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Calibrated geometry in hyperkähler cones,
3-Sasakian manifolds, and twistor spaces
Benjamin Aslan, Spiro Karigiannis , and Jesse Madnick
Abstract. We systematically study calibrated geometry in hyperkähler cones C4n+4 , their 3-Sasakian
links M4n+3 , and the corresponding twistor spaces Z4n+2 , emphasizing the relationships between
submanifold geometries in various spaces. Our analysis highlights the role played by a canonical
Sp(n)U(1)-structure γ on the twistor space Z. We observe that Re(e−iθ γ) is an S1-family of semi-
calibrations and make a detailed study of their associated calibrated geometries. As an application,
we obtain new characterizations of complex Lagrangian and complex isotropic cones in hyperkähler
cones, generalizing a result of Ejiri–Tsukada. We also generalize a theorem of Storm on submanifolds
of twistor spaces that are Lagrangian with respect to both the Kähler–Einstein and nearly Kähler
structures.

1 Introduction

Hyperkähler manifolds C, equipped with a Riemannian metric gC , complex structures
(I1 , I2 , I3), and Kähler forms (ω1 , ω2 , ω3), are a rich source of calibrated geometries.
They feature not only familiar geometries arising from the Calabi–Yau structure – such
as complex submanifolds and special Lagrangians – but also less-familiar ones specific
to the hyperkähler setting. For example, a submanifold N2k+2 ⊂ C4n+4 is complex
isotropic with respect to I1 if it is simultaneously

I1-complex, ω2-isotropic, and ω3-isotropic.

Complex Lagrangians N2n+2 ⊂ C4n+4, those complex isotropic submanifolds of
top dimension 2n + 2, are particularly remarkable, as they are at once complex
submanifolds with respect to I1 and special Lagrangian with respect to I2 and I3.

This paper seeks to systematically study the various calibrated cones of hyperkähler
manifolds C, with a particular focus on complex isotropic cones. For this, it is of
course necessary to assume that (C4n+4 , gC) = (R+ ×M4n+3 , dr2 + r2 gM) is itself a
Riemannian cone.

Hyperkähler cones C4n+4 are themselves highly special objects: each induces three
associated Einstein spaces, called M, Z, and Q, as we briefly recall. The first of these,
M4n+3, is just the link of C, which inherits a 3-Sasakian structure. In view of the simple
relationship between C and M, 3-Sasakian manifolds exhibit a wide array of semi-
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calibrated geometries. Indeed, each of the calibrated cones in C that we study has a
semi-calibrated counterpart in M.

dim(C(L)) Calibrated cone C(L) ⊂ C Semi-calibrated link L ⊂ M dim(L)

2k + 2 Complex CR 2k + 1

2n + 2 Special Lagrangian Special Legendrian 2n + 1

2k + 2 Special isotropic Special isotropic 2k + 1

2n + 2 Complex Lagrangian CR Legendrian 2n + 1

2k + 2 Complex isotropic CR isotropic 2k + 1

4 Cayley Associative 3

The entries of this table will be explained in Sections 2 and 3.
Now, since M is 3-Sasakian, it admits three linearly independent Reeb vector fields

A1 , A2 , A3. In fact, for each v = (v1 , v2 , v3) ∈ S2, the Reeb field Av = ∑ v i A i yields a
one-dimensional foliation Fv on M, the projection pv ∶M → M/Fv is a principal S1-
orbibundle, and the quotient Z = M/Fv is a (4n + 2)-orbifold. It is well known that Z
naturally admits both a Kähler–Einstein structure (gKE , JKE , ωKE) and a nearly Kähler
structure (gNK , JNK , ωNK). Indeed, Z is the twistor space of a quaternionic-Kähler
4n-orbifold Q of positive scalar curvature.

The four Einstein spaces C , M , Z , Q may be summarized in the following “diamond
diagram” in which τ∶ Z → Q denotes the twistor S2-bundle.

M4n+3 C4n+4

Z4n+2

Q4n

pv

h

τ

(1.1)

The flat model is (C , M , Z , Q) = (Hn+1 , S4n+3 ,CP2n+1 ,HP
n), in which each

pv ∶S4n+3 → CP
2n+1 is a complex Hopf fibration, and h∶S4n+3 → HP

n is a quaternionic
Hopf fibration.

In addition to all of the structure already discussed, we recover an observation
of Alexandrov [3] that twistor spaces Z admit a distinguished complex 3-form γ
corresponding to an Sp(n)U(1)-structure. In fact, we give two different proofs of this
result, one in Section 4.2 via the 3-Sasakian geometry of M, and the other in Section 5.1
via the quaternionic-Kähler geometry of Q. Furthermore, we establish the new result
that Re(γ) is a semi-calibration and we classify those Re(γ)-calibrated submanifolds
that are ωKE-isotropic. More precisely:
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Calibrated geometry in hyperkähler cones 3

Theorem 1.1 Let Z be the (4n + 2)-dimensional twistor space of a positive
quaternionic-Kähler 4n-orbifold. Then Z admits an Sp(n)U(1)-structure γ ∈ Ω3(Z;C)
compatible with the Kähler–Einstein and nearly Kähler structures. Moreover:
• The 3-form Re(γ) is a semi-calibration (i.e., has comass one).
• If Σ3 is compact, Re(γ)-calibrated, and ωKE-isotropic, then with respect to the Kähler–

Einstein metric, Σ is a geodesic circle bundle over a totally complex surface in Q.
(See Definition 5.7.) Conversely, any such circle bundle is Re(γ)-calibrated and ωKE-
isotropic. (See Theorem 5.16.)

We remark that there is a difference between the cases n = 1 and n ≥ 2, so our
proof handles them separately. In Section 4.3, we undertake a detailed study of
Re(γ)-calibrated 3-folds in Z4n+2. In a certain precise sense, these are generalizations
of special Lagrangian 3-folds in nearly Kähler 6-manifolds.

Geometric structures in place, we establish a series of relationships between the
various classes of submanifolds in M, Z, and Q; see diagram (1.1). That is, given a
submanifold Σ ⊂ Z, we ask how various first-order conditions on Σ (e.g., complex and
Lagrangian) influence the geometry of a local p(1,0,0)-horizontal lift Σ̂ ⊂ M (provided
one exists) and its p(1,0,0)-circle bundle p−1

(1,0,0)(Σ) ⊂ M, and vice versa. Similarly,
starting with a totally complex U ⊂ Q4n , we study its τ-horizontal lift Ũ ⊂ Z and its
geodesic circle bundle lift L(U) ⊂ Z:

Ũ ∣x = { j ∈ Zx ∶ j(Tx U) = Tx U}, L(U)∣x = { j ∈ Zx ∶ j(Tx U) ⊂ (Tx U)⊥}.

See Section 5.2 for a detailed discussion.
Altogether, the litany of propositions and theorems – proven in Sections 4.4, 5.2,

and 6 – comprise a sort of “dictionary” of submanifold geometries. As an example,
in Section 5.2, we obtain the following characterization of the compact submanifolds
of Z that are Lagrangian with respect to both ωKE and ωNK, generalizing a result of
Storm [30] to higher dimensions.

Theorem 1.2 Recall diagram (1.1).
(1) If Σ2n+1 ⊂ Z4n+2 is a compact (2n + 1)-dimensional submanifold that is both

ωKE-Lagrangian and ωNK-Lagrangian, then Σ = L(U) for some totally complex
2n-fold U 2n ⊂ Q4n (resp. superminimal surface if n = 1).

(2) Conversely, if U 2n ⊂ Q4n is totally complex and n ≥ 2, or if U is a superminimal
surface and n = 1, then L(U) ⊂ Z is ωKE-Lagrangian and ωNK-Lagrangian.

As another example, in Section 6, we provide several characterizations of complex
isotropic cones in hyperkähler cones C4n+4 in terms of submanifold geometries in M,
Z, and Q. In particular, we prove the following theorem, generalizing a result of Ejiri
and Tsukada [13] on complex isotropic cones of top dimension 2n + 2 in C = Hn+1.

Theorem 1.3 Recall diagram (1.1). Let L2k+1 ⊂ M4n+3 be a compact submanifold, where
3 ≤ 2k + 1 ≤ 2n + 1. The following conditions are equivalent:
(1) The cone C(L) is complex isotropic with respect to cos(θ)I2 + sin(θ)I3 for some

e iθ ∈ S1.
(2) The link L is locally of the form p−1

(0,cos(θ),sin(θ))(Ũ) for some totally complex
submanifold U 2k ⊂ Q (resp. superminimal surface if n = 1) and some e iθ ∈ S1.
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(3) The link L is locally a p(1,0,0)-horizontal lift of L(U) ⊂ Z for some totally complex
submanifold U 2k ⊂ Q4n (resp. superminimal surface U 2 ⊂ Q4 if n = 1).

A more detailed statement appears as Theorem 6.1. Moreover, additional character-
izations are available for complex isotropic cones C(L) ⊂ C of top dimension 2n + 2
and lowest dimension 4: see Theorems 6.2 and 6.3, respectively.

Intuitively, Theorem 1.3 states that the link L2k+1 ⊂ M of a complex isotropic cone in
C4n+4 can be manufactured from a totally complex submanifold U 2k ⊂ Q in two ways.
By (2), one can first consider its τ-horizontal lift Ũ ⊂ Z and then take the resulting
p(0,cos(θ),sin(θ))-circle bundle. On the other hand, by (3), one could instead begin with
the geodesic circle bundle lift L(U) ⊂ Z and then take a p(1,0,0)-horizontal lift to M.
Thus, in a sense, the operations of “circle bundle lift” and “horizontal lift” commute
with one another.

Broadly speaking, Theorems 1.2 and 1.3 illustrate that a great variety of distinct
classes of semi-calibrated submanifolds of a hyperkähler cone, 3-Sasakian manifold,
or twistor space can only arise as particular constructions built from totally complex
submanifolds, which is not at all evident from their definitions. Consequently, such
submanifolds are essentially as plentiful as totally complex submanifolds. See Exam-
ple 5.2 for some explicit totally complex submanifolds.

1.1 Organization and conventions

In Section 2, we discuss several calibrated geometries in hyperkähler manifolds C4n+4,
including the complex, special Lagrangian, complex isotropic, special isotropic, and
Cayley submanifolds. Then, starting in Section 3, we assume that C = C(M) is a
hyperkähler cone over a 3-Sasakian manifold M4n+3. We spend Section 3.1 reviewing
3-Sasakian geometry, turning to the submanifold theory of M in Sections 3.2 and
3.3. In Section 3.4, we introduce a complex 3-form Γ1 ∈ Ω3(M;C) and prove that it
descends via p(1,0,0)∶M → Z to a 3-form γ ∈ Ω3(Z;C) on the twistor space.

Section 4 concerns submanifold theory in twistor spaces. After discussing
Sp(n)U(1)-structures on arbitrary (4n + 2)-manifolds in Section 4.1, we show in
Section 4.2 that the 3-form γ ∈ Ω3(Z;C) defines such a structure on the twistor
space. Then, in Sections 4.3 and 4.4, we study various classes of submanifolds of Z,
establishing a series of relationships between those in Z and those in M.

In Section 5.2, we consider totally complex submanifolds of quaternionic-Kähler
manifolds Q and relate them to submanifold geometries in M and Z. Finally, in Section
6, we provide several characterizations of complex isotropic cones in C. This paper also
includes two appendices: Appendix A.1 collects some results on the linear algebra of
calibrations that we use, and Appendix A.2 gives a brief introduction to metric cones
and their associated conical differential forms.

Notation and conventions.

• We often use cθ , sθ to denote cos θ , sin θ, respectively, for brevity.
• Repeated indices are summed over all of their allowed values unless explicitly stated

otherwise. The symbol εpqr is the permutation symbol on three letters, so it vanishes
if any two indices are equal, and it equals sgn(σ) if p, q, r = σ(1), σ(2), σ(3).

• A superscript on a manifold always denotes its real dimension.
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• For a manifold M, we use C(M) = R+ ×M with metric dr2 + r2 gM to denote the
metric cone over M, as discussed in Appendix A.2.

• If L is a submanifold of M, then NL denotes its normal bundle. Submanifolds
are assumed to be embedded. (Much of what we discuss works for immersed
submanifolds, but not everything. See also Remark 5.15.) Unless stated otherwise,
all submanifolds are assumed to be connected and orientable and thus have exactly
two orientations.

• We use interchangeably the terms semi-calibration and comass one. That is, a
differential form α is a calibration if it is a semi-calibration that satisfies dα = 0.

• The twistor space Z4n+2 and the quaternionic-Kähler Q4n are in general orbifolds.
However, we avoid technical complications and work only over the smooth parts
of Z and Q. That is, all submanifolds are assumed to not pass through any orbifold
points of Z or Q.

2 Calibrated geometry in hyperkähler manifolds

Let C4n+4 be a hyperkähler manifold with n ≥ 1. The hyperkähler structure on C
consists of the following data:
• a Riemannian metric gC ;
• a triple of integrable almost-complex structures (I1 , I2 , I3) = (I, J , K) satisfying the

quaternionic relations I1I2 = I3, etc., each of which is orthogonal with respect to gC ;
• a triple of closed 2-forms (ω1 , ω2 , ω3) given by ωp(X , Y) = gC(Ip X , Y).
Note that ωp is a Kähler form with respect to Ip , so in particular it is of type (1, 1)
with respect to Ip . This means that ωp(Ip X , IpY) = ω(X , Y) and thus gC(X , Y) =
ωp(X , IpY). We also have

ωp(Iq X , Y) = gC(IpIq X , Y) = εpqr gC(Ir X , Y) = εpqr ωr(X , Y).(2.1)

In fact, we have an S2-family of Kähler structures: for any v = (v1 , v2 , v3) ∈ S2, we can
take Iv = ∑3

p=1 vpIp and ωv(X , Y) = gC(Iv X , Y).
One can show that C inherits a triple of complex-symplectic forms σ1 , σ2 , σ3 ∈

Ω2(C;C) via

σ1 ∶= ω2 + iω3 , σ2 ∶= ω3 + iω1 , σ3 ∶= ω1 + iω2 .

A calculation shows that σ1 is of I1-type (2, 0), and analogously for σ2 , σ3. It follows
that each σp is a holomorphic symplectic form with respect to Ip .

Further, C inherits the following triple of (2n + 2)-forms Υ1 , Υ2 , Υ3:

Υ1 =
1

(n + 1)! σ n+1
1 , Υ2 =

1
(n + 1)! σ n+1

2 , Υ3 =
1

(n + 1)! σ n+1
3 .

Each Υp is a holomorphic volume form with respect to Ip , so that (gC , Ip , ωp , Υp) is
a Calabi–Yau structure on C. More generally, fixing I1 as a reference, by considering
the holomorphic volume form e i(n+1)θ Υ1 = 1

(n+1)! (e iθ σ1)n+1, we obtain an S1-family
of Calabi–Yau structures with respect to I1. Since e iθ σ1 = (cθ ω2 − sθ ω3) + i(sθ ω2 +
cθ ω3), this S1-family corresponds to rotating the orthogonal pair I2 , I3 by θ in the
equator of S2 determined by the poles ±I1.
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Finally, C also admits a quaternionic-Kähler structure via the real 4-form

Λ = 1
6

ω2
1 +

1
6

ω2
2 +

1
6

ω2
3 .

(See Definition 5.2 for our definition of quaternionic Kähler.)
In this section, we recall various classes of distinguished submanifolds of C. Some

of these classes – e.g., the complex, Lagrangian, special Lagrangian, and quaternionic
– arise from a Calabi–Yau or quaternionic-Kähler structure. Others arise from a
complex-symplectic structure, or are otherwise special to the hyperkähler setting.

2.1 Submanifolds via the Calabi–Yau and QK structures

Recall that every hyperkähler manifold is a Kähler manifold in an S2-family of ways,
and given such a choice, it is a Calabi–Yau manifold in an S1-family of ways. Due to
these structures, we may consider the following classes of submanifolds.

Definition 2.1 A submanifold N2k ⊂ C4n+4 is I1-complex if

1
k!

ωk
1 ∣

N
= volN .

That is, if it is calibrated with respect to 1
k! ωk

1 .
It is I1-anti-complex, or −I1-complex, if it is calibrated with respect to − 1

k! ωk
1 .

Equivalently, if it is I1-complex when equipped with the opposite orientation.
A submanifold is ±I1-complex if and only if its tangent spaces are I1-invariant:

I1(Tx N) = Tx N , ∀x ∈ N .

The definitions of I2-complex and I3-complex are analogous.

Definition 2.2 A submanifold N ⊂ C4n+4 is ω1-isotropic if

ω1∣N = 0.

An ω1-isotropic submanifold satisfies dim(N) ≤ 2n + 2. An ω1-Lagrangian sub-
manifold is an ω1-isotropic submanifold of maximal dimension 2n + 2.

Let X , Y ∈ TL. Since ω1(X , Y) = g(I1 X , Y), we see that L is ω1-isotropic if and
only if I1(TL) ⊆ NL. If N has dimension 2n + 2, then I1(TL) = NL if and only if L is
ω1-Lagrangian. We use these facts repeatedly.

Definition 2.3 Fix θ ∈ [0, 2π). A (2n + 2)-dimensional submanifold N2n+2 ⊂ C4n+4

is called Υ1-special Lagrangian of phase e iθ if

Re(e−iθ Υ1)∣N = volN .

Equivalently [20, Corollary 1.11], there exists an orientation on N2n+2 making it
Υ1-special Lagrangian of phase e iθ if and only if

Im(e−iθ Υ1)∣N = 0, ω1∣N = 0.

When the phase is left unspecified, we assume it to be e iθ = 1.
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Calibrated geometry in hyperkähler cones 7

Remark 2.4 Every hyperkähler manifold is also quaternionic-Kähler, and such
manifolds admit a distinguished class of quaternionic submanifolds. However, Gray
[18] proved that such submanifolds are always totally geodesic. We will not consider
quaternionic submanifolds in this paper.

2.2 Submanifolds via the hyperkähler structure

In addition to the submanifolds discussed above, hyperkähler manifolds also admit
three more notable classes of submanifolds: the complex isotropic, special isotropic,
and generalized Cayley submanifolds. We discuss each of these in turn.

2.2.1 Complex isotropic submanifolds

Definition 2.5 A 2k-dimensional submanifold L2k ⊂ C4n+4 is called I1-complex
isotropic if it is both I1-complex and σ1-isotropic. That is, if

1
k!

ωk
1 ∣

L
= volL , σ1∣L = 0.

Said another way, L is I1-complex, ω2-isotropic, and ω3-isotropic:
1
k!

