https://doi.org/10.4153/50008414X22000566 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000566

1922 P. Liand Z. Zhai

Gi(x)| € 81 + Sy, where

Sl = /
u:|h|<(t/u)bl=

Sz = f
u:|h|>(t/u)ble

For Sy, since |h| < (t/u)P/*, it follows from (ii) of Proposition 2.9 that

Koo, (tyuys (X + 1) = Koo (tuys (x)‘gﬁ(”)d“’

Koo, (tjuyp (x + h) = Koo (1/u)p (x)‘gﬂ(u)du.

LAY (t/u)P
S < f d
! u:|h|<<t/uwa(<t/u)ﬁ/“ () + a8 ()2
|h| ’ 1 ! B(n+e)/a * B(n+e)/a—p-1
s(tﬁ/“ bl fou du+[1 u du
LR
S|4 ——.
~\ Bl ] ynpla
We further divide S; as S; < S5,1 + S5, where

Sy = /
ui|h|>(t/u)b/e

Sy, 1= f
wi|h|2(t/u)bl=

Noticing that |h| > (¢/u)P/%, we deduce from (2.5) that

Kaja,(t/u) (x)|gﬁ(”)d”s

Ko (efuys (x + )| gg () du

|| ) (t/u)P
S g/ p
i u:|h2(t/u)ﬁ/u((t/u)ﬁ/“ (|x|+(t/u)ﬁ/a)n+agﬁ(”) u
h " 1 ®  B(n+e)/a
S(tﬁ/oc tnﬁ/tx‘/o‘ u gﬁ(u)du
m\" 1
< -
Y\ Bl ] gnBle’

The term S, , can be dealt with similar to S, ;. Finally, due to |x|/2 < t#/%, it holds

LAY LIRY tf
\Gt(x+h)—Gt(x)|s(tﬁ/a ot S\ e | G ey

which completes the proof of Proposition 2.11. ]

Theorem 2.12  Assume that o > nand 0 < S <1 If p € [1,00] and ¢ € LP(R"), then
R, (9)(--) is continuous on R

Proof Atfirst, for fixed ty > 0, choose (t, x), (to, xo) € RY*". By Proposition 2.9 and
Hélder’s inequality, we can get
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[Ra,(9) (t0, %) = Rap (@) (0, %o)|

< J 44"
S AL

SM1+M21

Koo, (tojuys (X = ¥) = Koy, (1 juys (%0 = )’)‘gﬁ(”)d“} lp(»)ldy

Koo, (tou)e (X = ¥) = Koz (10 1uyp (%0 = )’)‘ : |<P()’)|d)’} gp(u)du

where

M, ::[ {f K
w:(to/u)Bl®>|x—xo| (JR"

M, ::/ {f
u:(to/u)P/e<|x—xo| (JRP

For M, since |x — xo| < (to/u)P/%, it follows from (i) of Proposition 2.9 that for

e€ (0, —n/p),

2010 (5 =) =Ko o p (0= )] 100l g ()

Koo toyuyp (X =) = Koo, (10 yuyp (%0 = J’)| : \‘P(J’)W)’} gp(u)du.

- xol )’ (to/u)P
Ka/Z,(to/u)ﬁ(x_y) _I<0C/2»(10/14)‘3 (x()_)’)‘ S ((t()/u)ﬁ/a ((to/u)ﬁ/“ + |x_y|)n+,x >

and hence
(2.10)
-zl \° (tofu)?
Ml S‘[u:(to/u)ﬁ/“>xxo{jl;"((to/u)ﬁ/a) ((to/u)ﬁ/(x + |x_y|)n+¢x |¢(y)|dy} gﬁ(u)du

x—xol \° (to/w)” B/ (ap’)
< fm,/uw”_xo(m/uwa ) ol o)™ gy )

x — x| *° e+n o
S H(P”LQW[O LBlernlp)] gp(u)du
0

<o L5t85(8+”/17)/06|x — xoff,

where in the last inequality we have applied (2.2) to estimate the integral as

f T B nIDg (1) du f b Benina g, | f < Blernip) e p1 g, oo
0 0

1

For M,, noticing that |x — xo| > (¢/u)?/%, we can use (i) of Proposition 2.9 to get

Koo, (tou)e (= ¥) = Kapa (1o uys (X0 = }’)‘

<( [ = ol )S{ (to/u)* . (to/u)* }
T\ (tofu)Ple |\ ((tofu)Ple+]xc = yl)mee ((to/u)Ple + g = yl)mre )

We split M, < M,y + M, ,, where
xxo| \* (to/u)”
M ::f f d du,
u:(tommw{ () e s o s

- bl ) _(tofu) J eyt
52 [ i e G ) e s #0000
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We can follow the procedure of (2.10) to deduce that
M+ Moz 5 gl t™P % x - x|,

This means

1) |Rap(9)(to:X) = Rap(@) (£, x0)] S gl oty =P |x = xof,

which indicates that R, g (@) (o, x) is continuous with respect to the spatial variable x.
Now, we investigate the continuity respect to the time variable t. For fixed x € R",

Ra,/;(q))(t,x) _Ra)ﬁ(q))(tOrx)
= fR (Ge(x=y) = Gi(x =) p(y)dy

= fRn {fom (Ka/a,(tyuys (X = ¥) = Kapa, (to)uyp (X = ¥)) g/;(u)du} ¢(y)dy
= /;oo {fR (Ka/z,(t/u)ﬁ (x-y)- Ka/z,(t.,/u)ﬁ(x —)’)) ‘P()’)d}’} gp(u)du
= [T (U ) — o O (1)) gy ()
which gives
|Ra,p(9)(£:x) = Ra,p(9) (0, x)]
§ [ | g (x) - I 0 g 2)| g ().
Case I: p € [1, 00). We have
|e—<f/“>’3<-A>““¢(x) _ e—(to/u>”<—A>““f(x)|

S ”gDHLI;(R") |(t/u)ﬁ(1*1/l¥fn/txp) _ (to/u)ﬁ(lfl/“*ﬂ/up)
B(1-1/a—n/ap) |tﬁ(171/¢x—n/ap) _ tg(l_l/a_n/ap)‘ .

S lelppmyu
Because a > nand p > 1, then 1+ n/p <1+ n < a. The above estimate gives
[Ra5(9) (£, %) = Ra,p(9) (t0, )|
< _|¢pa-1/an/ap) _ BO-1/a=n/ap) [ °° ~pQ-/a-n/ap) g,
I oloz e | 6 | [, e u
It can be seen from (2.2) that if u € (0,1), for any N > 0,
gp(u) ~ K(B/u) PP exp (|1 = l(u/B)P/#V)
<y a-/a-p) 1
~ uBN/(B-1)
< y(NB-144/2)/(1=B)
Then, we split the integral

/ gﬁ(u)u’ﬁ(l’l/“fn/“l’)du SL+1,
0
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Application of capacities I 1925
where
I = f L (NB-1/2)/ (=), ~B -1 a-nfap) g,
0

I := [oou_ﬁ_lu_ﬁ(l_l/“_"/ap)du.
1

Taking N large enough, we have I; < co. For I,, because f3 € (0,1) and « > n, then
lJa+n/ap-2<0and

I = f = B amnap)l g, oo
1
which indicates that

(2.12)
|Rap (9) (£, %) = Rap(9) (0, X)| S 9]l 1o (gny

tﬁ(lfl/tx—n/ocp) _ tg(l_l/o‘_”/“P)‘ .

