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Decay of Mean Values of
Multiplicative Functions

Andrew Granville and K. Soundararajan

Abstract. For given multiplicative function f, with |f(n)| < 1 for all n, we are interested in how
fast its mean value (1/x) >, -, f(n) converges. Haldsz showed that this depends on the minimum
M (over y € R) of ZPSX( 1— Re(f(p)p—iy)) /p> and subsequent authors gave the upper bound
< (1 + M)e~M. For many applications it is necessary to have explicit constants in this and various
related bounds, and we provide these via our own variant of the Haldsz-Montgomery lemma (in fact
the constant we give is best possible up to a factor of 10). We also develop a new type of hybrid bound
in terms of the location of the absolute value of y that minimizes the sum above. As one application
we give bounds for the least representatives of the cosets of the k-th powers mod p.

1 Introduction

Given a multiplicative function f with | f(n)| < 1 for all n, define

e(f,x):=H(1+%+%z)+...)(1—%).

p<x

We are concerned with understanding the mean value of f up to x, that is,
% anx f(n). For real-valued f it turns out that

1
(1.1a) ;Zf(n)%@(f,oo) as x — 00.

n<x

In 1944 Wintner [19] proved this when ©(f, c0) # 0, which is equivalent to the
hypothesis that S ( 1—-f( p)) / p converges. In 1967, Wirsing [20] settled the harder
remaining case when ©(f, co) = 0, thereby establishing an old conjecture of Erd&s
and Wintner that every multiplicative function f with —1 < f(n) < 1 has a mean
value.

On the other hand not all complex valued multiplicative functions have a mean
value tending to a limit; for example, the function f(n) = n'®, with o € R\ {0}, since
I, <x n'® ~ x'%/(1+ia). In the early seventies, Gabor Hal4sz [8, 9] brilliantly real-
ized that the correct question to ask is whether » P (1—=Re(f(p)p~@)) / p diverges
for all real numbers a.. His fundamental result states:

Received by the editors January 10, 2002; revised May 12, 2003.

The first author has been supported by the National Science Foundation and NSERC (Canada). The
second author is supported by the American Institute of Mathematics (AIM) and, in part, by the National
Science Foundation.

AMS subject classification: Primary: 11N60; secondary: 11N56, 10K20, 11N37.

(©Canadian Mathematical Society 2003.

1191

https://doi.org/10.4153/CJM-2003-047-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-047-0

1192 Andrew Granville and K. Soundararajan

I 1t Ep(l — Re(f(p)/p'™)) / p diverges for all « then 1 Yon<y f(n) — Oas

X — OQ.

(II) If there exists o for which 3, (1—Re(f(p)/p™™) )/ p converges then

1 xia
(1.1b) ;Zf(”)’v mg(fmx)

n<x

where f,(n) := f(n)/n'®. Now |O(f,,x)| — |O(f.,00)| as x — oo so we can rewrite
the above as

1 Xl .
- ~ ir(x)
. E f(n) +ia|®(fa,0<>)|e

1
n<x

where r(x) = arg O( f,,, x) (which varies very slowly, for example r(x?) = r(x)+o(1)).
Also note that if 3 - [1 — f(p)/p™|/p converges then (II) holds and O(f,,x) —
O(fa,00) as x — oo.

In case (I), Halasz also quantified how rapidly the limit is attained. His method
was modified and refined by Montgomery [15], and Tenenbaum [18, p. 343] recently
deduced the following, easily applicable, version of the result: Throughout define

(1.2) MT) = min 3”20

<
yl<ar £ p

Theorem (Halasz—Montgomery—Tenenbaum) Let f be a multiplicative function
with |f(n)| < 1 foralln. Letx > 3 and T > 1 be real numbers, and let M = M(x, T).
Then

J—lc‘gf(n)’ < (1+M)e_M+O(%).

Here and throughout the constants implied by “<” and “O(-)” are absolute unless
otherwise indicated and, in particular, independent of the function f.

Our first theorem leads to an explicit refinement of this result, replacing the “<”
by a constant. For any complex number s with Re(s) > 0, let

f(p) f(p2)+m),

+
ps p25

F(s) = F(s;x) := H(l +

p<x

and define

(1.3) L=L(xT):= @(b{r‘lgT\F(l+iy)|).

Theorem 1 Let f be a multiplicative function with | f(n)| < 1 for all n. Let x > 3 and
T > 1 be real numbers. Then

;IC‘Zf(n)‘ gL(log%+l—72) 10

n<x

(1 )
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We can deduce from this the promised explicit refinement of the Halasz—Mont-
gomery—Tenenbaum result.

Corollary 1 Let f be a multiplicative function with | f(n)| < 1 for all n. Let x > 3 and
T > 1 be real numbers, and let M = M(x, T). If f is completely multiplicative then

)_IC‘Z][(”)‘ < (M+ %) e”’_M+O(l N loglogx).
n<x

T log x

If f is multiplicative then
1 2 4N 1 loglogx
x’;f(n) Sl;[(l+p(p_1))(M+7)e7M+O(T+ logx )

As we will discuss after Theorem 5, Corollary 1 (and so Theorem 1) is essen-
tially “best possible” (up to a factor 10) in that for any given sufficiently large my,
we can construct f and x so that M = M(x,00) = mo + O(1) and | >, ., f(n)] >
(M +12/7)eMx/10.

If the maximum in (1.3) (or, the minimum in (1.2)) occurs for y = y, then
one might expect that f(n) looks roughly like n'7°, so that the mean value of f(n)
should be around size |x'7° /(1 + iyy)| < 1/(1 + |yo|). Our next result confirms this
expectation.

Theorem 2a Let f be a multiplicative function with | f(n)| < 1 for all n. Suppose that
the maximum in (1.3) with T = logx is attained at y = y,. Then

1 (loglog x)' 21— 2)
[yl (logx)'~=

o] =

The constant 4/7 which appears here and frequently in the rest of the introduc-
tion, does so because it is the average of |1 — z| for z on the unit circle.

Taking f(n) = n'’* we see that Theorem 2a is best possible in terms of y,. How-
ever, in this case M = 0, so we might guess that one can obtain a hybrid bound of
Corollary 1 and Theorem 2a, of the shape < (M + 1)e™ /(1 + | yo|).

Theorem 2b Let f be a multiplicative function with | f(n)| < 1 for all n. Suppose that
the maximum in (1.3) with T = logx is attained at y = y, and let M = M(x,log x).
If f is completely multiplicative then

N—M

1‘ 12 e’
= f(n)’ < (M+) +0
e )

( loglog x )
(log x)2-V3/'
If f is multiplicative then

-M

i‘;f(n)‘ gl;[(Hﬁ) (M+§) \/eZJr—ySJFO((li(;g:;%f/?)'
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The key constituents of the main term are the 1/1/1 + y2 which corresponds to
the best approximation of f(n) by a function of the form n’®, and the (M + 1)e=™
which corresponds to how much f(n) differs from n'®. Note that the size of the right
hand side of (1.1b) is [x'“O(f,,x)/(1 + ia)| < e ™ /(1 + |yo|), which implies that
there is little room to reduce the bound in Theorem 2b. In fact for any given « and
sufficiently large m, we can determine f, such that M = mg + O(1), yo = « and the
bound in Theorem 2b is too big by a factor of at most 10.

The maximum in (1.3) and the minimum in (1.2) can be unwieldly to determine,
so it is desirable to get similar decay estimates in terms of ) » <x(1 — Re f( p)) / p
(or equivalently |F(1)|). However, in light of case (II) above, this is only possible
if we have some additional information on f, since the >_ p(l — Re f(p)) / p may
diverge while the absolute value of the mean value may converge. One can avoid case
(II) altogether by insisting that all f(p) lie in some closed convex subset D of the unit
disc U (this is a natural restriction for many applications, such as when f is a Dirichlet
character of a given order), as in Halasz [8, 9], R. Hall and G. Tenenbaum [13], and
Hall [12]. The result of Hall is the most general, perhaps qualitatively definitive. To
describe it we require some information on the geometry of D:

Throughout we let D be a closed, convex subset of U with 1 € D, and define
v = v(D) = maxsep(1 — Re d). For a € [0, 1] define

2

(1.4) o) = = [ maxRe(1 — 8)(a — =) db.
2w Jy éeD

which is a continuous, increasing, convex function of . Note that h(0) = A\(D) /2w,
where A(D) is the length of the boundary of D. Define x = (D) to be the largest
value of o € [0, 1] such that () < 1, which exists since 7(0) < 1. When 0 € D,
Hall showed that k(D) = 0 only when D = U, and x(D) = 1 only when D = [0, 1].
He also proved

Lemma 1.1 For any closed, convex subset of U with 1 € D we have

. 1 — h(0) . 1 (D)
0z (175205 ) 2 (175 (1= 57) )

Moreover k(D)v(D) < 1 for all D, with equality holding if and only if D = [0, 1].

Theorem (Hall) Let D be a closed, convex subset of U with 1 € D, and define k(D) as
above. Let f be a multiplicative function with |f(n)| < 1 and f(p) € D for all primes
p. Then

(1.5) i‘ Zf(n)’ <p exp(—ﬁ(D) Z %ﬁf@) .

n<x p<x

Hall states this result under the additional constraint that 0 € D, but this is un-
necessary. Hall proved that the constant x(D) in (1.5) is optimal for every D, in that
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it cannot be replaced by any larger value. For completely multiplicative functions, we
have obtained the following more explicit version of Hall’s theorem. Let
m min(O, 1 — kK — maxsep Re 6(e™ — n))

(1.6) C(D) = —kv7vy+ min dx.
e==+1 0 X

Theorem 3 Let D be a closed, convex subset of U with 1 € D, and define k = (D),
v = v(D) and C(D) as above. Let f be a multiplicative function with f(p) € D for all
primes p, and put y = exp( (logx)§). If kv < 1 then

i‘;f(n)‘ <je(f (=)

xexp(—/ﬁ Z M—C(D)+’y(l—/ﬂ/))

1 |1 — f(p)] )
O((logx)% exp(zip ) .

p<x

If D = [0, 1], that is kv = 1, then

L3 fm < @le(0)+0( o).

n<x

The error term in the first part of Theorem 3 can be bounded using

Z “_P%p)l < (210glogxz %ﬁﬂm) : +0(1).

p<x p<x

A version of the second statement in Theorem 3 was first proved by Hall [12].
Theorem 3 is essentially “best possible” (up to the constant of multiplication), for
every such D, as noted in [12] and [13].

