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ABSTRACT

We show that the Craighero—Gattazzo surface, the minimal resolution of an explicit
complex quintic surface with four elliptic singularities, is simply connected. This was
conjectured by Dolgachev and Werner, who proved that its fundamental group has
a trivial profinite completion. The Craighero—Gattazzo surface is the only explicit
example of a smooth simply connected complex surface of geometric genus zero with
ample canonical class. We hope that our method will find other applications: to prove a
topological fact about a complex surface we use an algebraic reduction mod p technique
and deformation theory.

1. Introduction

Simply connected minimal complex surfaces of general type of geometric genus zero, i.e. without
global holomorphic 2-forms, occupy a special place in the geography of surfaces; see the excellent
survey [BCP11]. These surfaces are homeomorphic (but not diffeomorphic) to del Pezzo surfaces,
i.e. blowups of P? in 9 — K? points where 1 < K? < 8. Describing their Gieseker moduli
space of canonically polarized surfaces, or even finding explicit examples, is difficult. The first
example was found by Barlow [Bar85]. Her surface has K2 = 1 and contains four (—2)-curves.
Contracting them gives a canonically polarized surface with four A; singularities. One can show
by deformation theory that the local Gieseker moduli space of the Barlow surface is smooth and
eight-dimensional, and there exist nearby surfaces which are smooth (see [LC97, Theorem 7] and
[Lee02]).

More examples, including examples for every 1 < K? < 4, were found using Q-Gorenstein
deformation theory, starting with the pioneering work of Lee and Park [LP07]; see also [PPS09a,
PPS09b, SU16]. From the moduli space perspective, the Gieseker moduli space of canonically
polarized surfaces with ADE singularities is compactified by the Kollar—-Shepherd-Barron—
Alexeev (KSBA) moduli space of canonically polarized surfaces with semi log canonical
singularities [KS88]. We call the complement of the Gieseker space the KSBA boundary. Lee,
Park, and others explicitly constructed special points on the KSBA boundary, and proved (using
deformation theory) that the local KSBA moduli space is smooth at these points, and that one
can find nearby surfaces which are smooth. To compute the fundamental group of the smoothing,
one has to look into what happens when the singularity is replaced with the Milnor fiber. In
the presence of special curves on the singular surface, one can use Van Kampen’s theorem to
compute the fundamental group of the smoothing; see the proof of Theorem 6.2.

Another remarkable surface was found by Craighero and Gattazzo [CG94]. Their surface S
is the minimal resolution of singularities of an explicit quintic surface (2.1) with four elliptic
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singularities. This surface has Kg = 1. It was proved by Dolgachev and Werner [DW99] that S is
canonically polarized and that its algebraic fundamental group (i.e. the profinite completion of
the fundamental group) is trivial. In addition, it was proved by Catanese and Pignatelli [CP0O,
Theorem 0.31] that the local moduli space of S is smooth of dimension eight. It was originally
claimed in [DW99] that S is simply connected, but a serious flaw was discovered in the proof;
see [DW99, Erratum].

The goal of this paper is to prove that .S is simply connected using an algebraic reduction
mod p technique and deformation theory. We would like to use the Lee—Park argument involving
the Milnor fiber of a Q-Gorenstein deformation and Van Kampen’s theorem. In order to do that,
we need a Q-Gorenstein family of complex surfaces S — U over a smooth irreducible complex
curve U, such that one of the fibers is the Craighero—Gattazzo surface S and another fiber is
a simply connected surface with a cyclic quotient singularity and containing a special curve
configuration needed to prove simply connectedness. However, it is not clear how to explicitly
construct a family containing the Craighero—Gattazzo as a fiber because no explicit model of the
moduli space is known.

Our trick is to work out an integral model of the Craighero—Gattazzo surface over a ring
of algebraic integers. One obvious model is given by the quintic equation. In an REU (research
experience for undergraduates) directed by the first two authors, Charles Boyd discovered that
this arithmetic threefold has a non-reduced fiber in characteristic seven, and its local equation
has a very special form. Over the complex disc, analogous families of quintic surfaces were studied
by the first author in [Ran14], where it was proved that the KSBA replacement acquires a 3(1,1)
singularity in the special fiber. In fact, it is proved in [Ranl4] that numerical quintic surfaces
with a 1(1,1) singularity form a divisor in the KSBA moduli space (and this divisor is explicitly
described). The upshot is that, to some degree, it can be hoped that this singularity appears in
one-parameter families of surfaces, including families over a ring of algebraic integers. We show
that the KSBA limit of S over the 7-adic disc is a surface Sy with a 7(1,1) singularity. We
use the word ‘KSBA limit’ somewhat loosely here because existence of the mixed characteristic
KSBA moduli space (or even canonical KSBA integral models) is still only conjectural.

The minimal resolution of Sy turns out to be a very special and beautiful Dolgachev surface,
i.e. an elliptic fibration over P! with two multiple fibers, one of multiplicity two and one of
multiplicity three. We call it the Boyd surface. By pure luck, it carries a special curve, which,
if it were a complex surface, would have allowed us to conclude that the Craighero—Gattazzo
surface S is simply connected. Of course our degeneration is over the 7-adic unit disc, so we can
not use Van Kampen’s theorem directly. Our main idea is to use deformation theory to conclude
that S admits an analogous (but no longer explicit) degeneration over the complex unit disc to
a complex surface Dy with a %(1, 1) singularity such that its minimal resolution is a complex
Dolgachev surface analogous to the Boyd surface.

As an application of our construction, we show in Theorem 7.2 that there exist simply
connected Dolgachev surfaces (with multiple fibers of multiplicity 2,3) which carry algebraic
genus two Lefschetz fibrations, specifically genus two fibrations without multiple components in
fibers and such that the only singularities of fibers are nodes. Dolgachev and Werner showed
existence of a genus two fibration on the Craighero—Gattazzo surface [DW99, Proposition 3.2]. If
this fibration had only nodal singular fibers, then by combining our theorem that the Craighero—
Gattazzo surface is simply connected, we would have the existence of a simply connected
numerical Godeaux surface with a genus two Lefschetz fibration. By [Fre82], these surfaces are
homeomorphic to P? blown-up in nine or eight points, respectively. In the symplectic category,
Lefschetz fibrations on knot surgered elliptic surfaces in the homotopy class of P? blown-up at
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F1GURE 1. The Craighero—Gattazzo quintic.

nine points were constructed in [FS04] and in the homotopy classes of P? blown-up at eight or
seven points in [BK15].

2. Stable limit of the Craighero—Gattazzo surface in characteristic seven
Let X C P2 be the quintic surface (see Figure 1)
a?(2?y® + 28 + 225 + ) + mP (227 + 2728 + P+ Pt
+ 2am(xyz® + Pt + 232t + y2td) + dm(adyz + 32t + 223t 4+ zyt®)
+ 7b(xy? 2 + Y222t + 2Pyt? + 22%t%) + Uda(zy®z + 23yt + y23t + z2t?)
+ e(2?y2? 4+ 2222 + oyt + 2 2t?) + Te(xy?2® + 2292t + 222 + y22?)
+ f(aPyzt + xy’at + xy2’t + zyzt?) + 49(x3y? + 322 4+ 232 + 2%3) = 0. (2.1)
The coefficients are (from [CPO00, p. 25], multiplied by 49)

a=T% b=-2r"+13r+18, c¢="T73r"+T75r+92,
e=-—r"+24r+9, f=181r*+241r+163, m=3r>+5r+1,

where r is a complex root of the equation
B2 —1=0. (2.2)

The surface is invariant under the p4 action which cyclically permutes the variables as follows:
T — y —> z —> t— x. It is singular at the points

P=[1:0:0:0], P,=[0:1:0:0], Ps=[0:0:1:0], P,=[0:0:0:1].

Its minimal resolution is the Craighero—Gattazzo surface S. Exceptional divisors over Py, ..., Py
are elliptic curves &1, ...,&4 such that 51-2 = —1 for each i. These singularities are sometimes
called singularities of type Es.

Equation (2.1) gives an integral model of X over SpecZ|r]. Since 3 is a simple root
of (2.2) in Z/(7), by Hensel’'s lemma we have a section SpecZ; — SpecZz|r|, where Z; is

559

https://doi.org/10.1112/50010437X16008125 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16008125

J. RANA, J. TEVELEV AND G. URzUA

the ring of 7-adic integers. Pulling back the integral model with respect to the base change
Spec Z7 — Spec Zz[r] — SpecZ[r] gives the family X over SpecZy7. The corresponding root of
(2.2) modulo 73 is equal to 143 and after some manipulations the equation of X to the order
of 73 takes the form

fif2 + Tfofz + T2 f5 + (higher order terms), (2.3)
where f1, fa, f3, fs € Z/(7)[z,y, 2, t] are the following forms (the subscript indicates the degree):

h=r+y+z+t,
fo=z2+yt,
fz = 2(x%y + y2z + 2%t + xt?) + 222 + 22 + 2t + yt?
— 3(xy? + y2? + 2+ 2t 4 xyz + xyt + x2t + y2t),

and

fs = a3y + 2522 + 4322 + 2223 4+ 342 + 2342 4 223 4 o240
+ x?’yz + ygzt + 223t + xyt?’ — :):y2z2 — :1:2y2t —2?2t? — yz2t2
— 22yzt — xyPat — xy2t — wyzt? — =32y — 3y?2® — 32342 — 3243
— 21:2y2,z — 2x2y22 —22%2% — 2y222t — 2:E2yt2 — 2zy2t2 — 2y2zt2 — 22222
— 3xy3z - 3x3yt — 3yz3t — 3zzt3.