Case 2: p = co. We can also get

(2.13)

Raop f (1,%) = Ra f (10,)|
- 1-1/«a
(PO-1/a) _ B0=1/e)

(foo gﬁ(u)u_a—l/a)ﬁdu)
0

Sl eliemm

5 H(PHL;f(Rn) BO-1/a) _ tg(l_l/"‘)

Now, fix (to, x) € RL*". Since

Ra,ﬁ‘/’(t: x) - sz,ﬁ‘P(fo, xo)‘

<

Roc,ﬁf(to’x) - Ra,ﬁ‘P(tO)xo)

>

Rup (%) = Rapp(t0,)| +
it follows from (2.11)-(2.13) that

lim Ry po(t,x) =R pp(to,x). ]

(t,x)—>(to,x0)

Theorem 2.13  Assume that (o, 3, p,q) € (n,00) x (0,1) x [1, 00) x (1, 00) satisfying
np/p+a/q < a. For ge LILE(RY™), G, 4(g) is Holder continuous in the sense that
for any two sufficient close points (t, x), (tg, xo) € R:™,

Gap(8) (%) = Gap(t0, %0)| $ €l 11 crmy { £ = tol 47/ s |y — o |/ n I

Proof Given a point (ty,x,) € RY*", let x € R" be sufficiently close to x, such that
0 = |x — xo| small enough. Then |G, g(g)(t0,X) = Ga,p(to,X0)| S I+ II, where

to
I:= / [ ‘GtO,S(xO_y)_Gtofs(x_y)||g(s’y)|dyds’
0 B(x0,38)

to
5= [ sy Gioms20 =) = GuamsC = )5, ) dyds.
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We first estimate I. Write
to dvd to
Ig Gro—s(x0 — ,
S s [GosC =g dyas = [

We further split

Gru-s(x = )|1g(s. )l dyds.

to
/; ‘/B:(x0,35) ‘Gto—s(xo - y)‘|g(5,y)|dyd5 <I+ Iy,

where

to—(28)%/F
L= fo fB (o) |Gra-s(x0 = y)|l8(s. »)|dyds,

to
b= fto—(zs)a//s fB(xo,S&) ‘Gt"‘s(xo a y)“g(s, y)ldyds.

Applying Holder’s inequality to the variables y and s, respectively, we have

R A
LS B(x0,38) ([to — S|P/ + |xq — y])™+® g\s,y)layas

<fm(z<s)a/p 1 / o 1/p f g l—l/pd
~Jo |to — s|Bn/e B(x0,36)gy)s Y B(x0,38) J s

to—(26)%/* 1 )
: ./0 |7||g(s,-)|\L§(R,,)5"(l 1/p) 45

t() - S|'Bn/'x
S 180 ) |unpapm 0=,

Similarly, for I,, we have

ns o, st 19(s, y)ldyds
27 Jou-aoyett Ja(xa30) ([to — |/ + xg — y|)rre 8 52N
/ 1/p
to Itg — s|P'P
S 5" n d d
ft(r(zzs)a/ﬁ lg(s )“Li’(R )(fB(xoﬁ&) (|to — s|B/® + |xq — y|) ()P’ y s

/ 1/p
to Ity — s|P'P
N 5" n d d .
- fnr(zawﬂ SRRIEE )( fR (to — sl + g -y 7 | &

Split
Ito — s|P'F
cdy
R ([to = slB/* +[xg — y[) (nre)p
_|P'B
< /' |to — s dy
ly-xol<|to—slf/= ([to — S|P/ + |xq — y|) (n+e)p’

5 it
20 J 2% |to—s[P/e<| y—xo|<2k+1| tg —s[P/® (|L‘0 — S|/3/tx + |x0 _y|)(n+a)p/ y

https://doi.org/10.4153/50008414X22000566 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000566

Application of capacities I 1927

o — s|P'B
5[ |°—S'|,dy
ly—xol<|to—s[B/= |ty — s|F(nra)p’/a

+i[ |to - s[?'F dy
20 2 to-s[Ble<ly—xo|<2k41|tg—s|fle (2Kt — s|B/a) (n+a)p’
to — P'B had to — P'B
| 0 3| |t0 _S|nﬁ/o¢ + | 0 3| (2k+1|t0 _S|ﬁ/o¢)n

it - s|p(mra)p'/a
1

<— |

~ Tt — s|B(r'—D)/a

paard (2k|t0 _ S|)[§(n+a)p//a

Then we obtain

B [0 e i g
20 to—(26)%/P AN Lg(Rn)|t0—S|"/3/“p

to ds e
$18CMaguzaen| oy o=y

S llgt-) ”Lngg(Rl;n)5“(1_1”)//3_"/?-

Now, we estimate I1. It follows from (ii) of Proposition 2.9 that there exists a
constant ¢ > 0 such that for |x — x| < |x|/2,

slx = x| < sx = x|

|K“/2’5(x) _K“/Z)S(x0)| S (sl/a +|x|)n+¢x+s ~ |x|n+0¢+£ '

We have

G/ (x) - Gr(x0)| 8 fow |iT£f3fE|x—xo|€gﬁ(u)du

thlx — xol* [
<Mf u P gp(u)du
0

~ |x|n+u+s

< tPx — x|t

~ |x|n+zx+s ’

which implies that

|x—x0|)‘e 1 tﬁx—x0|s}

‘Gt(x) - GI(XO)‘ S min{( tB/a B’ |x|mrate

If |x| < tP/*, we have

|x — xo|5tP |x — xo|5tP
tB(n+a+e)/a ~ (tﬁ/a + |x|)n+¢x+s'

[Ge(x) - Ge(xo)| 5

If |x| > tA/*, it still holds

|x — xo[5tP |x — xo[5tP
S .
|x|n+¢x+£ ~ (tﬁ/u + |x|)n+tx+£

(2.14) ‘Gt(x) - Gt(xO)‘ S
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Applying (2.14), we can deduce that

fo 6£|t0—5|ﬁ
ns [7f y)\dyd
0 M\B(x0,38) (|to — s|B/* + |xo _y|)n+a+s|g(5 y)ldyds

to-(20)"" 8lto - sl
S
0 R

,¥)|dyd
”\B(x0,36) (|t0—s|ﬁ/"‘+|x0—y|)"+"‘+s |g(3 )’)| )’ S

/to [ 8€|t0 - S|’B
+
to—(20)*/f JR*

,v)|dyd
\B(x0,30) (|t0_5|[5/oc+|x0_y|)n+oc+g |g(5 }’)| yas
= 1114—112,

where

111<ft°_(25)wf 8|to — s
~Jo R

,v)|dyd
\Gen30) (To ST + g — ylyrae 8 (5 7)ldyds

1/p’
to—(26)%/P dy
< 8¢1to — 5P| g(s, - . f ds
A | 0 ‘ Hg( )”Lf(R ) R"\B(xo,Sé)(‘to—Sw/“

+ |X0 _ y|)p’(n+a+s)

and, similarly,

"\B(x0,38) W

to dy 7y
< et —s|P .
Uz~/t0_(26)a/65 [to = s” g (s, )”Lﬁ(R”)([l; ) ds.

We first estimate I1;. The following integral can be estimated as

[ 8% |tg — s|PPdy i 87%|to — s|PP(378)"
R7\B(%0,38) (|to — s|P/® + |xo — y|)P'(mtare) ™ = ([tg — s[B/e 4 31 §)p' (nracte)

D | SR i V. L
~ T3 Jus (- s|fla 4 p)p'(ntate)=n

N

oo ple=lp _ (|P'B
< f g It ,S‘ dr.
38 (|t() _ S|ﬁ/u + T’)P (n+a+e)—n

A direct computation gives

oo "e-1 ! 0o
[ 8P ety — 5P P drS(sP’£71|t0—S|plﬁ‘/ 1
38 (|to - 5|ﬁ/t¥ + r)pl(n+a+s)—n 354]to—s|p/s 1P (7

du
+a+e)-n
8P Bty — s|P'P
~ (36 + ‘to - S|ﬁ/0¢)p’(n+¢x+s)—n_1 >

which yields

L < f v lg(s: )l 0P o — s d
1~ 0 8Ll (rm) (8 +|to - S|ﬁ/o¢)(n+a+s)—(n+l)/p’ $

to—(28)°/# se1/p’ p
< .
N fo lg(s, )HLﬁ(R")(8+|t0_5|[3/a)n/p+571/p’ $
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e1/pf to=(20)" 1 v
S6 HgHL:’L,‘Z(]R‘j") ’/0\ (84-|t0—5|ﬁ/"‘)(”/1’+8_l/?')‘1' ds

< §@(-1/a)/B=n/p Igllzare risny-

For the term I1,, an application of Holder’s inequality yields

7

p
II <[’o It _5|555\|g(s My f L .
2R to—(28)%/f 0 L RO\ g\ B(xo,38) g — y[p (nreva)
to ,

N > o — B g (n+era)+n/p’ ge g

L 86 il S

—(n+e+a)+n/p’ fo , 1/q
< o~ (n+era)en/p’ e HgHL?Lg(R};n) ft oyt Ito —s|ﬁq ds

o=

S ”gHLl,’Lg(Rﬂj")60‘(1_1/‘1)/‘;_”/17.