The first statement of Theorem 3 gives an explicit, quantitative and useful version
of Hall’s theorem, so long as ZPSX( 1 —Re f(p)) /p <p loglogx. However if this
fails then Hall’s original theorem shows that >, _ f(n) <p x/(logx)®> for some
constant Bp > 0, so we have the following corollary:

Corollary 2 Retain the notation and variables of Theorem 3. Let f be a multiplicative
function with f(p) € D forall p. If kv < 1 then

i‘;f(n)‘ <je(f (=)
X exp(—fi Z %ﬁﬂm —C(D) +~(1 — m/))

y<p<x

OD( (loglx)BD) ’

where Bp := ((1+£/3) — \/1+2k/3) /K.
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Lastly, we apply our ideas to study how averages of multiplicative functions vary.
One would like to be able to say that

(1.7) —Zf(n -2 < (logzw) :

n<x n<x/w

forall 1 < w < x, with as large an exponent (3 as possible (thus showing that averages
of multiplicative functions vary slowly). However (1.7) is not true in general, as
the ubiquitous example f(n) = n'® reveals. On the other hand P. D. T. A. Elliott
[3] proved that the absolute value of the means of multiplicative functions does vary
slowly. He showed that

S ] 2|5 o] < (222)

n<x/w

for all multiplicative functions f with |f(n)] < 1,and all 1 < w < x. By applying
Theorem 1, and the ideas underlying it, we have obtained the following result which
leads to an improvement on Elliott’s theorem.

Theorem 4 Let f be a multiplicative function with | f(n)| < 1 for all n. For anyx > 3
there exists a real number y; such that for all 1 < w < x/10, we have

IO St

n<x n<x/w

)1+2(1—%)

(820) iy ), o

2

(logx)'~=

If the maximum in (1.3) with T = logx is attained at y = y, then we can take y, = y,
if |yo] < (logx)/2, and y, = 0 otherwise.
Note that 1 — 2 = 0.36338 - - and 2 — /3 = 0.267949 - - -

Corollary 3 Let f be a multiplicative function with | f(n)| < 1 for all n. Then for
1 <w < x/10, we have

Z ol =31 2l = () n( )+ i

In the special case that f(n) is non-negative we can improve the 1 — 2 /7 in Corol-
lary 3 to 1 — 1/, see [7]. There we apply this idea of slowly varying averages to refine
the upper bound of ?O( f, x) in Theorem 3.

Another application of estimates such as Corollary 3, as Hildebrand [14] observed,
is to extend slightly the range of validity of Burgess’ famous character sum estimate.
For characters x with cubefree conductor g, one gets Y x(n) = o(N) for N >

g'/*=°W rather than N > g!/4*o®)
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We shall give a third application, of a kind first observed by Elliott [4], and im-
proving results of Davenport and Erdés [2]. For integer k > 2 define 7y to be the
infimum of those real numbers 7 such that for all primes p there exists a represen-
tative of each coset of the k-th powers mod p, which is < p”. We expect n = 0
for all k, but the best result to date, due to Elliott, is that n; < 1/4 — ¢/ k' for some
constant ¢ > 0. Using our Corollary 3 in Elliott’s argument we may replace 19 here
with any constant > 1/(1 — 2/7) = 2.752---. We also work out bounds for 7
explicitly for k = 2 and k = 3, and modify the argument of Davenport and Erd&s to
get g < 1/4 — €7 /(4k?) + O(k™?) for prime values of k. These results are collected
together in Corollary 4 below.

The problem of estimating 7 may be reduced to the following (difficult) opti-
mization problem. Given k > 2 consider the class of all completely multiplicative
functions f which take values on the k-th roots of unity (like a character of order k),
such that for a given large x, and for each k-th root of unity &, there are ~ x/k in-
tegers n < x with f(n) = £ (to be precise, we mean that for some given function
e = e(x) — 0asx — oo, there are between (1 — e)x/k and (1 + €)x/k integers
n < x with f(n) = £). Define 74(x) to be the smallest real number 7 such that
for every k-th root of unity &, there is an integer n < x7 with f(n) = &; and then
Tk = limsup,_,  Tk(x). Bounds for 7 give bounds for 7 since using Burgess’ theo-
rem we have 7, < 7/4. We determine below 7, and 73, but the value of 74 for k > 4
remains an open question.

Corollary 4 For all k > 2 we have

1 c
<=
=T (klogh) /=277
for some ¢ > 0. Ifk is prime then ng < 1/4 — &7 /4k* + O(1/k>). Further 7y = e~/ =
0.60653 - - -, and 75 = 0.765423 - - -, so that n; < 1/(4+/e) and n; < 0.191355 - - -.
Our proofs of Theorems 1, 2a,b, and 4 are based on the following key proposition
(and its variant, Proposition 3.3, below), which we establish by a variation of Haléasz’
method. Proposition 1 below is a variant of Montgomery’s lemma (see [15], and also
Montgomery and R. C. Vaughan [17]) which is one of the main ingredients in the
proof of Hall’s theorem.

Proposition 1 Let f, x, T, and F be as in Theorem 1. Then

1 2 Lrl—x2 ) 1 loglogx
;’;f(n)‘ = logx/0 ( 2 )<\Iﬁ§}§|F(l+a+’y)D da+0(?+ logx )

To prove Theorem 3, we adopt a different strategy, turning to integral equations.
Let x: [0,00) — U be a measurable function, with x(t) = 1 fort < 1. We let o(u)
denote the solution to

uo () = (0% x) () = / o (t)x(u — 1) db,
(1.8) 0

with initial condition o(u) = 1for0 < u < 1.
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We showed in [6] that (1.8) has a unique solution, and this solution is continuous.
Further let Iy(u; x) = 1, and for n > 1 define

L= x(t) 1= x(t) 1= x(t)

(1.9a) L(u;x) = ot 50 . . . dty - - - dt,.
ti+e- +t,,<u
Then we showed that
(="
1. I, (u;
(1.9b) o(u) = Z L.

n=0

The relevance of the class of integral equations (1.8) to the study of multiplicative
functions was already observed by Wirsing [20]. We illustrate this connection by
means of the following Proposition, proved in [6] (Proposition 1 there).

Proposition 2 Let f be a multiplicative function with | f(n)| < 1 for all n and f(n) =
1forn <y.Letd(x) =}, logp and define

xX(w) = xr(u) = 19( 0 Z f(p)logp.
Pyt

Then x(t) is a measurable function taking values in the unit disc and with x(t) = 1 for
t < 1. Let o(u) be the corresponding unique solution to (1.8). Then

_ Z f(n) =o(u) +O(1 gy)

n<y4

Proposition 2 allows us to handle mean values of multiplicative functions which
are known to be 1 on the small primes. We borrow another result from [6] (see
Proposition 4.5 there) which allows us to remove the impact of the small primes on
the multiplicative functions to be explored.

Proposition 3 Let f be a multiplicative function with |f(n)| < 1 for all n. For any
2 <y < x, let g be the completely multiplicative function with g(p) = 1if p < y, and
g(p) = f(p) otherwise. Then

> =6, ZWHO( (Zl_ﬂp)))

n<x m<x p<x

We prove Theorem 3 by establishing a decay estimate, Theorem 5, for solutions
of (1.8) when x(t) is constrained to lie in D for all . Then using Propositions 2 and
3 we unwind this result to deduce Theorem 3. It should be noted that it is unneces-
sary to work with integral equations to prove these results, and that one can proceed
directly. However we find it easier to understand these proofs when formulated in
this way. Moreover we discovered these proofs, which are rather different from those
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of Halasz and Montgomery, in the context of integral equations, and it would seem
disingenuous to disguise their origins.

Theorem 5 Let D be a closed, convex subset of U with 1 € D, and define k =
k(D),v = v(D) and C(D) as above. Let x: [0,00) — D be a measurable function
with x(t) = 1 fort < 1, and let o denote the corresponding solution to (1.8). Put

u 1 _
Mo = My(us ) = / LoRex()
0 V
Then, if kv < 1,
2 — RV
lo(u)] < ( - /w) exp(—/@Mo —C(D)+~(1 — fw))

- (755) e (- -50):

If kv = 1 (so that D = [0,1]) then |o(u)| < &7,

When studying mean values of multiplicative functions we have seen how the ex-
ample f(n) = n'® led Hal4sz to consider convex regions D that are not dense on the
unit circle. Given that we now have x(t) = 1 for 0 < ¢t < 1, it is perhaps unclear
whether such restrictions are necessary when considering (1.8). In fact they are, and
in Section 10a we shall see that if x(t) = ¢’ for all ¢ > 1 then lim sup |o(u)| >, 1.

By Proposition 2, we know that statements about multiplicative functions can be
interpreted to give information on solutions to (1.8). For example, the remark after
the statement of Theorem 3 translates to saying that Theorem 5 is “best possible” for
every D, up to the constant of multiplication, via [12] and [13]. Moreover we can
state integral equations versions of Corollary 1 and Theorem 4.