This expansion shows that the special fiber of X" is the union of the plane L = (f; = 0) and
the quadric surface @ = (fo = 0) with multiplicity two. In particular, it is not reduced.

Let k be an algebraically closed field of characteristic 7 and let R be its ring of Witt vectors.
We denote the pull-back of X to Spec R (with respect to the canonical inclusion Z7 < R) by
the same letter X'. We also pullback L and @ to k.

We would like to compute the stable limit of the generic fiber of X. Over the complex disc,
stable Q-Gorenstein limits of families of the form (2.3) were computed by the first author [Ran14],
and semi-stable Gorenstein limits of sufficiently general families by Ashikaga and Konno [AK91].
In our case the disc is 7-adic but the computation is the same. We now describe what the stable
limit is, postponing the proof to Lemma 2.4.

Let A=LNQCQ=~P} xP.. It is a curve in the linear system |O(1,1)|. The curve

QN (f} —4fifs =0) C P} x P}

is the union of two curves in the linear system |O(3,3)|:

By = QN (zy* + 32%2 — 3y + 3x2% — 3at? + 22 = 0) (2.4)

and
By = QN (y2% + 3y%t — 322t + 3yt? — 3ya® + tz® = 0). (2.5)
Figure 2 shows how these curves intersect, where Ai,..., A4 are rulings of IP’,IC X IP’,IC and

{Q1,Q2} = ANB N Bs.

LEMMA 2.1. Let
m:Z — P} x P}

be the double cover branched along B1 U By. The surface Z has four simple elliptic singularities
of type Eg over Py, ..., Py, and two Ay singularities over Q1 and )o. It is smooth elsewhere.
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FIGURE 2. Data in Q ~ P}, x P}.

Proof. Direct calculation. O

We denote the ramification curves in Z by B; and B, and we denote the singular points of
Z by the same letters as their images in P! x P!, Finally, 771(A) is the union of two smooth
rational curves: Ay and As.

Unless it causes confusion, we adopt the following convention throughout this paper: we use
the same letter to denote an irreducible curve and its proper transform after some birational
transformation.

DEFINITION 2.2. We call the minimal resolution Y of Z the Boyd surface.

The Boyd surface contains elliptic curves Ej,..., Ey of self-intersection —1 (preimages of
elliptic singularities of Z), (—2)-curves N7 and Ny (preimages of A; singularities of Z), and
(—4)-curves A; and A,.

DEFINITION 2.3. Let Sy be the surface obtained by contracting the (—4)-curve Aj.
LEMMA 2.4 (Cf. [Ranl4]). There exists a flat family S — SpecR with special fiber Sy and
generic fiber the Craighero—Gattazzo surface S (after pull-back to C). Near the singular point of
the special fiber, the family is formally isomorphic to

(zy = 2% +7) C (1,1,1)g := Spec R[z, y, 2]"2,
where us acts by x — —zx, y — —y, z — —z.
Proof. We first produce the stable limit of the Craighero—Gattazzo quintic X in characteristic
seven. Let XY be the generic fiber of X given by (2.3). Consider the family X — SpecR given

by equations

(frw’ + fsw+ fs +hot. =0, fo=Tw) CPL 0y (1,1,1,1,2)%
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obtained by substituting fo for 7w in the first three terms of (2.3) and dividing by 343. Here,
and throughout, ‘h.o.t.” refers to higher-order terms with respect to the 7-adic valuation. The
generic fiber of X is clearly isomorphic to X°.
The special fiber Xy is given by
(frw? + faw+ f5 =0, f2=0) C P (1,1,1,1,2)y.

[xry:z:tw]

We claim that it is isomorphic to the surface Z' obtained by blowing down four elliptic (—1)-
curves on Sy to Fg-singularities.
The point (0:0:0:0: 1) is an isolated singularity with equation, in a local chart,

(fi+tfs+fs=0, o=0)C (1,1,1,1).
The singularity is formally isomorphic to

(my = Z2) C %(1’ 1a 1)k7
which has a (—4)-curve as the resolution graph. Moreover, the equation of the whole family X
near this point is formally isomorphic to

(xy =22 +7) C %(17 1,1)%.

Next we analyze Xy away from tg = (0:0:0:0:1). We use the generically two-to-one map
m:So\{to} > Qgivenby [z:y:z:t:w|— [r:y:2z:t]. Away from A =LNQ, 7 is a double
cover branched along (f§—4f1f5 = 0) = B1UBs. Thus, it can be identified with Z’\ (A2 UN;UN>).
Over A, but away from ¢y (which includes @; and @Q2) the map 7 is one-to-one. The preimages
of @1 and Q2 are lines (with coordinate w). The preimages of the other four points where f3 =0
are empty; in Figure 2 these are the points where By and By are tangent to A. It follows that
Xy and Z' are normal surfaces isomorphic in codimension one, and therefore isomorphic.

It remains to note that the family X has Eg singularities along the sections (1:0:0:0:0),
(0:1:0:0:0),(0:0:1:0:0),and (0:0:0:1:0). Resolving them gives a family S — Spec R
with special fiber Sy and generic fiber (after pulling back to SpecC) the Craighero—Gattazzo
surface S. a

3. Study of the Boyd surface: vanishing of obstructions

We have a commutative diagram,

W—s>Y—=17
ﬂ’i lw
P g Q:P}C XP}C

where the vertical maps are double covers and the horizontal maps are birational. Here P is

obtained by blowing up Q; and Q> (let N7 and Ny be the exceptional divisors), blowing up

Pi,..., Py (let Gi,...,G4 be the exceptional divisors), and then blowing up these four points

again in the direction of the tangent cone to By U Bs (let E1, ..., E4 be the exceptional divisors).
Since

4 4
By + By + 2N1 + 2]\72 ~ 60*((9@(1, 1)) — 32@1 — GZEZ',
=1 =1
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we have
BI+B2+2N1+2N2N3<ZA1'+ZGZ'> (3.1)
=1 =1
as well as
4 4 4
B1+ By + ZG’L ~ 2<30'*((9Q(1, 1)) — Nl — NQ — 3ZEZ — ZGZ> (32)
i=1 =1 i=1

We define W to be the double cover of P branched along the smooth curve
B=DBi+By+Gi+--+Gy.
Let N;, E;, G; C W be the preimages of N;, E;, G;, respectively. The curves G, ..., Gy are (—1)-

curves, and contracting them gives the Boyd surface Y. The curves Ny and Ny are (—2)-curves
on Y, while Ey,..., E4 are elliptic (—1)-curves (i.e. elliptic curves with self-intersection —1).

THEOREM 3.1. We have H?(Y, Ty (—log(A1 + Ny))) = 0.

Proof. We follow [Ranl4, 4.8, 4.10] closely. It suffices to show that
H*(W, Ty (~log(A1 + N1))) = 0. (3.3)
Indeed, if this is the case, then Serre duality implies

0 = H(W, Qyy (log(Aqy + N1))(Kw))
= HO(Y, Ty [Q%/V(log(Al + N1))(G1+ -+ Gy)|(Ky))

(by Lemma 3.3)
= H(Y,Qy (log(A1 + N1))(Ky)) = H*(Y, Ty (—log(A1 + N1)))".
Arguing as in [Ranl14, 4.8], (3.3) will follow if we can show that
H*(W, Ty (—log(A1 + Ay + Ny)))— =0, (3.4)

and
H?(W, Ty (~log(N1)))+ =0, (3.5)

where +/— denotes the symmetric/skew-symmetric part with respect to the ps-action on the
double cover. Explicitly, and using Serre duality multiple times, if « € HO(W,Q, (log(Ay +
N1))(K)), then since

Qpy (log(A1 + N1))(K) C Qi (log(A1 + Ag + N1))(K)
the one-form « must be invariant. But ps interchanges A; and As, so that «a does not have a
pole along Ay. Thus, a € Q}},(log N1)(K) is an invariant one-form. Equation (3.5) implies that
a=0.
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Proof of (3.4). At each of the points @3, ..., Qs (the remaining points of B; N A) we blowup
twice to obtain a surface P; where A and B; have normal crossings. Let C;, F;, i = 3,...,6 be
the exceptional divisors of these blowups, so that on P; we have 012 = —2 and FZ? = —1. Let
o' : Py — @ be the composition of these blowups, and let f : W7 — P; be the double cover
branched over By + Bo + Y. G; + . Ci.

The surface W) contains (—1)-curves C; and (—2)-curves F; which contract to give the surface
W. By the (—1)- and (—2)-curve principles [PSU13, Proposition 4.3, Theorem 4.4] (here we only
need the (—1)-curve principle), we have

H2(W1, TWl(—IOg(Al + Ay + Nl))) ~ Hz(W, TW(—log(A1 + Ag + Nl)))
Note that the double cover f is defined by (see (3.2))

Bi+By+ ) Gi+Y Ci~2L,
L~30"(0q(1,1)) =) Gi—=3> E—Y Ni—> F.
Also we have
K]pl:—20/*(OQ(1,1))—{—ZNZ—FZGl—{—QZEz—FZC’l—I—QZFl,
Kp, +L~0"(00(1,1) =Y Ei+> Ci+ > F.