ωk
1 ∣

L
= volL , ω2∣L = 0, ω3∣L = 0.

An I1-complex Lagrangian submanifold L2n+2 ⊂ C4n+4 is an I1-complex isotropic
submanifold of maximal dimension 2n + 2. That is, an I1-complex Lagrangian sub-
manifold is simultaneously I1-complex, ω2-Lagrangian, and ω3-Lagrangian. The
definitions of I2- and I3-complex isotropic (resp. complex Lagrangian) are analogous.

Complex isotropic submanifolds are interesting from several points of view.
For example, in algebraic geometry, one often considers holomorphic symplectic
manifolds that are fibered by complex Lagrangians, as in [29]. As another example,
Doan and Rezchikov [11] use complex Lagrangians as part of a hyperkähler Floer
theory. In the differential geometry literature, complex isotropic submanifolds have
been studied by, for example, Bryant and Harvey [9], Hitchin [22], and Grantcharov
and Verbitsky [17].
Proposition 2.6 Let L2k ⊂ C4n+4 be a 2k-dimensional submanifold. The following are
equivalent:
(1) L is I1-complex, ω2-isotropic, and ω3-isotropic.
(2) L is I1-complex and ω2-isotropic.

Proof One direction is immediate. For the converse, suppose L is I1-complex and
ω2-isotropic. Let X ∈ TL, so that I1 X ∈ TL, and thus −I3 X = I2(I1 X) ∈ NL. Hence,
I3 X ∈ NL. This shows that L is ω3-isotropic. ∎

In the complex Lagrangian case, we can say more:
Proposition 2.7 Let L2n+2 ⊂ C4n+4 be a (2n + 2)-dimensional submanifold. The fol-
lowing are equivalent:
(1) L is I1-complex, ω2-Lagrangian, and ω3-Lagrangian.
(2) L is I1-complex and ω2-Lagrangian.
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(3) L is ω2-Lagrangian and ω3-Lagrangian.
(4) L is I1-complex, Υ2-special Lagrangian of phase in+1, and Υ3-special Lagrangian of

phase 1.

Proof The equivalence (i) ⇐⇒ (ii) was observed above. It is clear that (i) �⇒ (iii).
For (iii) �⇒ (i), suppose that L is ω2- and ω3-Lagrangian. Let X ∈ TL, so that I3 X ∈
NL, and thus I1 X = I2(I3 X) ∈ TL. Hence, L is I1-complex.

It is clear that (iv) �⇒ (i). For (i) �⇒ (iv), suppose that L is I1-complex, ω2-
Lagrangian, and ω3-Lagrangian. Then L satisfies 1

(n+1)! ωn+1
1 ∣

L
= volL and ω2∣L = 0 and

ω3∣L = 0. Recalling that

(−i)n+1Υ2 =
1

(n + 1)!(ω1 − iω3)n+1 , Υ3 =
1

(n + 1)!(ω1 + iω2)n+1 ,

we have

Re((−i)n+1Υ2)∣L =
1

(n + 1)! ωn+1
1 ∣

L
= volL , Re(Υ3)∣L =

1
(n + 1)! ωn+1

1 ∣
L
= volL .

∎

2.2.2 Special isotropic submanifolds

The following definition is due to Bryant and Harvey [9]. We prove that these forms
are calibrations in Theorem A.6 in the Appendix.

Definition 2.8 The special isotropic forms are the 2k-forms ΘI ,2k , ΘJ ,2k , ΘK ,2k ∈
Ω2k(C) defined by

ΘI ,2k =
1
k!

Re(σ k
1 ), ΘJ ,2k =

1
k!

Re(σ k
2 ), ΘK ,2k =

1
k!

Re(σ k
3 ).

A 2k-dimensional submanifold N2k ⊂ C4n+4 is ΘI ,2k-special isotropic if it is calibrated
by ΘI ,k :

ΘI ,2k ∣N = volN .

The definitions of ΘJ ,2k- and ΘK ,2k-special isotropic 2k-manifold are analogous.

Let us highlight the cases 2k = 2, 4, 2n + 2.

Example 2.1
(1) For 2k = 2, the special isotropic 2-forms are

ΘI ,2 = ω2 , ΘJ ,2 = ω3 , ΘK ,2 = ω1 .

In particular, a ΘI ,2-special isotropic 2-fold is the same as an I2-complex 2-fold.
(2) For 2k = 4, the special isotropic 4-forms are

ΘI ,4 =
1
2
(ω2

2 − ω2
3), ΘJ ,4 =

1
2
(ω2

3 − ω2
1 ), ΘK ,4 =

1
2
(ω2

1 − ω2
2).

In particular, if L is an I1-complex isotropic 4-fold, then L is both −ΘJ ,4-special
isotropic and ΘK ,4-special isotropic.
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(3) For 2k = 2n + 2, the special isotropic (2n + 2)-forms are

ΘI ,2n+2 = Re(Υ1), ΘJ ,2n+2 = Re(Υ2), ΘK ,2n+2 = Re(Υ3).

In particular, a ΘI ,2n+2-special isotropic (2n + 2)-fold is the same as an Υ1-special
Lagrangian, which explains the name “special isotropic.”

At present, it appears that little is known about special isotropic 2k-folds in
hyperkähler (4n + 4)-manifolds when 2 < 2k < 2n + 2.

2.2.3 Cayley 4-folds

The following definition is due to Bryant and Harvey [9], though our sign conventions
are opposite to theirs.
Definition 2.9 The generalized Cayley 4-forms are the 4-forms Φ1 , Φ2 , Φ3 ∈ Ω4(C)
defined by

Φ1 = −
1
2

ω2
1 +

1
2

ω2
2 +

1
2

ω2
3 , Φ2 =

1
2

ω2
1 −

1
2

ω2
2 +

1
2

ω2
3 , Φ3 =

1
2

ω2
1 +

1
2

ω2
2 −

1
2

ω2
3 .

Note that

Φ2 =
1
2

ω2
1 −ΘI ,4 =

1
2

ω2
3 +ΘK ,4 = −

1
2

ω2
2 +

1
2
(ω2

1 + ω2
3),(2.2)

and similarly for cyclic permutations. A four-dimensional submanifold N4 ⊂ C4n+4 is
Φ2-Cayley if it is calibrated by Φ2:

Φ2∣N = volN .

The definitions of Φ1-Cayley and Φ3-Cayley are analogous.
Remark 2.10 Bryant and Harvey [9, Lemma 2.14] computed that the SO(4n + 4)-
stabilizer of the generalized Cayley 4-forms in R

4n+4 are

Stab(Φ1) =
⎧⎪⎪⎨⎪⎪⎩

Spin(7), if n = 1,
Sp(n + 1)O(2), if n ≥ 2.

This above definition was inspired by Spin(7)-geometry, as we now recall. If
(X8 , (g , ω, I, Υ)) is a Calabi–Yau 8-manifold, where ω ∈ Ω2(X) is the Kähler form
and Υ ∈ Ω4(X;C) is the holomorphic volume form, then X inherits a torsion-free
Spin(7)-structure via the following formula:

Φ = 1
2

ω2 − Re(Υ).(2.3)

The real 4-form Φ ∈ Ω4(X) is called the Cayley 4-form, and a four-dimensional
submanifold N ⊂ X satisfying Φ∣N = volN is called Cayley. The following fact is well
known, but we include a proof for completeness.
Proposition 2.11 Let (X8 , (g , ω, I, Υ)) be a Calabi–Yau 8-manifold, and equip X with
its induced Spin(7)-structure. Let N4 ⊂ X be a four-dimensional submanifold.
(1) If N is complex, then N is Cayley.
(2) If N is special Lagrangian of phase e iπ = −1, then N is Cayley.
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Proof If N is complex, each tangent space Tx N admits a basis of the form
{e1 , Ie1 , e2 , Ie2}. Then vk = ek − iIek is of type (1, 0) for k = 1, 2, and Tx N = e1 ∧ Ie1 ∧
e2 ∧ Ie2 is a multiple of v1 ∧ v1 ∧ v2 ∧ v2 and thus of type (2, 2). Since Re(Υ) is type
(4, 0) + (0, 4), it vanishes on Tx N . But 1

2 ω2 restricts to the volume form on Tx N , so
by (2.3), N is calibrated by Φ.

If N is special Lagrangian with phase −1, it is calibrated by −Re(Υ). Since it is also
Lagrangian, 1

2 ω2 vanishes on N, and thus, again by (2.3), N is calibrated by Φ. ∎

When the ambient space is hyperkähler, Bryant and Harvey showed that the above
fact can be generalized to higher dimensions in the following sense.

Proposition 2.12 ([9, Theorem 8.20]) Let C4n+4 be a hyperkähler (4n + 4)-manifold.
Let L4 ⊂ C4n+4 be a four-dimensional submanifold. Then:
(1) If N is I1-complex or I3-complex, then N is Φ2-Cayley.
(2) If N is −ΘI ,4-special isotropic or ΘK ,4-special isotropic, then N is Φ2-Cayley.
(3) If N is I1-complex isotropic, then N is simultaneously I1-complex, −ΘJ ,4-special

isotropic, and ΘK ,4-special isotropic, and hence is Φ2-Cayley.

Proof Parts (a) and (b) are contained in [9, Theorem 8.20]. It is easy to see from (2.2)
that (a) holds. For example, if N is I1-complex, then 1

2 ω2
1 restricts to the volume form,

but −ΘI ,4 = −Re( 1
2 σ 2

1 ) is of I1-type (4, 0) + (0, 4), and thus vanishes on N since the
tangent spaces of N are of I1-type (2, 2). Part (b) is less obvious, and uses a normal
form for the tangent spaces of N. Details are given in [9, Sections 2 and 3]. Part (c) is
immediate from the first two. ∎

Remark 2.13 Note that every calibration ϕ ∈ Ωk(C) discussed in this section is
stabilized by the Lie group Sp(n + 1), which acts transitively on the unit sphere in
Tx C ≃ R4n+4. Consequently, at any point x ∈ C, every unit vector v ∈ Tx C lies in some
ϕ-calibrated k-plane.

2.3 Bookkeeping: summary of forms on C

Starting in the next section, we will assume that the hyperkähler manifold C4n+4 is
a metric cone, say C = C(M) for some Riemannian (4n + 3)-manifold M. Studying
the geometry of M and its relationship with C will require the introduction of further
tensors and differential forms. So, before continuing, we briefly summarize the tensors
and forms already defined on C:

gC Riemannian metric
I1 , I2 , I3 Complex structures
ω1 , ω2 , ω3 Kähler 2-forms
Υ1 , Υ2 , Υ3 Complex volume (2n + 2)-forms
σ1 , σ2 , σ3 Complex symplectic 2-forms
ΘI ,2k , ΘJ ,2k , ΘK ,2k Special isotropic 2k-forms
Φ1 , Φ2 , Φ3 Cayley 4-forms
Λ Quaternionic 4-form

https://doi.org/10.4153/S0008414X24000282 Published online by Cambridge University Press

https://doi.org/10.4153/S0008414X24000282


Calibrated geometry in hyperkähler cones 11

3 Calibrated geometry in 3-Sasakian manifolds

If (C4n+4 , gC) = (M ×R+ , dr2 + r2 gM) is a hyperkähler cone, then its link M4n+3

inherits a 3-Sasakian structure, as we recall in Section 3.1. Then, in Sections 3.2 and
3.3, we explain how each of the calibrated geometries of C discussed previously has a
semi-calibrated counterpart in the 3-Sasakian link M.

In Section 3.4, we recall that M is the total space of a natural S1-bundle p1∶M → Z.
The base space, Z4n+2, called a twistor space, admits both Kähler–Einstein and nearly
Kähler structures. It is interesting to ask exactly how much geometric structure the
map p1∶M → Z preserves. In this regard, we discover that every 3-Sasakian manifold
M admits a natural C-valued 3-form Γ1 ∈ Ω3(M;C) that descends to a 3-form on
Z (Proposition 3.21). Later, in Section 4.2, we will prove that the descended 3-form
endows Z with a canonical Sp(n)U(1)-structure.

Finally, in Theorem 3.20, we observe that Re(Γ1) ∈ Ω3(M) is a semi-calibration,
and classify the Re(Γ1)-calibrated 3-folds in terms of more familiar geometries.

3.1 3-Sasakian manifolds as links

Definition 3.1 Let M be an odd-dimensional manifold. An almost contact metric
structure on M is a triple (gM , α, J) consisting of a Riemannian metric gM , a 1-form
α ∈ Ω1(M), and an endomorphism J ∈ Γ(End(TM)) satisfying

α(JX) = 0, J(A) = 0, J2∣Ker(α) = −Id, gM(JX , JY) = gM(X , Y) − α(X)α(Y),

where A ∶= α♯ ∈ Γ(TM) is the Reeb vector field. It follows that α(A) = 1.

Thus, if M is equipped with an almost contact metric structure, then each tangent
space splits as

Tx M = RA∣x ⊕Ker(α∣x).

Further, restricting to the hyperplane Ker(α∣x) ⊂ Tx M, the endomorphism
J∶Ker(α∣x) → Ker(α∣x) is a gM-orthogonal complex structure. Thus, the hyperplane
field Ker(α) ⊂ TM is naturally endowed with the Hermitian structure (gM , J, Ω),
where Ω ∶= gM(J⋅, ⋅) is the corresponding nondegenerate 2-form.

Definition 3.2 Let M be a (4n + 3)-manifold. An (Sp(n) × 3)-structure (or almost
3-contact metric structure) on M consists of data (gM , (α1 , α2 , α3), (J1 , J2 , J3)) such
that:

• each triple (gM , αp , Jp) is an almost contact metric structure (p = 1, 2, 3); and
• letting Ap ∶= α♯p ∈ Γ(TM) denote the corresponding Reeb fields, we require

Jp ○ Jq − αp ⊗ Aq = εpqrJr − δpq Id,
Jp(Aq) = εpqr Ar .

Note that there is no sum over r in the above equations. For example, the above
equations say J1(A1) = 0, J1(A2) = A3, J1(A3) = −A2, that J2

1 = −Id on Ker(α1), and
that J1J2 = J3. Similarly for cyclic permutations of 1, 2, 3.

https://doi.org/10.4153/S0008414X24000282 Published online by Cambridge University Press

https://doi.org/10.4153/S0008414X24000282


12 B. Aslan, S. Karigiannis, and J. Madnick

Let M4n+3 carry an (Sp(n) × 3)-structure. We make three remarks. First, for each
p = 1, 2, 3, the tangent bundle splits as

TM = RAp ⊕Ker(αp),(3.1)

and the hyperplane field Ker(αp) ⊂ TM carries a Hermitian structure (gM , Jp , Ωp),
where Ωp ∶= gM(Jp ⋅, ⋅). In fact, each Ker(αp) is also endowed with the complex
volume form Ψp ∈ Λ2n+1,0(Ker(αp)) given by

Ψ1 = (α2 + iα3) ∧
1

n!
(Ω2 + iΩ3)n ,

Ψ2 = (α3 + iα1) ∧
1

n!
(Ω3 + iΩ1)n ,

Ψ3 = (α1 + iα2) ∧
1

n!
(Ω1 + iΩ2)n .

(3.2)

Second, considering (3.1) for p = 1, 2, 3 simultaneously, we see that the tangent bundle
splits further as

TM = H̃⊕ Ṽ,(3.3)

where

H̃ = Ker(α1 , α2 , α3), Ṽ = RA1 ⊕RA2 ⊕RA3 .

Note that the 4n-plane field H̃ ⊂ TM is preserved by the three endomorphisms
J1 , J2 , J3. In fact, the restrictions of J1 , J2 , J3 to H̃ are gM-orthogonal complex struc-
tures that satisfy the quaternionic relations J1J2 = J3, etc.

Third, we consider the relationship between the structure on a manifold
(M4n+3 , gM) and that of its metric cone

C4n+4 = C(M) = (R+ ×M , gC = dr2 + r2 gM).

In one direction, if (M , gM) is equipped with a compatible (Sp(n) × 3)-structure
(gM , (αp), (Jp)), then the (4n + 4)-manifold C inherits a Riemannian metric gC, a
triple of gC-orthogonal almost-complex structures (I1 , I2 , I3) satisfying I1I2 = I3, etc.,
and a triple of nondegenerate 2-forms ωp defined by

gC = dr2 + r2 gM , ωp(X , Y) = gC(Ip X , Y),

Ip(X) =
⎧⎪⎪⎨⎪⎪⎩

Jp X − αp(X)r∂r , if X ∈ TM ,
Ap , if X = r∂r ,

where X , Y ∈ TC. A computation shows that for each p = 1, 2, 3,

ωp = r dr ∧ αp + r2Ωp .(3.4)

Altogether, the data (gC , (ω1 , ω2 , ω3), (I1 , I2 , I3)) are an almost hyper-Hermitian
structure on C.
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Conversely, if the metric cone (C4n+4 , gC = dr2 + r2 gM) carries an almost
hyper-Hermitian structure (gC , (ω1 , ω2 , ω3), (I1 , I2 , I3)) that is conical in the sense
of Definition A.9, namely that

Lr∂r(ωp) = 2ωp , p = 1, 2, 3,

then its link (M , gM) inherits a compatible (Sp(n) × 3)-structure (gM , (αp), (Jp))
via

αp = (r∂r ωp)∣M , Jp =
⎧⎪⎪⎨⎪⎪⎩

Ip , on Ker(αp),
0, on RAp .

This relationship leads to the following definition:

Definition 3.3 Let M be a (4n + 3)-manifold. A 3-Sasakian structure on M
is an (Sp(n) × 3)-structure (gM , (αp), (Jp)) for which the induced almost
hyper-Hermitian structure (gC , (ωp), (Ip)) on its metric cone C(M) = R+ ×M
hyperkähler.

Note that this is equivalent to requiring that the 2-forms ω1 , ω2 , ω3 are all closed.
(See, for example, [21, Section 2].)

3.1.1 Distinguished forms on 3-Sasakian manifolds

For the remainder of this work, M4n+3 will denote a 3-Sasakian (4n + 3)-manifold
with 3-Sasakian structure (gM , (α1 , α2 , α3), (J1 , J2 , J3)). The induced conical hyper-
kähler structure on C4n+4 = R+ ×M will be denoted (gC , (ω1 , ω2 , ω3), (I1 , I2 , I3)). In
this section, we record some of the distinguished differential forms on M and compute
their exterior derivatives.