Corollary 1 If x and o are as in Theorem 5 then |o(u)| < (M + 12/7)e"™ where

M = M(u) := min
yER

/“ 1 — Re y(v)e™ ™
— v
0

V

In fact this is “best possible”, up to a factor 10, in the sense that for any sufficiently
large mgy we can find x and o as in Theorem 5 with M = mg + O(1) and |o(u)| >
(M +12/7)e"M /10; see Section 10b for our construction. This implies the same of
Corollary 1 and hence of Theorem 1, by Proposition 2.

The analogue of Theorem 4 shows that |o(u)| obeys a strong Lipschitz-type esti-
mate.

Theorem 4’ Let x: [0,00) — U be a measurable function with x(t) = 1 fort < 1,
and let o denote the corresponding solution to (1.8). Then forall1 <v < u,

— 1-2
‘ lo(u)| — |o(v)| | < (u ” V) log v

u—v
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We illustrate Theorem 5, and thus Theorem 3, by working out several examples.

In each of our examples we will have D = D, which allows us to restate Theorem 5 as
lo(u)| < c’em ™M < cem"Mo where

. cexp(—zﬂ- /ﬂ rnin(O7 1 — k — maxsep Re 6(e? — /{)) d@)
0

02w —0)
o (220

Example 1 D is the convex hull of the m-th roots of unity. For m = 2 we have
D = [-1,1], v = 2, Kk = 0.32867416320--- and ¢’ = 6.701842225--- < ¢ =
6.978982 - - - . For larger m we can determine a formula for h(a); for example, for odd
m > 3, define d; = 0;—m(2j—1)/m wheresin6;/(cos§; — ) = tan(7w(2j—1)/m),
for1 < j < (m+1)/2. Then

(m—1)/2 (m—=1)/2

fz(a)—a+7lr<sin:;(l+2 Z coséj) —a(51+ Z (5j+1—5j)Cos2:;j>>

j=1 j=1

An analogous formula holds for even m. We computed « and ¢ (not ¢’) for various m:

m 3 4 5 6 7 8 9 10
K ||.167216 |.098589.063565|.044673|.032971 |.025359 |.020086 |.016305
c [|4.15845 [3.999593.79356|3.73689 |3.68124 | 3.65731|3.63435|3.62219

The ¢ and « values for D, the convex hull of the m-th roots of unity.

One can show that, as m — 00, we have k = 72/6m* + O(1/m*) and ¢ = 2¢" +
O(1/m?). Therefore, following the proof of Theorem 2 of [6] we have that if x is
sufficiently large and p is a prime = 1 (mod m), then there are at least {7, + o(1) }x
integers < x which are m-th power residues (mod p), where

T > exp( —exp({3/7* + o(1)}m* log m)) .

It is shown in [6] that 7, < exp(—{1 + o(1) }mlogm), and that 7, = .1715 - - -, the

only m for which the best possible value has been determined.

Example 2 D is the disc going through 1 with radius r < 1. Note that k = 0if r = 1.
We have the (relatively) simple formula,

h(e) = r(a—i— % /7T |ei9 _ a|d9) ,
o

sothat k = 1ifr < /(7 +4) = .43990084 - - - . For various radii r, we computed
and c:
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r |.4399--- .45 S5 .6 7 8 9 .95
K 11.968330(.822168.580480(.390142 |.236024 |.108183|.051957
c 16.5986 |15.6413|11.7966|7.65099 |5.70586 |4.64287|3.99284 |3.75723

The ¢ and « values for D, the disc of radius r, with center 1 — r.

One can show that, as r gets close to 1, thatis r = 1 — § where § — 0%, then
k=0+30*/4+0(5%) and c = 2¢7 (1 + 0 + O(6?)) .

Example 3 D is the sector of the circle bounded by the lines from 1 to e™%. In other
words, D is the convex hull of the point {1} together with the arc from e’ to e~ on
the unit circle. Select fy < 6 so that tan(y/2) = sinfy/(cosfy — «) and tan p =
sin 6 /(cos 6 — a), and thus, with I := (6 + (6, — 6o) cos ¢) , we have

_ 1 T
ha) = a+ — (sin By + sin(6; — @) — sin(0y — ) — al +/ \e’a —al d@) .
™ 0

Notice that if o = 7 then D = [—1, 1] so, as above, kK = k™ := .328674163 - - - and
¢ =6.978982 - - - We computed the following values:

© /4 /3 w/2| 2mx/3| 3mw/4| 57/6 | 97/10 997

K 1/.006293 |.014597|.046181 |.140280 |.188459|.235961 |.317918 |.328674
c ||3.58485 |3.61571|3.74339|4.01647 |4.25671|4.63956|5.15381 |6.67192

The ¢ and  values for D, the cone with lines from 1 to e,

One can show that as ¢ — 0 we have k ~ ¢*/247. Moreover if ¢ — 7 then we have
K* — Kk ~ n(m — ¢), for some absolute constant > 0.

2 Preliminaries

We begin with the following lemma, weaker versions of which may be found in the
works of Halasz [8], Halberstam and Richert [10], and Montgomery and Vaughan
[17].

Lemma 2.1 Let f be a multiplicative function with | f(n)| < 1 for all n. Put S(x) =
> n<x f(n). Then forx > 3,

x (IS x
. < — — .
@1) ISl < logx J, ¥? dy-f—O(lng)

Further, if 1 <w < x, then

@_ S(x/w) < 1 *

2.2 —
(22) x/w | ~ logx /,,

S()  Sy/w) | dy log 2w
Ty yw 7+O( logx )

Proof First note that

S(x)logx — Zf(n)logn = Zf(n) log% = O(Zlog %) = O(x).

n<x n<x n<x
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Further
> fmlogn=> f(m> logp="> logp > f(mp").
n<x n<x pk|n pr<x m<x/pk
Since
> fempy =50 3 fem o 32 1) = fhs( ) +0( )
m<x/pk m<x/pk "’Slx/Pk
plm

it follows that

(2.3) Sx)logx =S f(d)A(d)S( g) +0().
d<x
Hence
(2.4) 5G| logx < 3 A(d)‘ s( 2) ’ +0).
d<x

Writing ¢(x) = > <x A(n), as usual, we see that

> als(5)] = (o0 - via- ) [5(3)
—wos( -1

D)

We now use the prime number theorem in the form ¢ (d) = d + O( d/(log 2d)2) , to-
gether with the simple observation that [S(x/d)|—| $(x/(d+1)) | < > /(1) <n<xa L
It follows that -

S vafs()| =2 4(ls(3)| -1z
+O<§lgi2d) 3 1>.

x/(d+1)<n<x/d

The main term above is plainly >, [S(x/d)|, and the remainder term is

d
<Y e da 2 4 3

A< /% log X Jr<d<x x/(d+1)<n<x/d
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Combining these observations and (2.4), we have shown that

|S(x)|logx < Z’S(g) ‘ + O(x).
d<x

Now |S(x/d)| = ;H ISCe/t)] dt + O3, /(441)<n<r/a 1) and so the right side above

1S
/x+1
1

By changing variables y = x/t this is

x/ |S(Jz/)| dy + O(x) :x/ |S(Jz/)| dy + O(x),
x/(x+1) Y 2 )

s(’—:) ‘ dt + O(x).

proving (2.1).
To show (2.2), we note by (2.3) that

o (321 3

x/w

) — O(log 2w) + J—lc ; f(d)A(d)s( 3)

-2 3 f@aas( )

d<x/w

= O(log2w) + Z f(d)A(d)(

d<x/w

S(x/d) B S(x/wd)>

X x/w

Hence

@_S(x/w) < 1 Z

x x/w | ~ logx

S(x/d) 3 S(x/wd) N O(log2W)
" )

x/w

A(d)‘
logx
We now mimic the partial summation argument used to deduce (2.1) from (2.4).
This shows (2.2).
The next lemma provides our alternative way to develop this theory, different from
that of Montgomery (see I11.4.3 of [18]).

Lemma 2.2 Leta, be a sequence of complex numbers such that ) | @ < 0. Define
A(s) = Z:il ayn~ which is absolutely convergent in Re(s) > 1. For all real numbers
T > 1,andall0 < o < 1 we have

. . o ||
2.5 A(l+a+ < A(l + + 0| = —
25 maxlAG+a+ip) < max aa+i+o( 33 %),

n=1

and for any w > 1,

(2.6)
. o . . Qo= |
1—w )| < A(l 1—w™)|+0( = .
‘ryl‘li)é [Al+a+iy)(1—w )| < ﬁgﬁ(ﬁ (I+iy)(1—w™"7)|+ <TZ " )

n=1
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Proof We shall only prove (2.6); the proof of (2.5) is similar. Note that the Fourier

transform of k(z) = el is k(¢) = [ eelemi g = azzfgz which is always

non-negative. The Fourier inversion formula gives for any z > 1,

z7% =k(logz) = k(—logz) = % /°° i((g)zfif d¢

1 T « : «
- _ = i i
2 ater e o(g)

Using this appropriately, we get that foralln > 1,and 0 < o < 1,

1 . 1 T [0 . . . o
Ly 1 kw0 2).
La—we w/_Ta2+£2” (1 —w a0 2

Multiplying the above by a,,/n'""?, and summing over all , we conclude that

; 1 [T « o
: ey : : _ o iy—if
Al+a+iy)(1 —w ) 7T/—T a2+€2A(1+1y+1§)(1 w ) d¢

O o ||
+O(— —").

If |y| < T then |y +&| < |y| + |¢] < 2T, and so we deduce that

max |A(1 +a +iy)(1 —w *Y)]

[yI<T
<( A1 +iy)(1 —iy)|) 1 /T @ d¢
m _ Z =
- |y\§a§(T v v T ) a?+ &2
a o~ |an]
+0 =) —
(535

and (2.6) follows since

1 (T« 1 [ «
— —deE < — dé = 1.
aretse [ atat

Our next lemma was inspired by Lemma 2 of Montgomery and Vaughan [17],
who consider (essentially) the quotient ‘ F ( L+i(y+ ﬁ)) JE(1+i y)| rather than the
product below.