The estimates for I and IT imply that

Gap(g)(to,X0) Ga,ﬁ(g)(to,x)\ $ gl ape gasmy8*C Bl

For fixed x € R" and #; > t,, we can see that

Gay(8)(t1:%) = Gap(8) (12, )| S TIT+ 1V,

where

>

1= l L7 [ G =) = Guueslx = 1)) (s y)dsdy

1V = .

t
[ ], Gurex = y)g(s, pdys

It follows from Holder’s inequality that

t
s [7 [ 1Gu-ix=pllg(s.)ldyds
’ 1/p’
t |t1—5|ﬁp
5[2 |g(5")|L£<R">{/Rn (o= slfle + ey omar V| 9
t
R COI e

t , 1/q
S |g|Lng(R1++n)( /t |t1 _ S|—ﬁnq /((xp)ds)
2

b — oV anB ).

b — s P g

N HgHLfLi’(R‘:")
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To estimate III, we first investigate the Lipschitz continuity of G;(-) on the time

variable t. Because

Gr—s(x = y) = Gpp—s(x - y) :fow(Ku’(qu—s)ﬁ(x -7) _K‘x’(%)ﬁ(x _)’)) gp(u)du,

it holds

L L (S 9 K g0ttt e s

I =

) f {fR( a/2.( 'n-s)ﬂ(x‘”—Ka/z,(rzu-s)ﬂ(x—y>)g(s,y)dy}gp(u)dsdu
[ e

Noticing that

we can obtain

IS

<

~

<

~

[
[
[

-s\B
e_( tlus

((p)(s x)—e -(4 uS)ﬂ(—A)u/z((P)(s,x)}gl;(u)dsdu .

VO ()52 - ()7 (9 5,0)
l ()

d —r _A)%/?
(fzu.s)ﬁ PR QIR
(fl
sf(
("u )
<

8P gy )

P g (5, ) o gy AT

() .
f() P 905 |y ey dr | ds b g (u)du

f-s\P
_[(tz—su)/’ r l_wdr) |g(5")|L§(Rn)d$} g;;(u)du
(42) (22 dr
0 1805V s oy s | g5 ()l
(r+ (L=

Since for § € (0,1),

(t1)u—s/u)? = (ta)u—s/u)f < (h)u-t2)u)",
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applying Fubini’s theorem and Holder’s inequality, we can get

o (o peany dr
msf f f — g, ) oy ds b (u)du
0 { 0 0 (r+ (tz-s)ﬁ)“@ Ly(R™) B

o | 5 o (gl
sfo fo fo s | dr gy (u)du
(r+ (=)

- ( )/; 4 ds l/q/
s lglogucery |, { / ( JA )M)q,) dr}gﬁw)du.

(re (22)

By change of variables, we obtain

, 2/u)P 1/B-1
ft ds — = uf(t/ s da ldsi -5 ur O ap)d 5
U ()T e

Finally, we have, upon 1/q'8 — n/(ap) > 0,

o (tifu=t2fw)? ’
11 5 [ gl 310 e [O { fo r (1+“P)+q’ﬂdr}u1/q gs(u)du

1 _pn
(-1 (7_5) ’
Slelgaen [ ("52) 77 Wl gyu)du

A A O

N Hg”Lt"Lﬁ(R‘:")

where in the last inequality we have used the following estimate: [~ uf"/*P g (u)du <

oo. In fact, by (2.2), gg(u) s uNF-1+B/2/0=F) for yy € (0,1) and N being large enough,
which indicates that

1 1
fo uP19 g (u)du fo uBnlap  (NB=1+B/2)/(1-B) 3, < oo

On the other hand, under the assumption that « > n and 8 € (0,1), we can see that
BSn/(ap) — B -1< —1and therefore

/1. uﬁ"/(“p)gﬁ(u)du S /1 uPn/ @)y =F1gy < oo u

Theorems 2.12 and 2.13 show that, for the case a(1-1/q) — fn/p > 0, the solution
for (1.2) is continuous. For the endpoint case a(1-1/q) — n/p = 0, we can obtain the
following Moser-Trudinger-type estimate for G, g.

Theorem 2.14 Given a > n and 0 < 3 <1. Assume that p € [1,00), 1< g < o0, and
np/(ap) +1/q =1 Let (to,x0) €e RY", 1y = té/(za), and 0 < |\g\|L;1L§(R1++n). There exists
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a constant C > 0 such that

qa/(q-1)
I Gup(@w) \ "
2a|p(®) B €xp Clel xdt S 1.
r2%(By,” (to, Xo)| (to,%0) &lrare (rirn)
Proof Let (t,x) € Ry be fixed. Then |G, g(g)(#, x)| S I + II, where
= [T [ Ges = plgts )ldyds,
t
I ::f, fR Gi—s(x = y)Ig(s, y)|dyds.

Below, we deal with the terms I and I, separately. By Holder’s inequality, we get

(t-s)P
I ,v)dyd
S G et s

; ; d)/ 1-1/p
S /0 (t=9)"g(s: ) e wn) {/]R (|t - s|Ple + |x_y|)p(n+a)/(p—l)} ds.

It can be deduced from the integral

dy < |t — [Pl
Rn (|t — 5|ﬁ/0‘ + ‘x — y|)P(”+“)/(P—1) ~ ‘t — 5|ﬁ("/“+1)P/(P—1)

that

r 8 |t — 5|nﬁ(1—/p)/a p r ds
< — . - < . -
15 [ (=9 g azqe = grcmaore 4%, 186 oo fasrian

By the fact that 1/q + nf/(ap) = 1, we apply Holder’s inequality on s to obtain

. ds 1-1/q t \1"Va
Is|g|L;1Lz;<Rl;n)( JA |t_s|nﬁq,/w)) Slglun ()

Denote by Mp the Hardy-Littlewood maximal function on R. Then, since
1-np/(pa) =1/q, it holds

0 t—2% 1) r] ds
s % [ OO o)

2K]t-1|

0 1
S Z (2k|t—r|)”ﬁ/(1’"‘)f2k|t ng(S’)HL"(R")dS

—o00

s kZ (2"t = )T MR (g () | ppny) (1)

S|t =M M (1g() 2 gy (8)-
The estimates for I and IT indicate that

¢ \!"Va
e @001 % I8 iguzcermy (10 1)+l Mg ) (O

https://doi.org/10.4153/50008414X22000566 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000566

Application of capacities I 1933

Via choosing r € (0, t) such that

H H a1 P (Rl+n
|t — /9 = min { /4, Elutrim) ,
Mg (1) 2 gny ) (2)

we get

¢ \\"Va
Gon(@)05) 5 Iz {1+ (0 75) |-

—-r
Case I: |t — r|/9 = £'/4. Then

|Gap(8) (1)1 S gl pars mism)-
Case 2t = 1Y% = [ gl oy tomy M (1) my ) (1). W have

1-1/
t(MR(Hg(w')HLi(R"))(t))q ‘1

Hg” Zflﬁ(R‘f")

/M (18( ) o ggny ) (1) )’

IgllLare @ieny

|Ga,p (&) (6 %) S gl arp(greny 11+ | In

S Iglpape ey 1+ (qln
Letrg = t(l)/ % Then

q/(q-1)
Ga,p(g) (1 x)
© exp Ci dxdt
By, (t0>%0) Hg”LfLﬁ(R‘;")

/Y y 2/(aD
O (18 g )0 ) T
T Ll A vy

< /] exp dxdt
B (t0,%0) C”gHL‘}LQ(R‘j")

-1/¢Y 9/(a-1)
£/ 0 DO\
S[/ exp 1+ [In R([&Cs ) e rny) () dedt
B{ (to,%0) ”gHLfo(]le")

tl/qM]R . P o t
o expn iz )O)
By (to>%0) HgHL;’Lﬁ(Rr")

M, W) (t
. [/ RG> e rny)( )dxdt
B (to,x0)

HgHL:’Lﬁ(]REj")
2t0 Mer([|g(->-) HLf(Rn))(t)

lgl LILE(RL™)

S|B£:‘)(to,xo)|t(l)/q—/0 dtST(Z)a BE:‘)(to,xo)‘.