To begin, we consider the contact 1-forms α1 , α2 , α3 ∈ Ω1(M) and the transverse
Kähler forms Ω1 , Ω2 , Ω3 ∈ Ω2(M) defined by Ωp(X , Y) = gM(Jp X , Y). By (3.4), we
may compute

0 = dωp = d(r dr ∧ αp) + d(r2Ωp) = r dr ∧ (−dαp + 2Ωp) + r2dΩp ,

which implies that

dαp = 2Ωp , dΩp = 0.(3.5)

(The first equation in (3.5) shows that each αp is indeed a contact form. That is, that
αp ∧ (dαp)2n+1 is nowhere zero.)

Next, we decompose the 2-forms Ω1 , Ω2 , Ω3 according to the splitting

Λ2(T∗M) = Λ2(Ṽ∗) ⊕ (Ṽ ⊗ H̃) ⊕ Λ2(H̃∗).

One can show that each Ωp has no component in Ṽ∗ ⊗ H̃∗ and that the Λ2(Ṽ∗)-
component of Ω1 is α2 ∧ α3. Letting κ1 ,κ2 ,κ3 denote the Λ2(H̃∗)-component of Ωp ,
we arrive at the formulas

Ω1 = α2 ∧ α3 + κ1 , Ω2 = α3 ∧ α1 + κ2 , Ω3 = α1 ∧ α2 + κ3 .(3.6)
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Taking d of (3.6) and using (3.5) shows that

dκ1 = 2(α2 ∧Ω3 − α3 ∧Ω2) = 2(α2 ∧ κ3 − α3 ∧ κ2),
dκ2 = 2(α3 ∧Ω1 − α1 ∧Ω3) = 2(α3 ∧ κ1 − α1 ∧ κ3),(3.7)
dκ3 = 2(α1 ∧Ω2 − α2 ∧Ω1) = 2(α1 ∧ κ2 − α2 ∧ κ1).

Finally, recalling the transverse complex volume forms Ψ1 , Ψ2 , Ψ3 ∈ Ω2n+1(M;C) of
(3.2), we compute

dΨ1 =
2
n!
(Ω2 + iΩ3)n+1 , dΨ2 =

2
n!
(Ω3 + iΩ1)n+1 , dΨ3 =

2
n!
(Ω1 + iΩ2)n+1 .

(3.8)

To conclude this section, we summarize the relationships between various forms
on the hyperkähler cone C4n+4 and those on its 3-Sasakian link M4n+3.

Proposition 3.4 We have

ω1 = r dr ∧ α1 + r2 Ω1 ,(3.9)
1
2

ω2
1 = r3 dr ∧ (α1 ∧Ω1) + r4 1

2
Ω2

1 ,(3.10)

1
k!

ωk
1 = r2k−1 dr ∧ 1

(k − 1)!(α1 ∧Ωk−1
1 ) + r2k 1

k!
Ωk

1 .(3.11)

Consequently,

Υ1 = r2n+1 dr ∧Ψ1 + r2n+2 1
(n + 1)!(Ω2 + iΩ3)n+1 ,(3.12)

ΘI ,4 = r3 dr ∧ (α2 ∧Ω2 − α3 ∧Ω3) + r4 1
2
(Ω2

2 −Ω2
3),

Φ1 = r3 dr ∧ (−α1 ∧Ω1 + α2 ∧Ω2 + α3 ∧Ω3) + r4 1
2
(−Ω2

1 +Ω2
2 +Ω2

3),

Λ = r3 dr ∧ 1
3
(α1 ∧Ω1 + α2 ∧Ω2 + α3 ∧Ω3) + r4 1

6
(Ω2

1 +Ω2
2 +Ω2

3).

Proof Each of these follows from a straightforward calculation. ∎

3.2 Submanifolds via the Sasaki–Einstein structure

By analogy with our discussion in Sections 2.1 and 2.2, we now consider the various
classes of submanifolds of M. We begin with those defined in terms of a Sasaki–
Einstein structure.

By Remark 2.13, we can apply Proposition A.1 to (3.11) with k replaced by k + 1. We
deduce that for p = 1, 2, 3, the (2k + 1)-forms

1
k!
(αp ∧Ωk

p) ∈ Ω2k+1(M)

are semi-calibrations. Their calibrated submanifolds are called Ip-CR submanifolds. To
be precise:
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Proposition 3.5 Let L2k+1 ⊂ M4n+3 be a (2k + 1)-dimensional submanifold. We say L
is I1-CR if any of the following equivalent conditions holds:
(1) C(L) ⊂ C is I1-complex. That is, each tangent space of C(L) is I1-invariant.
(2) C(L) is (up to a change of orientation) 1

(k+1)! ωk+1
1 -calibrated:

1
(k + 1)! ωk+1

1 ∣
C(L)

= volC(L).

(3) Each tangent space Tx L is J1-invariant and contains the Reeb vector A1.
(4) L satisfies (up to a change of orientation) that

1
k!
(α1 ∧Ωk

1 )∣
L
= volL .

Proof The equivalences (i) ⇐⇒ (ii) ⇐⇒ (iii) are well known. The equivalence
(ii) ⇐⇒ (iv) follows from Proposition A.1. ∎

Proposition 3.6 Let Lk ⊂ M4n+3 be a submanifold. We say L is α1-isotropic (resp.
α1-Legendrian if k = 2n + 1) if any of the following equivalent conditions holds:
(1) C(L) is ω1-isotropic: ω1∣C(L) = 0.
(2) α1∣L = 0.
(3) α1∣L = 0 and Ω1∣L = 0.
In particular, an α1-isotropic submanifold L ⊂ M satisfies dim(L) ≤ 2n + 1.
Proof The first equation in (3.5) shows the equivalence (ii) ⇐⇒ (iii). The equiva-
lence (i) ⇐⇒ (iii) follows from (3.9). ∎

Next, from formula (3.12) together with Proposition A.1 and Remark 2.13, we
observe that for p = 1, 2, 3 and a constant e iθ ∈ S1, the (2n + 1)-forms

Re(e−iθ Ψp) ∈ Ω2n+1(M)
are semi-calibrations. Their calibrated submanifolds are called Ψp-special Legendrian
submanifolds of phase e iθ . We observe:
Proposition 3.7 Let L2n+1 ⊂ M4n+3 be a (2n + 1)-dimensional submanifold. We say L
is Ψ1-special Legendrian if any of the following equivalent conditions holds:
(1) C(L) is (up to a change of orientation) Υ1-special Lagrangian: Re(Υ1)∣C(L) =

volC(L).
(2) C(L) satisfies ω1∣C(L) = 0 and Im(Υ1)∣C(L) = 0.
(3) L satisfies (up to a change of orientation) that Re(Ψ1)∣L = volL .
(4) L satisfies α1∣L = 0 and Im(Ψ1)∣L = 0.
Proof The equivalence (i) ⇐⇒ (ii) is well known. The equivalence (ii) ⇐⇒ (iv)
follows from equation (3.12) and Proposition 3.6. The equivalence (i) ⇐⇒ (iii) follows
from (3.12), Remark 2.13, and Proposition A.1. ∎

3.3 Submanifolds via the 3-Sasakian structure

We now turn to those submanifolds of M whose definition requires more than the
Sasaki–Einstein structure. Here, we will discuss the CR isotropic, special isotropic, and
associative submanifolds.
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3.3.1 CR isotropic submanifolds

Proposition 3.8 Let L2k+1 ⊂ M4n+3 be a (2k + 1)-dimensional submanifold, 1 ≤ k ≤ n.
We say L is I1-CR isotropic (resp. I1-CR Legendrian if k = n) if any of the following
equivalent conditions holds:
(1) C(L) ⊂ C is I1-complex, ω2-isotropic, and ω3-isotropic.
(2) C(L) ⊂ C is I1-complex and ω2-isotropic.
(3) L is I1-CR, α2-isotropic, and α3-isotropic.
(4) L is I1-CR and α2-isotropic.

Proof The equivalence (i) ⇐⇒ (ii) was shown in Proposition 2.6. The equivalences
(i) ⇐⇒ (iii) and (ii) ⇐⇒ (iv) both follow directly from Propositions 3.5 and 3.6. ∎

In the CR Legendrian case, we can say more:

Corollary 3.9 Let L2n+1 ⊂ M4n+3 be a (2n + 1)-dimensional submanifold. The
following are equivalent:
(1) C(L) is I1-complex, ω2-Lagrangian, and ω3-Lagrangian (i.e., C(L) is I1-complex

Lagrangian).
(2) C(L) is ω2-Lagrangian and ω3-Lagrangian.
(3) C(L) is I1-complex, Υ2-special Lagrangian of phase in+1, and Υ3-special Lagrangian

of phase 1.
(4) L is I1-CR, α2-Legendrian, and α3-Legendrian (i.e., L is I1-CR Legendrian).
(5) L is α2-Legendrian and α3-Legendrian.
(6) L is I1-CR, Ψ2-special Legendrian of phase in+1, and Ψ3-special Lagrangian of

phase 1.

Proof The equivalence (i) ⇐⇒ (ii) ⇐⇒ (iii) was shown in Proposition 2.7. The
equivalence (i) ⇐⇒ (iv) was shown in Proposition 3.8. Finally, (ii) ⇐⇒ (v) follows
from Proposition 3.6, and (iii) ⇐⇒ (vi) follows from Proposition 3.7. ∎

Examples of CR isotropic submanifolds can be constructed via Example 5.2
together with Corollary 5.12.

3.3.2 Special isotropic submanifolds

Definition 3.10 The special isotropic forms on M are the real (2k − 1)-forms
θ I ,2k−1 , θ J ,2k−1 , θK ,2k−1 ∈ Ω2k−1(M) defined by

θ I ,2k−1 ∶= (r∂r ΘI ,2k)∣M , θ J ,2p−1 ∶= (r∂r ΘJ ,2k)∣M , θK ,2k−1 ∶= (r∂r ΘK ,2k)∣M .

In particular, for 2k − 1 = 1, 3, 2n + 1, these are

θ I ,1 = α2 ,
θ I ,3 = α2 ∧Ω2 − α3 ∧Ω3 = α2 ∧ κ2 − α3 ∧ κ3 ,

θ I ,2n+1 = Re(Ψ1).

By Remark 2.13, Proposition A.1, and Theorem A.6, the special isotropic forms
θ I ,2k−1 , θ J ,2k−1 , θK ,2k−1 are semi-calibrations.
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Proposition 3.11 Let L2k−1 ⊂ M4n+3 be a (2k − 1)-dimensional submanifold, 1 ≤ k ≤
n + 1. We say L is θ I ,2k−1-special isotropic if either of the following equivalent conditions
holds:
(1) C(L) ⊂ C is ΘI ,2k-special isotropic.
(2) L is θ I ,2k−1-special isotropic.

Proof This follows from Remark 2.13 and Proposition A.1. ∎

3.3.3 Associative 3-folds

The following definition is due to Bryant and Harvey [9].

Definition 3.12 The generalized associative 3-forms are the real 3-forms ϕ1 , ϕ2 , ϕ3 ∈
Ω3(M) defined by

ϕ1 = −α1 ∧Ω1 + α2 ∧Ω2 + α3 ∧Ω3 ,
ϕ2 = α1 ∧Ω1 − α2 ∧Ω2 + α3 ∧Ω3 ,
ϕ3 = α1 ∧Ω1 + α2 ∧Ω2 − α3 ∧Ω3 .

Equivalently,

ϕ1 = α1 ∧ α2 ∧ α3 − α1 ∧ κ1 + α2 ∧ κ2 + α3 ∧ κ3 ,
ϕ2 = α1 ∧ α2 ∧ α3 + α1 ∧ κ1 − α2 ∧ κ2 + α3 ∧ κ3 ,
ϕ3 = α1 ∧ α2 ∧ α3 + α1 ∧ κ1 + α2 ∧ κ2 − α3 ∧ κ3 ,

where the κ j were defined in (3.6). A three-dimensional submanifold L3 ⊂ M4n+3 is
ϕ1-associative if it is calibrated by ϕ1:

ϕ1∣L = volL .

The definitions of ϕ2-associative and ϕ3-associative are analogous.

Observing that

Φ1 = r3 dr ∧ ϕ1 + r4 1
2
(−Ω2

1 +Ω2
2 +Ω2

3),

we obtain:

Proposition 3.13 Let L3 ⊂ M4n+3 be a three-dimensional submanifold. The following
are equivalent:
(1) C(L) ⊂ C is Φ1-Cayley.
(2) L ⊂ M is ϕ1-associative.

Proof This follows from Remark 2.13 and Proposition A.1. ∎
Finally, we remark on the relationships between the above submanifolds. Let us

recall that a manifold is called Sasaki–Einstein if its cone is Calabi–Yau and that a
7-manifold is called nearly parallel G2 if its cone is a Spin(7)-manifold. Suppose now
that (Y 7 , (g , α, J, Ψ)) is a Sasaki–Einstein 7-manifold. It is well known that Y inherits
a nearly parallel G2-structure by the following formula:

ϕ = α ∧Ω − Re(Ψ).
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The real 3-form ϕ ∈ Ω3(M) is called the associative 3-form, and a three-dimensional
submanifold Σ3 ⊂ M satisfying ϕ∣Σ = volΣ is called associative. The following fact is
well known, although we prove a more general result in Proposition 3.15.

Proposition 3.14 Let (Y 7 , (g , α, J, Ψ)) be a Sasaki–Einstein 7-manifold, and equip
Y with its induced nearly parallel G2-structure ϕ. Let L3 ⊂ Y be a three-dimensional
submanifold. Then:

(1) If L is CR, then L is associative.
(2) If L is special Legendrian of phase e iπ = −1, then L is associative.

When the ambient space is 3-Sasakian, the above fact generalizes to higher dimen-
sions in the following way.

Proposition 3.15 Let M4n+3 be a 3-Sasakian (4n + 3)-manifold. Let L3 ⊂ M be a
three-dimensional submanifold. Then:

(1) If L is I1-CR or I3-CR, then L is ϕ2-associative.
(2) If L is −θ I ,3-special isotropic or θK ,3-special isotropic, then L is ϕ2-associative.
(3) If L is I1-CR isotropic, then L is simultaneously I1-CR, −θ J ,3-special isotropic, and

θK ,3-special isotropic, and hence is ϕ2-associative.

Proof (a) If L ⊂ M is I1-CR (resp. I3-CR), then Proposition 3.5 implies that its cone
C(L) ⊂ C is I1-complex (resp. I3-complex). By Proposition 2.12(a), C(L) is Φ2-Cayley,
so by Proposition 3.13, L is ϕ2-associative.

(b) If L ⊂ M is −θ I ,3-special isotropic (resp. θK ,3-special isotropic), then
Proposition 3.11 implies that its cone C(L) ⊂ C is −ΘI ,4-special isotropic (resp. ΘK ,4-
special isotropic). By Proposition 2.12(b), C(L) is Φ2-Cayley, so by Proposition 3.13,
L is ϕ2-associative.

(c) If L is I1-CR isotropic, then Proposition 3.8 implies that C(L) ⊂ C is I1-complex
isotropic, and the result follows from an argument analogous to those used in parts
(a) and (b). Alternatively, if L is I1-CR isotropic, then by definition, L is I1-CR,
α2-isotropic, and α3-isotropic. Recalling that

θ J ,3 = α3 ∧Ω3 − α1 ∧Ω1 θK ,3 = α1 ∧Ω1 − α2 ∧Ω2 ,

we observe that L is −θ J ,3- and θK ,3-special isotropic. ∎

Remark 3.16 Where associative 3-folds in 3-Sasakian manifolds M4n+3 are con-
cerned, the case n = 1 has received the most attention in light of the connection to
G2-geometry. Recently, several studies have considered the two one-parameter fami-
lies of squashed associative 3-forms on M7 given by

−ϕ−1,t = α1 ∧ α2 ∧ α3 + t2(−α1 ∧ κ1 + α2 ∧ κ2 + α3 ∧ κ3),
ϕ+1,t = α1 ∧ α2 ∧ α3 − t2(α1 ∧ κ1 + α2 ∧ κ2 + α3 ∧ κ3).

See, for example, [6], [23], or [24].
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3.3.4 Summary

The following table summarizes the relationships discussed above.

dim(C(L)) Cone C(L) ⊂ C Link L ⊂ M dim(L)

2k I1-complex I1-CR 2k − 1

2n + 2 ω1-Lagrangian α1-Legendrian 2n + 1

≤ 2n + 2 ω1-isotropic α1-isotropic ≤ 2n + 1

2n + 2 Υ1-special Lagrangian Ψ1-special Legendrian 2n + 1

2n + 2 I1-complex Lagrangian I1-CR Legendrian 2n + 1

2k I1-complex isotropic I1-CR isotropic 2k − 1

2k ΘI ,2k-special isotropic θ I ,2k−1-special isotropic 2k − 1

4 Φ1-Cayley ϕ1-associative 3

With the exception of α1-Legendrian and α1-isotropic submanifolds, all of the “link”
submanifolds L ⊂ M4n+3 that appear in the table are minimal (i.e., have zero mean
curvature), because a calibrated cone is minimal, and the link of a minimal cone is
minimal.

3.4 3-Sasakian manifolds as circle bundles

From now on, 3-Sasakian (4n + 3)-manifolds M are assumed to be compact. Above,
we viewed M as the link of a hyperkähler cone C. In this section, we adopt a different
perspective, viewing M as the total space of a circle bundle. The starting point is the
following result.

Theorem 3.17 (Boyer-Galicki [8], Theorems 7.5.1, 13.2.5, 13.3.1) Let M be a compact
3-Sasakian (4n + 3)-manifold. For v = (v1 , v2 , v3) ∈ S2, let Av = v1A1 + v2A2 + v3A3
denote the corresponding Reeb field. Then:
(1) Each Av defines a locally free S1-action on M and quasi-regular foliation Fv ⊂ M.

Let Zv ∶= M/Fv denote the corresponding leaf space, and let pv ∶M → Zv denote the
projection.

(2) The projection pv ∶M → Zv is a principal S1-orbibundle with connection 1-form
αv = ∑ v i α i , and it is an orbifold Riemannian submersion.

(3) For v , v′ ∈ S2, there is a diffeomorphism Zv ≈ Zv′ . In fact, each Zv may be iden-
tified with the (orbifold) twistor space Z of the quaternionic-Kähler 4n-orbifold
Q = M/FA, where FA is the three-dimensional foliation determined by the vector
fields A1 , A2 , A3.