Lemma 2.3 Let f, x, and F be as in Theorem 1. Then for all real numbers y, and
1/logx < |8] < logx, we have
1 2

21—
, (log logx)z)
1B

’F(l + z'y)F(l +i(y +6)) | < (logx)% max(
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Proof Clearly

i —i(y+6)
|F(1+iy)F(1+i(y+6))|<<exp<Rer(p)p P+ f(p)p™™ >

p<x p
i3
<exp<z L+p~ >
p<x p
3]
2 =
(2.7) :eXP(Z Lot 270gp)|).
< P

By the prime number theorem and partial summation we have forz > w > 2

Z / tlot exp( c\/logw))

w<p<z

for some constant ¢ > 0. Choose C = 100/62, and put
Y= max(exp(C(loglogx) ) Lj) .
Put§ = 1/ log’ x, and divide the interval [Y, x] into < log® x subintervals of the type

(z, z(1 + 5)] (with perhaps one shorter interval). For each of these subintervals we
have

el (1o (W) o) ¥ L

z<p<z(1+6) p z<p<(1+d)z

= <‘cos<§|log2) ‘ +O(5ﬂ|))
z(140)
</Z tlil);t-i—o(logllox))

z thgt log5 X ’

where we used |3| < logx. Using this for each of the < log® x such subintervals
covering [Y, x], we conclude that

] x b
Z |cos(%logp)| :/ |c05(%logt)| dt+O(L)
) v tlogt logx

Y <p<x
191 100 x
:/2 Fleosyl 44 o)
%logY y

https://doi.org/10.4153/CJM-2003-047-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-047-0

1206 Andrew Granville and K. Soundararajan

Splitting the integral over y above into intervals of length 27 (with maybe one shorter
interval), and noting that ;- fOZF | cos 0] d§ = 2, we deduce that

191 2. 1
3 [cos(5 logp)l _ 2 Jogx ().
Yt p T logY

Trivially, we also have

1Al
3 [cos(5 log )| _ > ~ = loglog¥ +0(1).

psyY p p<Y

Combining the above two bounds, we get that

12
5 L1082 2 joctogss (1- 2) toglogy +O(1)
P i "

p<x

The lemma follows upon using this in (2.7), and recalling the definition of Y.
We conclude this section by offering a proof of Lemma 1.1.

Proof of Lemma 1.1 For a fixed 6, note that maxscp Re(1 — §)(av — e~") is an
increasing function of a. Integrating, we see that h(c) is an increasing function.
Clearly h is continuous, and we now show that it is convex: that is, given 0 < a0 <
8 <1l,andt € [0,1], E(ta +(1— t)ﬁ) < th(e) + (1 — t)A(B). Indeed, for a fixed
0, we have

maxRe(1 — 0)(t(a —e )+ (1= 1)(F — ™))
oeD

< tmaxRe(l — 0)(aw — e ") + (1 — t) maxRe(1 — §)(3 — e );
0eD seD

s0, integrating this, we get that / is convex.

Note that 277(0) = [;" maxsep Re(1 — 8)(—e ) df = [ maxsep Re de = df.
This last expression equals A(D), the perimeter of D, a result known as Crofton’s
formula (see [1], page 65).

We now show the lower bounds for . If & = 1 there is nothing to prove; and
suppose x < 1 so that 4(1) > 1. By convexity we see that

B( 1 — h(0) )gﬁl—h(m B(1)+(1 1_—}“0))E<O>=1»

h(1) = h(0)) ~ h(1) — h(0) ~ h(1) — h(0)
and so it follows that k > 7 (11;E%()(i)). Clearly

2
f(a) < 7(0) + i/ maxRe(1 — 8)adf = h(0) + av.
2w Jo deD
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Hence we see that h(llj(ho()o) > (1 - 1_1(0)) Jv = %(1 — %).

Lastly it remains to show that kv < 1 with equality only when D = xv. By
definition we have h(c) > maxsep % fozw Re(1 — 8)(a — e~ ) df = aw. It follows
that kv < 1 always. Moreover if kv = 1 then h(k) = 1 and there exists d €
D such that the maximum of Re(1 — §)(k — e~ ) for § € D, occurs at § = d.
Therefore if d + 7 € D then Ren(x — e %) > 0 for all @ € [0,27). Therefore
k = v = 1 else as 6 runs through [0, 27), so does arg(k — e~"), which implies
Ren(k — e~%) < 0 for some 6. Now arg(1 — =) runs through (—/2,7/2) so
n € Relse Ren(k — e ) < 0 for some §. Thus D C R and so D = [0, 1] since
v=1.

3 The Key Proposition
3a The Integral Equations Version

Our tool in analysing (1.8) is the Laplace transform, which, for a measurable function
f:[0,00) — Cis given by

L(f,s) = / F(t)e™ dt
0

where s is some complex number. If f is integrable and grows sub-exponentially
(that is, for every e > 0, | f(¢)| <. e almost everywhere) then the Laplace trans-
form is well defined for all complex numbers s with Re(s) > 0. Laplace transforms
occupy a role in the study of differential equations analogous to Dirichlet series in
multiplicative number theory.

Below, y will be measurable with x(#) = 1 for# < 1 and |x(¢)| < 1 forall ¢, and
o (u) will denote the corresponding solution to (1.8). Observe that for any two ‘nice’
functions f and g, L(f * g,s) = L(f,s)L(g,s). From the definition of o, it follows
that

(3.1) Lvo(v),t +iy) = L(o,t +iy)L(x, t +1iy),

where t > 0 and y are real numbers.
Further, recalling from (1.9a,b) that o(v) = Z}’io(—l)jlj(v; X)/ j!, we have

L(a,t+iy):Z%L(Ij(v;x),t+iy)
=0 7
_ 1 oy T—x .\’
t+iy; ji (L( v ’t+’y)>

(3.2) - ! exp(—L(l%X(v),t+iy)).

t+iy
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We now give our integral equations version of Proposition 1.

Proposition 3.1 Fixu > 1, and define fort > 0

oo ,—tv “1—-R —ivy
M, (t) = / ¢ v+ min/ e4(‘/)667” dv.
u v 0

yER 14

Then

1 (/1 —e 2\ exp(—M. (1))
|U(M)|§E/O ( t ) t dt.

Since M, (t) > maX(O7 —log(tu) + O(l)) we see that the integral in the proposi-
tion converges.

Proof Define {(v) = x(v) if v < u, and {(v) = 0if v > u. Let § denote the

corresponding solution to (1.8). Note that 6(v) = o(v) for v < u. Thus

1 [ 1 [
6(u)| < —/ W) dv = —/ 2v
U Jo u Jo

(3.3) i/ooo(/ou 2V|é’(v)|e—2tv dV) dt.

By Cauchy’s inequality

(/'4 20|6(v)|e™ 2 dv) ’ < (4/u e dv) ( /OO
0 0 0

1— e*Ztu oo
(3.4) 22— /
t 0

By Plancherel’s formula (Fourier transform is an isometry on L?)

|o(u)]

&) / e 2 dr dv
0

vo(v)|[2e™ dv)

va(v)[Fe™ Y dv.

/ vo(v)[Pe " dv = L/ |L(vo).t+iy) | dy
] 21 oo

and, using (3.1), this is

1 > . N .
5= [ mErrinPletrinR dy

oo

N . 2 L A . 2
(rf&i‘w"’t“y)' )27T |L(X,t +ip)]* dy.

— 00

IN

Applying Plancherel’s formula again, we get

1 o9 e 9] u 1— —2tu
— / Lt +iy)|Pdy = / IX(v)|Pe " dv < / e Mdy = — 5
2T J_ o 2t

0 0
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Hence

(3.5) /00
0

By (3.2), we have

L6, t+iy) = ﬁexp(—ﬁ(ﬂ,t) +L(ﬂ,t)).

1— —2tu

e .
vo(v)[Fe M dv < —  max |L(6,t+iy)|
ye

Now, we have the identity

1—e .
ReL(T,t) =log|1+iy/t|

which is easily proved by differentiating both sides with respect to y. Using this we
obtain

(3.6) tL(6,t +iy)| zexp(—ReL(ﬂ,t)>,

v
from which it follows that

exp( —M.(t
max |L(6,t +iy)| = M
yeR t

Inserting this in (3.5), and that into (3.4), and then (3.3), we obtain the proposition.

3b The Multiplicative Functions Version: Proof of Proposition 1

In this subsection, we prove Proposition 1. We follow closely the ideas behind the
proof of Proposition 3.1 above.
Note that

ISy, [*2logy Lo -
/2 ) dyf/2 T’;f(n)‘(/o ¥ 2 da+ O(y 2)) dy

= ‘/zx%‘Zf(n)logn+0(210g(y/n)) ‘ (‘/Oly_zada) dy

n<y n<y

+ O(1)

1 X 2
3.7 = ——
( ) /0 ( /2 y2+2a

Zf(n) logn’ dy) da + O(loglog x).
n<y
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By Cauchy’s inequality

(”)log”’yi);a = (/x 1+2a / ‘Zf n)logn‘ y3+};o‘)

- Zf(n)logn}zyf%)

(=g

_ Now define the multiplicative function f by fp" = f(ph for p < x, and
f(pk) = 0 for p > x, so that F(s) = Zn21f(n)/n5. Naturally f(n) = f(n) for

n < x, and so

/‘Zf(n)logn‘ y3+};” _/ ‘Zf(n)logn‘ %

[

ol

and with the change of variables y = ¢, this is

(3.9) / ‘Zf(n) logn‘ e~ 20+t gy

n<et

By Plancherel’s formula

< T or l+a+iy

Lemma 3.2 Let T > 1 be a real number. Then

L[| F+atip| 1—x 2
—/ (—am dy S(max|F(1+a+iy)|)(A)
21 J_o| l1Hta+iy ly|<T 2c
3
+O(m— + \/E)
T
where, for convenience, we have set m = m(a) = min(logx, 1/«).

