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1. Introduction. Darling [2] in 1932 gave two types (equations
11 and 18) of transformations connecting generalised hypergeometric
functions. The first was studied by Bailey [1] and extended by Sears
[4] to a transformation connecting products of basic hypergeometric

1 X . > 0y
functions of the type r+1¢r r+1¢r In a number of papers [6,7, 8]

the author has extended these results to both unilateral and bilateral

1/2

geries with bases g and q ° . The second type of transformation by

Darling for a product 1FO X 3FZ was extended by Bailey [1] to a

transformation between F _X F . In the same paper Bailey
170 r+1 r

mentioned the transformation of a 1¢O X 3¢2 without proof.

In the present paper, I have extended the second type of
transformation by investigating a transformation between products

14)0 X r+1¢ . Thus it has been shown that this transformation not only
r
includes the results of Bailey and Darling but also that of Sears.
n-1
2. Notations. Let [a]n = (1-a)(1-aq) ... (1-aq ); [a]o =1,
() ; =z
: r
then the generalised basic hypergeometric function r?s 6 )
s
is defined as
{a)
() 7 T n
(ozr); z q ,Zi © [q ]nz
I‘?S (ﬁ) EI’CPS , == (B) ;]Zl<1’ lql<1 ’
i S (BS)J n=0 1 [q s ]
q aiy, n
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where (a/N M) means the sequence of parameters ozN, g1’ C, o

) M’
But when N =1 we shall write (on) instead of writing (QL M).
Following Hahn [3] the basic difference operator If(z) is defined as
£(z) - £(qz) 1-g°
- -9
f(z) = = (z) ,
Tz = Ty At

d
where 6 = z~. Following Jackson [4], we define

0
[0] £(z) = 229 g(n) = Hzl-flaz).
1-q

1-4
1 0+ 1 0+2p3
But when we write [6+a] or [64+28] we mean -1qq or % 3

respectively. Lastly to avoid the use of the summation symbol in
certain formulae, the following notation will be used. Let
g(ai, By ey aM) be a function of the M parameters specified and

let N< M. The sum

will be written as

g(ai, az, e aM) + idem (a1,a2, e aM).

3. In the first instance we deduce a convenient form of the
g-difference equation satisfied by the generalised basic hypergeometric
function r+1¢r [ (ar+1);(ﬁr);z] . To do so, we start from the fact
that

@ r+1¢r [ (O(r
(Jackson [4]).

+1);(ﬁr);z] satisfies the g-difference equation

(3.1) {z[6+a/1] [6+a2] e [9+ar+1] - [6] [e+51-1] v [9+[3r—1]} d(z) = 0,

and the r solutions of the difference equation are

o )-8 Hiz |
zi—ﬁm r+1¢r T+ m tm=1,2, ..., r,
2-p_,1-p_HB.S

where (ﬁr)' - Brn means the sequence of r - 1 parameters Bi_ﬁm’

BZ-Bm, N Bm—i —Sm, Bm_l_i-ﬁm, e {3r—[3m, i.e. the parameter

B -B being dropped out. But the equation (3.1), after some
m m
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simplification, can be put in the form

r+i
(3.2) = () g [se)ta {5, (B)-2a" s (@)} Jo(xa) = O,
t=0

where St(ﬁ) and St(a/) means the sum of all possible combinations of

products of t factors taken at a time from the sequence of numbers
61 ‘32 Br 1 %2 “r1 .

q ,9 ,...,49 and ¢ ", q ,...,Q , respectively.

It is obviously assumed that

SO(O() = SO([S) = 1 and S_i(a/) = S-i(ﬁ) = Sr_H(ﬁ) = 0.
Furthermore, we can easily show by induction that

t ot (@/2)t(t-1) ¢
z q

n
(3.3) obq™ = = () [ 1-a) 7 olz)

t=0

by using the simple relation

where

xy _ [4ql
Ll = ™ a tal -

Substituting from (3.3) in (3.2) the difference equation can be
written in the desired form

r+1
(3.4) 2 P (z2)yP ¢(z) = 0
p=0 P

where the coefficients Pp(z) are given by the relation

(3.5)
Pl’—p(z) = (_)P+1(1_q)r-PZr—pqi/2(r_p)(r_P_1)
pt+1 ) _ _
X Z (_)t [sr+'1—t(6) + qf Sr_t(ﬁ) - qu tsr~t+1(a)}][r:1_pt]qt 1’
t=0

for -1<p<r.

4, Next, to deduce the main transformation let us consider the
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contour integral

(ar+1)
[sq 1, i
(4. 1) f (Br)-1 ds;g=e , t>0, m=0,1, ..., r,
s
(sl ml5a 1
taken round the semi-circle Isl = R to the right of the imaginary

axis. The imaginary axis is indented, if necessary, to ensure that
the sequence of increasing poles lie to the right of it.