This completes the proof of Theorem 2.14. [ ]
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3 L]Lf-capacities associated with space-time fractional equations

In this section, we study the LL-capacity associated with G,,4 defined in Defini-
tion 1.1. We establish the dual form, some basic properties, and the L?L-capacity of
fractional parabolic balls in R”*!. As a by-product, a strong-type inequality is also
obtained.

3.1 The dual form of the L!L%-capacity

First, let us introduce the adjoint operator of G, g. For any f, g € C¢°(R}™), since

ffn@;n Gop(f)(t,x)g(t x)dxdt

= f[u@;" ([OtfRn Gt_s(x—y)f(s,y)dyds)g(t,x)dxdt
= fom[”(-/ot/w GtS(x—y)f(s,y)dyds)g(t,x)dxdt
:/0°° Rnf(t,x)(ftoo/w Gsr()’—x)g(s,y)dsdy)dxdt,

the adjoint operator G, 5 of Gy, is defined via

(31) Gop@(tx)i= [ [ Gosy=x)g(s.y)dyds.

The definition of G}, ; can be extended to the family of Borel measures y with compact

supports in R}, Let HyHl denote the total variants of y. If F is continuous and
compactly supported in RY*", then

[ Ges@eauten| < [ | [ Getx gt yasaute,

< fLon{ ) L 160G 01 leCoyidyds | duc, )

< sup {lg(tx) ]} el
(t,x)eRLH

Hence, an application of the Riesz representation theorem yields that there exists a
Borel measure v(,-) on RY*" such that

S Ger@ )t = [ gl 0dvn)

Proposition 3.1 For a compact subset K c RY™", let M, (K) be the class of all positive
measures on R*™ supported by K. If 1< p,qg < oo, p' = p/(p—1), and q’ = q/(q - 1),
then

Co () = sup { 161" 1 € ML) & Gl il oy <1}
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Proof Set

CorP () = sup{ Il 1 € V() & 162 bl gy <1}

For any g > 0 such that G, g(g) > Ik, by (3.1) and Holder’s inequality, we have

lul = p(K) = f/;(ldpl(t,x)
S/]I;G“)ﬁ(g)(t’x)dﬂ(t,x)
< [[....Guple)(tx)du(t.x)
= t) G* t, d dt
ffmng( x)Gy p(p)(t, x)dx
< Hg|‘L?L£(R£f”) HG;’ﬁ‘uHL?,LI;'(Rl:rn)’

<1, then [} < |g|7,]

which implies that if y satisfies |G ﬁyHLq 1 (riny S LILP (R1smy?

ie. .
ClBP(K) < 3P (K).
Moreover, let
o= {p: g e M (K) &p(K) =1},
Y= {g: 0<ge LILERY™) & |glpappgun <1},
Z:

{g:0<ge LILLRY™) & Gop(g) 2 1}

We have

min { (W) 1GE st gy | = min { ()16 gt |

peM, (K)
= mmsup{ /f g(t,x)(Gypp) (1, x)dxdt}.

By [3, Theorem 2.4.1], we can deduce that

min su t,x)(G, t,x)dxdt
xg{ [fwg( )(Glpm) (1) }

_Zggﬁm{/fﬂ%“" wp(g)(tx)du(t, x)}
2 Tl T e Ger@ e,

0<geL"L”
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which implies

n {Ga,p(g)(t:x)}

1 1
min { ——|G2 s S SUP ————
M%(K){#(K) 1Ga.pttll Lo 17 s >} OSgGLP?L,, IglLore (o

_ (Cl(,‘zﬁ)(K))_l/(pAq) '

geZ Hg”L't’Lf

Hence, it follows

png
(w5) 1
Cpq (K) = . "
omin Geptligne/u(K)
e\
_ sup - Hii C(“ ﬁ)(K) n
ueM, (K) HG“,/;#HL‘ZLﬁ

3.2 Basic properties of the L!L%-capacity
Now, we are ready to establish the following basic properties of the LI L -capacities.

Theorem 3.2 Assumethata > nand 0 < f<1. Let1 < p <ooandl< g < oo.

(i) C(“ ‘B)(Q) = 0. Moreover, under K c R and K # @, C},‘féﬁ)(K) =0 if and only
zf there exists 0 < g € LTLE (RY") such that

Kc {(t,x) eRY": Gy p(g)(tx) :oo}.
(ii) IfE, € E; c RY™,
Cl (B1) < P (Bs).

(iii) Let {E;}32, be any sequence of subsets of RI+",

(a.B) = (a P (E
o (0n) S

(iv) For any K c RY*" and any x, € R",
CEP (K +(0,%0)) = CS%P (K).

Proof (i) IfK = &, thenfor g(t,x) = 0,1x = 0and G, g(g) = 1x = 0, which indicates
that €% (2) = 0. Set

Ky={(tx) e RY": g2 0&Gap(g) 21},
We can see that

c;74ﬁ>({(t,x) €RY": g>0&Gp(g) > A}) = inf{HngAq : G>0&Gop(G) > lm}-

L
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Take g > 0 and G, g(g) > A on K} such that the function G = g/ satisfies G, g(G) >
(Ga,p(g))/A 2 1k, , which means

CEP (Ky) < [ g/M|P7e, < AP g )P,

Lir? Lir?

For any (t,x) € B(Ga,p(8)>p>q)> Ga,p(g)(t,x) = 0. For any j, Ga,p(g) (£, x) > 2.
Then

(t,x) € {(t,x) eRM: g>0& Gop(g)(tx) > zf},
that is,

B(Gayp(8):p0) © {(6,5) R+ g2 0& Gy p(g)(tx) > 27},
We obtain

CoraP (B(Gap(8) o)) < Chy” ({(13) € R+ g2 0& Gap(g)(£x) >27})
<TI0 gt
Letting j — oo gives C;,‘Zﬁ)(B(Ga,ﬁ(g),p, q)) = 0. This shows that C},‘Zﬁ)(K) =0 if
K€ B(Gep(8)s P> 9)-
Conversely, if C(“ #) (K) =0, from the definition of C( ﬁ)( -), we can see that

inf{ng\% L g2 0&Gaplg) 2 1K} _o.

Then, for any j € Z, there exists g; such that g; > 0 and G, g(gj) > 1 on K satisfying
lgj Hpqu <27 Let g = ¥ 72, gj. It is obvious that g > 0 and G,,4(g) = oo on K, which

imphes that K c B(Ga & P> 9)-
(ii) Let K; € K5. Then 1k, (¢, x) < 1, (¢, x) and

62 {lelfi: £208Gup(e) 210} {8y - £20& Gup(g) 21k, |

Taking the infimum on both sides of (3.2) yields C(“ F) (Ky) < Cl(,‘fq’ﬁ) (K3).

(iii) The proof of this assertion is divided into two cases.

Case I: p>gq, ie, g=pAq. Let {g;} be a sequence of functions such that
Ga,p(gj) > 1on E;. Define g := sup; g; which satisfies G4,5(g) > 1on U7, E;. We can

get
- a/p o - a/p
q — P . P
|gLfL,;(RI+M)—{[0 (/Rnga,xn dx) dt}s;{fo ( et dx) dr}.
This implies that

UE,) <X Cpal (Ep).
]:

=1

C(’x B) (

[
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Case 2: p < q, i.e., pAq = p. For {g;} such that g; > 0 and G, g(g;) >1on Ej, let
g =sup; g;. For (t,x) € U2, Ej, there exists a jo such that (,x) € Ej,. Then g(#,x) >
gjo(t,x) 20, ie, g>0 on U Ej. We get Gop(g)(t,x) > Ga,p(gj,) (8, x) 20 for
(t,x) € U, E;. This indicates that

o [ oo alp \rle
”gHLqLP (RLn) = {fo (Z’/ﬂ\gn |gj(t,x)|de) dt}
j=1

) [ gt x)Pds

/p
Ly

= Z Hg] HLqLP(RH")

1
L?/” Jj

<Y | [ lgiexprds
|| IR

which gives

Chi (UEj) <2 Co ().