Proof We split the integral to be bounded into two parts: |y| < T, and |y| > T.
Split the second region further into intervals of the form kT < |y| < (k+ 1)T where
k > 11is an integer. Thus

/|y>T

F'(1+a+iy)l|? kDT o
_— F(lQ+a+ d
l+a+iy <<Zk2T2/ T| (I+atiyfdy

21 | f(m)]Flogn
< Z k2 T2 Z n2t2a (T+ n),
k=1 n=1
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by appealing to Corollary 3 of Montgomery and Vaughan [16]. Since f(n) = 0ifn is
divisible by a prime larger than x; this is

1 log’n 1 = log'n 1 m’
<7 > Tae T2 > e St
n=1 n=1

pln=p<x

Hence we have that
1 /°° F'(1+a+iy) 2d g /T
2 J_oo| l+a+iy 7)o T\ on T

(3.11) +O(L+m—g)
. 7rT)

We now turn to the first region |y| < T. Define g(#n) to be the completely multi-
plicative function given on primes p by g(p) = f(p). Put G(s) = o2, g(nm)n~*, and
define H(s) by F(s) = G(s)H(s). Note that H(s) is absolutely convergentin Re(s) > %,
and that in the region Re(s) > 1 we have uniformly |H(s)|, |H'(s)] < 1. Using
F' = G'H + GH' = F(G'/G) + O(G), together with the inequality ([ |f + g[?)? <
([1f1)? + ([ |g]*)? (which is easily deduced from Cauchy’s inequality), we see that

1 /7 2 3 1 /T 2 1
(zW/T dy) : (zw/T dy)
T 2 :
o wo((J 5))
-T

Splitting the interval [—T, T] into subintervals of length 1, we see that the remainder
term above is

Ftatip| :
l+a+iy

(FEH(1 +a+iy)
l+a+iy

F(1+a+iy)
l+a+iy

G(l+a+iy)
l+a+iy

[T] 1 k+1 1
. 2 2
<<( Z 1+k2/k |G(1 +a+iy)| dy)
k=—[T]—1
[T] o0 1
1 lg(n)|? 3
<<( Z 1+k22 n2t2a (1+n))
k=—[T]—1 n=1
by appealing again to Corollary 3 of [16]. Plainly this is
- 1\
(3.13) < ( Zl W) < \/E
p\nn:;pr

We focus on the main term in the right side of (3.12). Clearly

e 2\
(5 )
2 _T

< (max [F(1+a+iy)|) (%/o@

ly|<T —o00

(FEH(1 + a+iy)
l+a+iy

%(1+a+iy)
l1+a+iy

2 >
dy) .
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Since — %(s) = Enoil g(n)A(n)n—" we get, by Plancherel’s formula, that

1 > Gé(l+o¢—+—iy) 2 o0 2 v
E[o@ - - dy:/o ‘Zg(n)A(n)‘ e 2ot gy

l+a+iy ~=
Since |g(n)| < 1 always, we see that | Y _ . g(n)A(n)| < (e for all ¢. Further,
since g(n) = 0 if n is divisible by a prime larger than x, we see that if t > logx,
then | 3", -, g(n)A(n)| < x+ €/2. Using these observations together with the prime
number theorem we deduce that the above is

log x ¢ 2 00
< / (et + O( € 2) ) e—2(1+a)t dt + O</ (X2 + et)e—2(1+(y)t dt)
0 (t + 1) log x

1— —2«
= +o).
2x

Thus the main term in the right side of (3.12) is

—2a

1—
< max |[F(1+a+ iy)|(7x
IyI<T 2a

+O(1))%

. 1-— Xﬁza % 1
= max |F(1 + a+iy)| (7) +0(m™2) ),
lyl<T 2a
since (1 — x~2%)/2a < m(c). Combining this with (3.13), and (3.11), we obtain the
lemma, since [F(1 + o +iy)| < ][, ,(1 - 1/p) ! < m.
We use (3.9), (3.10) and Lemma 3.2 to estimate the right side of (3.8). Inserting
that estimate into (3.7) we conclude that

X |S(y)‘ /1 ) 1— x—20¢
dy <2 F(1 > )d
L F =2 [ s (S5) de

om(a)? )
) da +logl
+ (/o ( 7t m(a)) a +loglogx

1 —2a
:2/ (max [F(1+a +iy)|) (i) do
0

[yI<T 2

+ O(b% + loglogx) .

When used with (2.1) of Lemma 2.1, this yields Proposition 1.
We end this section by giving a variant of Proposition 1 which will be our main
tool in the proof of Theorem 4.

Proposition 3.3 Let f, T, and x be as in Theorem 1. Then for 1 < w < x, we have

1
5&x) _ Sx/w) < b / m(a)(max |(1 —w " 7)F(1 +a+iy)|) da
x x/w logx J, <t

1 log2w logx
= 1 .
+O(T+ logx °8 logZW)
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Proof Since the proof is very similar to that of Proposition 1, we shall merely sketch
it. Arguing as in (3.7), we get that

/" S(p)  S(y/w)|dy
wl ¥ y/w Ly

w

Lo 1 dy
<</0 (/2 ;%f(n)logn—y/—wngzy;wf(n)logn’ylﬁ(!) da

w

logx ) .

+ log 2w log( Tog 2w

Using Cauchy’s inequality as in (3.8), we see that

* d
|53 stiogn——— 3™ stogn| £

n<y n<y/w

< min m(a)% (/x
2

w

1 1 2 dy \:
F 3 fovtonn= o 3 sooleen] )

As before, we handle the second factor above by replacing f by f, extending the
range of integration to |, 100, substituting y = ¢, and invoking Plancherel’s formula.
The only difference from (3.10) is that F'(1 + o + iy)/(1 + « + iy) in the right
side there must be replaced by the Fourier transform of =" 3™ _  f(n)logn —
we— (1Tt D on<e fw f(n)lognwhichis —F'(1+a+iy)(1—w™")/(1+a+iy). We
make this adjustment, and follow the remainder of the proof of Proposition 1.

4 Proofs of Theorem 1 and Corollary 1

Recall the multiplicative function f(n) defined by f(p") = f( p*) for p < x, and
f(p*) = 0for p > x. Then F(s) = >, f(n)n™*, and since | f(n)| < 1 always, we get
thatforall0 < a < 1,

(4.1) max |F(1+ a +iy)| SC(1+a):l+O(1).
yER o

Taking a, = f(n) in Lemma 2.2 and noting that )", |a,|/n < logx, we conclude
thatfor0 < a <1

1

(4.2) max |F(1+ a+iy)] < max |F(1+iy)|+O(a ng).
lyl<T lyl<ar T

Note that L < @ I[,<.(1 - %)_1 = ¢’ + O(1/logx), by Mertens’ theorem.

The theorem is trivial if 1 < L < ¢ + O(1/logx), and also if L < 1/logx, so we

suppose that 1/logx < L < 1. We use Proposition 1, employing the bound (4.2)
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when « < 1/(Llogx), and the bound (4.1) when 1/(Llogx) < o < 1. We deduce

that
1 1/Llogx 1 — x2a 2 1 1 —x221
—’Zf(n)‘ SL/ X do + / L—da
xl 0 o logx Ji/tgx 200«
(4.3) +O(l+loglogx)
' T logx /'

Making a change of variables y = 2a:log x, we see that the first integral above is

ALy _ py
SL/ ¢ dy
0

y
11_ —y Z/Ld 00—y 0 ,—y
:L(/ ¢ dy+/ —y—/ e—dy+/ e—dy)
0 Y 1 y 1 y 2/L Y
Ooe—y
=L(y+log— +L/ —dy,
( ) 2L Y

since 7 = fol(l —e)/ydy — floo e’ /y dy. Further, the second integral in (4.3) is

1! 1 —x2 X l—e” * 2¢7
e Ty [T,
08X Ji/Llogx & 2L Y 2L Y

Combining the above bounds, we see that the right side of (4.3) is

T[T 2L 1 logl
(4.4) SL(1+log2+loge—+/ e—(l_L) dy) +O(—+ g ng).
L oy vy y T logx

Since the maximum of (1 — (2/L)/y) / y for y > 2/L is attained at y = 4/L, we see
that the integral term above is < L/8 f;;; e7dy < 1/8 [ e 7 dy = 1/(8¢%) since
L < 1, and theorem then follows from (4.4) since 1 +log2 + 1/(8¢*) < 12/7.

We now deduce Corollary 1. Suppose f is completely multiplicative. Then, by
Mertens’ theorem,

N (o fo |~ 1
IF(1 +iy)| = (¢ logx+ O(1)) g -y (1- ;)
1 —Re f(p")p~™
(4.5) = (eﬂogx-i- O(l)) exp(— ) ,
k>1

and so it follows that L < ¢7™™ + O(1/logx). Using this bound in Theorem 1, we
get the completely multiplicative case of Corollary 1.
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If f is only known to be multiplicative then note that

fp)  f(p?) f(p)

p1+iy p2+2iy p1+iy

2

1+ -
p(p—1)

<1+

+...H1_

since | f(p¥)| < 1 for all k. Using this with the observation of the preceding para-
graph, we see that L < [ (1+ ﬁ )€ M +0(1/logx) in this case. Appealing now
to Theorem 1, and noting that log(Hp(l + ﬁ)) > 8/7, we deduce this case of
Corollary 1.

