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I n t r o d u c t i o n . A generalized sequential machine (abbreviated gsm) is a 
6-tuple (K, 2 , A, 8, X, pi), where K, 2 , A are finite non-empty sets (of " s t a t e s , " 
" i npu t s , " and " o u t p u t s " respectively), 8 (the "next s t a t e " function) is a 
mapping of A' X 2 into K, X (the " o u t p u t " function) is a mapping of K X 2 
into A*, and p\ (the " s t a r t " state) is a distinguished element of K. (For sets 
of words A7 and Y, 

oo 

XY = {xy/x e A , y Ç Y} and A* = U X\ 

where X° = je}, e being the empty word. Thus , for an arbi t rary set E of 
symbols, E* is the free semi-group generated by E.) The functions <5 and X 
are extended to K X 2* by defining 

8(p, t) = />, $(/>, xx . . . xk) = ô[ô(p, xi . . . XA;_I), xfc], X(/>, e) = e, 

and 

X(/>, x i . . . x^) = \(p, x i . . . X/,_i)X[ô(/>, x i . . . xA_i), XA;] 

for each p in K and each sequence Xi, . . . , x* of elements of 2 . A function / o f 
2* into A* is said to be a machine mapping, or realized by a gsm, if / ( x ) = X (piy x) 
for all x in 2* for some gsm S. The machine mapping of a gsm S is also denoted 
by 5. 

T h e purpose of this note is to show tha t a function / of 2* into A* is realized 
bv a gsm if and only if it satisfies each of the following conditions: 

(Ô /(«) = *• ' _ 
(ii) / preserves initial subwords, i.e., if u is an initial subword of v, then f(u) 

is an initial subword olf(v). 
(iii) / h a s bounded output , i.e., there is a number M such tha t 

\f(ua)\ - \f(u)\ <M 

for all u in 2* and a in 2 (if u is a word, then |w| denotes its length). 
(iv) f"1 preserves regular sets, i.e., for each regular set Y Ç A*, / _ 1 ( ^ ) = 

{x//(x) £ Y'\ is regular. (An automaton is a 5-tuple A = (X, 2 , 8, pi, F)} 

where K and 2 are finite non-empty sets, 8 is a mapping of K X 2 into i£, £ i 
is a distinguished element of K, and 7̂  is a (possibly empty) subset of K. 8 is 
extended to K X 2* as in a gsm. A set U is regular if there exists an auto
maton A such t ha t U = {w G 2* | 5(/>i, w) G F}.) 
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Since conditions (i)-(iv) imply that fis realized by a gsm, these conditions 
imply (5): 

(v) / preserves regular sets. 
There are three sections. A proof of the main result constitutes §1. Counter

examples that show the independence of conditions (i)-(iv) even in the 
presence of (v), are furnished in §2. Two corollaries are given in §3. 

1. Proof. I f / is realized by a gsm, then conditions (i), (ii), and (iii) are 
obvious, while (iv) is proved in (5). 

Suppose that / satisfies (i)-(iv). By (iii) there exists an integer M such that 

(1) \f(wa)\ - | f(w)\ <M 

for each w in 2* and a in 2. Let 

U(a,w) = {u/f(ua) = f(u)w} 

for each w in Uo^ Aj and each a in 2. We first show that 

(2) U(a, w) is a regular set. 

To see this, let ga(X) = {u/ua Ç X] for each a in 2 and X C 2*. By 
(5, Theorem 2.2) ga(X) is regular if X is regular. Let A, = (AM+l)*Al for 
each 0 < t < M and 

M 

v{a,w) = ugjr1(A(W)]nr1(AO 
0 

for each a £ 2 and 
M 

w £ U A*. 

Since Atw is regular, f~l{Atw) is regular by (iv). (The family of regular sets 
is the smallest family of sets containing the finite sets and closed under union, 
product, and *. Furthermore, the regular sets are closed under subtraction and 
intersection (3).) Thus ga[f~1{Atw)] is regular. Since At is regular, f~l(At) is 
regular. Therefore V(a, w) is regular. Consider any word u £ U(a, w). Since 

M 

U A i = A*, 

there exists an integer t such that f(u) Ç AtJ thus u G /_1(Aj). Since 

f(ud) = f(u)w G Atw, ua ^/^(Atw) 

and u G galf^iAtw)]. Thus U(a,w) C F(a, w). Now consider any word 
w G F (a, w). Then for some t, u is in both galf^iAt w)] and f~l(At). Thus 
^a G/-1(Azz£;), i.e., /(wa) Ç A^w, and /(w) Ç A,. Then for some integers 
h and i, 

(3) \f(ua)\ = A ( M + 1) + * + N | 

and 

(4) \f(u)\ =i{M+l) +L 
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By (ii) and (l),f(ua) = f(u)v for some word v, \v\ < M. Hence 

(5) \f(ua)\ = i(M+l)+t+\v\. 