Thus, every compact 3-Sasakian (4n + 3)-manifold M has a natural S2-family
of projections pv ∶M4n+3 → Z4n+2. For definiteness, we choose to work with p1 ∶=
p(1,0,0)∶M → Z, with respect to which α1 ∈ Ω1(M) is a connection 1-form. On M, the
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choice of p1 preferences the splitting TM = RA1 ⊕Ker(α1). On the hyperkähler cone
C4n+4 = C(M), our choice distinguishes the Kähler structure (gC , I1 , ω1).

3.4.1 The 3-forms Γ1 , Γ2 , Γ3 and 4-forms Ξ1 , Ξ2 , Ξ3

We now introduce C-valued 3-forms Γ1 , Γ2 , Γ3 ∈ Ω3(M;C) and R-valued 4-forms
Ξ1 , Ξ2 , Ξ3 ∈ Ω4(M) that will play a key role in understanding the structure on the
twistor space Z. These forms do not appear to have been studied before. Recalling the
2-forms κ j defined in (3.6), we define

Γ1 = (α2 − iα3) ∧ (κ2 + iκ3),
Γ2 = (α3 − iα1) ∧ (κ3 + iκ1),(3.13)
Γ3 = (α1 − iα2) ∧ (κ1 + iκ2),

and

Ξ1 = κ2
2 + κ2

3 , Ξ2 = κ2
3 + κ2

1 , Ξ3 = κ2
1 + κ2

2 .(3.14)

Note that the real and imaginary parts of Γ1 are given by

Re(Γ1) = α2 ∧ κ2 + α3 ∧ κ3 ,
Im(Γ1) = α2 ∧ κ3 − α3 ∧ κ2 .

(3.15)

Their exterior derivatives are given by:
Proposition 3.18 We have

d Re(Γ1) = 2Ξ1 − 4α2 ∧ α3 ∧ κ1 ,
d Im(Γ1) = 0,

dΞ1 = −4κ1 ∧ Im(Γ1).

Proof This is a straightforward computation using the definitions (3.15) and (3.14)
and the exterior derivative formulas (3.5) and (3.7). ∎
Remark 3.19 We remark in passing that one can compute

κ2
1 + κ2

2 + κ2
3 = 1

2 d(α123 + α1 ∧ κ1 + α2 ∧ κ2 + α3 ∧ κ3),

showing that the natural 4-form κ2
1 + Ξ1 = κ2

1 + κ2
2 + κ2

3 is exact.

To clarify the geometric meaning of Γ1 ∈ Ω3(M;C), we consider the 2-form

Ω̃1 ∶= 2κ1 − α2 ∧ α3 .

Using equations (3.5)–(3.7), (3.15), and Proposition 3.18, we derive the identities

dΩ̃1 = 3 Im(2Γ1),
d Re(2Γ1) = 2(2Ξ1 − 4α2 ∧ α3 ∧ κ1).

When n = 1, in which case dim(Z) = 6 and dim(M) = 7, there is a coincidence
κ2

1 = κ2
2 = κ2

3 , which implies Ξ1 = 2κ2
1 , and therefore

dΩ̃1 = 3 Im(2Γ1),

d Re(2Γ1) = 2Ω̃2
1 ,

https://doi.org/10.4153/S0008414X24000282 Published online by Cambridge University Press

https://doi.org/10.4153/S0008414X24000282


Calibrated geometry in hyperkähler cones 21

which is familiar from the geometry of nearly Kähler 6-manifolds [26]. So, when n = 1,
the forms Ω̃1 ∈ Ω2(M) and 2Γ1 ∈ Ω3(M;C) are the pullbacks via p1∶M7 → Z6 of the
nearly Kähler 2-form and complex volume form on Z, respectively.

In Sections 4.1 and 4.2, we will see that aspects of this picture persist in higher
dimensions. That is, for any n ≥ 1, the 2-form Ω̃1 is the pullback of the nearly Kähler
2-form, while 2Γ1 is the pullback of a natural 3-form that (together with other
geometric data) defines an Sp(n)U(1)-structure on Z. When n = 1, the Sp(1)U(1) ≅
U(2)-structure on Z induces the familiar SU(3)-structure, but when n > 1 the group
Sp(n)U(1) is not contained in SU(2n + 1).

3.4.2 Re(Γ1)-calibrated 3-folds

The real parts of the 3-forms Γ1 , Γ2 , Γ3 ∈ Ω3(M;C) turn out to be semi-calibrations
(Corollary 4.11), and thus give rise to a distinguished class of 3-folds of M. The
following theorem characterizes these submanifolds; we defer the proof to Section 4.4,
where the result is restated as Theorem 4.31.

Theorem 3.20 Let L3 ⊂ M4n+3 be a three-dimensional submanifold. The following are
equivalent:

(1) C(L) is a (cθ I2 + sθ I3)-complex isotropic 4-fold for some constant e iθ ∈ S1.
(2) L is a (cθ I2 + sθ I3)-CR isotropic 3-fold for some constant e iθ ∈ S1.
(3) L is Re(Γ1)-calibrated.

Examples of Re(Γ1)-calibrated submanifolds can be constructed via Example 5.2
together with Theorem 6.3.

3.4.3 Descent to Z

To conclude this section, we observe that certain differential forms defined on M
descend to the twistor space Z via the map p1∶M → Z. For this, we recall that a k-form
ϕ ∈ Ωk(M) is called p1-semibasic if ιX ϕ = 0 for all X ∈ Ker((p1)∗). Since the fibers of
p1∶M → Z are connected, it is a standard fact that a k-form ϕ ∈ Ωk(M) descends to Z
if and only if both ϕ and dϕ are p1-semibasic.

Proposition 3.21 Consider the projection p ∶= p1∶M → Z.

(1) There exist R-valued differential 2-forms ωV, ωH, ωKE , ωNK ∈ Ω2(Z) satisfying

α2 ∧ α3 = p∗(ωV), κ1 + α2 ∧ α3 = Ω1 = p∗(ωKE),

κ1 = p∗(ωH), 2κ1 − α2 ∧ α3 = Ω̃1 = p∗(ωNK).

(2) There exist a C-valued differential 3-form γ ∈ Ω3(Z;C) and an R-valued differen-
tial 4-form ξ ∈ Ω4(Z) satisfying

Γ1 = p∗(γ),
Ξ1 = p∗(ξ).
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Proof (a) By equations (3.5) and (3.7), we have

d(α2 ∧ α3) = −2(α2 ∧ κ3 − α3 ∧ κ2), dκ1 = 2(α2 ∧ κ3 − α3 ∧ κ2).

Therefore, both α2 ∧ α3 and d(α2 ∧ α3) are p1-semibasic, and similarly forκ1 and dκ1.
(b) By Proposition 3.18, we have

dΓ1 = 2(κ2
2 + κ2

3) − 4α2 ∧ α3 ∧ κ1 , dΞ1 = −4κ1 ∧ (α2 ∧ κ3 − α3 ∧ κ2).

Therefore, both Γ1 and dΓ1 are p1-semibasic, and similarly for Ξ1 and dΞ1. ∎

Remark 3.22 By contrast, one can check that the following forms on M do not
descend via p1∶M → Z to forms on Z:

κ2 ,κ3 , Γ2 , Γ3 , α1 , α2 , α3 , ϕ1 , ϕ2 , ϕ3 ,
Ω2 , Ω3 , Ξ2 , Ξ3 , Ψ1 , Ψ2 , Ψ3 .

Remark 3.23 One must be careful to distinguish the 3-form Γ1 = (α2 − iα3) ∧
(κ2 + iκ3) from the special isotropic 3-form

(r∂r
1
2 σ 2

1 )∣M = (α2 + iα3) ∧ (κ2 + iκ3).

While Γ1 descends to Z, the special isotropic 3-form (r∂r
1
2 σ 2

1 )∣M does not, because
its exterior derivative has α1 terms. Note that for n = 1, the object (r∂r

1
2 σ 2

1 )∣M = Ψ1
is a 3-form on M7 whose real part calibrates special Legendrian 3-folds.

4 Calibrated geometry in twistor spaces

We now turn to the submanifold theory of twistor spaces Z, organizing our discus-
sion as follows. In Section 4.1, we briefly discuss Sp(n)U(1)-geometry on arbitrary
(4n + 2)-manifolds Y 4n+2. Then, in Section 4.2 (Theorem 4.7), we prove that every
twistor space Z4n+2 admits a canonical Sp(n)U(1)-structure, which (among other
data) entails a distinguished 3-form γ ∈ Ω3(Z;C). In Proposition 4.10, we prove
that Re(γ) ∈ Ω3(Z) is a semi-calibration, and devote Section 4.3 to the study of
Re(γ)-calibrated 3-folds. In a certain sense (Proposition 4.10(b)), these are higher-
codimension generalizations of special Lagrangian 3-folds in six-dimensional nearly
Kähler twistor spaces.

Finally, in Section 4.4, we study the relationships between submanifolds of M4n+3

and those in Z4n+2. More specifically, distinguishing the map p1∶M → Z, we consider
how various submanifolds Σk ⊂ Z behave under the operations of p1-circle bundle lift
p−1

1 (Σ)k+1 ⊂ M and p1-horizontal lift Σ̂k ⊂ M.
We remind the reader that as mentioned in the introduction, we only consider

submanifolds of Z that do not meet any orbifold points.

4.1 Sp(n)U(1)-structures

Let Y 4n+2 be a smooth (4n + 2)-manifold with n ≥ 1.

Definition 4.1 A (U(2n) ×U(1))-structure on Y 4n+2 is an almost-Hermitian
structure (g , J+ , ω+) together with a distribution of J+-invariant 4n-planes H ⊂
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TY . Equivalently, it is an almost-Hermitian structure (g , J+ , ω+) together with an
orthogonal splitting

TY = H⊕V,

where H ⊂ TY and V ⊂ TY are J+-invariant subbundles with rank(H) = 4n and
rank(V) = 2.

Given a (U(2n) ×U(1))-structure (g , J+, ω+ ,H), we split (g , J+ , ω+) into horizon-
tal and vertical parts as follows:

g = gH + gV , J+ = J+∣H + J+∣V , ω+ = ωH + ωV .

Further, we can extend it to a one-parameter family (g(t), J+ , ω+(t),H) by defining

g(t) = t2 gH + gV , ω+(t) = t2ωH + ωV .

Moreover, by reversing the orientation of the vertical subbundle V ⊂ TY , we obtain a
second one-parameter family (g(t), J−, ω−(t), H) by defining

J− = J+∣H − J+∣V , ω−(t) = t2ωH − ωV .

For calculations on Y, we will need local frames adapted to the geometry of the
(U(2n) ×U(1))-structure. To be precise:

Definition 4.2 A (U(2n) ×U(1))-coframe at y ∈ Y is a g-orthonormal coframe

(ρ, μ) ∶= (ρ10 , ρ11 , ρ12 , ρ13 , . . . , ρn0 , ρn1 , ρn2 , ρn3 , μ2 , μ3)∶TyY → R
4n ×R2

for which

ωV∣y = μ2 ∧ μ3 , ωH∣y =
n
∑
j=1
(ρ j0 ∧ ρ j1 + ρ j2 ∧ ρ j3).

For example, we will soon recall (Theorem 4.6) that every twistor space Z4n+2

admits a natural (U(2n) ×U(1))-structure. In fact, we will show (Theorem 4.7) that
twistor spaces admit an additional piece of data:

Definition 4.3 Let Y 4n+2 be a (4n + 2)-manifold with a (U(2n) ×U(1))-structure
(g , J+ , ω+ ,H). A compatible Sp(n)U(1)-structure is a complex 3-form γ ∈ Ω3(Y ;C)
with the following property: At each y ∈ Y , there exists a (U(2n) ×U(1))-coframe
(ρ, μ) such that

γ∣y = (μ2 − iμ3) ∧
n
∑
j=1
(ρ j0 + iρ j1) ∧ (ρ j2 + iρ j3).

Note that if γ is a compatible Sp(n)U(1)-structure, then γ has J+-type (2, 1) and J−-
type (3, 0).

To justify this terminology, we make a digression into linear algebra. Consider
the following Sp(n)U(1)-representation on R

4n+2. For (A, λ) ∈ Sp(n) ×U(1) and
(h, z) ∈ Hn ⊕C, define

(A, λ) ⋅ (h, z) ∶= (Ahλ−1 , λ−2z).(4.1)
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IdentifyHn ≃ C2n by writing h = h1 + jh2 with h1 , h2 ∈ Cn . This identification endows
H

n with the complex structure given by right multiplication by i, which in turn yields
an embedding ι∶ Sp(n) → U(2n). In this way, the representation (4.1) induces an
embedding

Sp(n)U(1) → U(2n) ×U(1)
(A, λ) ↦ (ι(A)λ−1 , λ−2).

The image of this map is

{(B, ν) ∈ U(2n) ×U(1)∶ ν−1/2B ∈ Sp(n)}.(4.2)

Since Sp(n) contains the element −Id, the condition ν−1/2B ∈ Sp(n) does not depend
on the choice of square root.

Let (e10 , e11 , e12 , e13 , . . . , en0 , en1 , en2 , en3 , f2 , f3) denote the standard basis of
R

4n+2, and let (e10 , e11 , e12 , e13 , . . . , en0 , en1 , en2 , en3 , f 2 , f 3) denote its dual basis. We
identify R

4n+2 ≃ C2n ⊕C via the complex structure J0 whose Kähler form is

ω0 = f 2 ∧ f 3 +∑(e j0 ∧ e j1 + e j2 ∧ e j3).

Identifying C
2n ≃ Hn , the standard hyperkähler triple on H

n is

β1 = ∑(e j0 ∧ e j1 + e j2 ∧ e j3), β2 = ∑(e j0 ∧ e j2 − e j1 ∧ e j3),
β3 = ∑(e j0 ∧ e j3 + e j1 ∧ e j2).

(4.3)

We consider the 3-form γ0 ∈ Λ3((R4n+2)∗) given by

γ0 = ( f 2 − i f 3) ∧ (β2 + iβ3).

Then:

Proposition 4.4 With respect to the standard (U(2n) ×U(1))-action on R
4n+2, the

stabilizer of γ0 ∈ Λ3((R4n+2)∗) is the subgroup Sp(n)U(1) ≤ U(2n) ×U(1) given by
(4.2).

Proof Let (B, ν) ∈ U(2n) ×U(1), and set τ = f 2 − i f 3 and β = β2 + iβ3. Since τ has
J0-type (0, 1) and β has J0-type (2, 0), we have

ν∗τ = ν−1τ, ν∗β = ν2β,

and hence

(B, ν)∗γ0 = (B, ν)∗(τ ∧ β) = ν∗τ ∧ B∗β = τ ∧ (ν−1/2B)∗β.

If (B, ν) ∈ Sp(n)U(1), then ν−1/2B ∈ Sp(n) by (4.2). Thus, since Sp(n) stabilizes
β1 , β2 , β3, we get

(B, ν)∗γ0 = τ ∧ β = γ0 .

Conversely, if (B, ν) ∈ U(2n) ×U(1) stabilizes γ0, then

τ ∧ β = τ ∧ (ν−1/2B)∗β.
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Contracting both sides with the vector f2 + i f3 implies that β = (ν−1/2B)∗β, so that
ν−1/2B ∈ U(2n) stabilizes β. Since the U(2n)-stabilizer of β is Sp(n), we deduce that
ν−1/2B ∈ Sp(n), and hence (B, ν) ∈ Sp(n)U(1). ∎

Example 4.1 The case n = 1 is particularly special. Let Y 6 be a 6-manifold with
a (U(2) ×U(1))-structure (g , J+ , ω+ ,H). By definition, a compatible Sp(1)U(1)-
structure is a complex 3-form γ ∈ Ω3(Y ;C) such that at each y ∈ Y , there exists a
(U(2) ×U(1))-coframe (ρ0 , ρ1 , ρ2 , ρ3 , μ2 , μ3)∶TyY → R

4 ×R2 for which

γ∣y = (μ2 − iμ3) ∧ (ρ0 + iρ1) ∧ (ρ2 + iρ3).

So, γ is a nonvanishing 3-form of J−-type (3, 0) satisfying

− i
8

γ ∧ γ = μ2 ∧ μ3 ∧ ρ0 ∧ ρ1 ∧ ρ2 ∧ ρ3 .

As such, γ ∈ Ω3(Y ;C) defines an SU(3)-structure on Y.
Alternatively, the presence of a compatible SU(3)-structure on Y 6 follows

abstractly from the following group isomorphism of Sp(1)U(1) ≅ U(2) onto a sub-
group of SU(3). Using Sp(1) ≅ SU(2), we have

Sp(1)U(1) = {(B 0
0 ν) ∶ ν

−1/2B ∈ SU(2)} ≅ {(T 0
0 (det T)−1) ∶T ∈ U(2)} ≤ SU(3),

(B 0
0 det B) ↦ (B 0

0 (det B)−1) .

(This is a group homomorphism because U(1) is abelian.) The situation is described
by the following diagram:

U(3)

U(2) ×U(1) SU(3)

Sp(1)U(1) ≅ U(2)

Remark 4.5 The notation in this remark is that made standard in the monograph of
Salamon [28]. Let T = H⊕V ≃ R4n+2 denote the (real) Sp(n)U(1)-representation of
(4.1). Let E ≃ C2n denote the standard complex Sp(n)-representation, and let L ≃ C
denote the standard complex U(1)-representation. Then, by refining the splitting
Λ2(T∗) = Λ2(H∗) ⊗ (H∗ ⊗V∗) ⊗ Λ2(V∗), one can decompose the space of real
2-forms into Sp(n)U(1)-irreducible representations as follows:

Λ2(H∗) ≅ RωH ⊕ [Sym2(E)] ⊕ [Λ2
0(E)] ⊕ [[L2]] ⊕ [[Λ2

0(E) ⊗ L2]]
H∗ ⊗V∗ ≅ [[E ⊗ L3]] ⊕ [[E ⊗ L]]
Λ2(V∗) ≅ RωV .
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Alternatively, by refining the J+-type splitting Λ2(T∗) = [[Λ2,0]] ⊕ [Λ1,1], one obtains

[[Λ2,0]] ≅ [[Λ2
0(E) ⊗ L2]] ⊕ [[L2]] ⊕ [[E ⊗ L3]]

[Λ1,1] ≅ RωV ⊕RωH ⊕ [Sym2
0(E)] ⊕ [Λ2

0(E)] ⊕ [[E ⊗ L]].

4.2 The geometry of twistor spaces

We now return to the study of twistor spaces Z. The following fact is well known:

Theorem 4.6 Let M4n+3 be a 3-Sasakian manifold, and fix a projection
p = p1∶M → Z. The quotient Z admits a (U(2n) ×U(1))-structure (g , J+ , ω+ ,H) for
which:

• (g(1), J+ , ω+(1)) is Kähler–Einstein with positive scalar curvature.
• (g(

√
2), J−, ω−(

√
2)) is nearly Kähler.