5 Proof of Theorem 2a

We may suppose that |yo| > 10. Applying Theorem 1 with T = |yo|/2 — 1 we get
that

o |F(1+1 I+y
1’21‘(”)‘ < <maxy§|yo 2 | F( 1J’)|) log( e logx >
Xl log x

max|y|<,,—2 |[F(1 +iy)]|

1 loglog x

5.1 +
(5.1) lyo| +1 logx

By the definition of y,, we see that for |y| < |yo| — 2,

F(L+iy)| < (JF(+ip)FQ +iyo)])

and appealing to Lemma 2.3, this is (with logx > |8 = |y — yo| > 2)
< (log x)* (loglog x)"1~ 2)

Using this bound in (5.1), we obtain the theorem.

6 Proof of Theorem 4

If [yo| > (logx)/2, then in view of Theorem 3a, the result follows. Thus we may
assume that |yo| < (logx)/2. Put fo(n) = f(n)n="", and define

Fo(s) = [J(1+ folp)p™ + fo(p)p > +-++) = F(s +iyo).

p<x
We note that

(6.1) (IF +iyo)| =)  [Fo(1)] = max [Fo(1+iy)|.
ly|<logx

Indeed, the left side of (6.1) is plainly < right side; and further the right side is =
max|,|<jogx |F(1 + iy +iyo)| < max|y|<iogx+|y,| [F(1 +iy)| < [F(1 + iyo)l|, proving
(6.1).
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We now appeal to Proposition 3.3, with f there replaced by fy, and F by Fy, and
with T = (logx)/2. Thus we see that

1 w log 2w logx
z -z 1
‘x Zﬁ’(n) X Z hlm] < logx © (logZW)
n<x n<x/w
(6.2) + b lmin(logx7 l) ( max |Fo(l+a+iy)(l — w_‘”_iy)|) do.
logx J, a/ "ly|<(ogx)/2

Next, we use Lemma 2.2 with a, = fo(n) if n is divisible only by primes < x,
and a, = 0 otherwise. Thus A(s) = Fy(s), and >_ - |as|/n < logx. Taking T =
(logx)/2, we deduce from (2.6) of Lemma 2.2 that

(6.3)  max |Fo(l+a+iy)(1—w )| < max |Fo(1+iy)(1—w7)|+0(1).
ly|<(logx)/2 ly|<logx

If |y| < 1/logx, then plainly |Fy(1 + iy)(1 — w=7)| < logx(|y|log2w) < log2w.
Iflogx > |y| > 1/logx, then using (6.1) and Lemma 2.3, we get

1

(1 1 )2) (1—=
—, (loglogx
[ 808

Eo(1+iy)] < (|Ea(DFo(1+iy)]) * < (logx)? max

Since |1 — w~¥| < min(1, |y|log2w), we deduce from these remarks and (6.3) that
(6.4)
max |[Fo(l1+a+iy)(1 — W_a_iy)| < (logx)% max(long, (loglogx)z) 5
[y|<(logx)/2

In addition, we have the trivial estimate

. 1
(6.5) max |[Fo(l+a+iy)(l—w )| < (Q+a) <K —.
ly|<(logx)/2 «

We now use (6.2), employing estimate (6.4) when « is less than

max (log 2w, (loglog x)?) _(1_%)(10gx)_% ;

and estimate (6.5) for larger a.. This gives the theorem.

7 Deduction of Corollary 3 and of Theorem 2b

We require the following lemma, which relates the mean value of f(n) to the mean
value of f(n)n'“.

Lemma 7.1 Suppose f(n) is a multiplicative function with | f(n)| < 1 for all n. Then
for any real number o we have

> flmn™ = 191(;& ;{f(n)+o<$log(e+ |0z|)exp(z:7‘1 —;(p))).

n<x p<x
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To prove this Lemma, we require a consequence of Theorem 2 of Halberstam and
Richert [10]. Suppose } is a non-negative multiplicative function with h(p¥) < 2 for
all prime powers p¥. It follows from Theorem 2 of [10] that

2x h(n) 1
(7.1) ;h( )—logxz n {1+O(@)}.
Using partial summation we deduce from (7.1) that for 1 < y < x'/2,
hn) _ logy h(n) !
(7.2) x/;q " {@_1 g( logx)};;”{z"ro(logx)}.

Proof of Lemma 7.1 Let g denote the multiplicative function defined by g(p*) =
F(p4) = F(p1), 50 that f(n) = 32, ¢(d). Then

(73) Z f(ﬂ)ﬂia Z e Zg(d) Zg(d) dia Z ni(x.

n<x n<x d<x n<x/d
By partial summation it is easy to see that
1+ia
an _ {1+1(1 +O(l+a )
n<s O(z2).

We use the first estimate above in (7.3) when d < x/(1+«?), and the second estimate
when x/(1 + a?) < d < x. This gives

S som = S AR o0t B gl ),

n<x d<x/(1+a?) x/(1+a?)<d<x

Applying (7.1) and (7.2) we deduce that

. I+ia d d
Zf(ﬂ)ﬂm: 1x+iaZgST) (—log( +|a\)z & )|>
d<x

n<x d<x

- x1+ia g(d) |1 f P)|
= 1+iazd+o<10g e+|a\)exp(z ) ))

d<x p<x

Using the above estimate twice, once with « replaced by 0, we obtain the lemma.

Proof of Corollary 3 We may suppose that w < /x, else there’s nothing to prove.
Let yo be as in Theorem 4. By the definition of M and by (4.5) we know that for all
ly| < 2logx,

Z 1 —Re f(p)piiy > M= Z 1 —Re f(P)piiyO + O(l)
p N p

p<x p<x
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Further we have for |y| < 2logx

1 —Re f(p)p~" 1 —Re f(p)p~"
3 ej;pp >3 ej;pp _2;

p<x/w p<x

> M+ O(1).

®
S| =

By Corollary 1 (with T = logx) it follows that

1 1 _ loglog x
- — Me™ 4 28 00%
x’%ﬂm" x/w‘ ; f(n)‘ <Me logx

From this estimate, Corollary 3 follows if M > (2 — v/3) loglog x. We suppose now
that M < (2 — /3) loglog x.

For a complex number z in the unit disc, we have |1 — z| = (1 + |z|> — 2Re z)2 <
(2 — 2Re z)2. Hence, by Cauchy’s inequality and our bound on M,

11— f(p)p~™| \/2—2Re f(p)p—»
Y <>

p<x p p<x p
l1—Ref —ivoy 3
(S5 ()
o b
< (22— \/5)) : loglogx + O(1)
(7.4) = (V3 — 1) loglogx + O(1).

Applying Lemma 7.1, we see that

> fm =+

n<x

iy o<1°lgl;gx w(3 1 - f(ﬁ)p‘”(’))

p<x

X0 1
o 8ese )
T+ iy (logx)?>—V3

n<x

and similarly

w o (/)" —iy loglogx
x 2, fim = 1 +iyo 2 S +O((logx)2_‘/§).

n<x/w n<x/w

Taking absolute values in these relations, and appealing to Theorem 4, we obtain the
corollary.

Proof of Theorem 2b Suppose that the maximum in (1.3) with T = log x is attained

at y = yo. If |yo| > logx the result follows from Theorem 2a. Thus we may assume
ly0| < logx. Let g(n) = f(n)/n° so that the maximum in (1.3) with f replaced by
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gand T = logx is attained at y = 0 (for in the range there, |y + yo| < [y| + [yo| <
2logx). Write M = My(x,logx) = M,(x, %logx). We will give the proof now
assuming f is completely multiplicative (the proof for all multiplicative f is entirely

analogous): By Corollary 1 (with T =  log x) we have

}—lc‘n%;g(n)’ < (M+ 1—72) M4 O(loilgofx) .

By Lemma 7.1 with f replaced by g, and « by y,, we have

n<x p<x P

i 1—-g(p)
Zf(n) = I:C-iyo ;g(n) +O<éloglogxexp(zw)) .

Combining these two statements gives, since Zpr [1—g(p)|/p < +/2Mloglogx +

O(1) by Cauchy’s inequality,

S ] < = (m+ f)evM+o(l°§g°§xexp(¢m)>.

= V1+y3

The result follows from this provided M < (2 — V3) loglog x; and it follows from

Corollary 1 directly if M > (2 — /3) loglog x.

8 Proof of Theorem 5

We recall the notations of Section 3a. We first obtain a lower bound for M, (t) in

u 1—Re x(v) dv

terms of My = |, "

Proposition 8.1 Forallu > 1 andt > 0 we have

oo efv

M, () > max(o, KMo — kv log(tu) + (1 — k) / dv + C(D)) ,

u v

where C(D) was defined in (1.6).

Proof First note that M. (t) > 0 by definition. Also

“1_R 00 gt
M, (t) — kM = I — m/ 1-Rexv) ) _ e—fV)dv+/ dv
0 v u
where
u 1— — R —ivy _
(8.1) I:= min/ f— Rex(v)(e K) e dv.
yeR Jo 14
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Since 1 — Re x(v) < v, we get that

uq 0o L—tv
—/{/ 1= Rex() 1—e™)dv+ / v
0 u

v v

Ul gty 00—ty oo —ty
2—/-@1/(/ ¢ dv—/ ¢ dv) +(1—m/)/ ¢ dv
0 v u v u v

e~

= —kv (v +log(tu)) + (1 — kv) /00 : dv,

v
so that

—V
¢ dv+1.