This integral evidently tends to zero as R+~ w. KEquating to
zero the sum of the residues at the poles, we obtain the following
R +1 identities*

-1
) [a-(8, )I8) .
(4.2) A%(2)YA(z) = ——==———— B*(B;2)YB(p,;z) +idem(B, B, ...
(8,-(B,)']a
t = 0,1, ,r-1,
and
: [a- (s, J8,"" .
Et AX(z)T Alz) = S BB 52)T (By52)
(B, - B.)'1a
a

+ idem (Bi;ﬁz, ""[31') + -
z (1-2)

In case, when m = r, the integrand is [% + O (—1~2-)] and thus
]

the integral tends to 27i as R - . The term a/zr (1-z) arises

[ce]
. n-r . . .
from the series 2 1z , a is a constant which can be determined,
n=0
but its value is immaterial. When n<m - 1, [s] must be

n-m+1
replaced by

n-m+1 q1/2(1{1-1{1’1+1)(n—rn+2) + s(m-n-i)/

-) [q/s]m—n-i

*The relation (4.2) for the value m = 0 is the one already given by
Sears [5:6.2].
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In the equations (4.2) and (4.3) we have assumed

M (o ,,) ‘
= q r+l" ; z
S O ]
Lq ‘
T A-(o ) -
A¥*(z) = r+1¢r q2~(,3r;‘1 ; Zqz(ar+1)_z(ﬁr)+r'1J ’
..q r
— Bt
1+(o( ) -B. ;z ”
B(Bsz) = q r# t' A
Bt Z r+'1¢r -‘qZ- ﬁt’ q1+(ﬁr) _ﬁt Z
and
B¥(B;z) = 5 Pl yy) ZqZ(arH)—E(gr)+r_1
t’ r+1 r ~qﬁt, q1+Bt'(f’r)'
t=1,2,
Now if we suppose
Alz) = B(Bi;z) B(Bz;z) ....... B(Br;z)
‘IB(Bi;z) AB(B52) e TB(pi2)

ZB . ZB 2) ZB( )
Y (Bi’z) ’,)/ (ﬁZ,Z e T ﬁr,z

....................................

....................................

We deduce from the equations (4.2) and (4.3) that

(4.4) A%(z) A (z) = — A,

z (1-2z)

A(z) B(Bi;Z) B(BZ;Z) B(ﬁr;Z)

TA(z) TB(B,52) IB(B,;2) .- - - TB(B_;2)

.........................................

where A1(z) =

.........................................
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again since

r+1 r+1

+1
A 7 MBesn T BE,. 3T B )
G VEO R Sk TSP RS G YUTEE) P Sl YU 39
- 2
AR NN Sk TCITI B e TUTE P OO s )
(4.5) :TAi(Z) e T T
A(qz) B(Bi;qz) B(52$qz) B(ﬁr;qZ)

and the functions A(z), B(Bt:z): t=1,2,...,r satisfy the g-difference

equation (3.4), we obtain

T
(2) = (1-q =" P__(s) = 0

(4.6) P (z2)TA (z) +A
+1 1 £=0

r 1

Substituting the value of the coefficients P (z) :t=0,1,2,...,r+#
p

from (3.5), we get, on some simplification

(1/2)r (r+1)
q

(4.7) z(1-q) [sr(ﬁ) - qu sr+1(a)]':fA1(z) -

Ir

r-t T+t t-1
;io[sr_t+1(ﬁ) taq{s (B -zq “s_,  (}]-) g X
1¢0[q—r-1+t;; qr+1-t]+véi/2k(r+1)'+1[Sr(5)_ zqr8r+1(a” )

(1-2) qr+1 A1 (z) = O.

But since 1<1>O [q-i_r-"t s qu —t] =0, t=0, 1,...,r,
the equation (4.7) simplifies to
2
(@.8)  2(1-adF I (g) - uqts L @] YA () -
l:q(i/Z)r(rH) [sr(ﬁ) } qusr-H(Q)] - [1-2] qr} Ai(z) = 0.

One can without any difficulty solve the g-difference equation
(4.8) and find its solution as

Z (Br) - (0/dr (xr-1)

(4.9) Ai(z)::Kz- ) Tl ) - 2@ T,

¢, La
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where K is a constant independent of z.

Substituting the value of A1(z) from (4.9) in (4.4) we get

-Z(Br) - (1/2)r (r-3) Zlar+1) - Z(Br)tr-1; ;5 q7.
z [q

{4.10) A(z) = M A% (z) o

where M is some other constant.

To find the value of the constant M, we equate the coefficient
P Z—z(par) -(1/2) (r-3)

o on both the sides of (4.10) we obtain
1 L i i e
(4.10)  |u-q P1) (-q P2y
L u-a PPy oqtP2y-q P2
M = I R R R R et et e eceec st et esonee e ce et
(1-q) ettt e et ee e e s e aeseceeeenseaeee e es et eeeeneeneeans
- - -Bq-T+2 1-B2 - -B2-T+2
(- P Py e P (g P (1o P2).(1- )
......... 1
(1-q1_ﬁr)
...... (1-q1 Br)(1 Br)
- -Brrt2
...... (-o Py q Pr). L (a-g BT

The transformation (4.10) along with (4.11) is the desired
transformation. The result reduces to the one given by Bailey [1]
as gq- 1. And if one follows the technique of Darling [2] one can get
the transformation of Sears [3:6.2] also.

In conclusion, it is worthwhile to remark that we have considered,

only for the sake of simplicity of the proof, the product ,¢ ¢

X .
170 r+1'r

X
14)0 r+1(br’
transformations involving the products 1¢OXM¢N could be deduced by

confluence of suitable number of parameters.

In fact, from the transformation for the product
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