• p∗(H̃) = H and p∗(span(A2 , A3)) = V.

Proof The Kähler–Einstein structure is very well known and has been extensively
studied. The statement about the nearly Kähler structure is [8, Theorem 14.3.9]. Details
can be found in [4] or [25]. ∎

From now on, the twistor space Z will carry the (U(2n) ×U(1))-structure
(g , J+ , ω+ ,H) described in the previous proposition. We will write

(gKE , JKE , ωKE) ∶= (g(1), J+ , ω+(1)) ,

(gNK , JNK , ωNK) ∶= (g(
√

2), J− , ω−(
√

2)).

In particular,

ωKE = ωH + ωV , ωNK = 2ωH − ωV .(4.4)

We now recover the important observation of Alexandrov [3] that Z naturally
admits even more structure:

Theorem 4.7 Let Z be a twistor space with its (U(2n) ×U(1))-structure (gKE , JKE,
ωKE, H). Then Z naturally admits a compatible Sp(n)U(1)-structure γ ∈ Ω3(Z;C).

Proof By Proposition 3.21(b), there exists a unique 3-form γ ∈ Ω3(Z;C) satisfying

p∗(γ) = Γ1 = (α2 − iα3) ∧ (κ2 + iκ3).

This 3-form is an Sp(n)U(1)-structure. ∎

In Section 5.1, we will give a second proof of Theorem 4.7 from the perspective of
quaternionic-Kähler geometry. For now, using Proposition 3.21, we can compute the
following exterior derivatives:

dωV = −Im(2γ), dωKE = 0, d Re(γ) = 2ξ − 4ωH ∧ ωV ,
dωH = Im(2γ), dωNK = 3 Im(2γ), d Im(γ) = 0,

dξ = −4ωH ∧ Im(γ).
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Example 4.2 When n = 1, there is a coincidence ξ = 2ω2
H. Therefore, in this case,

using that ω2
NK = (2ωH − ωV)2 = 4ω2

H − 4ωH ∧ ωV = 2ξ − 4ωH ∧ ωV, we recover the
equations

dωNK = 3 Im(2γ),
d Re(2γ) = 2 ωNK ∧ ωNK ,

familiar from the theory of nearly Kähler 6-manifolds.

4.3 Re(γ)-calibrated 3-folds

Let Z4n+2 be a twistor space equipped with the (U(2n) ×U(1))-structure
(gKE , JKE , ωKE ,H). With respect to this structure, one can consider several classes of
submanifolds of Z, such as:
• JKE-complex (resp. JNK-complex) submanifolds.
• Horizontal submanifolds (i.e. those tangent to H).
• ωKE-isotropic (resp. ωNK-isotropic) submanifolds.
These submanifolds have been the subject of numerous studies, particularly when
dim(Z) = 6. However, since we have now shown that Z admits a compatible
Sp(n)U(1)-structure γ ∈ Ω3(Z;C), twistor spaces also admit a distinguished class of
3-folds. In this section, we explore these.

We begin by showing that Re(γ) ∈ Ω3(Z) is a semi-calibration, for which we need
a preliminary lemma.
Lemma 4.8 For any horizontal unit vector v ∈ H, the 2-form ιv(Re(γ)) ∈ Ω2(Z) is a
semi-calibration. Moreover, its calibrated 2-planes lie in the 6-plane L ⊕V, where L is
the quaternionic line spanned by v.
Proof It suffices to work at a fixed point z ∈ Z. Let (ρ, μ) be an Sp(n)U(1)-coframe
at z as in Definition 4.3. We may then write γ∣z = τ ∧ (β2 + iβ3), where

τ = μ2 − iμ3 , β2 =
n
∑
i=1
(ρ j0 ∧ ρ j2 − ρ j1 ∧ ρ j3), β3 =

n
∑
i=1
(ρ j0 ∧ ρ j3 + ρ j1 ∧ ρ j2).

Define complex structures J2 and J3 on H∣z by declaring

J2(ρ j0) = ρ j2 , J3(ρ j0) = ρ j3 ,
J2(ρ j1) = −ρ j3 , J3(ρ j1) = ρ j2 ,

which implies J+J2 = J3 and g(J2⋅, ⋅) = β2 and g(J3⋅, ⋅) = β3. Note that τ, β2 , β3, as well
as J2 , J3, depend on the choice of Sp(n)U(1)-frame.

Now, let v ∈ H be a horizontal unit vector. Let w = J2v, so that

ιvγ = ιv(τ ∧ (β2 + iβ3)) = τ ∧ ιv(β2 + iβ3) = τ ∧ (g(J2v , ⋅) + ig(J+ J2v , ⋅))
= τ ∧ (w♭ − i J+w♭)
= (μ2 − iμ3) ∧ (w♭ − i J−w♭)

since J+ = J− on horizontal vectors. This 2-form is decomposable and has J−-type
(2, 0). Moreover, {μ2 , μ3 , w♭ , J−w♭} is an orthonormal set. Thus, this 2-form is a
standard complex volume form, and hence its real part is a semi-calibration. ∎
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Remark 4.9 The above proof shows slightly more, namely that the ιv(Re(γ))-
calibrated 2-planes lie in the 4-plane span(w , J+w) ⊕V = span(J2v , J3v) ⊕V.

Proposition 4.10 The 3-form Re(γ) ∈ Ω3(Z) is a semi-calibration. Moreover, let
E ∈ Gr+3 (TZ) be an oriented 3-plane.

(1) E is Re(γ)-calibrated if and only if E = Rv ⊕ E′ for some v ∈ E ∩H and some
2-plane E′ that is ιv(Re(γ))-calibrated.

(2) If E is a Re(γ)-calibrated 3-plane, there is a quaternionic line L ⊂ H such that E is
contained in L ⊕V.

(3) If E is Re(γ)-calibrated, then E is ωNK-isotropic.

Proof If E ∈ Gr+3 (Tz Z) is an oriented 3-plane at z ∈ Z, then dim(E ∩H) ≥ 1, so there
exists a unit vector v ∈ E ∩H, and we may orthogonally split E = Rv ⊕ E′. Then

(Re(γ))(E) = (ιvRe(γ))(E′) ≤ 1

by Lemma 4.8, so the comass of Re(γ) is at most 1. Now, let v be a horizontal unit
vector and let E′ be an ιv(Re(γ))-calibrated 2-plane, which exists by Lemma 4.8. Then
E = Rv ⊕ E′ is Re(γ)-calibrated, which shows that Re(γ) has comass equal to one.
Further, we have seen that an oriented 3-plane E is Re(γ)-calibrated if and only if E′
is ιv(Re(γ))-calibrated, which proves (a).

Part (b) follows from Remark 4.9. Finally, since γ is of J−-type (3, 0), part (c) follows
from Proposition A.5. ∎

Returning to the 3-Sasakian manifold M4n+3, we can now establish the following:

Corollary 4.11 The 3-form Re(Γ1) ∈ Ω3(M) is a semi-calibration.

Proof Recall that p1∶M → Z is a Riemannian submersion, that Re(Γ1) = p∗1 (Re(γ)),
and that Re(γ) ∈ Ω3(Z) has comass one. The result now follows from Proposition
A.4. ∎

Remark 4.12 We pause to make two remarks. First, Proposition 4.10 shows that
Re(γ)-calibrated 3-folds L3 ⊂ Z4n+2 are ωNK-isotropic. However, we emphasize that
such 3-folds need not be ωKE-isotropic in general. Later (Theorem 5.16), we will
characterize the Re(γ)-calibrated 3-folds L ⊂ Z satisfying ωKE∣L = 0.

Second, we clarify that Proposition 4.10 asserts Re(γ) is a semi-calibration with
respect to the metric gKE. Therefore, by Proposition A.3, the 3-form Re(t2γ) is a
semi-calibration with respect to the metric g(t) = t2 gH + gV. In particular, Re(2γ)
is a semi-calibration with respect to gNK = 2gH + gV.

4.3.1 A normal form for Re(γ)-calibrated 3-planes

We now aim to establish a normal form for Re(γ)-calibrated 3-planes in Z. Since the
subsequent discussion is a matter of linear algebra, we work in R

4n+2 ≃ Hn ⊕C. As
we have done previously, we let

(e10 , e11 , e12 , e13 , . . . , en0 , en1 , en2 , en3 , f2 , f3)
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denote the standard basis of R4n+2, let (e10 , e11 , . . . , f 2 , f 3) denote its dual basis, let
β1 , β2 , β3 be the standard hyperkähler triple onH

n as in (4.3), and consider the 3-form
γ0 ∈ Λ3((R4n+2)∗) given by

γ0 = ( f 2 − i f 3) ∧ (β2 + iβ3).

Now, for e iθ ∈ S1, define the 2-plane

Vθ = span (cθ(− f2 − e13) + sθ(− f3 − e12), sθ(− f2 + e13) + cθ(− f3 + e12)).(4.5)

In particular, we highlight

Vπ
4
= span ( f2 + f3 + e12 + e13 , f2 + f3 − e12 − e13) .(4.6)

Proposition 4.13 Consider the Sp(n)U(1)-action on H
n ⊕C given in (4.1). Let

E ⊂ Hn ⊕C be a Re(γ0)-calibrated 3-plane. Then there exist (A, λ) ∈ Sp(n)U(1)
and a unique θ ∈ [0, π

4 ] such that (A, λ) ⋅ E = Re10 ⊕ Vθ . Moreover, the following are
equivalent:
(1) dim(E ∩Hn) = 2.
(2) E = (E ∩Hn) ⊕ (E ∩C).
(3) E is ωKE-isotropic.
(4) θ = π

4 .

Proof Let E ⊂ Hn ⊕C be a Re(γ0)-calibrated 3-plane. By Proposition 4.10, there
exists a quaternionic line L ⊂ Hn for which E ⊂ L ⊕C. Since the subgroup Sp(n) ≤
Sp(n)U(1) acts transitively on the quaternionic lines of Hn , there exists A0 ∈ Sp(n)
such that A0 ⋅ L = L0, where L0 is the standard quaternionic line

L0 = span(e10 , e11 , e12 , e13).

Thus, (A0 , 1) ⋅ E ⊂ L0 ⊕C, so we can without loss of generality suppose that
E ⊂ L0 ⊕C.

Now, L0 ⊕C is a complex 3-plane, and the restriction of γ0 to L0 ⊕C is a
complex volume form. Thus, the problem reduces to finding a normal form for
special Lagrangian 3-planes in a complex 3-space with respect to the action of
Sp(1)U(1) ≅ U(2). Such a normal form was established in [5, Proposition 3.2].
(Translating between notations, the b1 , ib1 , b2 , ib2 , b3 , ib3 of [5] corresponds to our
e10 , e11 , e12 , e13 , f2 ,− f3.)

For θ ∈ [0, π
4 ], write Wθ = Re10 ⊕ Vθ . We observe that the conditions (a), (b), and

(c) above are invariant under the action of Sp(n)U(1), so it is enough to verify that
for Wθ they are equivalent to θ = π

4 . If θ = π
4 , we have

Wπ
4
= span(e10 , e12 + e13 , f2 + f3) = (Wπ

4
∩Hn) ⊕ (Wπ

4
∩C),

so both (a) and (b) hold. If θ ≠ π
4 , then one can compute from (4.5) that dim(Wθ ∩

H
n) = 1. Since a Re(γ0)-calibrated 3-plane cannot contain any complex lines, we have

dim(Wθ ∩C) < 2, and hence

dim((Wθ ∩Hn) ⊕ (Wθ ∩C)) = dim(Wθ ∩Hn) + dim(Wθ ∩C) < 3 = dim(Wθ),

so both (a) and (b) do not hold.
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With respect to the above basis, we have ωKE = β1 + f 2 ∧ f 3. Letting

v2 = cθ(− f2 − e13) + sθ(− f3 − e12), v3 = sθ(− f2 + e13) + cθ(− f3 + e12),

so Vθ = span(v2 , v3) and Wθ = Re10 ⊕ Vθ , a computation shows that

ωKE(e10 , v2) = ωKE(e10 , v3) = 0, ωKE(v2 , v3) = 2(c2
θ − s2

θ),

so ωKE∣Wθ
= 0 if and only if θ = π

4 . ∎

4.3.2 HV compatibility

Definition 4.14 A submanifold Σk ⊂ Z4n+2 is called HV-compatible if at each x ∈ Σ,
we have

Tx Σ = (Tx Σ ∩H) ⊕ (Tx Σ ∩V).

HV compatibility is a rather stringent condition. Nevertheless, we now observe that
certain natural classes of submanifolds of Z automatically satisfy it.

Proposition 4.15 Let Σk ⊂ Z4n+2 be a submanifold, 1 ≤ k ≤ 2n + 1.
(1) If Σ is HV-compatible, then Σ is ωKE-isotropic if and only if Σ is ωNK-isotropic.
(2) Suppose dim(Σ) = 2n + 1. If Σ is ωKE-Lagrangian and ωNK-Lagrangian, then Σ

is HV-compatible. Moreover, dim(Tz Σ ∩H) = 2n and dim(Tz Σ ∩V) = 1 at each
z ∈ Σ.

(3) Suppose dim(Σ) = 3. If Σ is Re(γ)-calibrated, then Σ is HV-compatible if and only
if Σ is ωKE-isotropic. In this case, dim(Tz Σ ∩H) = 2 and dim(Tz Σ ∩V) = 1 at each
z ∈ Σ.

Proof (a) Suppose Σ is HV-compatible. If Σ is ωKE-isotropic, then (4.4) says that

ωV∣Σ = − ωH∣Σ .(4.7)

We claim that ωH∣Σ = ωV∣Σ = 0, which would imply again by (4.4) that Σ is also ωNK-
isotropic. Let u1 , u2 ∈ Tx Σ, and decompose them orthogonally as u j = uH

j + uV
j , where

uH
j ∈ H and uV

j ∈ V. Since Σ is HV-compatible, both uH
j and uV

j are in Tx Σ for j = 1, 2.
Using (4.7) and the facts that ωH ∈ Λ2(H∗) and ωV ∈ Λ2(V∗), we have

ωV(u1 , u2) = ωV(uH
1 + uV

1 , uH
2 + uV

2 ) = ωV(uV
1 , uV

2 )
= −ωH(uV

1 , uV
2 ) = 0.

The argument in the other direction is essentially the same, with (4.7) replaced by
ωV∣Σ = 2ωH∣Σ .

(b) Let Σ2n+1 ⊂ Z be ωKE-Lagrangian and ωNK-Lagrangian, so that ωV∣Σ = 0 and
ωH∣Σ = 0. Fix z ∈ Σ, let πH∶Tz Z → H and πV∶Tz Z → V denote the projection maps, so
that

Tz Σ ⊂ πH(Tz Σ) ⊕ πV(Tz Σ).

Let (ρ, μ)∶Tz Z → R
4n+2 be an Sp(n)U(1)-coframe at z. Since μ2 ∧ μ3∣Σ = ωV∣Σ = 0,

we have μ2 ∧ μ3∣πV(Tz Σ) = 0, so that dim(πV(Tz Σ)) ≤ 1. Moreover, since ωH is a
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nondegenerate 2-form on the 4n-plane H, the condition ωH∣πH(Tz Σ) = 0 implies that
dim(πH(Tz Σ)) ≤ 2n. Therefore, since

dim(πH(Tz Σ) ⊕ πV(Tz Σ)) = dim(πH(Tz Σ)) + dim(πV(Tz Σ)) ≤ 2n + 1 = dim(Tz Σ),

we deduce that Tz Σ = πH(Tz Σ) ⊕ πV(Tz Σ), which implies the result.
(c) This is immediate from Proposition 4.13. ∎

4.3.3 Other phases

Thus far, we have studied the real 3-form Re(γ) ∈ Ω3(Z). More generally, one can
consider the S1-family of real 3-forms Re(e−iθ γ) for constant e iθ ∈ S1. We now explore
the corresponding submanifold theory, beginning with a familiar situation:

Example 4.3 Suppose that n = 1, so that the twistor space Z is six-dimensional, and
γ ∈ Ω3(Z;C) is an Sp(1)U(1) = U(2)-structure. By the discussion in Examples 4.1 and
4.2, the 3-form γ induces an SU(3)-structure on Z6 and satisfies

dωNK = 3 Im(2γ),
d Re(2γ) = 2 ωNK ∧ ωNK .

Now, let L3 ⊂ Z6 be an oriented three-dimensional submanifold. It is well known that
L is ωNK-Lagrangian if and only if L is γ-special Lagrangian of phase 1. That is,

Re(2γ)∣L = volL ⇐⇒ Im(2γ)∣L = 0 and ωNK∣L = 0 ⇐⇒ L is ωNK-Lagrangian.

More generally, one might wish to consider γ-special Lagrangian 3-folds of other
phases e iθ ∈ S1. However, it is well known that if L3 ⊂ Z6 satisfies Re(e−iθ γ)∣L = volL ,
then e−iθ = ±1.

Example 4.3 is the special case n = 1 of the following more general statement, which
is new:

Proposition 4.16 Let L3 ⊂ Z4n+2 be a three-dimensional submanifold.
(1) If L is Re(e−iθ γ)-calibrated, then e iθ = ±1.
(2) If L is Re(γ)-calibrated, then ωNK∣L = 0 and Im(γ)∣L = 0. If n = 1, then the converse

also holds.

Proof Suppose that L ⊂ Z4n+2 is Re(e−iθ γ)-calibrated. By the same argument
as in Proposition 4.10, we have ωNK∣L = 0. Since dωNK = 6 Im(γ), it follows that
Im(γ)∣L = 0. Therefore,

±volL = Re(e−iθ γ)∣L = cos(θ)Re(γ)∣L .

Since Re(γ) has comass one, it follows that cos(θ) = ±1. (The converse of (b) when
n = 1 is the well-known result discussed in Example 4.3.) ∎

4.4 Relations between submanifolds in M and Z

We now systematically discuss the relationships between the various classes of sub-
manifolds in Z4n+2 and those in M4n+3. Broadly speaking, given a submanifold Σ ⊂ Z,
there are two natural ways to construct a corresponding submanifold of M. The
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first is to consider the circle bundle p−1
1 (Σ) ⊂ M, and the second is to consider its

p1-horizontal lift Σ̂ ⊂ M (provided it exists). We will examine both constructions.