M, (t) > kMg — /»w(’y +log(tu)) + (1 — kv) /OO ”

Therefore we obtain the Proposition by proving

" min(0,1 — k — maxsep Re 0(e”™ — k))

(8.2) I > min dx.

e==+1 0 X
If the minimum in (8.1) occurs at y = 0, then I = (1 —k) fou #X(V)e’” dv >0,
which is stronger than (8.2). So we may suppose that the minimum in (8.1) occurs
for some y # 0. Put w(f) = 1 — k — maxscp Re 6(e " — k). Then we see that, with

€ = sgn(y),

u [ylu [yl o=tv/|y| v
I / wvy) o / W) /iyl gy, / T / w(ex) dx)
0 v 0 v 0 4 0

Integrating by parts, we conclude that

b Iyl v /7| getv/ly]
(83) 1> ¢ / w(ex) dx + / (/ w(ex) dx) € + € dv.
lylu Jo 0 0 v? vy

Note that w(ex) is a 27-periodic function, and that ﬁ fozw w(ex)dx = 1—h(k) >
0. Hence putting w™ (x) = min(0, w(x)) , we get that

(8.4) /V w(ex) dx > /v w (ex)dx = W.(v),
0 2

w551

say. Observe that W, is a 2m-periodic function, which is always negative, and that W,
is decreasing in (0, 27).
Using (8.4) in (8.3), and since W, is negative and e *(1 + x) < 1 forallx > 0, we

get that
—tu [yle "
1> e_W€(|y\u) +/ #e’t“/m(l + —V) dv
|y[u oV |yl
W Iylu
(8.5) > (ylw) +/ Egv) .
|y|u 0 v
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If > 27 then, since W.(v) > W, (27—) (= foh w (ex) dx), we get

> dv+W.(27—) =

« 2 «
We(a) +/ W(v) dy > W.(2r—) N W.(v) dv
« 0o V2 « 0 v e V

o WE(V) + W€(27T_)
o W 2

If v < 27 then, since W,(x) is decreasing in (0, 27),

@ 2T 2
Wela) +/ WGEV) > Wela) | WEEV) _We(a)/ d_:
[ 0 1 1% o v

Q 0

27
W) v+ We(a)

0 V2 27
2
W, W.(2m—
[T, W)
0 V 2T

Using these in (8.5), we conclude that

2T _ 2T —
> ngv) dV+W6(27r ):/ w (ex)d
0

x?
0 v 2w x
which, from the definition of w™, is greater than or equal to the right side of (8.2) for
both ¢ = +1. This completes the proof of the proposition.

We now finish the proof of Theorem 5. We first deal with the case D # [0, 1],
where kv < 1. We shall input the bounds for M, (¢) in Proposition 8.1 into the ¢-
integral in Proposition 3.1. We split this integral into three parts: when0 <t < ¢} :=
e V/u,whent; <t <t:= exp(% + %)/u, and when t > t,.

We first estimate the contribution of the first range of . Since

oo _—y 1 1 L oo —y
/ ¢ de/ ﬂ—/ 1—e dv+/ ¢ dv = —log(tu) — =,
tu v tw VY 0 v 1 v

and 1 — kv > 0, we see that M, (t) > kM, — log(tu) + C(D) — v(1 — kv), by
Proposition 8.1. Hence, with a little calculation,

/1( 1— e—zru) exp(—M+(t)) dt < exp(—FéMo —C(D) +~(1 — m/))
o t tu

2e 7 —
1—e™™
></ dx
0 x

< exp(—nMO —C(D) +~(1 - m/)) .
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For the middle range of ¢, we use the bound M, (t) > kM, — kv log(tu) + C(D),
which holds since 1 — kv, and ftzo % dv are non-negative. Hence

L1 — ey exp(—M. (1)) 2 (tu)" dt
/n () = di < exp( =My — CD) e

exp(—ﬁMo —C(D)+~(1 - m/))
1 — kv
Lm)

exp(—% —

1— kv

For the last range of #, we use the trivial bound M, (t) > 0. This gives that

00 _ ,—2tu —M.(t o]
/ (1 e )exp( +(1) dtg/ ?_exp<_z\ﬁ_cw))
f t tu n, tu v KV

Combining the above three bounds with Proposition 3.1, we obtain Theorem 5 in
the case kv < 1.

We now consider the case D = [0, 1] where we shall show that |o(u)| < 7o,
Put ¢ (t) = x(¢) ift < wu,and x(¢t) = 0 fort > u, and let § denote the corresponding
solution to (1.8). Note that both o(v) and &(v) are non-negative for all v, and that
6(v) = o(v) for v < u. Now, using (3.6),

o(u)

1 [ 1 [ 1 [ 1
—/ ocW)x(u—v)dv < —/ oc(v)dv < —/ 6(v)dv=—1imL(é,t)
u Jy u Jo u o U t—0

1. 1 1— % 1 00 gtv
——lim—exp(—L(w,Q) —eMolim—exp<—/ ¢ dv)
ut—0t 4 t—0 tu u v

s 1 00 =V M
=e °hm—exp(— dv):e’ o
y

y—0 y v

which proves the theorem in this case.

9 Deduction of Theorem 3

Let y = exp((logx)%) , and let g be the completely multiplicative function with
g(p) = 1for p < y,and g(p) = f(p) for larger p. Let x(t) = 1 fort < 1, and put
fort > 1

1
X(t) = —— E g(p)logp.
I 2
Py
Let o denote the corresponding solution to (1.8). Note that for u > 1

“IT—Rex(v) , [* 1
/Ofdv_/l O Z (1—Re f(p)) logpdv

y<p<y"

_/luv)l/v Z (1—Ref(p))10gpdv+0( ! ),

y<p<y" log Y
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upon using the prime number theorem. Interchanging the sum and the integral, the

above is
" dv 1
= 1 —Re f(p)) logp —+0
y<pZSy“( ) logp/logy VY ( log )’>
1 1 1
= 1—Re f(p)) lo 10 ;
yggjy“( ) gp(PlogP <p10g2p uy“logy))
1
O(logy)'
We conclude that
“1—Rex(v) , 1 —Re f(p) 1
on [ e Y iR o(g),
0 y<p<y* gy

Appealing to Propositions 3 and then 2 we obtain that
f(p)l ) >

1 — ! : =
Y s =0 Y s o (T

n<x n<x
1 - ()
by

p

logx
e -
(fa)’)a(logy> <(10gx); <

Since f(p) € D for all p and D is convex, thus x(t) € D for all t. Hence using

Theorem 5 and (9.1), we conclude that
1 2 — RV
- E <
x‘ Kxf(”)’ - |@(f,)/)|( 1— /w)

Xexp(_,i 3 %ﬁ’f@

y<p<x

1 Il—f(p)|>
0 ),
' <(logx>5 exp(;; P )

—C(D)+~(1 - fw))

which completes the proof of the first part of Theorem 3.
In fact the second part of Theorem 3 follows from Lemma 2.1 for, from (2.1) we

have
(log x + I S fm <> flm 0(1) = ¢ logxO(f, x) + O(1)
X n

n<x n<x

using Mertens’ theorem, and the result follows.
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10 Explicit Constructions
10a Examining Proper Subregions D of U is Necessary

As we remarked after Theorem 5, it is not, a priori, clear that one should look at
proper subsets D of U when looking for bounds (of the shape of Theorem 2) on
solutions to (1.8). However if we take x(¢t) = 1 fort < 1,and x(¢t) = ¢’ fort > 1
then

e A = Py (TR
0 0

1% 1% 14

ast — 0. Therefore, by (3.6),
/ lo(w)|e ™ dv > |L(o,t +ia)| >, 1/t,
0

if t is sufficiently small. Now fbo/f lo(v)|e=" dv < fbjf e dv<eb/tforanyb > 0
and so foh/t lo(v)|e™ " dv >, 1/t if b is sufficiently large. Taking N = b/t we deduce

that if N is sufficiently large then fON |o(v)| dv >, N, and so limsup |o(u)| >, 1.
However

Mo(u,x)Z/ Lj)((")dv:/ 1;:)SOWdV:10g14+OQ(1)7
0 1

so no estimate of the shape |o(u)| < exp(—kMy) can hold (with k > 0), as in
Theorem 5.

10b Corollary 1’ is Best Possible, Up to the Constant

Assume that Corollary 1’ is not best possible, so that if M = M(u) is sufficiently large
then |o(u)| < eMe M.

Select u sufficiently large, and choose x(f) = 1 fort < 1, x(t) =iforl <t <
u/2,and x(¢) = 0 fort > u/2;let o denote the corresponding solution to (1.8). Next
we take X (t) = x(¢) fort < u/2, ort > u, and for u/2 < t < u choose X(t) to be
a unit vector pointing in the direction of o(u — t). Let & denote the corresponding
solution to (1.8). By definition we have 6 (u—t) = o(u—t) intherange u/2 <t < u;
and so X(¢)6(u —t) = |o(u — )| throughout this range, by our choice of {(¢). From
(1.9) and then this observation we deduce
(10.1)

u u _ u/2
6(u) — o(u) = / X s — 1y e = / lo =0 4 - l/ lo(v)] dv.
up b u/2 ¢ u Jo

Multiplicative functions such as this have been explored in some detail in the lit-
erature: Let a be a complex number with Re(«) < 1, and let p,, denote the unique
continuous solution to up/, (1) = —(1—a)pa(u—1), foru > 1, with the initial condi-
tion p, (1) = 1 for u < 1 (The Dickman—De Bruijn function is the case & = 0.) For

https://doi.org/10.4153/CJM-2003-047-0 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-2003-047-0

Decay of Mean Values of Multiplicative Functions 1225

a € [0, 1], Goldston and McCurley [5] gave an asymptotic expansion of p,. Their
proof is in fact valid for all complex a with Re(«ar) < 1, and shows that when « is not
an integer

eY(1—a)
F(a)ul—a ’
as u — 0o (Curiously, when « is an integer the behaviour of p,, is very different; in
fact p, (1) = 1/14’”"(“)). We have o(v) = p;(v) for v < u/2, and so in (10.1) we get:
6(u) —o(u) = {c+o(1)} logu/u where c = ¢7/|T'(i)| = 3.414868086 - - - .