(iv) Because gy, (x,t) = g(t,x + xg), it is easy to see that | g, HL‘}Lf = ||gHL?L§ and
ClP (K +(0,x0)) = CS%P (K). n

At the end of this subsection, we investigate the inner and outer capacitary

properties of C;‘féﬁ )() We first prove that the capacity C( b )() is an outer
capacity.

Proposition 3.3 For any E c R"*!,
c{=P(E) = mf{c<“ F0): 05E&O open}.

Proof Without loss of generality, we assume that C(“ - )(E) < oo. By (ii) of
Theorem 3.2,

C;(féﬁ)(E) < inf{C})""q’ﬁ)(o) :02E&O open}.

For ¢ € (0,1), there exists a measurable, nonnegative function f such that G, gf >1

on Eand | f[724, < C(“ ﬁ)(E) +¢. Since G4, f is lower semicontinuous, then the set

Lt =
O, :={(x,t) e R?™: Gqpf(x,t) >1- ¢} is an open set. On the other hand, E c O,.
This implies that
( [5) o alp \@rD/a
o p
(00 < b (L (L breoras) " i)

1

clep)
(1 o Cpq  (E)+e).

https://doi.org/10.4153/50008414X22000566 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X22000566

Application of capacities I 1939

The arbitrariness of ¢ indicates that
cl@P(E) > inf{cl(,f‘f)(o) . 05E&O open}. -
The following result can be deduced from Proposition 2.1 as an immediate
corollary.

Corollary 3.4  If K; is a decreasing sequence of compact sets, then
ChP (07K)) = lim G5 (K.

Proposition 3.5 Let1< p < oo and 1< q < oo. If {E;}%, is an increasing sequence of
arbitrary subsets of R", then

Gy (W) = lim G (E)).

Proof Since {E;}?, is increasing, then

Crii” (URAE)) 2 lim CiP (E)).

Conversely, without loss of generality, we assume that lim C;,‘)xq’ﬂ ) (E;) is finite. For
j—oo

prg

Lk -

Cl(,fxéﬁ)(Ej). Then, for i < j, it holds that Ga,5fg; > 1 on E; and further, Go,5((fz, +

f&;)/2) > 1on E;, which means that

each j, let fg, be the unique function such that fz, >1 on E; and |fg,|

(pra)/a

(7 (Lo aomyras) ) s e,

Since the space L1LE(R"*!) is a uniformly convex Banach space for 1 < p < co and
1< g < oo (cf. [7, Theorem 1, p. 317]), by [3, Corollary 1.3.3], the sequence {fEi}Ji’Zl
converges strongly to a function f satisfying

152z, = lim G357 (E)).

Similar to [3, Proposition 2.3.12], we can prove that G4gf >1 on U, E;, except

possibly on a countable union of sets with C;‘fq’ﬁ ) (+) zero. Hence,

tim P (E) 2 1F15)7, = O (U52.E). .

As a corollary of Proposition 3.5, we can get the following result.

Corollary 3.6 Assume that1< p < oo and1< q < oo. Let O be an open subset of R"**.
Then

Cl(,‘,xq’ﬁ)(O) = sup{CI(,‘f‘q’ﬁ)(K) : compact K c O}.
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3.3 L7L!-capacity of fractional parabolic balls in R1""
For (g, x0,7) € (0,00) x R" x (0, 00), the fractional parabolic ball is defined as
Bg“’ﬁ)(to,xo) = {(t,x) RV, 1% <t —tg < 2r%, |x — x| < rﬁ/Z}.

Theorem 3.7 Assume that (a, 8, p,q) € (n,00) x (0,1) x [1,00) x (1, 00) satisfying
nB/p+alq—a>0. Then, asro — 0 and (tg, xo) € RI™",

CLB) (B (14, x)) = (D) (nBlpala=a)

Proof We first assume that (#,x0) = (0,0). Let ¢ >0 satisfying Gap(g)(t,x) >
B(uﬁ)(o 0)(t x). If (t,x) € B(a ﬁ)(0,0), then |#| < 2r§ and |x| < r0/2 We can see that

(t,x) € BP)(0,0) if and only if (s, y) € B*#)(0,0), where s = /r& and y = x/rb.
Then, by (2.5), we utilize the change of variables ry®u = v & r, Pz = w to deduce that

ros
Ga,p(g)(t:x) = /0 fRn Grgs—u(fgy—z)F(u,z)dudz
oS ae_ . |B
= [ / Irs ul|; g(u,z)dudz
0 " (Irgs — ulPle + |rgy — 2)m+e

: rls — v/’ «, B
= , dvdw.
/0‘ Ry (|S_V|ﬁ/u+|y_w|)n+ag(rov T'OW) vaw

Denote r§g(rt, rg x) by g* (¢, x). The above computation gives

Gop(8)(t,x) = Ga,p(g7) (s, y).

This means that Gap(g)(t,x)>1 for (t,x)e Bﬁf’ﬁ)(o,o) if and only if
Ga,p(g*)(s,y) 2 1for (s, ) € Bﬁ“’ﬁ)(0,0). It is easy to get

Chi (BI*P(0,0)) < 871055, rsny = IT68(r70) 147 o

Below a change of variables gives

-~ alp \ (pra)/q
80 = | fbtstbaras)

_ («=pn/p-a/q)(pra) HngL’,?fg(Rl:n),

which indicates that

Co) (BI"P(0,0)) < g7 537, ey < T FHP=ID@AD g BV, 1.

By the arbitrariness of g, we know

Cl()t)xéﬁ) (Bf“’ﬁ) (0,0)) < rla=Bn/p-a/q)(prq) Cj(:‘,xq,ﬂ) (Bﬁ:’ﬁ) (0,0)).
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Changing the order of BS: #) (0,0) and Bl(“’ﬁ ) (0,0), similarly, it holds

L) (B (0,0)) < r~(@=Fnlp=sl)pn) () (B(#6) (0,0)).
This shows that

Cgt’"éﬁ) (ngx,ﬂ) (0,0)) ~ r(()p/\q)(nﬁ/pm/qfa)‘

Now, for arbitrary (fo,x9) € Ri™, let g > 0 and Ga,5(g) > 1 . Then, for

Bsg’p)(fm%)
1< p<ooandl< g< oo, there exist p and g such that

1< p<p<oo,
l<g<g<oo,

(1/q-1/q) + (Bn/a)(1/p -1/p) =1.

By Theorem 2.6, |Ga,g(g) HL'?Lg(]REj”) pS \|g|\L?L£(R1++n). It is obvious that

2%t ar 1/
o o 7
16 ) e z{ I ( S G @) dx) dt}

_— ar oy
Z{f (/ ldx) dt} ngﬁ/‘pm/q,
ré+to B(xo,rg/Z)

which 1mphes rgnﬁ/p+a/®(PAq) N Hg”f;\f};(Rl:”) Since (1/q - 1/’q") + (ﬁn/a)(l/p -
1/p) = 1, the arbitrariness of g shows that

p{larnblpme)(pna) ¢ cleB) (BR) (19, x,)).

To

Below, we investigate the upper bound of C f,‘fq’ﬁ ) (BS:‘ ) (to,x0)). Consider the ball
By (0, %0) = {(t.x) € RE™: [£ = to] < (51r0)* & |x — xo| < 1} }

where 7 is a sufficiently large constant. Since (,x) € Bﬁf ,f )(to, Xo) ensures that we

have, for ry > 0 small enough,
t
G“)l‘le:,’f)(tO,xo)(t’x) - ,/0 fRn Geos(x - y)leg,‘f)(tO,xo)(s’y)dyds

) Gi—s(x — y)dyds
Ao’t)ﬂ{5:|57t°|<(”’3)} ‘[|}'*xo|<rg t S( )’) Y

>

Gi—s(x—y)dyds.
‘[(0,t)ﬁ{s:|s—t0|<(11rg)}ﬁ{s:t—s>(11"‘—1)r3‘/2}‘[|y—xo|<rg ! S(x )’) ras

Because t — s > (?)rg and |y — x| < rg,then ly — xo| < (?)’ﬁ/“(t—s)ﬁ/“ and

(t=s)f
(b =yl + [t = sfple)mee

o ~1 Y
Gis(x-y)2 > (! . YB(nfas1) (4 _ gy=nbl,
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If |t — to| < 1§,

f |t = s| /" dyds
0,t)N{s:[s—to|<(nry) yn{s:t—s>(n*-1)r§/2} |y—x0\<r§
r§"|t - s|7”ﬁ/“ds.