4.4.1 Circle bundle constructions

We begin by considering submanifolds of the form p−1
1 (Σ) ⊂ M for some submanifold

Σ ⊂ Z. First, we consider those that are I1-CR. In general, Proposition 3.15(a) shows
that every I1-CR 3-fold of M is ϕ2-associative. For circle bundles, the converse also
holds:

Proposition 4.17 Let Σ2k ⊂ Z4n+2 be a submanifold, 2 ≤ 2k ≤ 4n. Then Σ is
J+-complex if and only if p−1

1 (Σ) is I1-CR. Moreover, in the case of 2k = 2, these
conditions are also equivalent to: p−1

1 (Σ) is ϕ2-associative.

Proof Let Σ ⊂ Z be a submanifold, and set L = p−1
1 (Σ) ⊂ M. Fix x ∈ L and let

z = p1(x) ∈ Σ. Note that

Σ is J+-complex ⇐⇒ (ωKE)k ∣Σ = k! volΣ ,

L is I1-CR ⇐⇒ (α1 ∧Ωk
1 )∣L = k! volL .

Since A1 ∈ Tx L, we can write Tx L = RA1 ⊕ Ũ for some subspace Ũ ⊂ Ker(α1).
Let {ũ1 , . . . , ũ2k−1} be an orthonormal basis of Ũ such that {A1 , ũ1 , . . . , ũ2k−1} is an
oriented orthonormal basis of Tx L. Setting u j = (p1)∗(ũ j), and noting that

p1∣Ker(α1)∶Ker(α1)∣x → Tz Z

is an isometry, we see that {u1 , . . . , u2k−1} is an orthonormal basis of Tz Σ. Therefore,
recalling that Ω1 = p∗1 (ωKE), we have

L is I1-CR ⇐⇒ (α1 ∧Ωk
1 )(A1 , ũ1 , . . . , ũ2k−1) = k! ⇐⇒ Ωk

1 (ũ1 , . . . , ũ2k−1) = k!

⇐⇒ ωk
KE(u1 , . . . , u2k−1) = k!

⇐⇒ Σ is J+-complex.

Now suppose k = 1. Observe that

ϕ2 = α1 ∧Ω1 − α2 ∧Ω2 + α3 ∧Ω3

= α1 ∧Ω1 − α2 ∧ κ2 + α3 ∧ κ3 .

Since ιA1(−α2 ∧ κ2 + α3 ∧ κ3) = 0, we have (−α2 ∧ κ2 + α3 ∧ κ3)∣L = 0. Therefore, we
see that ϕ2∣L = (α1 ∧Ω1)∣L , which gives the result. ∎

The previous proposition shows that a circle bundle p−1
1 (Σ) is I1-CR if and only if

Σ is J+-complex. In fact, any I1-CR submanifold is locally a circle bundle:

Proposition 4.18 Let L2k+1 ⊂ M4n+3 be a submanifold, 2 ≤ 2k ≤ 4n. Then L is I1-CR if
and only if L is locally of the form p−1

1 (Σ) for some J+-complex submanifold Σ2k ⊂ Z4n+2.

Proof (⇐�) This follows from Proposition 4.17.
(�⇒) Let L ⊂ M be I1-CR, and abbreviate p ∶= p1. At each x ∈ L, we have

A1∣x ∈ Tx L, so (short-time) integral curves of A1 lie in L. That is, at each x ∈ L, there
exists an open set Ix ⊂ p−1(p(x)) such that x ∈ Ix and Ix ⊂ L.
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We claim that p(L) ⊂ Z is an embedded 2k-dimensional submanifold of Z. To see
this, fix z ∈ p(L), and let x ∈ L have p(x) = z. Letting � satisfy (2k + 1) + � = 4n + 3, we
choose a neighborhood W ⊂ M of x and a chart ϕ̃∶W → R

4n+3 = R2k ×R ×R� with
coordinate functions denoted ϕ̃ = (t1 , . . . , t2k , u, v1 , . . . , v�) such that

ϕ̃(L ∩W) ⊂ R2k ×R × 0,

ϕ̃∗(A1) =
∂

∂u
on L ∩W .

Since p∶M → Z is a submersion, it is an open map, and therefore p(W) ⊂ M is an
open set. Letting π∶R2k ×R ×R� → R

2k ×R� denote the natural projection map, we
observe that π ○ ϕ̃∶W → R

4n+2 = R2k ×R� descends to a chart ϕ∶ p(W) → R
4n+2 =

R
2k ×R� such that

ϕ(p(L) ∩ p(W)) ⊂ R2k × 0.

This provides slice coordinates at z ∈ p(L), showing that p(L) ⊂ Z is an embedded
2k-fold.

It follows that p−1(p(L)) ⊂ M is an embedded (2k + 1)-dimensional submanifold
of M, so that L ⊂ p−1(p(L)) is an open set for dimension reasons. That Σ ∶= p(L) is
J+-complex follows from Proposition 4.17. ∎

Next, for any submanifold Σ ⊂ Z, we note that its circle bundle p−1
1 (Σ) ⊂ M is never

α1-isotropic. However, in special situations, it can be α2-isotropic. In this direction, we
first observe:

Lemma 4.19 Let Σk ⊂ Z4n+2 be a submanifold with 1 ≤ k ≤ 2n. The following are
equivalent:
(1) p−1

1 (Σ) is α2-isotropic.
(2) p−1

1 (Σ) is α3-isotropic.
(3) Σ is horizontal.

Proof Let Σ ⊂ Z4n+2 be a submanifold with dim(Σ) ≤ 2n, and set L = p−1
1 (Σ) ⊂ M.

Fix x ∈ L and let z = p1(x) ∈ Σ.
(i) ⇐⇒ (ii). Suppose that L is α2-isotropic at x. By Proposition 3.6, we have both

Tx L ⊂ Ker(α2) and Ω2∣Tx L = 0. That is, the subspace Tx L ⊂ Ker(α2) is Ω2-isotropic.
Therefore, since A1 ∈ Tx L, it follows that A3 = −J2(A1) is orthogonal to Tx L, and
hence Tx L ⊂ Ker(α3), showing that L is α3-isotropic at x.

(ii) ⇐⇒ (iii). Since A1 ∈ Tx L, we can write Tx L = RA1 ⊕ Ũ for some sub-
space Ũ ⊂ Ker(α1). Since p1∣Ker(α1)∶Ker(α1)∣x → Tz Z is an isometry, it follows that
(p1)∗(Ũ) = Tz Σ. Now, observe that

Tz Σ ⊂ H ⇐⇒ (p1)∗(Ũ) ⊂ (p1)∗(H̃) ⇐⇒ Ũ ⊂ Ker(α1 , α2 , α3)
⇐⇒ Tx L ⊂ Ker(α2 , α3).

Thus, if Σ is horizontal at z, then Tz Σ ⊂ H, so that Tx L ⊂ Ker(α2 , α3), and hence L is
both α2- and α3-isotropic at x. Conversely, if L is α2-isotropic at x, then by the previous
paragraph, L is also α3-isotropic at x, so Tx L ⊂ Ker(α2 , α3), and hence Σ is horizontal
at z. ∎
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Corollary 4.20 Let Σ2k ⊂ Z4n+2 be a submanifold, 2 ≤ 2k ≤ 2n. Then Σ is J+-complex
and horizontal if and only if p−1

1 (Σ) is I1-CR isotropic (i.e., I1-CR, α2-isotropic, and
α3-isotropic).

Proof This follows immediately from Proposition 4.17 and Lemma 4.19. ∎

Corollary 4.21 Let L2k+1 ⊂ M4n+3 be a submanifold, 3 ≤ 2k + 1 ≤ 2n + 1. Then L is
I1-CR isotropic if and only if L is locally of the form p−1

1 (Σ) for some horizontal
J+-complex submanifold Σ2k ⊂ Z4n+2.

Proof This follows from Proposition 4.18 and Corollary 4.20. ∎

When Σ is 2n-dimensional, the situation is particularly special:

Corollary 4.22 Let Σ2n ⊂ Z4n+2 be 2n-dimensional. The following are equivalent:
(1) Σ is J+-complex and horizontal.
(2) Σ is horizontal.
(3) p−1

1 (Σ) is α2-Legendrian.
(4) p−1

1 (Σ) is α3-Legendrian.
(5) p−1

1 (Σ) is I1-CR Legendrian (i.e., I1-CR, α2-Legendrian, and α3-Legendrian).
(6) p−1

1 (Σ) is Ψ2-special Legendrian of phase in+1 and Ψ3-special Legendrian of phase 1.

Proof The equivalence (ii) ⇐⇒ (iii) ⇐⇒ (iv) is Lemma 4.19. The equivalence
(i) ⇐⇒ (v) is Corollary 4.20.

It is clear that (v) �⇒ (iv). Conversely, if (iv) holds, then L ∶= p−1
1 (Σ) is both

α3-Legendrian and α2-Legendrian, so that C(L) ⊂ C is both ω2-Lagrangian and
ω3-Lagrangian, and therefore C(L) is I1-complex Lagrangian. This proves (v).

It remains only to involve condition (vi). For this, note that (v) �⇒ (vi) follows
from Corollary 3.9, and (vi) �⇒ (iii) follows from Proposition 3.7. ∎

The results of this subsection can be summarized in the following table.

dim(p−1
1 (Σ)) S1-bundle p−1

1 (Σ) ⊂ M Base Σ ⊂ Z dim(Σ) Ref.

2k + 1 I1-CR J+-complex 2k 4.18

3 ϕ2-associative J+-complex 2 4.17

≤ 2n + 1 α2-isotropic Horizontal ≤ 2n 4.19

2n + 1 α2-Legendrian (J+-complex and) horiz. 2n 4.22

2n + 1 Ψ2-special Legendrian (J+-complex and) horiz. 2n 4.22

of phase in+1

2n + 1 I1-CR Legendrian (J+-complex and) horiz. 2n 4.22

2k + 1 ≤ 2n + 1 I1-CR isotropic J+-complex and horiz. 2k ≤ 2n 4.21
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4.4.2 p1-horizontal lifts

Let L ⊂ M4n+3 be a submanifold, and recall that L is p1-horizontal if and only
if it is α1-isotropic. In this case, dim(L) ≤ 2n + 1, and its projection p1(L) ⊂ Z is
ωKE-isotropic. Conversely:

Proposition 4.23 Let Σ ⊂ Z4n+2 be a submanifold. Then Σ locally lifts to a
p1-horizontal submanifold of M if and only if Σ is ωKE-isotropic. In this case, dim(Σ) ≤
2n + 1.

Proof Suppose first that Σ locally lifts to a p1-horizontal submanifold Σ̂ ⊂ M. Since
Σ̂ is p1-horizontal, we have that α1∣Σ̂ = 0. Therefore, Proposition 3.6 implies that
(p∗1 ωKE)∣Σ̂ = Ω1∣Σ̂ = 0, and hence ωKE∣Σ = 0.

Conversely, suppose that Σ is ωKE-isotropic. Since p1∶M → Z is a Riemannian
submersion, the restriction of the derivative (p1)∗∶TM → TZ to the p1-horizontal
subbundle Ker(α1) ⊂ TM is an isometric isomorphism. Consider the distribution
on M defined by D ∶= (p1)∗∣−1

Ker(α1)
(TΣ) ⊂ TM. Since Σ is ωKE-isotropic, we have

ωKE∣TΣ = 0, and therefore 2Ω1∣D = 2(p∗1 ωKE)∣D = 0. Since, by (3.5), 2Ω1 is the cur-
vature 2-form of the connection α1 on the bundle p1∶M → Z, an application of the
Frobenius theorem implies that D is locally integrable. By construction, the integral
submanifolds of D are (local) p1-horizontal lifts of Σ. ∎

4.4.3 p1-horizontality and CR isotropic submanifolds

Note that if L ⊂ M is p1-horizontal, then L cannot be I1-CR. Nevertheless, it is possible
for L to be I2-CR or I3-CR. Moreover, it is also possible for L to be both p1- and p2-
horizontal simultaneously. The following proposition elaborates on this.

Proposition 4.24 Let L2k+1 ⊂ M be a (2k + 1)-dimensional submanifold, 3 ≤ 2k + 1 ≤
2n + 1. Then:
(1) L is I2-CR and p1-horizontal if and only if L is I2-CR isotropic.
(2) Suppose dim(L) = 2n + 1. Then L is I2-CR and p1-horizontal ⇐⇒ L is I2-CR

Legendrian ⇐⇒ L is p3-horizontal and p1-horizontal.

Proof (a) This follows from Proposition 3.8 (iii) ⇐⇒ (iv) with indices 1,2,3 replaced
by 2, 1,−3.

(b) This follows from Corollary 3.9 (iv) ⇐⇒ (v), again with 1,2,3 replaced by
2, 1,−3. ∎

Now, given a CR isotropic submanifold L ⊂ M, we consider the geometric
properties of its projection p1(L) ⊂ Z. To state the result, we introduce the following
notation. For a vertical unit vector V ∈ Vz ⊂ Tz Z, we let βV ∶= ιV(Re γ) denote the
induced nondegenerate 2-form onHz , and let JV ∈ End(Hz)denote the corresponding
complex structure on Hz .

Proposition 4.25 Let L2k+1 ⊂ M be a (2k + 1)-dimensional submanifold, 3 ≤ 2k + 1 ≤
2n + 1.
(1) If L is α1-isotropic and (−sθ α2 + cθ α3)-isotropic for some e iθ ∈ S1, then p1(L) ⊂ Z

is ωKE-isotropic and ωNK-isotropic.
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(2) If L is (cθ I2 + sθ I3)-CR isotropic for some e iθ ∈ S1, then Σ ∶= p1(L) ⊂ Z is
ωKE-isotropic, ωNK-isotropic, and HV-compatible. Moreover, dim(Tz Σ ∩V) = 1 for
all z ∈ Σ, and the 2k-plane Tz Σ ∩H is JV -invariant for any vertical unit vector
V ∈ Tz Σ ∩V.

Proof (a) Suppose L ⊂ M is α1-isotropic and (−sθ α2 + cθ α3)-isotropic for some
constant e iθ ∈ S1. On L, we have α1 = 0 and −sθ α2 + cθ α3 = 0. This second equation
implies

cθ α2 ∧ α3 = 0 sθ α2 ∧ α3 = 0,

and hence α2 ∧ α3 = 0 on L. Therefore, α1 = 0 implies 0 = dα1 = 2Ω1 = 2(α2 ∧ α3 +
κ1) = 2κ1, so that κ1 = 0 on L. We deduce that Ω1∣L = 0 and Ω̃1∣L = 0. Therefore, on
the projection p1(L) ⊂ Z, we have both ωKE∣p1(L) = 0 and ωNK∣p1(L) = 0.

(b) Suppose L ⊂ M is (cθ I2 + sθ I3)-CR isotropic, so that L is α1-isotropic and
(−sθ α2 + cθ α3)-isotropic, and (cθ I2 + sθ I3)-CR. By part (a), the projection Σ ∶=
p1(L) is both ωKE-isotropic and ωNK-isotropic.

Fix x ∈ L, let z = p(x) ∈ Σ, set Ṽ = cθ A2 + sθ A3 ∈ Tx M, and let JV = cθJ2 + sθJ3.
By assumption, we can write Tx L = HL ⊕RṼ for some JV -invariant 2k-plane HL ⊂ H̃.
It follows that Tz Σ = HΣ ⊕RV , where HΣ ∶= p∗(HL) ⊂ H is a horizontal 2k-plane,
and V = p∗(Ṽ) ∈ V is a vertical unit vector. In particular, this shows that Σ is HV
compatible, and that dim(Tz Σ ∩V) = 1.

Now, since Re(Γ1) = p∗(Re(γ)), we have that ιṼ(Re Γ1) = p∗(ιV(Re γ)) = p∗(βV)
on L. In particular, if Y ∈ HL is a horizontal vector tangent to L, then

gKE(p∗JV Y , p∗⋅) = gM(JV Y , ⋅) = Re(Γ1)(Ṽ , Y , ⋅) = βV(p∗Y , p∗⋅) = gKE(JV p∗Y , p∗⋅),

which shows that

p∗JY = JV p∗ on HL .(4.8)

Finally, if X ∈ Tz Σ ∩H = HΣ , then X = p∗(X̃) for some X̃ ∈ HL . Since HL is
JV -invariant, it follows that JV X̃ ∈ HL . Therefore, JV X = JV p∗(X̃) = p∗(JV X̃) ∈
p∗(HL) = HΣ , which shows that HΣ is JV -invariant. ∎

Conversely, we now ask which submanifolds Σ ⊂ Z admit local p1-horizontal lifts
to CR isotropic submanifolds of M. As we now show, the necessary conditions given
in Proposition 4.25(b) are in fact sufficient:

Proposition 4.26 Let Σk ⊂ Z4n+2 be a submanifold, 3 ≤ k ≤ 2n + 1, that is, ωKE-
isotropic, ωNK-isotropic, and HV-compatible.
(1) If Σ is nowhere tangent to H, then every local p1-horizontal lift of Σ is α1-isotropic

and (−sθ α2 + cθ α3)-isotropic for some constant e iθ ∈ S1.
(2) If dim(Tz Σ ∩V) = 1 for all z ∈ Σ, and if Tz Σ ∩H is JV -invariant for any vertical

unit vector V ∈ Tz Σ ∩V, then every local p1-horizontal lift of Σ is (cθ I2 + sθ I3)-CR
isotropic for some constant e iθ ∈ S1.

Proof (a) Let Σ ⊂ Z be as in the statement. Since Σ is ωKE-isotropic, Proposition
4.23 implies that Σ locally admits a p1-horizontal lift to a k-dimensional
submanifold L ⊂ M, which is automatically α1-isotropic. Moreover, since Σ is
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HV-compatible, and since (p1)∗∣Ker(α1)∶Ker(α1) → TZ is an isomorphism that
respects the horizontal-vertical splitting, it follows that TL splits as

TL = (TL ∩ H̃) ⊕ (TL ∩ Ṽ).(4.9)

Now, note that the system ωKE∣Σ = ωNK∣Σ = 0 is equivalent to ωV∣Σ = ωH∣Σ = 0. Since
p∗1 (ωV) = α2 ∧ α3, it follows that {α2∣L , α3∣L} is a linearly dependent set of 1-forms on
L. Moreover, since Σ is nowhere tangent to H, it follows that L is nowhere tangent to
H̃ = Ker(α1 , α2 , α3), and thus there is no point of L at which α2∣L , α3∣L simultaneously
vanish. Therefore, there is an S1-valued function e iθ ∶ L → S1 such that the 1-form

τθ ∶= −sθ α2 + cθ α3

vanishes on L. It remains to show that e iθ is constant on L. For this, we compute on L
that

0 = dτθ = dθ ∧ (−sθ α2 + cθ α3) + 2(cθκ2 + sθκ3),

where we have used that α1∣L = 0 to compute dα2 = 2κ2 and dα3 = 2κ3. Now, the
first term is in (T∗L ⊗ Ṽ∗)∣L , while the second is in Λ2(H̃∗)∣L , so by equation (4.9),
they vanish independently. In particular, dθ ∧ (−sθ α2 + cθ α3) = 0. Together with the
equation cθ α2 + sθ α3 = 0 on L, this implies that dθ ∧ α2 = 0 and dθ ∧ α3 = 0, which
yields dθ = 0, so (since L is assumed connected) θ is constant.