By Lemma 3.2, we have

fe(Tw, (—log(A1 + Az + N1)))— = Tp, (—log(A + Ny))(—L).

where
and so

By Serre duality, it suffices to prove vanishing of

HO(Py,2p, (log(A + N1))(Kp, + L)),

HO(Pl,QI%pI(log(AJer))( (0g(1,1)) ZE+ZC’+ZF>)

By Lemma 3.3, we have
ai(Q[%pl(log(A+N1))< (0q(1,1) =) Ei+> C +ZF>)
cr’*<QI}Dl<A+N1+a (0(1,1) =Y "E+> C +ZF>)
=0 (%1 <a’*(A) +0"(0g(1,1)) = No = Y Ei — ZF))
C Qb@OQ(2,2)®IQ2éIpi.

i=1
Since O} = 0g(—2,0) ® Og(0, —2), we have

Qh ® 0g(2,2) = 0(0,2) & Og(2,0).

or

Thus, any global section of Qb ®00(2,2)®Z,®;_,Ip, is a global section of Og(0,2) ® Og(2,0)
vanishing at the points Qs, Py, ..., Py. Since these points are in three distinct horizontal and
vertical fibers of @, any such global section must be zero. This completes the proof of (3.4).
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LEMMA 3.2. Let Y be a smooth projective surface defined over an algebraically closed field of
characteristic # 2. Let f : X — Y be a double cover with a smooth branch divisor B C Y.
Let C = f~Y(D) be the preimage of a smooth curve D on Y, and suppose that D intersects B
transversally. Then

(2 (log €)) = Qy (log(D)) & Qy (log(D + B))(~L)

and
f«(Tx(~log C)) = Ty (~log(D + B)) & Ty (—log(D))(—L),

where B ~ 2L. Moreover, these decompositions break the sheaves into their invariant and anti-
invariant subspaces under the action of puo by deck transformations.

Proof. The surface X is defined in the total space of the line bundle L by the equation 2% = z
where x is a global section of Oy (2L). This allows us to work étale-locally, using the argument
of [Ranl4, 4.6]. O

LEMMA 3.3. Let Y be a smooth projective surface defined over an algebraically closed field. Let
0 : X — Y be the blowup of p € Y with exceptional divisor E. Then for every integer m > 0,
we have 0. (Q4 (mE)) = Q.. Moreover, o.(Q%(—E)) = Qi ® Z,, where I, is the ideal sheaf of
the point p.

Proof. Let n be the generic point of Y. The sheaves 0. (Q% (mE)) and Q) are subsheaves of the
constant sheaf with stalk Q%, , (the sheaf of rational differentials). A local section of 0.(Q% (mE))
is regular outside of p and therefore regular at p since Q%/ is locally free. Thus, we have an injective
map i : 0. (4 (mE)) — Q1. It is surjective because given a local 1-form o € Q3 (U), the 1-form
o*(a) € Q% (a7 1(U)) c QL (mE)(671(U)) maps to a.

For the second part, we have an injective map i : 0.(Q4 (—F)) — Q3., as above. Moreover,
any one-form i(a) in the image of ¢ vanishes at p, since « vanishes along E. Thus, the image of
i is the sheaf Q) ® T,. O

Proof of (3.5). Note that we have the short exact sequence
0 — Tw(—log(A1 4+ Ag + N1)) = Tw(—log, N1) = Na,yw @ Na,yw — 0.
Since H*(W,Na, jw ® Na,/w) = 0, it suffices to prove that
H*(W, Ty (—log(A1 + Ay + Np))) 1 = 0.

This part is more delicate and the proof occupies the rest of the section.
By Lemma 3.2, we have

fo(Tw, (—log(A1 + Az + N1)))+ = T, (—10g (A + N1+ B+ B+ Y G+ éi) )

Again applying the (—1) and (—2)-curve principles, it suffices to show that
H*(Py, Tp, (—log(A + By + By))) = 0.
To begin with, we claim that

H*(Py, Tp, (—log(By + Bs))) = 0. (3.6)
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Because B; and B, have simple normal crossings after contracting the curves C; and Fj, it
suffices to show that
H*(P, Tp(—log(B; + Bz))) =0

or equivalently (by Serre duality)

H° (IP’, Qb(log(B; + Bs)) (—2D +Y N+ G2y E)) =0.
Letting F = Op(—2D + Y. N; + 3. G; + 23 E;), we have the short exact sequence
0— Qp, ® F - Qp(log(B1 + By)) @ F — (Op, ® Op,) @ F — 0.
The products B; - F = —4 < 0 for j = 1,2 and thus
H°((Op, ® Op,) ® F) = 0.
The projection formula and Lemma 3.3 give
HO(Py,Qp, ® F) ~ H(Q,Q4(—2D)).

The sheaf QlQ(—ZD) = Og(—4,—2) ® Og(—2,—4) has no global sections, completing the proof
of claim (3.6).
Now consider the short exact sequence

0 — Tp, (—log(A + By + B)) — Tp, (—log(B1 + Ba)) = Nap, = 0.

By claim (3.6), vanishing of H?(Py, T, (—log(A + By + Bs))) will be complete once we show that
the map
H' (P, Tp, (—log(B1 + By))) = H'(P1,Na/p,) (3.7)

is surjective. We identify H'(Py, Tp, (—log(B;1 + Bz))) with the space of first-order infinitesimal
deformations of P; which contain an embedded first-order deformation of By U By. We identify
HY(Py, Na /p,) With the space of obstructions to deforming A in Py. Thus, the map (3.7) factors
through the natural map

H'(P), Ts,) > HY(P1, Nae,) (3.5)

which sends an infinitesimal first-order deformation of P; to the obstruction to deforming A in
this first-order deformation of P;. We have to show that given any such obstruction, there is a
deformation of the pair (P1, By + Bs) that maps to the given obstruction.

Recall that P; is obtained from P! x P! by blowing up once at each of Q1,...,Qs; P, ..., Py,
and again at each of Q)3,..., Qg in the direction of the proper transform of A and at each of
Py, ..., Pyin the direction of tangent cone of BjUBs. We denote by g9 : P — Q the ‘intermediate’
blowup, i.e. the map which contracts the last eight (—1)-curves on Py.

We have the following exact sequence of sheaves on @
6 4
0 — (02)«Tp, — TQ — @k‘él @ @k?% — 0.
i=3 i=1

Looking at the corresponding exact sequence in cohomology, we see that every infinitesimal
first-order deformation of Py arises from either an infinitesimal first-order deformation of @
(corresponding to an element of H'(Q,T, Q~)) or from an infinitesimal first-order deformation of
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the points Qs, ..., Qg, P, ..., Py on Q, or both. This latter space is isomorphic to a vector space
V = (k?)®. We note that V has a linear subspace V; ~ k® corresponding to infinitesimal first-order
deformations of the points Qs,...,Qs, Pi,..., Py to points along the exceptional divisors of o9,
i.e. changing the tangent direction of the infinitely-near blowup. ~

Similarly, because P* x P! is rigid, every first-order infinitesimal deformation of ) arises from
a first-order infinitesimal deformation of the points Q1, ..., Qg; P, ..., Py in P! x P, This latter
deformation space is isomorphic to the vector space W = (k?)!°. Thus, we have short exact
sequences

0=V — H' (P, Tp,) > H'(Q,T5) = 0
0— HO(P' x P!, Tpiyp1) > W — H'(Q,Tg) — 0

signifying that every first-order infinitesimal deformation of Py, and therefore of (P, By U Ba),
arises from a first-order infinitesimal deformation of the points Q1, ..., Qs; Pi, ..., Py in P x P!
(i.e. an element of W) or a first-order deformation of Qs,...,Q¢, P1,..., P; in Q, or both.

We note that (3.8), and even Vi — H'(P1,Nap,), is surjective, i.e. each obstruction in
HY (P, Na /p,) arises from a first-order infinitesimal deformation of @1, ..., Qs and the tangent

directions of Qs, ..., Qg in P! x P! that fails to induce a first-order embedded deformation of A.

LEMMA 3.4. The space H* (Pl,NA/Pl) has dimension seven and has the following distinguished
basis. Each basis element comes from a first-order deformation of Py which fixes Q1, Q2, Q3 (this
takes care of infinitesimal automorphisms of P' x P1) and either:

e [ for k = 1,2,3 leaves the tangent direction at Q)3 fixed, i.e. parallel to A, and moves
Qr+3 € {Q4,Q5,Qs} off A while keeping the remaining points and their tangent directions
fixed, i.e. parallel to A; or

o [ fork=4,56,7 fixes Qx—1 € {Q3, @4, @5, Qs} and changes the tangent direction at Qi_1,
moving the remaining points of Q4, @5, Q¢ along A and keeping the tangent directions at
these remaining points fixed, i.e. parallel to A.

Proof. Simple calculation. O

To show that the map (3.7) is surjective, it suffices to show that for each deformation type
listed, there exists an equisingular deformation of By U By in P! x P! which passes through the
points to which Q1, ..., Q¢ deform and which has the desired tangent direction at each point.

To begin, let us choose bi-homogeneous coordinates ((a : &'), (8 : 8)) on Q = P! x P! so that
a=z/y=—t/zand f=x/t = —y/z. Let g1 and g2 be the equations (bihomogeneous of degree
(3,3)) of By and Ba, respectively. Referring to (2.4) and (2.5), we have

g1 = —aa?B + 302/ 328" — 3826/ — 3aa? B8 + 30386 + a5
gy = _/8/8/20/3 _ 3040/2525/ + 3aa'2,8’3 _ 355/20420/ + 3/6’30420/ o /825/043-
Global first-order deformations Bl and Bg of By and By are given by equations

g1+egr=g1+¢ Z ajjo’a® BB

0<%,5<3
pteR =gt Y biyaa®TipIgR,
0<i,j<3
respectively. In order to describe equisingular first-order deformations of By U Ba, we move the
singularities of By and Bg at Pi,..., Py to the points (ecy,edy),. .., (ecq,edy), given in local
567

https://doi.org/10.1112/50010437X16008125 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X16008125

J. RANA, J. TEVELEV AND G. URzUA

coordinates on Uq,...,Us C @, respectively, where

Ulz{a:ﬂ:1}, UQZ{O[/:/BZ].},
Us={a=8 =1}, U={d=p =1}

To simplify calculations, we change coordinates on Uy, ..., Uy, so that the points (ec1,edy), . . .,
(ecy, edy) are at the origin.