G“’ﬁlnglg)(fo,xo)(t’x) = (

/;O,t)ﬁ{s:|s—to|<(qrg)}ﬂ{s:t—s>(11"‘—1)rg/2}
It is easy to see that if # >>1and

0<s<t,

to — (i’]i’o)‘x <s<ftg+ (qro)“,

11« 11 a
s>t+-5-ryors<-—5—ry -1

then

0<s<t,

to— (ro)* <s<to+ (yro)%,
s< #rg —t.

On the other hand, it can be deduced from r§ < t — o < 2r{ and ¢y S r§ that t ~ £ +

ry <2r§ If ty S rf, then g — (y79)* < 0, which implies that 0 < s < tand s < #rﬁ‘ -

! o1
t. For n large enough, we can see that o—r§ — t > To—r§ — 2r§ > r§ > t. Hence, we

obtain
t
Gu g (135:’,5)00’160)) (£x) 2 fo Pt sl s B (g )OoBnle) 5 e

Equivalently, there exists a constant ¢ independent of ry such that

Ga,p (cra"‘lB(a,ﬁ)(t )) (t,x) >1for (t,x) € Bgf’f)(to,xo). Therefore,
ro.1 0>X0 4

o4 «, _ pAg
LB (B (1, x9)) < H%"‘l

BiA (tox0) [ papp (miem)

a/p O\ (PrD/a
< rS“(PAq) f f ldx dt
[t=to|<(nro)® \ J|x—xo|<rh

< raa(l’/\q)rgﬂ(ll/\q)/ﬁ(mo)a(p/\q)/q

< r(()pAq)(ﬁn/pw/q—a)_ ™

3.4 A strong-type inequality related to L L{-capacity

Theorem 3.8 Given 1< p,q < oo, « > n, and B € (0,1), for any g € LILE(RY™), we
have

o dA
[0 ApAqC;‘)"q’ﬁ)(EA)T S HgHIL’gAfg(Rl;")’

where E) := {(t,x) eRY": Gap(g)(tx) > )L}.
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Proof Without loss of generality, we assume that | g[| 4;» g1y < 00. For fixed g ¢
LILZ(RY") and any K = K; x K, c R}, define

prq
o Hg |K HL?Lg(]Rh_*’”)

png >

0l
¢ Ig|
LILE(RY™)

where

alp \1/4
Il lguayen = { Je ( A Ig(t,x)lpdx) dt}
oo alp 1/q
:{/0 (./]R" |g(t,x)|PXKx(x)dx) XK,(t)dt} ]

For any disjoint sets A and B, it follows from the identity yaugp(f,x) =
Xa () xa. (%) + xp, (1) xp, (x) that

Ig lavs | aze gy

a/p V4 a/p 14
g{fA (fA |g(t,x)|pdx) dt} +{f3(f3 |g(t,x)|pdx) dt}

<lgla HLfLi(]len) +gls HL?Lf(]REj”)’

which means ®r(AU B) < ®p(A) + ®r(B). Below, we prove the reverse inequality

in two cases.
Case I: p < g. For this case, g/p > 1. Then we obtain

prgq
Hg |AUB HL?Lﬁ(]le")

a/p  \r/4
i { f(AuB)t ( -/(AUB)x |g(t,x)|1’dx) dt}
oo a/p  \Pr/4
:{[0 fRn |g(t’x)|pXAuB(t,X)dx) dt}
oo a/lp  \r/q
:{fo fRn |g(t,x)|P(XA(t,x)+XB(t,x))dx) dt}

oo alp yrla
{ L7 L st xace nax + An|g(t,x>|pXB(t,x)dx) dt} |

which, together with the inequality: (a+b)%/? > a9/? + b/ a,b >0, implies
that
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pPAq
Hg |AU3 ”L?Lﬁ(REf")

oo r o alp \rla
2 {ﬁ ([I;" |g(t,X)|PXA(t,X)dX) dt + /0 ([W |g(t,X)PxB(t,x)dx) dt}

oo a/lp  \r/q - ap \pla
2 {A‘ ([R" |g(t,X)|pXA(t,x)dx) dt} + {\/0‘ (/Rn |g(t>x)|PXB(t,x)dx) dt}

_ pAq pAq
= 18 1 123 ey + 18 1o 123 -

qa/

Case 2: p > q. For this case, p A g = g. Then

q/p
pAq _ W "
8 s HL?Lg(Rl:”) -/(AUB)t(f(AuB)x (6> ) x)
*° a/p
:/(; (/R" |g(t)x)|p(XA(t>x)+)(B(t,x))dx) dt
oo q/p
Zf (fR |g(t>x)|PXA(t,X)dx) dt
0 n
oo q/p
+/ ([R |g(t>x)|")(3(t,x)dx) dt
0 n

= Hg |A ‘ig\fﬁ(le") + ”F |A H‘Z;\Zﬁ(ﬂ%y")
Finally, we prove that
®g(AUB) = Dy(A) + Dy(B).

By [14, Corollary 2.3, p. 187], there exists a measure ¥ on R}"" such that ® < y and
y(RY™) < ¢(n), where c(n) is a constant only depending on 7. For E,\E,, with a €
(1,2), noting that Eo, = @, we have

fowq)F(EA\Eal)dT/\ < /Om1!’(1‘51\]31110%t
=f0°°(/A”dw(Es>)‘f‘
(e

<y(Ry")loga
<c(n)loga.
Thus,

A

A e dA
prq _ pAq
L 3 [0 I8l ars oy @ (Er\Ear)

< c(n)logal |8 o
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By (1.3), u(t, x) := G4,5(g)(t, x) is a solution to the space-time fractional dissipative
equation:

u(t,x) + (-0)Yu(t,x) = f(t,x), ¥ (t,x)eR"",
u(0,x)=0, VxeR"

Set a function g as

0, (t,x) € E;y,
- g(t,x)
= > t) E Ea >
g(t’x) (a_l))L ( X)E A\ A
0, (t,x) e RY"\E;.
Define f(t,x) =1 1_‘; g(t,x). Then a direct computation indicates that the following
function
1, (t,x) € Egy,
~ u(t,x) -1
={ =" (4 E)\Ea,
u(t,x) (a DX (t,x) € E\\Eax
0, (t,x) e R"\E,

is a solution to the equation

oPu(t, x) + (-0)¥%u(t,x) = F(t,x), ¥ (t,x) e R™",
7(0,x) =0, VxeR"

Based on the definition of Cl(fq’ﬁ ) (+), we obtain

= . Ay e )
[TamickP @S < [Tz,

LILE(Ey) )

. foo Hg|E/\\Ea/\ ‘i?fﬁ(m) @
> Jo ( _1)17/\q

A

c(n)logaH pra
= (a—1)pna SlLie iy

which, via a change of variables, implies that

[T @)% < gty -

LqLP RHn)

The following weak-type estimate is an immediate corollary of Theorem 3.8.
Corollary 3.9 Let1< p,q< oo, a>n,and f € (0,1). Forall A > 0, it holds

Apch(“ F) (Ex) s HgHiqAZg(le")‘
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As an application of Theorem 3.8, we deduce the embedding from L7LE (RY") to
L) (RY", i), which is the Lorentz space of all functions u(-, -) satisfying

1/s
o0 s/r
|u|L<r,s><R;+n,y>::( [ el erm ue o) >}) dv) <o,

where r,s € (0, 00) and y is a nonnegative Borel measure on R1*".