(b) Let Σ ⊂ Z be as in the statement. By part (a), every local p1-horizontal lift
L ⊂ M of the submanifold Σ ⊂ Z is α1-isotropic and (−sθ α2 + cθ α2)-isotropic for
some e iθ ∈ S1. Thus, it remains only to show that L is (cθ I2 + sθ I3)-CR.

Fix x ∈ L, and let z = p1(x) ∈ Σ. By assumption, we may split Tz Σ = HΣ ⊕RV ,
where V ∈ V is a unit vector, and HΣ ⊂ H is JV -invariant. Therefore, since (p1)∗ yields
an isomorphism Ker(α1)∣x → Tz Z that respects the horizontal–vertical splittings, we
may decompose TL = HL ⊕RṼ , where HL ⊂ H̃ satisfies p∗(HL) = HΣ and Ṽ ∈ Ṽ
satisfies p∗(Ṽ) = V .

Now, since L is both α1-isotropic and (−sθ α2 + cθ α2)-isotropic, it follows that
Ṽ = cθ A2 + sθ A3. Let JV = cθJ2 + sθJ3. If X ∈ HL , then p∗X ∈ HΣ , so by (4.8) we
have p∗(JV X) = JV(p∗X) ∈ HΣ = p∗(HL), and therefore JV X ∈ HL . Thus, HL is JV -
invariant, and so L is (cθ I2 + sθ I3)-CR. ∎

In the highest and lowest dimensions, the relationship between CR isotropic
submanifolds of M and their projections in Z becomes simpler. Indeed, in the top
dimension:

Corollary 4.27
(1) If L2n+1 ⊂ M4n+3 is (cθ I2 + sθ I3)-CR Legendrian for some e iθ ∈ S1, then p1(L) ⊂ Z

is ωKE-Lagrangian and ωNK-Lagrangian.
(2) Conversely, if Σ2n+1 ⊂ Z4n+2 is ωKE-Lagrangian and ωNK-Lagrangian, then every

local p1-horizontal lift of Σ is (cθ I2 + sθ I3)-CR Legendrian for some e iθ ∈ S1.

Proof (a) This follows from Proposition 4.25.
(b) Suppose Σ ⊂ Z is ωKE-Lagrangian and ωNK-Lagrangian. By Proposition 4.15(b),

it follows that Σ is HV compatible, and that dim(Tz Σ ∩V) = 1 at each z ∈ Σ. Therefore,
by Proposition 4.26(a), every local p1-horizontal lift L ⊂ M is α1-Legendrian and
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(−sθ α2 + cθ α3)-Legendrian for some constant e iθ ∈ S1. By Corollary 3.9(v) �⇒ (iv),
it follows that L is (cθ I2 + sθ I3)-CR Legendrian. ∎

Corollary 4.28
(1) If L3 ⊂ M4n+3 is (cθ I2 + sθ I3)-CR isotropic for some e iθ ∈ S1, then p1(L) ⊂ Z is (up

to a change of orientation) Re(γ)-calibrated and ωKE-isotropic.
(2) Conversely, if Σ3 ⊂ Z4n+2 is Re(γ)-calibrated and ωKE-isotropic, then every local

p1-horizontal lift of Σ is (cθ I2 + sθ I3)-CR isotropic for some e iθ ∈ S1.

Proof (a) Let L3 ⊂ M4n+3 be a (cθ I2 + sθ I3)-CR isotropic 3-fold. By Proposition
4.25(b), Σ ∶= p1(L) ⊂ Z is ωKE-isotropic, so it remains only to show that Σ is Re(γ)-
calibrated.

Fix z ∈ Σ. Again, by Proposition 4.25(b), we may decompose Tz Σ = HΣ ⊕RV for
some 2-plane HΣ ⊂ H and vertical unit vector T ∈ Vz . Let N ∈ Vz be the vertical unit
vector such that {T , N} is an oriented orthonormal basis of Vz , and let βT , βN ∈
Λ2(H∗z ) be the induced nondegenerate 2-forms from γ. Since HΣ is JV -invariant, it
follows that βV ∣HΣ

= ±volHΣ . Therefore,

Re(γ)∣Tz Σ = (T♭ ∧ βT + N♭ ∧ βN)∣Tz Σ = ±volVΣ ∧ volHΣ + 0 = ±volΣ .

(b) Suppose Σ3 ⊂ Z4n+2 is Re(γ)-calibrated and ωKE-isotropic. By Proposition
4.15(c), it follows that Σ is HV compatible, so we may write Tz Σ = HΣ ⊕ VΣ , where
HΣ ⊂ H and VΣ ⊂ V. The same proposition shows that dim(VΣ) = 1. Now, let V ∈ VΣ
be a unit vector, let βV = ιV(Re(γ)) denote the induced nondegenerate 2-form on
Hz , and let JV be the corresponding complex structure on Hz . Since Re(γ)∣Σ = volΣ =
volVΣ ∧ volHΣ , it follows that βV ∣HΣ = ±volHΣ , which proves that HΣ is JV -invariant.
Therefore, Proposition 4.26(b) gives the result. ∎

4.4.4 p1-horizontality of special isotropic submanifolds

By Proposition 3.15(b), every −θ I ,3-special isotropic 3-fold is ϕ2-associative. More-
over, since ιA1(−θ I ,3) = 0 by Definition 3.10, Proposition A.2 implies that every
−θ I ,3-special isotropic 3-fold is p1-horizontal. We now observe that these necessary
conditions are sufficient:

Proposition 4.29 Let L2k+1 ⊂ M4n+3 be a (2k + 1)-dimensional submanifold, 3 ≤ 2k +
1 ≤ 2n + 1.
(1) If L is θ I ,2k+1-special isotropic, then L is p1-horizontal.
(2) If L is Ψ1-special Legendrian, then L is p1-horizontal.
(3) Suppose dim(L) = 3. Then L is −θ I ,3-special isotropic if and only if L is ϕ2-

associative and p1-horizontal.

Proof (a) Since ιA1(θ I ,2k+1) = 0, Proposition A.2 gives the result.
(b) This is simply part (a) in the case of dim(L) = 2n + 1.
(c) Suppose dim(L) = 3. Then

L is ϕ2-associative and p1-horizontal
⇐⇒ (α1 ∧Ω1 − α2 ∧Ω2 + α3 ∧Ω3)∣L = volL and α1∣L = 0
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and

L is − θ I ,3-special isotropic ⇐⇒ (−α2 ∧Ω2 + α3 ∧Ω3)∣L = volL

The result is now immediate. ∎
Example 4.4 For n = 1, Proposition 4.29(c) is the well-known fact that a 3-fold
L3 ⊂ M7 is ϕ2-associative and p1-horizontal if and only if it is Ψ1-special Legendrian
of phase −1.

4.4.5 Re(Γ1)-calibrated 3-folds of M

We now observe that Re(Γ1)-calibrated 3-folds L3 ⊂ M4n+3 are always p1-horizontal,
and describe their projections p1(L) ⊂ Z. Namely:

Proposition 4.30 If L3 ⊂ M4n+3 is Re(Γ1)-calibrated, then L is p1-horizontal (equiva-
lently, α1-isotropic). Moreover:
(1) If L3 ⊂ M4n+3 is Re(Γ1)-calibrated, then L is locally a p1-horizontal lift of a 3-fold

in Z that is both Re(γ)-calibrated and ωKE-isotropic.
(2) Conversely, if Σ3 ⊂ Z4n+2 is both Re(γ)-calibrated and ωKE-isotropic, then Σ locally

lifts to a Re(Γ1)-calibrated 3-fold in M.

Proof Let L ⊂ M be a Re(Γ1)-calibrated 3-fold. Since Re(Γ1) = α2 ∧ κ2 + α3 ∧ κ3, we
have ιA1(Re(Γ1)) = 0. In view of the splitting TM = RA1 ⊕Ker(α1), Proposition A.2
implies that TL ⊂ Ker(α1), so that L is p1-horizontal (equivalently, α1∣L = 0).

Parts (a) and (b) now follow from Proposition 4.23 and the fact that Γ1 = p∗1 (γ). ∎
We are now in a position to prove Theorem 3.20, which classifies the Re(Γ1)-

calibrated 3-folds in terms of more familiar geometries.

Theorem 4.31 Let L3 ⊂ M4n+3 be a three-dimensional submanifold. The following are
equivalent:
(1) C(L) is a (cθ I2 + sθ I3)-complex isotropic 4-fold for some constant e iθ ∈ S1.
(2) L is a (cθ I2 + sθ I3)-CR isotropic 3-fold for some constant e iθ ∈ S1.
(3) L is locally of the form p−1

v (S) for some horizontal J+-complex curve S ⊂ Z and some
v = (0, cθ , sθ).

(4) L is locally a p1-horizontal lift of a 3-fold Σ3 ⊂ Z that is Re(γ)-calibrated and ωKE-
isotropic.

(5) L is Re(Γ1)-calibrated.

Proof (i) ⇐⇒ (ii). This follows from Proposition 3.8.
(ii) ⇐⇒ (iii). This is Corollary 4.21.
(ii) ⇐⇒ (iv). This is Corollary 4.28.
(iv) ⇐⇒ (v). This is Proposition 4.30. ∎

5 Submanifolds of quaternionic Kähler manifolds

Thus far, we have studied twistor spaces Z as S1-quotients of 3-Sasakian manifolds M.
In Section 5.1, we adopt a different perspective, viewing Z as the total space of a
canonical S2-bundle τ∶ Z → Q over a quaternionic-Kähler manifold Q4n . This leads
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to an alternative construction of the Sp(n)U(1)-structure on Z, including the 3-form
γ ∈ Ω3(Z;C).

In Section 5.2, we turn our attention to totally complex submanifolds of Q4n , a class
that is intimately related to the (semi-)calibrated geometries of previous sections. To
explain these relations, we will recall that a totally complex submanifold U 2k ⊂ Q4n

admits two distinct lifts to Z, namely its τ-horizontal lift Ũ 2k ⊂ Z, and its geodesic circle
bundle lift L(U)2k+1 ⊂ Z.

Given such a circle bundle liftL(U) ⊂ Z, we will prove (Corollary 5.12) that its local
p1-horizontal lifts to M are (cθ I2 + sθ I3)-CR isotropic. The main result of this section
(Theorem 5.14) is that the converse also holds: If L ⊂ M is a compact (cθ I2 + sθ I3)-CR
isotropic submanifold, then L is a p1-horizontal lift of some circle bundle L(U). As an
application, we prove (Theorem 5.17) that every compact (2n + 1)-fold Σ ⊂ Z that is
Lagrangian with respect both ωKE and ωNK is of the form L(U), thereby generalizing
a result of Storm [30] to higher dimensions.

We remind the reader that as mentioned in the introduction, we only consider
submanifolds of Q that do not meet any orbifold points.

5.1 Quaternionic Kähler manifolds

Let Q4n be a smooth 4n-manifold, n ≥ 1.

Definition 5.1 An almost quaternionic-Hermitian structure (or Sp(n)Sp(1)-
structure) on Q is a pair (gQ , E) consisting of an orientation and a Riemannian metric
gQ , and a rank 3 subbundle E ⊂ End(TQ) such that:

(1) At each q ∈ Q, there exists a local frame ( j1 , j2 , j3) of E, called an admissible frame,
satisfying the quaternionic relations j1 j2 = j3 and j2

1 = j2
2 = j2

3 = −Id.
(2) Every j ∈ E acts by isometries: gQ( jX , jY) = gQ(X , Y), for all X , Y ∈ TQ.

Equivalently, an almost quaternionic-Hermitian structure may be defined as 4-form
Π ∈ Ω4(Q) such that at each q ∈ Q, there exists a coframe L∶TqQ → R

4n for which
Π∣q = 1

6 L∗(β2
1 + β2

2 + β2
3), where {β1 , β2 , β3} is the standard hyperkähler triple on

R
4n = Hn . (See [27] or [8] for details.)

Definition 5.2 Let n ≥ 2. An almost quaternionic-Hermitian structure (gQ , E) is
quaternionic-Kähler (QK) if E ⊂ End(TQ) is a parallel subbundle (with respect to the
connection∇ induced by gQ ). That is, if σ is a local section of E, then∇σ is also a local
section of E. An equivalent condition is that the 4-form Π ∈ Ω4(Q) is gQ -parallel.

For n = 1, we say (Q4 , gQ) is quaternionic-Kähler if the metric gQ is Einstein and
anti-self-dual.

Remark 5.3 It is well known that if (gQ , E) is a QK structure, then Hol(gQ) ≤
Sp(n)Sp(1). Conversely, for n ≥ 2, if g is a Riemannian metric on Q with Hol(g) ≤
Sp(n)Sp(1), then there exists a g-parallel rank 3 subbundle E ⊂ End(TQ) such that
(g , E) is a QK structure.
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5.1.1 The twistor space

From now on, (Q4n , gQ , E) denotes a quaternionic-Kähler 4n-manifold with positive
scalar curvature. The twistor space of Q is the (4n + 2)-manifold

Z ∶= { j ∈ E∶ j2 = −Id}.

The obvious projection map τ∶ Z → Q is then an S2-bundle, and we let V ⊂ TZ denote
the (rank 2) vertical bundle. The Levi–Civita connection of gQ induces a connection
on the vector bundle E ⊂ End(TZ), and hence a connection on the S2-subbundle
Z ⊂ E, thereby yielding a 4n-plane field H ⊂ TZ such that

TZ = H⊕V.

We now recall the Kähler–Einstein structure (gKE , ωKE , JKE) on Z. First, define a
Riemannian metric gKE by requiring that gKE(H,V) = 0 and

(1) For X , Y ∈ H, we have gKE(X , Y) = gQ(τ∗X , τ∗Y).
(2) On V, the metric gKE is induced by the fiber metric ⟨⋅, ⋅⟩ on E ⊂ End(TZ) under

the identifications Vz ≃ Tz(Zτ(z)) ⊂ Tz(Eτ(z)) ≃ Eτ(z).

Next, define an almost-complex structure JKE on Z by requiring that both H and V are
JKE-invariant, and

(1) On Hz , we set JKE = ( τ∗∣Hz
)−1 ○ z ○ τ∗.

(2) On Vz , identifying vertical vectors X ∈ Vz ≃ Tz(Zτ(z)) with endomorphisms
jX ∈ z⊥ = { j ∈ Eτ(z)∶ ⟨ j, z⟩ = 0}, we set JKE X = z ○ jX .

We let ωKE(X , Y) = gKE(JKE X , Y). It is well known [27] that the triple
(gKE , ωKE , JKE) is a Kähler–Einstein structure.

Remark 5.4 The (U(2n) ×U(1))-structure (gKE , ωKE , JKE ,H) just defined on Z
coincides with the one described in Section 4.2. In brief, if Q4n is a quaternionic-
Kähler manifold of positive scalar curvature, then its Konishi bundle M4n+3 =
FSO(3)(E), which is the SO(3)-frame bundle of the rank 3 vector bundle E → Q,
admits a 3-Sasakian structure, from which one can recover the (U(2n) ×U(1))-
structure on Z. For details, see [8, Sections12.2 and 13.3.2].

Recall from Theorem 4.7 that there exists a canonical Sp(n)U(1)-structure
γ ∈ Ω3(Z;C) on the twistor space (Z , gKE , JKE ,H). We end this section by giving a
different proof of the existence of this Sp(n)U(1)-structure, working directly from the
projection τ∶ Z → Q, without reference to M. At a point z ∈ Z, choose an admissible
frame (z, j2 , j3) at τ(z) ∈ Q. Via the isomorphism

Vz ≃ z⊥ = { j ∈ Eτ(z)∶ ⟨ j, z⟩ = 0},

the points j2 , j3 ∈ Eτ(z) define vertical vectors at z, and hence (via the metric) 1-forms
μ2 , μ3 ∈ Λ1(V∗∣z) at z. On the other hand,

J2 ∶= ( τ∗∣Hz
)−1 ○ j3 ○ τ∗ J3 ∶= −( τ∗∣Hz

)−1 ○ j2 ○ τ∗(5.1)
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are gKE-orthogonal complex structures on Hz , and hence yield 2-forms β2 ∶=
gKE(J2⋅, ⋅) and β3 ∶= gKE(J3⋅, ⋅) onHz . We can now define aC-valued 3-form γ at z ∈ Z
by

γ ∶= (μ2 − iμ3) ∧ (β2 + iβ3).(5.2)

This 3-form is independent of the choice ( j2 , j3). That is, one can check that if
(z, j̃2 , j̃3) = (z, cθ j2 + sθ j3 ,−sθ j2 + cθ j3) is another admissible frame at τ(z), then the
corresponding 1-forms μ̃2 , μ̃3 on Vz and 2-forms β̃2 , β̃3 on Hz satisfy

(μ̃2 − i μ̃3) ∧ (β̃2 + i β̃3) = (μ2 − iμ3) ∧ (β2 + iβ3).

Remark 5.5 In fact, there is a natural one-parameter family of 3-forms on Z given
by e iθ γ ∈ Ω3(Z;C) for constants e iθ ∈ S1. In particular, the 3-form defined by (5.2)
agrees with that of Section 4.2 (viz., Theorem 4.7) up to a constant λ ∈ S1. The 90○
rotation in formula (5.1) relating (J2 , J3) to ( j2 , j3) was chosen to arrange for λ = 1.
(This follows from Theorem 6.3 and Proposition 4.16.)