Since \v\, \w\ < My it follows from (3) and (5) that \w\ = \v\. Therefore w = v, 
so that/(?*a) = f(u)w. Thus u G U(a,w). Then U(a,w) = V(a,w) and (2) 
holds. 

Consider the finite set of all homomorphisms r of 2* into A* such that 

M 

r(a) G U Aj 

o 

for each a in 2. For each such r, let 

U(r) = {u G 2*\f(ua) = f(u)r(a) for all a G 2}. 

Since 

[/(r) = H C/(a,r(a)), 

£/(r) is regular by (2). The sets U(T) are also pairwise disjoint and have 2* 
as union. For each r, let A T be an automaton (KTy 2, ôT, £T, 7<V) such that 
U(T) = {& | 5T(^T, u) G FT}. Let TI, . . . , r r be the distinct mappings r. Con
sider the structure A = (K, 2, 5A, £A, Hh . . . , i7 r), where 

/>* = (Pn, • • • , />rr), # = Kri X . . . X KTr1 

àA((pi, • • • , pr)t a) = (àri(pi, a), . . . , ôrr(£r, a)) 

for each (pi, . . . , pr) £ K and a G 2; and for each i, 

Hij = i£ry — FTj or iJ^- = FTi 

according as j ^ i or j = -z, and Hi = Ha X . . . X ifîr. Then \Hi/\ < i < r] 
is a family of disjoint subsets of K (3, p. 109) and a word x is in £/(TÎ) if a n d 
only if 8A (PAJ X) G Ht. Finally, let S be the gsm (K, 2, A, ôA, X, £A), where 
for each p G K and a G 2, X(£, a) = rt(a) if i7j contains p and X(£, a) = e if 

/> G K - u #*. 
i 

To complete the proof, it suffices to show that \(pA, x) = f(x) for all words 
x. Now \(PA, *) = /(e) = e. Suppose \(pA, x) = /(#) for all words x, \x\ < 5. 
For a G 2, consider \ ( ^ , xa). Then 

\(pA,xa) = XO^, x)X[<5A(£A, *),fl] = f(x)\[ôA(pA, x), a]. 

Now x G I7(TJ) for some i. Then ôA(/>^, x) G i?*. By the definition of X, 
Ti(a) = \[ôA(pA, x), a]. Since # G [/(T*), 

f(xa) = f(x)n(a) = f(x)\[8A(pA,x),a] = \(pA,xa), 

completing the proof. 
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Remark. The proof shows that condition (iv) may be weakened to require 
only tha t / " 1 (10 be regular for all sets Y = (AM+1)A'w, where 0 < t < M and 

M 

w £ U AJ'. 

2. Counter-examples. We now show that none of the conditions (i)-(iv) 
can be relaxed, even in the presence of (v). Although we do not prove it, both 
/ a n d / - 1 preserve context-free languages for each of the functions/ presented. 

Example 1. Let 2 = A = {a, b}. For each word w ^ 2* let f(w) = aw. 
Then/clear ly satisfies (ii)-(v) but not (i). 

Example 2. Let 2 = A = {a, b\. Let /(a) = 6, f(b) = a, and f(x) = x 
otherwise. Obviously / satisfies (i), (iii)-(v), but not (ii). 

Example 3. Let 2 = {ay b} and A = {a\. Let/(a*) = a1 and/(a*i«) = a2* 
for i > 0 and w G S*. Obviously / satisfies (i) and (ii), but not (iii). Consider 
(iv). Let S be the gsm({ph p2}, {a}, {a}, ôs, Xs, pi) where 

Mpi, °) = £2, <5s(£2, a) = ph \s(Ph a) = e, and As(£2, a) = a. 

For each F Ç a * , 

/ - i ( F ) = Y\J [S(Y H (a2)*)]62*. 

T h u s / - 1 preserves regular sets. Consider (v). Let T be the gsm 

({qu q2\, 2, A, ÔT, \T, gi), 
where 

ôT(q.ha) = qh 8T = $2 otherwise, 

\T(qi, a) = a2j and Xr = e otherwise. 

For each I Ç 2 * , 

f(X) = (X r\ a*) \J T(X n a*b2*). 

Thus / preserves regular sets. 

Example 4. Let 2 = A = {a, &}. Let fiaïbvw) = a2i+1ô'fC' if |»| = i > 0 and 
f(x) — a1*1 otherwise. Clearly / is a length-preserving function which satisfies 
(i), (ii), and (iii). To see t h a t / does not satisfy (iv), in view of the main 
theorem it suffices to show t h a t / is not realized by a gsm. 