Theorem 3.10 Assume that1< p,q < oo, a > n, and 3 € (0,1). Let p be a nonnegative
Borel measure on RY*". Then

(3.3) |Gap (&) | Lrvarna mren uy S 18] zaze ey
holds for all g € LTLE(RY™) if and only if
pva
(3.4) ()™ 5 (i (1)
holds for all compact sets K c R:*™,
Proof Assume that (3.4) holds. Then it follows from Theorem 3.8 that

|Ga,p(&) | Lervarra (RE", 1)

_ 1/(pna)
g(fo Aol ({(1x) e RE™ |Ga,[;(g)(t,x)>/\})d)t)

S glpaze iy

Conversely, suppose that (3.3) holds for all g e LILE(R"). Fix a compact set
K c R*", By the definition of Cﬁ,‘fq’ﬁ )(~), for any ¢ > 0, there exists a function g€
LILE(RY™) such that
Gap(g) 2 1k,
{|g| Poteieny € < Gl (K.

LILE(RY™)

Hence, K c { (t,x) e RY*": |G, t,x)| > 1. We get
+ BlE g

1/(pnq)
(prafpva) |, q)

( [ u({en erem Gap() (0] > 1))

: on s\
o [ u({n) R [Gap(@) 0] > 1)) i

1 Lo o\
> [ u({e0) eRET Gap()(62)] > 1)) i

> (H(K))l/(PV‘I) ,
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which implies that
(u(R) PP Gy o) 2 b S 18100 1 s ChaP (K) -

L(qu,pAq)(]RHn LqLP (RLmy
Then (3.4) follows from the arbitrariness of e. This completes the proof of
Theorem 3.10. -

4 Hausdorff dimension of the blow-up set

In this section, we estimate the size of the blow-up set of the so-called fractional time-
space dissipative potential G g: for 0 < g € LILE (RL™),

B[Gup(g) pra) = {(£:) € R Gayp(g) (%) = o0}

Let ¢ :[0,00) = [0, 00] be an increasing function with ¢(0) = 0. For any compact
subset K ¢ R, Jet

H¢“ﬁ(K)—1nf{z¢(r]) Kcu Bﬁj‘" (tj,x;) with r; € (0, e)}

j=1
be the L*#-based (¢, &)-Hausdorff capacity of K. Specially, for & = co
HE*F(K) = 1nf{ Y ¢(rj): Kc Uz B(“ #) (tj,xj) with r; > 0}

j=1
Then the (¢, ¢)-Hausdorff measure of K is defined by

HY“F(K) = lim HP P (K).
£—
If ¢(r) = r? forall r € (0, c0), then
HEP(K) = HP P (K),
HEI(K) = B (K),
H?*P(K) := H"*F(K).
The Hausdorff dimension of K is defined as
dimf;? (K) = inf {d : H**#(K) =0},

Theorem 4.1 £'(A) and £"(B) stand for the one-dimensional and n-dimensional
Lebesgue measures of bounded Borel sets Ac R, and B c R", respectively. If o > n,

Be(0,1),
1< p<p<oo,
1<g<g<oo,
(1/q-1/q) + np(1/p -1/p)/a = 1,

then there exists a 8 € (0,1) such that

(ZI(A))(p/\q)/E(gn (B))(p/\q)/ff < CI()(,xq’ﬁ) (A % B) < H((sp/\q)(nﬁ/Pﬂx/q_a))tx,ﬁ(A x B)
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Proof For any 0 < F such that G4,3(g) > 1axB, We can get

N iF VT
|Ga,ﬁ(g)|ﬁ((o,oo)),ﬁ={f0 ([R |Ga,/5(g)(t,x)|"dx) dt}

2 (L(A)Y(2m(B)P.
On the other hand, it follows from Theorem 2.6 that
1Gap(&)17(0,00)),07 S €] La((0,00),L7)>
which implies
(4) (L (A) P2 (B)) DI < [gtrd

Taking the infimum on the right-hand side of (4.1), we obtain
(LY(A)) DT (g (B)) PP < C;‘f;’ﬂ)(A x B).

Let { B{® ﬁ)(t],x])} be a covering of A x B with r; € (0, 8). Then, by Theorem 3.7,

we get
cl=P(axB) < clup) (U1 B ﬁ)(t],xj))
j
<>y (B (1,x7))
=1
S H(pra)(n/prea-a)
sy’
j=1
which gives
C}(,ixéﬁ) (AxB) S H((sPAq)("ﬁ/PW/q—“))“»ﬁ(A x B).
This completes the proof of Theorem 4.1. ]

Theorem 4.2  Let K be a compact subset of RX™. If a > n, f € (0,1),

1< p<oo,
1<g<oo,

0:=(pnrq)(nB/p+a/q—a)>0
there exists a & € (0,1) such that C ﬁ)(K) S H ﬁ(K) and hence

dim$? (B[Gap (). p.q]) <np—a(png-1).

Proof The first assertion follows from Theorem 3.7. Now, we estimate the Haus-
dorff dimension of the blow-up set. Let g>0e LILE(R*"). For any (t,x) €
B[Ga,p(g)> P» ) Ga,p(g)(t,x) = 00, which means that for j € N, Go,5(g) (¢, x) > 2/
on B[Gyp(g),p>q]- Set gj =277g,jeN. Hence, G4p(gj) >1 on B[Gq,(g), pq]
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and ||gjf pa;» = 27 ”gHLng- Then, by the definition of Cz(féﬁ) (+), it holds

CyaP (B[Gayp(g), pq]) = 0.

Let K be any compact subset of B[Gq,g(g), p>q]. By (ii) of Theorem 3.2, we obtain
Cz(:éﬁ)(K) =0 since

P (k) < %P (B[Gap(g). P q)).

We need the following Frostman-type lemma: if ¢ : [0, 00) — [0, co] increases and
¢(0) = 0, then for any given compact K c R}*", there exists a measure y € M*(K)
such that

u(BSP (1,x)) 5 ¢(r),
u(K) ~ HEP (K).

Because K is a compact subset, we assume that K is contained in a ball B}(f’ﬁ ) (to»Xo0)-
Let 0 < G < LILY(R"™) such that G,,5(G) > 1 on K. By the Fubini theorem, we get

w(k) = [[ 1du(t.x)

< ffKGa,/g(G)(t,x)dy(t,x)

~JJA L [ 6= 06 sy duten)
= /]RL*" G(s,y) {f/m((s’oo)xw) Gi—s(x - y)dy(t,x)} dyds.

Applying Proposition 2.1, we obtain

t—s
Ks// G(s, /f | du(t, %)V dyds == My + Ma,
KOS JJegn € y){ k((s.oopeiny (= sl 4 [ = ypyre (5 ) dyds = M+ Mo
where
M '—[f G(s,y) ﬂ |t - <" du(t,x) ; dyds
T B;zf)(fo)xo) Y KN((s,00)xR") (|t—5\ﬁ/“+\x—y|)"+a pAL yas,

[
M ::/f G(s, /f du(t,x) | dyds.
2 ]RL*”\Bg;f)(to,xo) (S y){ Kn((s,00)xR") (‘t—5|ﬁ/0¢ + |x_y|)n+u( ”( .X') yas

Now, we estimate the term M,. Write RE”\B%;& (to,x0) € 81 U S, U S3, where

Sii={(5,9) € RY™, |y = x0] > (2Ro)f & s = to] > (2R0)*},
S25={(5,7) € RV, [y - x0] > (2Ro)P &[5~ to] < (2Ro)*},

S3i= {(5,7) € RY™, [y = xo| < (2Ro)P &ls = to] > (2R)* }.
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Hence, Mz hS MZ,] + Mz’z + M2,3, where

|t —s|f :
M= [[ GG, [7 du(t,x) tdyds, i=1,2,3.
2, ffs,- (s y){ Kn((s,00) <) ([E = s]P% + [ — y])me u(t,x) pdyds, i

For My, if (s,y) € Sy and (£,x) e Kn ((s,00) xR") c K c B;“’ﬁ)(to,xo), then
|y — xo| ~ |y — x| and |t — s| ~ |s — t,|. We have

|- slf Ito - sl
du(t,x) s K).
-/]Kﬁ((s,oo)xR”) (|t = s|f/e + |x — y|)m+e u(tx) ([to — s|P/® + |xo — y|)+e u(K)