Letting g;; + €g;; be the degree j part of the equation g; + £g; with respect to the
new coordinates, we have the following conditions. These ensure that B; U Bs maintains the
singularities, with possibly different tangent cones, at the points to which Pi,..., Py deform.
For simplicity we use the same notation for Pj,..., P4 and the points to which they deform:

(1) g10 + €g10 = 0 on each Uj; this forces Bl to pass through P, ..., Py;
(2) g11 +¢€g11 = 0 on Uy, Uy; this forces El to be singular at P; and Py;

(3) g12 + €G12 = (m + mye)(ga1 + £G21)?, for some constants m,my, on Uy, Uy (where m,m;
may diﬁ'eg on Uy, Uy); this forces the tangent cones of By at P; and Py to be the same as
those of By at P; and Py;

(4) g13+ €g13 = (921 +€G21)(h +€hy), where h and h; are quadratic forms; by Lemma 3.6, this
forces Bj to have tacnodes at the points P; and Pjy;

(5) g20 + G20 = 0 on each U;; this forces and Bs to pass through Py, ..., Py;
(6) g21 + £g21 = 0 on Us, Us; this forces Bz to be singular at P, and Ps;

(7) g22 +€Goz2 = (n + n1e)(g11 + €g11)?, for some constants n,ni, on Uy, Us (where n,n; may
differ on Us, Us); this forces the tangent cones of By at Py and P to be the same as those
of By at P, and Ps;

(8) go3 +¢cg2s = (911 +€g11)(h + €hy), where h and h; are quadratic forms; by Lemma 3.6, this
forces Bg to have tacnodes at the points P, and Ps.

Returning to original coordinates, and after simple algebraic manipulations, this gives the
following system of 28 linear equations in ¢;, d;, aij, bi; (four blocks for four charts).

Equations 3.5.

as3 =0
bsz = d1 — 3c1
azo = —361 — 6d1
as3 = 2¢1 — 3d;
a2 = agi + bag + 3b32
a3 = 2a31 — 2bza + 4bo3
2¢1 — dy + 3a12 + ap3 + 2a21 —azo =0

azp = —cz — 3ds
bsp =0
b31 = 3ca + 2dy
bQQ = 3d2 + (&)

b3z = 2b1o + 4ag1 + 2az
bo1 = 6b1g + 6asz1 + 3asg
5¢co + 3dsy + Bbgg + 3b11 + 6baa + Hbgz = 0
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agz = €3 + 3d3

b03 =0
b02 = 2d3 + 363
b13 = 3d3 +c3

bo1 = baig + 2bss + 3ag2
b1 = 4ai3 + 6ba3 + ag2
c3 + 2d3 — 3b11 + b3z + 2bao + bgo = 0

app — 0
boo = d4 — 3cy
ap1 = 3¢4 + 6dy
ajg = 3d4 — 264
a0y = 2ag2 + 2bo1 + 3b1o
a1 = agp2 + 4bo1 + 6b1o
4y + 5dy + 2a03 + 3a12 + ag1 + Sazo = 0.

. Next, we determine all additional conditions on a;;, b;j, ¢;, d; which ensure that f)’l and
B pass through the points to which @1, ..., Qg deform, with the desired multiplicities at each
point. To do so, we look in the chart Uy. Here, the equation of A is

a(l+B)+B—-1=0.
Solving for « gives
_1-8
1+ 8
Thus, the points at which A intersects By and Bs are the roots of the following polynomials:
(8% +1)(8% +46 +6)°
and
(B> +1)(B* + 68 +6).
This gives the six points at which B; and Bs intersect A:
Ql = (_Z7Z)7 QQ - (Za _Z)u
Q3 = (3—="5i,—2+4i), Q4= (34 5i,—2— 4i),
Qs = (=5 +4i,~3 4 5i), Qg = (—5 — 4i, 3 — 5),
where 32 +1 =0 mod 7.

The intersections of g = 0 and go = 0 with A are given by the zeros of the following
polynomials:

= (1 + B)*(ago + ao18 + ap28* + ap35°)
+(1+8)*(1— )(alo + a118 + a128* + a135°)
+(1+ B)(1 = B)*(az0 + aan B + axfB® + asB’)
+ (1 — B)*(aso + as1 8 + a2 + assB°)
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g2 = (1 + B)*(boo + bo1 B + bo28* + b3 %)
+(1+8)*(1 = B)(bio + b11 8 + biaf? + b1z %)
+ (14 b)(1 — B)*(bao + b218 + b2a8* + ba3f*)
+ (1 = B)*(bso + b318 + b328% + b33 ).

Using these equations, we obtain eight additional linear equations in a;j, bij, ¢i, di. These

ensure that By and By pass through @1, Q2, that B passes through @3, @4, and that By passes
through @5, Qg. Note that each restriction arises from setting 5 equal to ¢, —i, —2 + 44, —2 — 44,
—3 + 54, or —3 — 5¢ in the appropriate equation.

(B1Q1)

(361 — 3¢y + 3dy + dg — 2a00 — 2a91 — az1 + 3agz — a1z + 3agz — 2b1g + 3b3e + 2b23)’i
+3c1 — 3cq + 3dy + dy 4+ 2a00 — 2a91 + az1 — 3age — a1z + 3apz + 2b1g — 3b3o — 2by3 = 0

(B1Q2)

(—361 + 3¢y — 3d1 — dg + 2a99 + 2a91 + ag1 — 3ap2 + a2 — 3ags + 2b1g — 3bgy — 2523)i
+3¢1 — 3cq + 3dy + dy + 2a00 — 2a91 + az1 — 3agy — a12 + 3ap3 + 2b1g — 3b3a — 2by3 = 0

(B2Q1)
(—3ca — 3 — 3d3 — az0 — 3as1 — ap2 — 2b11 + bag + b3 + ba3)i
+3co + ¢3 + 3ds — agg — 3a3z1 — age + 2b11 — bog + 3bgs + boz = 0
(B2Q2)
(3¢ + 3+ 3ds + a0 + 3az1 + ag2 + 2b11 — bag — 3bzz — ba3)i
+3c2 + 3 4 3d3 — azo — 3az1 — ap2 + 2b11 — bag + 3b3g + bz =0
(B103)

(—cq + 2dy — 2dg + 3agg + 3a1 — azy + 3aiz + 2b19 — 2bsa — 3ba3)i
+3c1 — ¢4 — 3d1 — 2d4 — 2a30 + 3az1 — 3az1 + ap2 + a2 — ap3 — 3b1g — b3z + b2z =0

(B1Q4)

(ca — 2dy + 2dy — 3agp — 3a21 + az1 — 3a12 — 2b1g + 2b32 + 3ba3)i
+3c1 —cqg — 3d1 — 2dy — 2a20 + 3a21 — 3a31 + ag2 + a12 — agz — 3b1g — 3b32 + b2z =0

(B2Q5)

(c1 4+ 3co + 2¢3 + 2dy — d3 + a0 — 3az1 + 2ag2 — bio + 3b11 — bz + ba3)i
4+ 2c1 — 2¢9 + 2¢3 — 3d1 + 3dy — d3 — 2a00 — az1 + 3ags + big + 3b11 — 3bao 4+ b3a — 3be3 =0

(B2Q)6)

(—cl — 3¢y — 2¢3 — 2dy + d3 — asg + 3az1 — 2ags + big — 3b11 + bog — bgg)i
4+ 2¢1 — 2¢9 + 2¢3 — 3dy + 3dy — d3 — 2a90 — a1 + 3age + big + 3b11 — 3bao + bgs — 3bag = 0.

Taking the derivatives of g; and go with respect to 5 and setting 3 equal to —2 + 44, —2 — 44,
—3 + 54, or —3 — 5i as appropriate gives the final four linear equations in a;j, bj, ¢;, d;. These
ensure that By and By are tangent to A at Q3, Q4 and Qs, Qg, respectively.
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(dB1Q3)
(3c1 — 2¢4 — 3dy + 3dy + ag1 + 2a31 + 2ap2 + ags — bip — 2b32)i
—c1 +cq — 2dy + 2dy + 2a20 + a1 + 3ag2 + apz — 3b1g — 2b32 — b3 =0
(dB1Q4)
(—361 + 2¢4 + 3d1 — 3dg4 — a1 — 2a31 — 2a92 — apz + big + 2532)i
—c1+ ¢4 — 2dy + 2dy + 2a90 + a1 + 3age + apg3 — 3b1g — 2b32 — bag = 0
(dB2Q5)

(Cl — 3¢y — ¢34 2d1 + do — 3ds + 3asg + 2a31 + 3ags + 2b1g — 2b11 — 3bao — 2bgg)i
—Cy — 363 - 3d2 - 2d3 - 3@31 - 3@02 - blg - b22 - 3b32 =0

(dB2Q6)

(*Cl + 3co + ¢3 — 2d1 — dy + 3ds — 3asg — 2a31 — 3ags — 2b1g + 2b11 + 3bas + 2b23)i
—Cy — 363 — 3d2 — 2d3 — 3&31 — 3a02 — blO — 522 — 3[)32 =0.

Consider a basis element in H'(Py, Na /p,) corresponding via Lemma 3.4 to some deformation
of the points Py, ..., Py, Q1, ..., Q¢ together with the tangent directions of Py, ..., Py, Q4, ..., Qs
in P! x P'. There are two cases, as in Lemma 3.4.