Now we note that

palut) ~

M(u) = min
yER

“1-R —ivy
/ ex(ve i
0

v

17 w2 1 o
—min(/ 1LS(V}/)511/+/ 1Slrl(vy)dv+10gZ>,
)’GR 0 14 1 14

. 71 —cost +sint Y sint
> log u + min —  dt —max —dt
yeRr J, t YER J, t

> logu — 1.851937052 - - -
and similarly M(u) > log(u/2) — 1.851937052 - - -. Let
¢/ =PI = 6372150763 - - .
Therefore Me™™ < {¢/ + o(1)} logu/u and Me™™ < {2¢/ + o(1)} log u/u, so that

6(w)| + |o(w)] > {c+o(1)}ogu/u > {c/3c’ +o(1)}(Me ™ + Me™).

Thus either |o(u)| > (5/28)Me™™ or |6(u)| > (5/28)Me’M, which implies the
remarks following Corollaries 1 and 1’ since ¢/3¢” > 5/28 > ¢7/10.

11 Bounds on Least Members of Cosets of the k-th Powers
11a Bounds For 7;: k Large

Let f be a completely multiplicative function which takes values on the k-th roots of
unity. Suppose x is a large integer such that for each k-th root of unity ¢ there are
between (1 — €)x/k and (1 + €)x/k integers n below x with f(n) = &, for some given
e > 0. It follows that

(11.1) D fm) < {e+o(l)}x,
n<x
foreach j =1,...,k— 1. Now suppose 1 < w < o(x) and observe that
= 1 = ‘
Y= YT Y g =[S e Y .
n<x/w j=0 n<x/w j=1 n<x/w
fm)=¢
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Using (11.1) together with Corollary 3 we conclude that

2 (o) ol + o).

1-2/7) .
for a suitable

1—2/71')’ and

for some absolute constant C. If ¢ < k/2 and w < x¢/ (klogh)'/t
constant ¢ > 0 then the above is positive, so that 7, < 1 — ¢/(klog k)«
our desired bound for 7, the first part of Corollary 4, follows.

In the case that k is prime we may improve our bound for 7 by modifying the
argument of Davenport and Erd6s [2]. Let ¢, f and x be as above, and suppose that £
is a k-th root of unity such that f(n) # ¢ foralln < X = x™*°W_ Plainly f(p) = 1
forall p < XV/*=1 = y, otherwise £ = f(p)/ = f(p/) forsome1 < j < k—1
contradicting f(n) # & for all n < X. Suppose X < n < x with f(n) = & Write
n = rswhere plr = p < y,and p|s = p > y. Then & = f(n) = f(r)f(s) = f(s)
and so we must have s > X. Hence

(11.2) (1—6))—23 i< Y Yis<x ¥ %

n<x X<s<x r<x/s X<s<x
flm)=¢ pls=p>y pls=p>y

The right side above may be estimated using knowledge of the distribution of integers
free of small prime factors (see Theorem 3 of Chapter II1.6 of [18]). Using this result
and partial summation we get that

log x/ log y

> %:/1 w(z) dz + o(1),

X<s<x og X/ logy
pls=p>y

where w is Buchstab’s function defined by w(z) = 1/zfor1 <z < 2 and forz > 2 it
is the unique continuous solution to the differential-difference equation (uw(u)) =
w(u —1). As z — oo we have w(z) = e~7 + O(z*°@) (see Theorem 4 of II1.6 of
[18]) and hence

Z 1 = 710515(x/X) e + Ok~ ko),
X<s<x s o8y
pls=p>y

Using this in (11.2) we conclude that e =7 (k—1)(1 —7%) /7% + O(k—krohy > (1 — €)/k,
and our desired bound on 7 follows.

11b Evaluating 7, and 75

That 7, = 1/+/e is essentially a classical observation of Vinogradov. First we show
that 7, < 1/4/e. Suppose f is a completely multiplicative function with f(n) = +1.
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Suppose x is such that both {n < x: f(n) = 1} and {n < x: f(n) = —1} have
cardinality ~ x/2. Let n; be the first time f(n) = —1. Plainly we may suppose that
ny > /x. If n < x has all prime factors below n; then f(n) = 1. The number of
such integers is ~ x( 1 — log(logx/ log;)) and so we conclude that n; > x!/Veroll)
as desired. To see that 7, > 1/4/e, simply consider the function f given by f(p) = 1
forall p < x'/vV¢and f(p) = —1forx > p > x'/Ve.

We now focus on evaluating 75. Define U to be the unique real number such that
U <4/3,and 1/(2U) +¢/(2U?) > 1 (thatis, U > 1.30189- - -) and satisfying the
equation

%zlogU+/;_ﬁlog(2Ue3y)i}—y+/:Llog(l_Ty)%.

203

Then U = 1.3064664 - - - and we claim that 73 = 1/U = 0.765423 - - -. We remark
here that Davenport and Erdés [2] showed that 75 < 0.76549 - - -.

We first show that 73 < 1/U, and then construct an example giving 75 > 1/U.
Suppose f is a completely multiplicative function with f(n)> = 1 for all integers
n > 1, and that x is large with

#{n<x:fn)=w}=x/3+0(x) forj=0,1,2wherew = ¢™/>.

Let n; denote the smallest integer with f(n;) # 1, and without loss of generality
suppose that f(1;) = w. We then need to show that the smallest 1, with f(1,) = w?
satisfies n, < x'/V*°() We may suppose that n, > x*/4, and since n3 > n,, that
n > x3/8,

Let P; denote the set of primes below x with f(p) = w, and P, denote the set of
primes below x with f(p) = w?. Then P, C [n;,x],and P, C [n,, x]. Since ny > x*/4
and 1, > x*/® we see that an integer n < x either has no prime factors from P, and
P,, or has exactly one prime factor from P; (and none from P,), or has exactly two
prime factors from P; (and none from P,), or has exactly one prime factor from P,
(and none from P;). We call A, B, C and D, the sets of integers corresponding to
these four cases. Elements in A satisfy f(n) = 1, elements in B that f(n) = w, and
elements in C and D satisfy f(n) = w?. Thus

(11.3) |A| ~ |B| ~ |C| + |D| ~ x/3.
Lastly put 3y = > ,cp 1/pand 3, =3 ,cp, 1/p.

Note that
Dl = > [x/p] ~ fax,

PEP2

and that
Bl +2[C| = ) [x/p] ~ Bix.

PEP
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Combining these with (11.3) we conclude that

(11.4) Ba+0(1) <1/3< B +0(1), and [y +26,=1+0(1).
Given a subset P of the primes in [w, z] with ZPEP 1/p = B+ o(1) we see that
1
p<q€P pq
pq<z

is maximized when P is the set of all primes in [w, w® ]. Using this observation for
P, C [n,x] C [y/n2, x] we see that

C
(&_l) Ll isg > é+o(1):f(nz,ﬂl)+0(l)v

2 6 * <q€P
51
o p<acin® ny" )
- pPa<x

say. If 3 < (3’ then we see that

I
fms ) = fmnpy < 3 ) %S(ﬂ'—ﬂ)log(lsg%)+o(l)

5, B8’ 1 1
nyP<q<ng P nf <p<at

SR

<30 =B +o),

since n, > x>/*. Thus we see that (1/6 + o(1) >) 3,/2 — f(n,, 3) is essentially an
increasing function of 3. Since 5, < }°, ., 1/p = log(logx/logn,) + o(1) we
get by (11.4) that 5; > 1 — 2log(logx/ logn,) and hence we conclude that

1 logx logx
11. - 1) > ——1 — 121 .
(11.5) 6+0( ) 2 g(lognz) f<n2, Og(lognz))

Putnown, = x/“sothat1 < u < 4/3. In case u < 1.301890916 - - - is such that
1/(2u) + e/(2u®) > 1 then we see that

f(n,1 —2logu) = Z

JRylem) SPSXI/Z p<

-

2u

; é:/llog( yy)d%+o(1).

In this case (11.5) yields that

1

1 2 1—yy\ dy
- 1) <1 1 — ) =
3+0()_ogu+/l og( 5 )y

2u
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However the right side is an increasing function of u, and its value at u = 1.302 is
0.3284 -+ < 1/3. Thus we must have 4/3 > u > 1.301890916 - - -, in which case
1/(2u) + e/(2u®) > 1. Here we see that

f(ny,1 —2logu) =

>

1—e/(23)

1
Z;Jf

p<q§xe/(2u3)

2.

l—e/ud) Spﬁx%

/12253 log(l_Ty) ci/}’

>

p<q<x/p

<
= =

Xl/(Zu)Zp<x

1=
:/ log( e3 )d—y+
1 2wy /)y

2u

Thus in this case (11.5) yields that

2u

1 =35 e \ dy : 1—y\ dy
= +o0(1) <logu+ 1 — + log{ —= ) —.
3 o(1) < logu L Og(2u3y) ¥ /12;3 og( y ) y

Again the right side is an increasing function of u in this range, and it equals 1/3 at
U = 1.306466 - - -, proving that u > U + o(1), and hence our desired upper bound
for 3.

Our proof above indicates the optimal function f attaining this value of 7. Take
f(p) =wforp € [xﬁ,xﬁ], f(p) =w?forp e [xé,x] and f(p) = 1 otherwise.
Then we check easily from our earlier considerations that the sets n < x, with f(n) =
1, f(n) = w, or f(n) = w? all have cardinality ~ x/3, and the least n with f(n) = w?
exceeds x'/V. This completes our determination of 73.
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