Suppose that there exists a gsm S = (K, 2, A, 5, X, pi) such that / (x) = S(x) 
for all x in S*. Let pi, . . . , ptbe the distinct elements of i£. Then there exist 
integers i and j , 1 < 1 < i + j < / + 1, such that <5(£i> #*) = à(ph ai+i). Now 

a2/+3 = /(aH-l£M-2) = \(ph at+1bt+2) 

= \(pi, ai+i)\[ô(ph ai+i), a '+1" i-^'+2)] 

= a*+'\[ô(£i, a i + 0 , a , + 1-<-^ , + 2] 
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so that 

Then 

X(£i,a'+1- 'i<+2) = \(ph a^Xlôipu a')y a^-^b^2] 

= a*X[5(/>i, a , + 0 , a ' + 1 - i - ^ ' + 2 ] = aV+*-*-> = a2'+8-> ^ / ( a ' + 1 -^ '+ 2 ) , 

a contradiction. 
Consider (v). Let g be the function of A* into A* defined by g (a*) = a1 and 

g{aibw) = a*ô,tc|+1, i > 0. Then g is realized by the gsm 

Î7 = ({ri, r2}, {a, 6}, {a, 6}, ôu, \u, n ) , 

where 5M(ri, a) = ri, <5r = r2 otherwise, \u(pi, a) = a, and \u = b otherwise. 
Now/(x) = fgix) for all x in 2*. For if x = a\ then/(a*) = fg(al). If x = a*to, 
with |u»| < i, then 

/(*) = al*l =f(aibb^) =fg(x). 

If x = a ' to , with |w| > i, then 
/ ( * ) = a2i+i6i«i-i = f(aibb\«,\) =fg(x). 

To see that / preserves regular sets, let P be an arbitrary regular set. Since g 
is realized by a gsm, g preserves regular sets. Thus g(R) C a*b* is regular. 
Now {aW/j < i + 1} and {aW/j > i + 1} are context-free languages. (A 
grammar is a 4-tuple (F, 2, P , <r), where F is a finite set, 2 is a subset of F, 
<T is an element of F — 2, and P is a finite set of productions %-+w with 
J G F — 2 and w G F*. For x, 3> G F*, write x :5> y if either x = y or there 
exists an integer k and words 

x = xi, . . . , xk = y,ui, . . . , uk^i, v1} . . . , i/*_i, yh . . . , yfc_i, si, . . . , zk^ 

such that xt- = ut yt vu xi+i = ut zt viy and yf —» s* is in P for 1 < i < & — 1. 
A subset L of 2* is said to be a context-free language if there exists a grammar 
(F, 2, P , o-) such that L = {w £ 2*/o"=^ **>}•) Since the intersection of a 
context-free language and a regular set is a context-free language (1), 

Rx = g(R) Pi {aW/j <i + l} and R2 = g(P) H {aW/j > i + 1} 

are context-free languages. Let r be the homomorphism of 2* into a* defined 
by r{a) = r(b) = a. As a homomorphism, r preserves regular sets and context-
free languages (1). Thus/(Pi) = T(R1) C a* is a context-free language. By (4, 
Theorem 4. Corollary 2), each context-free language in a* is regular. Thus/(i?i) 
is regular. Since g(R) = P x U 5 2 and 

/(P) = /g (P) =WiVRs) = / ( P ! ) U / ( P 2 ) , 

it suffices to show that / (P 2 ) is regular. To do this, we need 

LEMMA. For each regular set B, there exist regular sets U\, . . . , Urt Fi, . . . , Vr 

with the following properties: 
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(1) Ux ' UtVt = B. 
(2) For all words u, v such that uv G B, there exists an integer k such that 

u 6 Uk and V € Vk. 

Proof. Let A = (K, 2, <5, pu F) be an automaton such that 

B = {w\ ô(w,pi) € F}. 

Let pu . . . , pr be the elements of K. For each i let 

Ui= \ue 2*\8(puu) = £<} 

and 7* = {w 6 2*\ô(pt,u) 6 F}. 

Obviously C/i, . . . , Ur, Vu . . . , VT satisfy the conclusion of the lemma. 

Now consider f(R2). Since g(R) is regular, by the lemma there exist regular 
sets Uu . . . , UT1 Vu . . . , VT such that 

(a) \JUtVi = g(R) 

and (b) for all u, v such that uv € g(R), there exists an integer i such that 
u £ Ui and z; € 7*. For each k let 

*/'** = UkC\ {aibi^/i>0}. 

Clearly 

i ? 2 = U U'kbVk. 

Since £/# is regular, [7^6 is a context-free language (1); thus U'k is a context-
free language (5). For each k, 1 < k < r,f(U'kbVk) = r(U'k)fi(bVk), where /z 
is the homomorphism denned by /x(a) = /J,(b) = &. Then r(U'K) C a* is a 
context-free language and thus regular (4). Since M(67A;) is regular, f{U'kbVk), 
hence f(R2) = Vf f(U\bVk) is regular. 