Consider for example the basis element I;. The existence of an equisingular deformation
of (P1,B1 U By) mapping to I; is equivalent to the existence of a;j,b;j, ¢, d; which satisfy
(3.5), as well as B1Q1, B1Q2, B2Q1, B2Q2, B1Q3, dB1Q3, B1Q4-1, B2Q5, B2Q6. Here, we
use Lemma 3.7.

Next we consider the basis element I;. The existence of an equisingular deformation of
(P1, By U By) mapping to Iy is equivalent to the existence of a;j, b;;, ¢;, d; which satisfy (3.5), as
well as B1Q1, B1Q2, B2Q1, B2Q2, B1Q3, dB1Q3, dB1Q3-1, B2Q4, B2Q5, B2Q6. Here, we use
Lemma 3.7.

Thus, each of the seven basis elements corresponds to finding a non-trivial solution of a large
system of linear equations. As working with such large matrices is unwieldy, we use Macaulay?2
to check this (see the code included in the Appendix). In each case, we find that solutions indeed
form either a three- or four-dimensional vector space, depending on the basis element, completing
the proof. O

LEMMA 3.6. The singularity (h? + hiha + h.o.t. = 0) C A%, where h; is a form of degree i, is a
tacnode (or a degeneration of a tacnode).

Proof. Completing the square, the equation becomes ((h1 + 2h2)? + h.o.t. = 0) C A% Letting
h = hi + 1ho, the singularity becomes (h% + h.o.t. = 0) C A% As there are no terms of degree 3,
this is a tacnode. O

LEMMA 3.7. Let B = (g = 0) be the germ of a smooth curve in A? which is simply tangent
to the x-axis at the origin, and let B = (9 +eg = 0) be its first-order infinitesimal embedded
deformation. Then B is tangent to the z-axis if and only if §(0,0) = 0.

Proof. Suppose g(0,0) = 0. We have to show that there exists z¢ with

g(exo,0) + £g(exp,0) =0
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and that J
%(g(é'l'o, 0) =+ €§(€$0, 0)) =0.
Taking the Taylor expansion of these with respect to e, the first of these obviously holds. The
second holds for 7(0.0)
mo = 0 O
g1 (0,0)

4. The Boyd surface is a Dolgachev surface

LEMMA 4.1. Blowing-down N and Ny on PP gives a Halphen surface of index three [CD89, ch. V,
§ 6] with a multiple fiber A; +---+ Ay + G1 + - - - G4 of type Is.

Proof. By 3.1, P has a fibration P — ]P’,lc with connected fibers such that the general fiber is
smooth of genus one; see [Bad01, §7]. Moreover, the Ig fiber 32| A; + 3| G; has multiplicity
three. Thus, this elliptic fibration is a Halphen surface of index three (after one blows down Ny
and N); see [CD89, ch. V, Theorem 5.6.1]. O

LEMMA 4.2. The Boyd surface Y is a Dolgachev surface in characteristic seven. The elliptic
fibration Y — IP’/ll€ has four singular fibers: one I, with multiplicity three, one I, with multiplicity
two, and two reduced Is.

Proof. We denote by a the composition W — P — Pi. Since this is a projective morphism, we
have a Stein factorization for «, i.e. maps 5 : W — C' with connected fibers and v : C' — IP’}C a
finite morphism such that o = v o 3. Note that the multiplicity of the fiber By + By + Ny + N»
of P — IP>,1~C is 1, and so v : C — }P’}C is a finite separable morphism. Note also that the fibers
By +By+ Ny + Ny and I in P — P,lg pull back to connected fibers of o with multiplicities two
and three, respectively. Since these multiplicities are coprime, we must have that the degree of
~ is one, and so 7 is an isomorphism. In this way a has connected fibers. In addition, since it
has two multiple fibers, the Kodaira dimension of Y is non-negative [CD89].

The double cover W — P induces a connected étale cover between the non-multiple fibers
of a. Note that P — IP’/ll€ can only have irreducible singular fibers apart from By + By + N1 + N»
and Ig, because the Picard number of P is 12. Therefore, we can have either two I; or one II as
extra singular fibers. But a fiber of type II is étale simply connected, and so it does not have a
connected étale cover of degree two. Thus, P — ]P’/,lC has precisely two extra I; singular fibers, and
their pre-images under W — P give two I3 reduced fibers for a. This elliptic fibration induces a
relatively minimal elliptic fibration ¥ — IP}C, after we blow-down the curves G1,...,G4.

Using well-known facts on double covers, one can easily verify that K& = 0, x(Oy) = 1, and

py(Y) = h*(~L) = B°(Kg + L) =0, (4.1)
where
4 4
L =30"(A) —ZEi —2261' -~ N1 — N
i=1 i=1
is the line bundle defining the double cover 7. Thus, ¢(Y) = 0. O

The previous lemma shows the canonical class of Y has the form

Ky ~—F+T5+2I's =1/6F, (4.2)
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where F' is a general fiber, I'y is the I, with multiplicity two, and I's is the I, with multiplicity
three.

LEMMA 4.3. We have that Kg, is nef.

Proof. The Boyd surface Y is the minimal resolution of the surface Sy, which has log terminal
singularities. Therefore, it suffices to show that Ky is nef, which follows from (4.2). O

5. Some mixed characteristic deformation theory

In this section we show that the Craighero—Gattazzo surface can be degenerated to a special
complex surface with a i(l, 1) singularity. Our argument is based on the following simple fact.

LEMMA 5.1. Let R be a DVR with residue field k and quotient field K. Let K be the algebraic
closure of K. Let T be a smooth R-scheme. Let o € T be a k-point. Let 01,09 : Spec R — T
be two sections passing through o. Then there exists an irreducible smooth K-curve C' and a
morphism C — T such that its image contains o1(n) and o2(n), where n € SpecR is the generic
point.

Remark 5.2. For the proof we only need o7 to be a section; oy can be a section Spec R’ — Tr
after a finite surjective base change Spec R’ — SpecR.

Proof. We can substitute 7" with an affine connected component Spec A of 0. By [Mum?70, p. 56],
it suffices to prove that Tk is geometrically connected. Since it is smooth over Spec K and has
a K-point o1(n), it suffices to prove that it is connected. Arguing by contradiction, suppose
it is disconnected. Then H®(Ty,Or, ) contains a non-trivial idempotent e. Let # € R be a
uniformizer. Since T is flat over Spec R, 7 is not a zero-divisor in A, and so e € A[1/7]. Let n be
the minimal non-negative integer such that e can be written as a/7™ with a € A. Then a?
Since T is smooth over Spec R, its special fiber is reduced. It follows that n = 0 because otherwise
a?> =0 mod () and therefore @ = 0 mod (7), which implies that n is not minimal. So e € A,
which contradicts the connectedness of T'. O

= 7"aq.

LEMMA 5.3. Let R be a complete DVR with residue field k and quotient field K. Let K be the
algebraic closure of K. Let F be a limit-preserving contravariant functor from the category of
R-schemes to the category of sets.

Fix (o € F(Speck). Let Fy, be its ‘deformation functor’, i.e. a functor from the category of
pointed R-schemes (X, xq), where z( is a closed point with residue field k, to sets. Specifically,
Feo(X,20) = {¢ € F(X)| F(1)§ = (o}, where i : Speck = Speck(zg) — X is the inclusion.

Suppose the restriction of Fy, to the category of spectra of local artinian R-algebras with
residue field k is smooth and satisfies Schlessinger’s conditions [Sch68]. Suppose also that the
natural map

F¢,(Spec A) — l(i£1F<O(Spec A/m") (5.1)
is bijective for every complete local Noetherian R-algebra (A, m) with residue field k.
Let ¥1,%9 € F¢,(SpecR) and let £1,%5 € F(Spec K) be their pull-backs to Spec K. Then

there exists an irreducible smooth K-curve C, K-points y1,y2 € C, and an element ¥ € F(C)
which restricts to 1 and Yo at y1 and yo, respectively.
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Proof. By [Sch68], F¢, admits a hull, and by (5.1) we can assume that the hull is induced by an
element ¢ € F¢,(SpecH), where (H,m) is a complete local Noetherian R-algebra with residue
field k. By Artin’s algebraization theorem [Art69, Theorem 1.6], there exists an R-scheme of finite
type T, a closed k-point o € T', an element ¢ € Fy, (T, 0), and an isomorphism o : (’}Tp — H such
that F(o)¢ and ¢ agree on H/m" for all n > 1. By (5.1), in fact F(o)¢ = (.

Since Fg, is smooth, T' — Spec R is formally smooth at o, and therefore we can assume that
T is a smooth R-scheme after shrinking it if necessary.

Since R is complete, we can find sections o1, 09 : Spec R — T such that F(o;)(¢) and X; agree
on R/n™ for any n > 1, where n C R is the maximal ideal. By (5.1), F'(0;)(¢) = ¥;. It remains
to apply Lemma 5.1. O

In our application F' will be a functor of Q-Gorenstein deformations, as worked out in [Hac04]
in characteristic zero and [AH11] in general. For simplicity, we allow only Cohen—Macaulay
surfaces. Following [AH11], let K“ be the category of Kollar families fibered in groupoids over
the category of schemes. An object of K“ over a scheme B is a triple (f : X — B, F, ¢), where
f is a proper flat family of connected reduced Cohen—Macaulay surfaces, F' is a coherent sheaf,
and ¢ : F' — wx/p 1s an isomorphism. Moreover, we assume that the formation of every reflexive
power F" commutes with arbitrary base change (we call this the Kolldr condition) and that for
every geometric point s of B there exists a positive integer Ng such that F [NS]| X, is invertible
and ample. See [AH11] for the description of morphisms in % and for the proof that it is an
algebraic stack. The functor Def@C of Q-Gorenstein deformations is the associated set-valued
functor of isomorphism classes of Kollar families.