On the other hand, a direct computation gives

/ |to —s|P P dy < |s — to|"PO-P)/a,
ly-xol>(2Ro)# (|to — s|P/® + |xg — y|) (mra)p’

which, together with the Holder inequality, implies that

|to s/
MZ,l s [J(K) [Al G(S)y) (|t0 - s|ﬁ/0‘ =+ |.X'0 —y|)n+(x d}/dS

, e 1/q"
< w(K)|G] / [ [t — PP . a'/p J
= I+n N
# HEEY s 2Ry \ Diy=sol>2r)# ([t = s[F/5 + [xg — y]) (ee)r”

Y R e
S WG uguzcarn { [ e = 00" as)
S—1o 0

s u(K) H G HLj'Lﬁ(R‘;ﬂ)Rg_“/q_"ﬂ/P‘

Similarly, for Ss, we can see that |t —s| = |s — to| and |ty — s|/* 2 |y — xo|. Then

=" S [to — PO/ g Lkl :
([t = slfle + = y) (e (Ito = slF/« + |xo = y[)m+e

We can follow the procedure of M, to get

|t — 5|
M g/f K)G(s, dyd
2,3 S5 ‘M( ) (S y>(|to—$‘ﬁ/“+|3€0—y|)n+a yas

, q//Pl 1/q’
S uGlgigony | | Lkt — "
& LG ) Sy s araye \ Jan (o = s + o — y) (75007

Rg*a/q*nﬁlp_

< WGl g, a1y

Then we estimate M, 5. For (s, ¥) € Sa, |y — xo| > |s = to|P/%, |y = xo| = |x — y|, and |s -
t| S R§. Then
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It - sff . |t - sl
(e = s+ Jx = y) @) ™ (o = [T + g = y) (7#2)
R
~ |y_x0‘n+tx
ap
< Ry )
" ([to = slB/ + |xg = y]) (n+e)
We can get
M,, < u(K G Rgﬁ dyd
250K [[| 6 o e s

op dy q'/p 1/q
s u(K)R* |G f f d .
#ERG NG lagut pny |s—ro|<(2Ro>a( |y—xn\>(zRa)ﬂ(Ito—slﬁ/“+|xo—y|)<"+“>ﬂ’) *

The change of variables gives

1
/\;—xo\>(2Ro)ﬁ ([to = s|Bl* + |xq — y|) (n+e)p’

dy s (to = s/ + |xo = y|)~ (e,
which, together with the change of variable: u = |¢; — s|/R, indicates that

/ b Ve
Moz S (K)RGP |Gl oo ooy (/| (Ito = s[P/% + o = y|) @ (rre)ena/p dS)

—to|<(2Rg)*
’ ’ 1 ) ) l/q’

S M(K)R(‘;‘I;Ra(n+a)ﬂ+nﬁ/? +a/q HGHL‘t’Lf(Rﬁjn) (/0 (1 + u)*(nﬂx)q +ngq /pdu)

S u(K)|Gl g uuem Ry

The estimates for M, ;,i =1,2,3, imply that M, < u(K) HG\|L;1L£(R1++n)Rgfa/q7"B/P.
Now, we estimate M;. If (s, y) € B;Z;ﬁ)(to,xo) and (t,x) € Bgz;ﬁ)(to,xo), then |t —
s| < (4Ro)% and |y — x| < (4R, )P, which indicate that (¢, x) € Bgz’oﬁ)(s,y). We can get

[f |t = s|Pdu(t,x)
Kn((s,00)xRn) ([t = s[B/@ +[x — y[)n+e
<ff |t —s|Pdu(t,x)
T ITBGEE (toxe) (|t = [P 4 x — y|)mre
<f/ |t = slPdu(t, x)
T IIBGE sy ([t s[Ple+ [x - y])mre

S ¢~ slPdu(,x)
* L s s, ) (s s [x )

—j-1
27J71R,

Let (t,x) € Bgﬁfﬁz (s,y)\Bgf]?E)Rﬂ(s,y). If|t —s| ~ (277°Ro)* and |x — xo| < (27/°Ry)¥,
then
|t —s|P 1 . 1
(It = s|Ble +]xc = ylymea ™ [t = s|fr/e = (270Ro )
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If |t —s| < (2779Ry)® and |x — x| =~ (277°Ry)¥, then

|t —s|P PR S 1
(It = s|Ble+]xc = ylymra ™ x = y|m = (2770R)Pn

We have
(a,8)

e ff%z?(to,xo) Glsy) {i W} dyds
SffBij'if)(to,xo) (s J’){Z fzmmo y(Bfaxﬁ)(s,}’))r;il}dyds
S /]Bg?(to)xo)G(s,)’){/(;z Oy(Bﬁa’ﬂ)(S’y))riil}dyds
S fOZR"{f/B%)(tO,XO)G(s ) u(BEP (s, y))dyds} ;i’ﬂ

Case I: p < q. Applying Hélder’s inequality, we get

(4-2) ” G H L-ng(ngf) (t0,%0))

1/p
< G(s,y)|Pd )ds}
{‘L—fok(ﬂzo)“ (‘/|:V—xu|<(2Ro)p| ( y)| 4
{f (f 1G(s, y)IPd )Wd }W( as)
S S, s f s)
[s—to|<(2Ro)® [y=x0l<(2Ro)# 4 4 [s—to|<(2Ro)®

S 1Glazpaurmy RGP

On the other hand, it follows from the condition y(BS“’ﬁ ) (s,¥)) S ¢(r) that

@ (W) S G W(BE (5 ).

The estimates (4.2) and (4.3) imply that

1-1/p dr

2R —
o (a,8) p/(p-1)
M1 N \/0 HGHL{LQ(B;:;ZZ)(M)XO)) {ﬂ(“ﬂ)(to ) (B ( )’))) d)/ds 71_[;”_'_1
-1/p 1/
a(l/p-1 2R a, ' (¢(")) Pdr
S 1G] oz carony RSP /"’fo {ffwm(t )/4(35 ‘”(s,y))dyds} e
2k, (f0:%0

Since p e M*(K), M(Bﬁ'x’ﬁ)(s,y)) <u(K). For any 0<r<2R, and (t,x)¢€
Bg“’ﬁ)(s,y), it holds

(@p) _
BB (s, dd_f/ (f[ du(t, )dd
ﬂ;ggf)(to,xo)#( (5 )’)) yas ngf)(to,xo) B (5,) ‘”( x) yas
< s ([ 1008) dutt3) 575700
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Hence,
a(1/p-1/q) 2Ro a+fn
My S Gl g3t uony R A GETTCS)

2Ro
$ 16 gz R 77D ()P [ (p(r))P 0B A,

11p ($(r)) "7 dr
rBn+l

Case 2: p > q. Similar to Case 1, we have

2R dr
ms [T ] G(s, y)u(BLP) (s, y))dyds | —
' { Bl (t0,%0) (& 7)u(Br (s, y))dyds rl+Bn
=, v\ dr
(a.8) 1 ——
< HG”L‘ZL,Z(Bng)(to»XO)) fo (f/B(;,ﬁ)(tﬂ o) (H(B, (S»)’))) d)/ds) rBn+l
2Ry i

- 2R, 9 (g(r))adr
S RO(I/q 1p) ”GHL;‘Lg(]RI;’”) fo (fjl;u,ﬁ)(t . )‘M(BS ’ﬁ)(s,y))dyds) o gl

2R
S R Gl g1 ey ()Y [T (p(r)) V0 DB

Hence, there exists a constant ¢y depending on p, g, «, 3, Ry such that

- 2R0 - a—(a n
y(K)Sco||GHLng(R5n>{y(K)+(y<K))1 yere /0 (9(r))V/ oAy rraterh ”“’Wdr}.

Take ¢(r) := 1", n > nf — a(p A q —1), such that
2R,
(pAg) pLra-(atfn)/(pA0) gy < oo,
ARG r<oo
This gives

(u(K)) 0
1+ (uyyron < 16l
and therefore

(u(K))P)
L+ (u(R)) P =

which implies that 4(K) = 0 and HE™P(K) = 0. Hence, H**#(K) = 0. By the arbi-
trariness of K ¢ B(Gq,p(g), p>9)s

H**F(B(Gap(8),p-q)) = 0,

which indicates that

dim{®® (B[Gap(g). p.q]) < np-a(prg-1). .
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