3. Corollaries. If / is a length-preserving function, then we obtain the 
following result, first proved (unpublished) by J. Rhodes and E. Shamir: 

COROLLARY 1. Let f be a length and initial subword preserving function of 2* 
into A* such that f~l preserves regular sets. Then f is realized by a complete 
sequential machine, i.e. by a gsm in which X maps 1 X 2 into A. 

Remarks. (1) Other characterizations of functions that are realized by 
complete sequential machines are known; cf. (2; 7). 

(2) We know of no way to use Corollary 1 to prove the main result. 
The question arises as to what conditions on a partial function / allow / 

to be extended to a function that is realized by a gsm. One set of conditions 
is now given. (A set of conditions for f to be extended to a complete sequential 
machine is given in (6).) 
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COROLLARY 2. Let X C 2* and f be a mapping from X into A* satisfying the 
following conditions: 

(i) If e 6 X, thenf(e) = e. 
(ii) If u 4, v, u and v in X, then f{u) < /(z/). (The relation < on 2* is the 

partial order defined by ^ < z; if and only if u is an initial subword of v.) 
(iii) There exists an integer M with the property that if u and v are in X, 

u < v, and u < x < v for no x G X, then \f(v) \ — \f(u) | < M. 
(iv) f~l preserves regular sets. 

Then f can be extended to a function g over 2* that is realized by a gsm. 

Proof. Let g be defined as follows. For x G X let g(x) = f(x). If u > x for 
no element x G X, let g(zi) = e. If x G X and u > x, with no element 3/ G X 
such that x < y < w, let g(w) = g(x). Clearly g is an extension of / over 2* 
which satisfies conditions (i), (ii), and (iii) of the Introduction. To see that g 
is realized by a gsm, it suffices to show that g~l preserves regular sets. 

Let Z C A* be a regular set. By hypothesis, f~l(Z) and X = /_1(A*) are 
regular. Then Hx = f~l(Z), H2 = X - f~l(Z), and Hz = 2* - X are disjoint 
regular sets whose union is 2*. Thus there exists a structure 

(X, 2,6,Pi,Fl9F29F9), 

the F* being disjoint with union K, such that 

Ht = {w G S* I ô(pif w) G /M for * = 1, 2, 3 (3). 

For each p G K let £' and £" be abstract symbols. For each a G 2 let a' 
and a" be abstract symbols. Let 2 ' = {a' | a G 2}, Si = {a', a" | a G S}, 
and let s0 be a symbol not in {p'y p

n' \ p G K}. Let r be the homomorphism of 
2i* into 2* defined by r(a') = r(a") = a for each a' and a" in 2i. We shall 
construct a gsm S = (i£s, 2, 2i, bSl \s, s0)» where 

Ks= {so} Vlp',p"\peK\, 

such that for D = r[S(2*) Pi 2i*2'] either 

(*) ^ W { e } = ^ ( Z ) 

or 

(**) D = g-^Z), 

thereby proving that g~1(Z) is regular. 
(a) e G Z. Let a be in 2. If ô(ph a) G F2, let ôs(s0, a) = ô(ph a)" and 

Xsfao, a) = a". Otherwise let ds(s0, a) = b(pi,a)' and A,sO>o, a) = a'. If 
ô(p, a) G F2> let ôs(p', a) = ô(p, a)" and \s(p', a) = a7'. Otherwise let 

ôs(p',a) = ô(p,a)' 

and \8(p', a) = a'. If ô(j>, a) G Fi, let 8s(p", a) = 8(p, a)' and \s(p"', a) = a'. 
Otherwise let bs(P", a) = à(pt a)" and Xs(/>", a) = a". 
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Now e G Z) VJ {e} and e G g" 1 ^ ) - If ^ > #, ^ ^ e, for no x G X, then u ^ D 
and, since g(V) = e, w G g_1G£). If ^ ^ e is in f~l(Z), then w G g~l{Z) U D. 
If x G f~l(Z) and u > x, with no 3/ G X such that x < y < w, then 

« G rliz)r\D. 
U u e X -tl(Z), then w is in 2 * - [ D U {e}] and in 2* - g " 1 ^ ) . If 
x G X — f~l(Z) and « > x, with no y G -X" such that x < y < //, then w is 
in 2* - g~l(Z) and 2* - [D KJ {e}]. Thus (*) holds. 

(0) e G Z. Let a G 2. If d(ph a) G Fi, let Ôs(s0j a) = <5(>i, a) ' and 

X5(s0, a) = a'. 

Otherwise let ôs(s0y a) = d(pi, a)" and \s(s0, a) = a"'. Let ô5(£', a), bs(p", a), 
Xsip'i a)> a n d \s(p", a) be defined as in (a). By an argument as in (a), we may 
show that (**) holds. 
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