THEOREM 5.4. Let R be a complete DVR with algebraically closed residue field k and quotient
field K. Let K be the algebraic closure of K. Let X; and X, be two Q-Gorenstein families
over Spec R. Suppose their special fibers are both isomorphic to a k-surface X. Let K%, be the
restriction of K to the category of R-schemes. Suppose it is R-smooth at X — Speck. Then
there exists an irreducible smooth K-curve C, K-points y,ys € C, and a Q-Gorenstein family
over C' with fibers at y; and y2 isomorphic to (X1)z and (X2) %, respectively.

Proof. Since K% is an algebraic R-stack, its associated set-valued functor Def%G satisfies the
conditions of Lemma 5.3 by Artin’s criterion [Art74]. O

In our situation, X7 will be a degeneration of the Craighero-Gattazzo surface to the
contraction Sy of the Boyd surface Y. To construct the second family, we will need the following
well-known fact.

LEMMA 5.5. Let k be an algebraically closed field, let R be a complete DVR with residue field k,
let Y be a smooth projective surface over k and let C,...,C, CY be smooth curves intersecting
transversally. Suppose

H?(Y, Ty (—log(Cy + -+ C;))) = H*(Y, Oy) = 0.

Then there exists a smooth projective family of surfaces ) — Spec R with closed subschemes
Ci,...,C. C Y smooth and proper over Spec R such that the special fiber is (Y;C4,...,C}).

Proof. This is well-known but we sketch a proof for completeness. Let m C R be the maximal
ideal and let R, = R/m"*! for each n =0, 1,.... We first lift (Y;C1,...,C,) to a scheme and a
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collection of subschemes flat over SpecR,, for each n by induction on n. So assume we already
have a lift (Y";CT,...,C)) to Spec R,,. We have an exact sequence

0— Ty(*log(CH + -+ Cr)) - Ty — il*Ncl/y DS---D iT*NCT/Y —- 0 (52)

of sheaves on Y, where ij : Cj — Y denotes the embedding for each j. Since H?(Y, Ty (—log(Cy +
< +C,))) =0, we have H2(Y, Ty) = 0 as well. Therefore, we can lift Y™ to a scheme Y"1 flat
(and then automatically smooth and proper) over Spec R,11. Moreover, all possible lifts form
an affine space with underlying vector space H'(Y,Ty). Since

Hl(KTy) — Hl(Cl,Nol/y) SYRE @Hl(C'raNCT/Y)

is surjective by H2(Y,Ty(—log(Cy + --- + C,))) = 0, we can choose a lift such that the
corresponding class in H 1(Ci,NCi /v) vanishes for each 4. This class can be interpreted as an
obstruction to lifting C* C Y™ to a subscheme C’Z.”Jrl C Y™t flat over Spec R, 41. So we can lift
all C; to subschemes C’f“ C Y"*! flat (and automatically smooth and proper) over Spec Ry 1.
The projective limit Y= liin Y™ is a formal scheme smooth and proper over Spf R. The projective

limits C; = lim Cj for i = 1,...,n are closed formal subschemes smooth and proper over Spf k.

Since H2(Y, Oy) = 0, we can lift any ample invertible sheaf on Y to an (automatically ample)
invertible sheaf on ). By Grothendieck’s existence theorem [EGAIII, 5.4.5], there exists a scheme
Y projective and flat (and then automatically smooth) over Spec R such that YVisa completion
of its special fiber. By [EGAIII, 5.1.8], there exist closed subschemes Cy,...,C, C ) such that
él, . ,(fr are completions of their special fibers. They are flat (and automatically smooth and

proper) over Spec R. O

Notation 5.6. We revert to the notation of the previous sections; in particular, R will denote the
ring of Witt vectors of an algebraically closed field k£ of characteristic seven. We denote by Y
the Boyd surface over k. The (—4)-curve A; and the (—2)-curve N; of YV intersect transversally
and in one point.

LEMMA 5.7. There exists a smooth projective family of surfaces ) — SpecR with closed
subschemes C,N' C Y smooth and proper over SpecR such that their geometric fibers are
transversal rational curves of self-intersection —4 and —2, respectively. The special fiber is the
Boyd surface (Y, A1, N1).

Proof. This follows from Theorem 3.1, (4.1), preservation of intersection numbers, and
Lemma 5.5. O

We need a few facts about the %(1,1) singularity. Let u4 be the Z-group scheme
Spec Z[t]/(1* — 1) with comultiplication ¢+ — ¢ ® ¢. Let

X = Spec Z[u, v]** = Spec Z[u?, vdv, u*v?, uv3, v1],

where ju4 acts on A? with weights (¢,¢). For any scheme S, we say that Xg — S is the standard
family of surfaces with %(1, 1) singularity. If k is a field, then X, is isomorphic to the cone over
the rational normal curve in ]P’%.
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DEFINITION 5.8. Let S be a locally Noetherian scheme and let X — S be a flat family of
geometrically connected reduced surfaces smooth outside of a section ¥ : .S — X. We say that
X — S has a 1(1,1) singularity along ¥ if there exists a (not necessarily cartesian) commutative
diagram

X 2. x

L,

S ——=5

of morphisms with commuting sections ¥ and ¥’ : S — X’ such that f is surjective étale, g is
étale, and X’ is isomorphic to an étale neighborhood of the section in the standard family Xgr.

LEMMA 5.9. Let X — S be a flat family of geometrically connected reduced surfaces with a
section ¥ : S — X over a locally Noetherian base scheme S and smooth outside of ¥. Then X
has i(l, 1) singularity along ¥ if and only if there exists a morphism 7 : ) — X over S such
that Y — S is smooth, 7 is an isomorphism outside of 32, and P = 7=1(X) is a P'-bundle over S
such that all geometric fibers have self-intersection —4. In this case X — S satisfies the Kollar
condition.

Proof. In one direction, we obtain ) by blowing up Y. In the opposite direction, since the
question is étale-local on S and X, we can assume that X and S are spectra of Henselian local
rings. By [LN13, Theorem 2.13], it suffices to find relative Cartier divisors D; and Dy of X — S
such that their scheme-theoretic intersections with P are disjoint sections of the P'-bundle. As
in the proof of [LN13, Theorem 2.11], their existence follows from surjectivity of Pic X — PicP}
(see [EGAIV, Corollary 21.9.12]), where s € S is the closed point. Finally, X¢/ (being toric) and
hence X satisfy the Kollar condition. O

Recall that we have a contraction Y = Sy of A to a 1(1,1) singularity.

LEMMA 5.10. We can ‘blow down’ the deformation ) — SpecR of Y to the deformation
Y — SpecR of Sy, i.e. there exists a morphism )V — Y of deformations over Spec R which
on the special fiber gives c.

This morphism contracts C to a section ¥ of Y — Spec R and it is an isomorphism outside .
The family ) — SpecR has a %(1,1) singularity along 3 and is smooth elsewhere. It is
Q-Gorenstein.

Proof. This follows from the fact that R'a,(Oy) = 0 as in [Wah76] (where the equi-characteristic

local case is worked out). Specifically, let ) be the formal completion of the special fiber in ).
Let ) be a formal scheme with underlying topological space Sy and sheaf of rings a*(’)j,. The

vanishing of R, (Oy ) implies that Y is flat over Spf R by [Wah76, 0.4.4]. Since H?(Sp, Og,) =0

A

and Sy is projective, ) carries an ample line bundle, and therefore is a formal fiber of a scheme
Y projective and flat over Spec R, by Grothendieck’s existence theorem [EGAIII, 5.4.5]. Since

the formal fiber functor is fully faithful [EGAIIL, 5.4.1], the morphism Y — Y is induced by the
morphism « : Y — Y. The rest follows from Lemma 5.9. O

LEMMA 5.11. The R-stack K% is smooth at Sy — Speck.
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4320

FiGURE 3. The big picture.

Proof. 1t suffices to prove that the special fiber of K, i.e. the algebraic stack of Kolldr families
over k, is smooth at Sy — Spec k. There are several ways to deduce this from Theorem 3.1. One
is to use the theory of index one covers as in [Hac04, §3] (which assumes characteristic zero
but in our case this is not important because the index of the singularity two is not divisible by
the characteristic seven). One can also mimic calculations in [Hac04] in the setting of [AH11].
Finally, one can apply [Wah81, Proposition 6.4] (or [LN13, Theorem 4.6]), which shows that the
morphism of deformation functors of artinian rings Def X — Def!°® X is smooth and that local
Q-Gorenstein deformations of a ‘—11( 1,1)-singularity are unobstructed. O

Let (D;T', N) be the general fiber of the family (V;C,N) — Spec R after pull-back to Spec C.
Let D — Dy be the contraction of I". Here Dy is the general fiber of ) — SpecR (after pull-back
to Spec C). Figure 3 shows the big picture.

THEOREM 5.12. There exists a Q-Gorenstein family of complex surfaces S — U over a smooth
irreducible complex curve such that one of the fibers is Dy and another fiber is the Craighero—
Gattazzo surface S.

Proof. This follows from Theorem 5.4 and Lemmas 5.10, 2.4, and 5.11. O

The following corollary (of the proof) was first proved in [CP00, Theorem 0.31].

PorisMm 5.13. The Craighero-Gattazzo surface is unobstructed and its local moduli space is
smooth of dimension eight.
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Proof. Since the stack of Kollar families K% is R-smooth at Sy — Speck, the stack Kg is
C-smooth at S — SpecC. But in the neighborhood of a smooth surface such as S, Kz can be
identified with the Deligne-Mumford stack of Gieseker families of canonically polarized surfaces
with canonical singularities. O

6. Calculation of the fundamental group

PRrOPOSITION 6.1. The surface D is a complex Dolgachev surface with multiple fibers of
multiplicity two and three. In particular, m1(D) = 1.

Proof. We first claim that
T8(Dy) = 1. (6.1)

We are going to use that W?lg(S ) =1 (see [DW99]). Since this is the only fact about S that we
need, we can shrink the curve U from Theorem 5.12 and without loss of generality assume that
U is a complex disc. Since S contracts onto Dy, we have m1(S) = m1(Dp). Now using the same
argument as in [Xia91, p. 601], we have an exact sequence

7T1(S) — 7T1(S) e 7T1(U) — 1,

and so 71(S) surjects onto mi(Dg). The right exactness of profinite completions [RZ10,
Proposition 3.2.5] implies that 7'8(S) surjects onto 7™8(Dy), which implies (6.1). Alternatively,
surjectivity of 7%(S) — 7'8(Dy) follows from the Grothendieck’s specialization theorem [SGA1,
Corollary 2.3].

We have K,% = 0. By Lemma 4.3 and Corollary 5.12, Kp, is nef. Therefore, D is not rational.
Indeed, if D is rational, then by Riemann-Roch h°(D,—~Kp) > 1 and so —Kp ~ E > 0. Since
Kp -T' =2, we have I' C E. We know that f*(2Kp,) ~ —2F + I" where f : D — Dy is the
minimal resolution. But E # I', and so f*(2Kp,) cannot be nef. Also, the Kodaira dimension
of D cannot be zero because of the Enriques classification and Kp - I' = 2, and cannot be two
because of Kawamata’s argument [Kaw92] (see [Ranl4, Lemma 2.4]). Therefore, the Kodaira
dimension is one, and so D is an elliptic fibration over P! (since ¢(D) = 0).

Say we have r multiple fibers of multiplicities my, ..., m,. By [Xia91, p. 601],

m(D) ~{a1,...,ar a1 --ap =a"t =---=a" =1).
But this group is residually finite (see [LS77, p. 126] and [LS77, p. 141 last paragraph]). We also
have 7'8(D) = 78(Dy) (see [Kol93]), and so by the above we get mrj (D) = 1. This implies that
there are only two multiple fibers m1F}, moF> with coprime multiplicities mq, mo. Let F' be a
general fiber of D — P!, and let I'- F' = d. Then, since Kp ~ —F + (my — 1) F} + (mg — 1)y, we
have I' - Kp = d — d/m; — d/mg = 2. In addition, since I' - F} = d/m; and T' - F5 = d/ma,
we have d = Amimg, and so A(mymg — m; — mg) = 2. The only possible solutions, up to
permuting one and two, are A = 2, m; = 2, mg = 3. O

THEOREM 6.2. We have m(S) = 1.

Proof. Here we use the method of [LP07], which applies Van Kampen’s theorem and the Milnor
fiber of the Q-Gorenstein smoothing of %(1, 1). We only need m(D\I') = 1. By Van Kampen’s

theorem, we have m (D) ~ m(D\I')/(«) where « is a loop around I', and (o) is the smallest
normal subgroup of 71 (D\I') containing («). We can and do consider a as given by a loop
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around N, since N and T' intersect transversally. As N -T' = 1, the set N’ := N N (D\I') is
simply connected, and so « C N’ C D\I" is homotopically trivial. Therefore, («) = 1, and so
m1(D\I') = 1 since by Proposition 6.1 we have 71 (D) = 1. After this, one directly applies [LP07,

pp. 493 and 499]. O

7. Genus two Lefschetz fibration on a Dolgachev surface

In § 5 we constructed a lifting of the Boyd surface Y (a Dolgachev surface in characteristic seven)
to some Dolgachev surface D in characteristic zero. Using results of § 3 we can be much more
explicit.

THEOREM 7.1. The Boyd surface Y can be lifted to a complex Dolgachev surface D of type
2,3, which possesses an Iy fiber of multiplicity two, two (—4) curves, and four elliptic (—1)
curves Fi, ..., Ey. This surface has a Campedelli-type description as the minimal resolution of
singularities of the double cover of P' x P! with four elliptic singularities and two A; singularities.

Proof. In §3, the main point was to prove that
H?*(Py, T, (—log(A + By + Ba))) = 0.
By applying the (—1) and (—2) principles as before, we have

H2<]P’1,T1p>l (—log<A+B1+Bz+ZNZ-+ZG,‘+ZEZ'+ZC'¢+ZE>>> =0.

By Lemma 5.5, preservation of intersection numbers, and H?(Py,Op,) = 0, we have that the
configuration of curves A+ B1 4+ Bo+ Y. N; + > G+ > E; + > C; + 3 F; exists in Py over C.
We will use the same notation as in characteristic seven. Then, by contracting > N; + > G; +
S Ei+Y Ci+>" F;, we obtain curves A+ B+ By in PL xP{. with the corresponding singularities.
In this way, we can check that A ~ (1,1) and B; ~ (3,3) in Pic(P! x P!). Note that the two
singularities of B and the two singularities of Bs may not be located at the special position we
had in characteristic seven. Let us call these points P, ..., P, as before.

The linear system |O(2,2)| contains a member, which we call I, that passes through
P, ..., Py with the direction of the tangent cone to Bj U By. Indeed, I' exists because
RO(P! x P1,0(2,2)) = 9 and passing through four points with four given directions imposes
eight conditions.

Then one easily checks in IP; that

Bi + By + 2Ny + 2Ny ~ 3T (7.1)

as well as . . .
B1+B2+2GiN2<3J*(A)_NI_N2_3ZEi_ZGi>' (72)

i=1 i=1 i=1
In this way, (7.1) gives an elliptic fibration P; — IP’(%j with one multiple fiber I' of multiplicity
three, and (7.2) gives a double cover W — Py of P; branched along B; + Bs + Z?:l G, just
as before. Again the pre-images of G1,...,Gy give (—1)-curves in W, which we contract to
obtain a surface D. Using the standard formulas for double covers, as before, we get K% =0
and x(Op) = 1. Also, we can directly compute p,(D) = 0 using the defining line bundle of the
double cover, and so ¢(D) = 0. The pull-back of the elliptic fibration P; — P gives an elliptic
fibration D — ]P’(lc with two multiple fibers: the pre-images of I' and By + By + Ny + Na, with
multiplicities three and two, respectively. The two (—4) curves are pre-images of A. O
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Moreover, we note that the pull-backs of the two rulings of IP’}C X IP’}C give two distinct genus
two fibrations D — IP(IC.

THEOREM 7.2. There exist Dolgachev surfaces (with multiple fibers of multiplicity 2,3)
which carry genus two Lefschetz fibrations, specifically genus two fibrations without multiple
components in fibers and such that the only singularities of fibers are nodes.

Proof. In characteristic seven, we have two genus two fibrations on the Boyd surface induced by
the two rulings in P* x P!, We first want to find out the singular fibers of these fibrations. For
that, we need to look at the induced morphisms B; C P — P! x P! — P! for each i and for each
ruling.

Using (2.4) and (2.5) of By and Bs, respectively, we obtain that, for the ruling 5 = x/t, the
morphism By — P! has branch points at 3 satisfying (82 +1)2 = 0, and the morphism By — P!
is branched at j satisfying 8% 4+ 482 + 1 = 0. One verifies that in the first case, the points of
ramification are Q1 = (—4,7) and Q2 = (i, —1), and By is tangent to the ruling with flex points
at @1 and Q2. For the second ruling, the roles of B; and Bs are interchanged in relation to
ramification, and Bs is tangent to the ruling with flex points at @1 and Q4 for Bs.

Using the previous observations on the ramification points of By — P! and By — P!, we
obtain the following singular fibers for the genus two fibrations ¥ — P! (we take it from one
ruling, the other is analogous).

(1) Two reduced singular fibers consisting of F4 U A1 U E4 and Ep U Ay U E3 where E; are
disjoint elliptic (—1) curves, and A; are (—2) rational curves, each intersecting two E; at
one nodal point.

(2) Two reduced singular fibers over § = i, —i consisting of one nodal rational curve together
with N7, and another rational nodal curve with No. Each of the N; passes through the
corresponding node, forming a simple triple point for the fiber.

(3) Four reduced singular curves, each consisting of a nodal curve whose resolution is an elliptic
curve.

We claim that there exists a lifting of this Dolgachev surface to characteristic zero as in
Theorem 7.1 such that case (2) is eliminated. In other words, we have to construct a lifting of
P; together with the curves A + By + By + Y. N; + Y. G; + Y. E; + Y. C; + > F; such that the
flex ramification points for By — P! disappear, becoming simple ramification for a degree three
morphism By — IP}C. Using the Macaulay2 code in the Appendix, we show the existence of a first
other deformation of that type. This together with unobstructed deformations, as in the remark
above, gives a lifting to Spec R such that, over the generic point, the curve Bj is not flex with
respect to any ruling. In this way, at least for one ruling, the corresponding genus two fibration
on the complex 2,3 Dolgachev surface has only singular fibers which are reduced and with nodes
as singularities, i.e. it is a Lefschetz fibration. O
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Appendix

This appendix contains the Macaulay2 source code used to compute the rank of matrices in the
proof of Theorem 3.1 and Theorem 7.2.

--For simplicity, this includes the extra variable y.
R=2Z/7[t,cl,c2,c3,c4,d1,d2,d3,d4,a20,a21,a31,a02,a12,a03,b10,b11,b22,b32,b23,x,y];

--Adjoin a square root of -1:
R1=R/(t"2+1)

-- Twenty-one of the restrictions on coefficients arising from forcing desired singularities
at the points to which P1, P2, P3, P4 deform. These allow us to reduce the number of variables
from 40 to 19.

a33=0; b33=d1-3*cl; a32=-3*xcl-6*d1; a23=2*xc1-3*d1;
a22=2%*a31+4*xb23-2xb32; al3=2+%a31-2*b32+4*b23;
a30=2*c1-d1+3*al2+2*a21+a03; b30=0; b31=3*c2+2*d2; b20=3*d2+c2;
b21=6%b10+6*a31+3*a20; b00=-c2-2*d2-2%b11-4*b22-b33;

b03=0; b02=2%d3+3*c3; b13=3*d3+c3; b01=5%al3+2*b23+3*al2;
b12=4%a13+6%b23+a02; a00=0; a0l1=3*c4+6*d4; al0=3*d4-2%*c4;
al1=a02+4%b01+6*b10;

—-The intersection of $\bar{B}_1$ and $\bar{B}_2$ with $\Delta$
(Here, x=$%$\beta$):

glbar= (1+x)"3*(a00+a01*x+a02%x"2+a03*x"3)
+(1+x) 2% (1-x)*(a10+all*x+al2*x"2+al13*x"3)
+(1+x)*(1-x) "2* (a20+a21*x+a22*x"2+a23*x"3)
+(1-x) "3*(a30+a31*x+a32*x"2+a33*x"3) ;

g2bar= (1+x)~3*(b00+b01*x+b02*x"2+b03*x"3)
+(1+x) "2*% (1-x) * (b10+b11*x+b12*x " 2+b13*x"3)
+(1+x) * (1-x) “2% (b20+b21*x+b22%x~2+b23*x"~3)
+(1-x) "3*% (b30+b31*x+b32*x~2+b33*x"3) ;

--The derivatives of glbar and g2bar:
dglbar= diff(x, glbar);

dg2bar=diff(x, g2bar);

-- Bl and B2 pass through Q1 and Q2:
BiQi=sub(glbar, x=>t); B1Q2=sub(glbar, x=>-t);

B2Q1=sub(g2bar, x=>t); B2Q2=sub(g2bar, x=>-t);

-- B1 passes through Q3 (x=-2+4i), Q4 (x=-2-4i):
B1Q3=sub(glbar, x=>-2+4*t); BlQ4=sub(glbar, x=>-2-4*t);

-- B2 passes through Q5, Q6;
B2Q5=sub(g2bar, x=>-3+5*t); B2Q6=sub(g2bar, x=>-3-5%t);

-- Bl is tangent at Q3, Q4:
dB1Q3=sub(dgibar, x=>-2+4*t); dB1Q4=sub(dglbar, x=>-2-4*t);

-- B2 tangent at Q5, Q6
dB2Q5=sub(dg2bar, x=>-3+5%t); dB2Q6=sub(dg2bar, x=>-3-5*t);

-- Each of the following ideals gives the kernel of one of the seven the systems of linear
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equations. Notice that in each, we include the remaining seven restrictions arising from
forcing desired singularities at the points to which
P1, P2, P3, P4 deform.

--move Q4 off Delta, moving Q5, Q6 along, keeping tangent direction at Q3, Q5, Q6

I1=ideal (a30+c2+3*d2, b32-2%b10-4*a31-2*xa20, a03-c3-3*d3,
c3+2*%d3-3*b11+b33+2*xb22+b00, b00-d4+3*c4,
a20-2%a02-2*xb01-3*b10,4*c4+5*%d4+2*a03+3*xal2+a21+5%a30,
B1Q1, B1Q2, B2Q1, B2Q2, B1Q3, dB1Q3, B1Q4-1,B2Q5, B2Q6);

--move Q5 off Delta, moving Q4, Q6 along, keeping tangent direction at Q3, Q4, Q6:

I2=ideal (a30+c2+3*d2, b32-2*%b10-4*a31-2%a20, a03-c3-3%d3,
c3+2xd3-3*b11+b33+2%b22+b00, b00-d4+3*c4,
a20-2*a02-2*xb01-3*b10,4*c4+5*%d4+2*a03+3*al2+a21+5*a30,
B1Q1i, B1Q2, B2Q1, B2Q2, B1Q3, dB1Q3, B1Q4, B2Q6,B2Q5-1) ;

--move (6 off Delta, moving Q4, Q5 along, keeping tangent direction at Q3, Q4, Q5:

I3=ideal (a30+c2+3%d2, b32-2*b10-4*a31-2*a20, a03-c3-3*d3,
c3+2*d3-3*%b11+b33+2%b22+b00, b00-d4+3*c4,
a20-2%a02-2xb01-3*b10,4*c4+5*d4+2*xa03+3*al2+a21+5*a30,
B1Qi, B1Q2, B2Q1, B2Q2, B1Q3, dB1Q3, B1Q4,B2Q5, B2Q6-1)

--leave all points on Delta, moving Q4, Q5, Q6 along, change tangent direction at Q3:

I4=ideal (a30+c2+3*d2, b32-2*b10-4*a31-2*a20, a03-c3-3*d3,
c3+2*d3-3*b11+b33+2%b22+b00, b00-d4+3*c4,
a20-2*%a02-2xb01-3*b10,4*c4+5*%d4+2%a03+3*al2+a21+5%a30,
B1Q1i, B1Q2, B2Q1, B2Q2, B1Q3, B1Q4, dB1Q3-1,B2Q5, B2Q6)

--leave all points on Delta, moving Q5, Q6 along, change tangent direction at Q4, keep tangent
direction at Q3:

I5=ideal (a30+c2+3*d2, b32-2*%b10-4*a31-2*xa20, a03-c3-3*d3,
c3+2*%d3-3*b11+b33+2%b22+b00, b00-d4+3*c4,
a20-2*%a02-2*xb01-3*b10,4*c4+5*%d4+2*a03+3*xal2+a21+5%a30,

B1Q1, B1Q2, B2Q1, B2Q2, B1Q3, B1Q4, dB1Q4-1,B2Q5, B2Q6, dB1Q3)

--leave all points on Delta, moving Q4, Q6 along, change tangent direction at Q5, keep tangent
direction at Q3:

I6=ideal (a30+c2+3%d2, b32-2*b10-4*a31-2*%a20, a03-c3-3*d3,
c3+2*d3-3*%b11+b33+2%b22+b00, b00-d4+3*c4,
a20-2%a02-2xb01-3*b10,4*c4+5*d4+2*xa03+3*al2+a21+5*a30,

B1Q1i, B1Q2, B2Q1, B2Q2, B1Q3, B1Q4, dB2Q5-1,B2Q5, B2Q6, dB1Q3)

--leave all points on Delta, moving Q4, Q5 along, change tangent direction at Q6, keep tangent
direction at Q3:

I7=ideal (a30+c2+3*d2, b32-2*b10-4*a31-2*a20, a03-c3-3*d3,
c3+2*d3-3*b11+b33+2%b22+b00, b00-d4+3*c4,
a20-2*%a02-2xb01-3%b10,4*c4+5*%d4+2*a03+3*al2+a21+5*a30,

B1Q1, B1Q2, B2Q1, B2Q2, B1Q3, B1Q4, dB2Q6-1,B2Q5, B2Q6, dB1Q3)

—-- Check the dimension of each ideal (note: each has one less dimension that Macaulay2 gives,
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because of the extra variable y)

—-- four-dimensional
dim1=dim(I1); dim2=dim(I2); dim3=dim(I3); dim4=dim(I4);

—-three-dimensional:
dim5=dim(I5); dim6=dim(I6); dim7=dim(I7);

-- The remaining code is used to prove the existence of the Lefschetz fibration. In particular,
we prove existence of a deformation of B1+B2 so that B1+B2 maintains its singularities
at P1,..., P4 and so that Bl is no longer tangent to the fiber x=i or x=-i at Q1, Q2:

$\bar{B}_1$ and $\bar{B}_2$ (alpha=y, beta=x):
glbar= (a00+a0l*x+a02*x"~2+a03%x"3)
+y*(al0+all*x+al2+x"2+al3*x"3)

+y~ 2% (a20+a21*x+a22*x"~2+a23*x"3)
+y~3%(a30+a31*x+a32*x"2+a33*x"3) ;

g2bar=(b00+b01*x+b02*x~2+b03*x"3)
+y* (b10+b11xx+b12%x " 2+b13%x"3)
+y 7~ 2% (b20+b21*x+b22%x " 2+b23%*x"3)
+y " 3% (b30+b31*x+b32*x~2+b33*x"3) ;

-- Writing the local equation of Bl along the fiber at Q1 and Q2:
BiQibar=sub(sub(glbar, x=>t), y=>y-t);
BiQ2bar=sub(sub(glbar, x=>-t), y=>y+t);

—- These ensure Bl vanishes at Q1 and Q2:
vanl=sub(B1Qlbar, y=>0); van2=sub(B1Q2bar, y=>0);
-- These (when nonzero) force Bl to be no longer tangent to the fiber x=i, x=-i at Q1, Q2:

dB1Q1=diff (y, B1lQibar); dB1Q2=diff(y, B1Q2bar);

Lefschetz=ideal (a30+c2+3*d2, b32-2*¥b10-4*a31-2*a20, a03-c3-3*d3, c3+2*d3-3*b11+b33+2*xb22+b00,
b00-d4+3*c4, a20-2*a02-2*b01-3*b10,4*c4+5+%d4+2*a03+3*al12+a21+5*a30, vanl, van2, dB1Q1i-1, dB1Q2-1)

dimL= dim(Lefschetz); -- 10-dimensional
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