5.1.2 The diamond diagram

Altogether, the various spaces we have considered can be summarized by the diamond
diagram:

M4n+3 C4n+4

Z4n+2

Q4n

pv

h

τ

Example 5.1

• The flat model is (C , M , Z , Q) = (Hn+1 , S4n+3 ,CP2n+1 ,HP
n), in which each

pv ∶S4n+3 → CP
2n+1 for v ∈ S2 is a complex Hopf fibration, h∶S4n+3 → HP

n is the
quaternionic Hopf fibration, and τ∶CP2n+1 → HP

n is the classical twistor fibration.
• Perhaps the second simplest family of examples is

(M , Z , Q) = (S(T∗CPn+1), P(T∗CPn+1), Gr2(Cn+2)),

where P(T∗CPn+1) and S(T∗CPn+1) refer to the projectivized cotangent bundle
and unit sphere subbundle of the cotangent bundle of CPn+1, respectively [33]. In
the case of n = 1, these spaces are (M7 , Z6 , Q4) = (N1,1 , SU(3)

T2 , CP2), where N1,1 =
SU(3)
U(1) is an exceptional Aloff–Wallach space.

• An exceptional example is (M11 , Z10 , Q8) = ( G2
Sp(1)+ , G2

U(2)+ , G2
SO(4)). Here, M11 and

Z10 should not be confused with G2
Sp(1)− ≅ V2(R7) and G2

U(2)− ≅ Gr2(R7). See [8,
Example 13.6.8].
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5.2 Totally complex submanifolds

We now turn to the various submanifolds of a quaternionic-Kähler manifold
(Q4n , gQ , E), continuing to assume that gQ has positive scalar curvature.

Definition 5.6 A submanifold U 2k ⊂ Q4n is almost-complex if there exists a section
i ∈ Γ(Z∣U) such that i(TuU) = TuU for all u ∈ U .

We will be particularly interested in the following subclass of almost-complex
submanifolds.

Definition 5.7 A submanifold U 2k ⊂ Q4n , for 1 ≤ k ≤ 2n, is called totally complex if
there exists a section i ∈ Γ(Z∣U) such that at each u ∈ U :
(1) i(TuU) = TuU .
(2) For all j ∈ Zu with ⟨ j, i⟩ = 0, we have j(TuU) ⊂ (TuU)⊥.
A totally complex submanifold U ⊂ Q4n is called maximal if dim(U) = 2n.

Totally complex submanifolds were introduced by Funabashi [16], who proved that
they are minimal (zero-mean curvature) provided n ≥ 2.

Example 5.2
• In Q = HP

n , the maximal totally complex submanifolds with parallel second fun-
damental form were classified by Tsukada [32]. The list consists of the two infinite
families

CP
n → HP

n
CP

1 × SO(n + 1)
SO(2) × SO(n − 1) → HP

n (n ≥ 2)

and four sporadic exceptions (in HP
6 ,HP

9 ,HP
15, and HP

27). Bedulli, Gori, and
Podestà [7] proved that a maximal totally complex submanifold of HP

n is homo-
geneous if and only if it appears on Tsukada’s list.

• If Q = Gr2(Cn+2), the maximal totally complex submanifolds that are homoge-
neous have been recently classified by Tsukada [33].

• If Q is a quaternionic symmetric space, the maximal totally complex submanifolds
that are totally geodesic have been classified by Takeuchi [31].

Remark 5.8 Totally complex submanifolds are also studied by Alekseevsky and
Marchiafava [1, 2]. In particular, they prove the following results for almost-complex
submanifolds U 2k ⊂ Q4k :
• If k ≥ 2 (so that n ≥ 2), then

∇X i = 0, ∀X ∈ TU ⇐⇒ U is totally-complex ⇐⇒ (U , gQ ∣U , i∣U) is Kähler.

For this reason, totally complex submanifolds U of real dimension ≥ 4 are some-
times called “Kähler submanifolds” in the literature.

• If k = 1 and n ≥ 2, then the equivalence

∇X i = 0, ∀X ∈ TU ⇐⇒ U is totally complex

continues to hold. By contrast, the condition that (U , gQ ∣U , i∣U) be Kähler is
automatic.
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• If k = 1 and n = 1, then every oriented surface U 2 ⊂ Q4 is totally complex, and
(U , gQ ∣U , i∣U) is Kähler. By contrast, ∇X i = 0 for all X ∈ TU is equivalent to U
being superminimal (or infinitesimally holomorphic), a condition on the second
fundamental form (see, e.g., [10, 14, 15]).

5.2.1 The horizontal lift

Given a totally complex submanifold U 2k ⊂ Q4n , there are two natural ways to lift U
to a submanifold of the twistor space Z. The first of these is the horizontal lift Ũ ⊂ Z,
defined as the union of

Ũp ∶= {z ∈ Zp ∶ z(TpU) = TpU}

for p ∈ U . The following results were proved in [31, Theorem 4.1], and later generalized
in [2, Theorem 4.2 and Proposition 4.7].

Lemma 5.9 [2] Let U ⊂ Q be a submanifold, let i ∈ Γ(Z∣U) be a section over U, and
let N = i(U) ⊂ Z be its image. Then N ⊂ Z is JKE-complex and horizontal if and only if
(U , i) is almost-complex and ∇V i = 0 for all V ∈ TU.

Proof (�⇒) Suppose N is JKE-complex and horizontal. Fix u ∈ U , and let
z = i(u) ∈ N . Let X ∈ TuU , and write X = τ∗(X̃) for some X̃ ∈ Tz N . Since Tz N ⊂ Tz Z
is complex, we have JKE X̃ ∈ Tz N . Since X̃ is horizontal, we may calculate i(u)(X) =
z(τ∗X̃) = τ∗(JKE X̃) ∈ τ∗(Tz N) = TuU . This shows that (U , i) is almost-complex.
Moreover, since N = i(U) is horizontal, it follows that ∇V i = 0 for all V ∈ TU .
(⇐�) Suppose (U , i) is almost-complex and ∇V i = 0 for all V ∈ TU . Since i

is a parallel section, its image N is horizontal. Now, fix z ∈ N , write z = i(u) for
u ∈ U , and let Y ∈ Tz N . Since (U , i) is almost-complex, we have i(u)(τ∗Y) ∈ TuU .
Therefore, since Y is horizontal, we have τ∗(JKEY) = i(u)(τ∗Y) ∈ TuU = τ∗(Tz N).
Since τ∗∶Hz → Tu Q is an isomorphism, it follows that JKEY ∈ Tz N , which proves that
N is JKE-complex. ∎

Theorem 5.10 [2, 31] Let Σ2k ⊂ Z4n+2 be a submanifold, where 1 ≤ k ≤ n. Then Σ is
JKE-complex and horizontal if and only if Σ is locally of the form Ũ for some totally
complex U2k ⊂ Q4n (resp. a superminimal surface U 2 ⊂ Q4 if n = 1).

Proof (⇐�) Suppose that Σ is locally of the form Ũ for some totally complex U ⊂ Q
(resp. superminimal surface if n = 1). By definition, U is almost-complex, so there
exists a section i ∈ Γ(Z∣U) such that i(TU) = TU , and hence Ũ = i(U) ∪ −i(U).
Moreover, by Remark 5.8, we have ∇V i = 0 for all V ∈ TU . Therefore, by Lemma 5.9,
the submanifolds i(U) and −i(U) are JKE-complex and horizontal, and hence Σ is,
too.
(�⇒) Suppose that Σ is JKE-complex and horizontal. Since Σ is horizontal, the

Implicit Function Theorem implies that Σ is locally of the form i(U) for some
horizontal section i ∈ Γ(Z∣U) over some submanifold U ⊂ Q. By Lemma 5.9, (U , i)
is almost-complex and ∇V i = 0. Thus, by Remark 5.8, U is totally complex (and, in
addition, superminimal if n = 1). ∎
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5.2.2 The circle bundle lift

Let U 2k ⊂ Q4n be totally complex. The second natural lift of U is the circle bundle lift
L(U) ⊂ Z, defined as the union of

L(U)∣p ∶= { j ∈ Zp ∶ j(TpU) ⊂ (TpU)⊥}

for p ∈ U . Each fiber L(U)∣p is a great circle in the 2-sphere Zp .
The circle bundle lift was introduced by Ejiri and Tsukada [12], who proved that

if U 2k ⊂ Q4n is totally complex and k ≥ 2, then L(U) ⊂ Z is a minimal submanifold
that is both ωKE-isotropic and HV-compatible. In particular, if dim(U) = 2n ≥ 4, then
L(U) ⊂ Z is a minimal ωKE-Lagrangian. In the case of k = n = 1, circle bundle lifts of
superminimal surfaces U 2 ⊂ Q4 were studied by Storm [30].

We now explore these submanifolds further. Recall that if V ∈ Vz is a vertical unit
vector, we let βV ∶= ιV(Re(γ)) ∈ Λ2(H∗z ) denote the induced nondegenerate 2-form
on Hz , and let JV be the corresponding complex structure on Hz .

Theorem 5.11 Let U 2k ⊂ Q4n be a submanifold with 1 ≤ k ≤ n. If U is totally complex
and n ≥ 2, or if U is superminimal and n = 1, then L ∶= L(U) satisfies the following:

(1) L ⊂ Z is ωKE-isotropic, ωNK-isotropic, HV-compatible, and satisfies
dim(TzL ∩V) = 1 at every z ∈ L.

(2) For any unit vector V ∈ TzL ∩V, the 2k-plane TzL ∩H is JV -invariant.

Proof Suppose U is totally complex if n ≥ 2, or superminimal if n = 1, and set
L ∶= L(U). In either case, there exists a section i ∈ Γ(Z∣U) such that i(TU) = TU
and ∇X i = 0 for all X ∈ TU .

(a) Following [12, Proof of Lemma 2.1], we orthogonally decompose E∣U = Ri ⊕ E′.
If σ ∈ Γ(E′) is a local section, then ⟨σ , i⟩ = 0, so that ⟨∇X σ , i⟩ = 0, and thus ∇X σ ∈
Γ(E′). Thus, E′ ⊂ E∣U is a parallel subbundle. Since L ⊂ E′ is the unit sphere subbun-
dle, it follows thatL ⊂ E′ is a parallel fiber subbundle. This implies that TL = HΣ ⊕ VΣ
for subbundles HΣ ⊂ H and VΣ ⊂ V, meaning that L is HV compatible.

We now show that L is ωKE-isotropic and ωNK-isotropic. Fix z ∈ L, and recall that

ωKE = ωH + ωV , ωNK = 2ωH − ωV .

Since L is HV compatible and dim(TzL ∩V) = 1, it follows that ωV∣L = 0. Moreover,
if X , Y ∈ TzL ∩H, then

ωH(X , Y) = gKE(JKE X , Y) = gQ(τ∗JKE X , τ∗Y) = gQ(z(τ∗X), τ∗Y) = 0,

where in the last step we used that z(Tτ(z)U) ⊂ (Tτ(z)U)⊥. This shows that ωH∣L = 0,
and therefore ωKE∣L = 0 and ωNK∣L = 0.

(b) Fix z ∈ L, let u = τ(z), and let V ∈ TzL ∩V be a vertical unit vector. Let
j ∈ L∣u ∩ z⊥ denote the point on the great circle L∣u that corresponds to V under the
natural isomorphismVz ≃ z⊥. Set i = z ○ j, so that (z, j, i) is an admissible frame of Eu .
By (5.1), we have

JV = ( τ∗∣Hz
)−1 ○ i ○ τ∗ .
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Since U is totally complex, the 2k-plane TuU ⊂ Tu Q is i-invariant. Therefore, if
X ∈ TzL ∩H, then i(τ∗X) ∈ TuU , so that JV X = ( τ∗∣Hz

)−1(i(τ∗X)) ∈ TzL ∩H, prov-
ing that TzL ∩H is JV -invariant. ∎

5.2.3 Circle bundle lifts and CR isotropic submanifolds

We now prove that circle bundle lifts L(U) ⊂ Z are intimately related to CR isotropic
submanifolds L ⊂ M. Indeed, the geometric properties of L(U) established in Theo-
rem 5.11 are precisely those needed for its p1-horizontal lift to be CR isotropic. That is:

Corollary 5.12 Let U 2k ⊂ Q4n be a submanifold with 1 ≤ k ≤ n. If U is totally complex
and n ≥ 2, or if U is superminimal and n = 1, then L(U) ⊂ Z admits local p1-horizontal
lifts to M, and every such lift is (cθ I2 + sθ I3)-CR isotropic for some e iθ ∈ S1.

Proof This follows from Theorem 5.11 and Proposition 4.26(b). ∎

We now aim to establish a converse in the case where L is compact. For this, we
need a technical lemma.

Lemma 5.13 Let Σk ⊂ Z4n+2 be a compact submanifold. If Σ is ωKE-isotropic,
HV-compatible, and dim(Tz Σ ∩V) = 1 for all z ∈ Σ, then U ∶= τ(Σ) ⊂ Q4n is a (k − 1)-
dimensional submanifold, and τ∣Σ ∶Σ → U is an S1-bundle whose fibers are geodesics in
Z with respect to the Kähler–Einstein metric.

Proof Since Σ is HV-compatible and dim(Tz Σ ∩V) = 1 for all z ∈ Σ, it follows that
dim(Tz Σ ∩H) = k − 1. Therefore, the map τ∣Σ ∶Σ → Q has constant rank k − 1. By the
Constant Rank Theorem, each fiber τ∣−1

Σ (τ(z)) ⊂ Σ is an embedded 1-manifold, and
therefore (since Σ is compact) is an at most countable union of disjoint circles.

We claim that each S1-fiber is a geodesic. For this, note that since Σ is ωKE-isotropic,
it admits local p1-horizontal lifts to M. Let L ⊂ M be such a lift. Since Σ is HV-
compatible and p1∶M → Z respects the horizontal–vertical splitting, we may write
TL = HL ⊕RṼ , where HL ⊂ H̃ and Ṽ ∈ Ṽ. Moreover, Proposition 4.26(a) implies that
L is α1-isotropic and (−sθ α2 + cθ α3)-isotropic for some constant e iθ ∈ S1. Therefore,
Ṽ = cθ A2 + sθ A3 is a Reeb vector field, so its integral curves are geodesics in M.
Consequently, the integral curves of (p1)∗(Ṽ) ∈ V ⊂ TZ are geodesics in Z (and hence
geodesics in L), and these are precisely the S1-fibers τ∣−1

Σ (τ(z)) ⊂ Σ.
Consequently, since Σ is compact, each S1-fiber τ∣−1

Σ (τ(z)) ⊂ Σ is an at most
countable union of disjoint great circles in the twistor 2-sphere. Since any two great
circles in a round 2-sphere intersect, it follows that each S1-fiber consists of a single
great circle.

It remains to show that U ∶= τ(Σ) is a (k − 1)-dimensional submanifold of Q. For
this, note that since Σ is a union of great circles, each of which is the p1-image of a
Reeb circle in M, it admits a free S1-action. (The action is free because we are working
on the regular part of M.) Therefore, the quotient Σ/S1 admits the structure of smooth
(k − 1)-manifold, and the projection π∶Σ → Σ/S1 is a smooth quotient map.

Now, let τ̂∶Σ → U denote the map τ∣Σ with restricted codomain, equip U ⊂ Q
with the subspace topology, and let ι∶U ↪ Q be the inclusion map. If V ⊂ U is open,
then V = U ∩W for some open set W ⊂ Q, and hence τ̂−1(V) = Σ ∩ τ−1(W) is open
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subset of Σ, which proves that τ̂ is continuous. Since τ̂ is a continuous surjection from
a compact domain, it follows that τ̂ is a quotient map. Since π and τ̂ are quotient
maps that are constant on each other’s fibers, there exists a unique homeomorphism
F∶Σ/S1 → U such that τ̂ = F ○ π. Choosing a smooth local section σ ∶Y → Σ of π,
where Y ⊂ Σ/S1 is an open set, we observe that τ∣Σ ○ σ ∶Y → Q is a smooth map of
rank k − 1, which implies that ι ○ F∶Σ/S1 → Q is also a smooth map of rank k − 1, and
therefore a smooth embedding whose image is U. ∎

The converse to Corollary 5.12 is now given by the following.

Theorem 5.14 Let L2k+1 ⊂ M4n+3 be a compact submanifold, 1 ≤ k ≤ n. If L is (cθ I2 +
sθ I3)-CR isotropic for some e iθ ∈ S1, and if p1(L) ⊂ Z is embedded, then p1(L) = L(U)
for some totally complex submanifold U2k ⊂ Q4n (resp. a superminimal surface U 2 ⊂ Q4

if n = 1).

Proof Suppose that L ⊂ M is a compact (cθ I2 + sθ I3)-CR isotropic (2k + 1)-fold
for some constant e iθ ∈ S1 and that Σ ∶= p1(L) ⊂ Z is embedded. By Proposition
4.25(b), Σ is ωKE-isotropic, ωNK-isotropic, HV-compatible, and dim(Tz Σ ∩V) = 1
for all z ∈ Σ. Therefore, Lemma 5.13 implies that U ∶= τ(Σ) ⊂ Q is a 2k-dimensional
submanifold, and τ∣Σ ∶Σ → U is an S1-bundle with geodesic fibers.

Fix z ∈ Σ and let u = τ(z). Since Σ is HV compatible and dim(Tz Σ ∩V) = 1, we can
orthogonally split

Tz Σ = HΣ ⊕RV ,

where V ∈ Vz is a vertical unit vector, and HΣ ⊂ Hz is 2k-dimensional. On Hz , let
βV ∶= ιV(Re γ) denote the induced nondegenerate 2-form, and let JV denote the
corresponding complex structure. By Proposition 4.25(b), the 2k-plane HΣ ⊂ Hz is
JV -invariant.

Now, the S1-fiber τ∣−1
Σ (u) ⊂ Σ is a great circle through z in the 2-sphere

Zu = τ−1(u). Let j ∈ τ∣−1
Σ (u) ∩ z⊥ be the point on this circle that corresponds to V

under the natural isomorphism Vz ≃ z⊥. Setting i = z ○ j, we see that (z, j, i) is an
admissible frame of Eu , which is the fiber over u of the bundle E from Definition 5.1.
See Figure 1. We also have τ∣−1

Σ (u) = {k ∈ Zu ∶ ⟨k, i⟩ = 0}, and

JV = ( τ∗∣Hz
)−1 ○ i ○ τ∗ .

In particular, the JV -invariance of the 2k-plane HΣ ⊂ Hz implies that TuU ⊂ Tu Q is
i-invariant.

Now, let X1 , X2 ∈ TuU , and let X̃ j = ( τ∗∣HΣ
)−1(X j) ∈ HΣ . Since Σ is ωKE-isotropic,

and ωKE = f 2 ∧ f 3 + β1, it follows that the 2k-plane HΣ is β1-isotropic. Therefore,

gQ(zX1 , X2) = gQ(τ∗(J1 X̃1), τ∗X̃2) = gKE(J1 X̃1 , X̃2) = β1(X̃1 , X̃2) = 0,

which shows that z(TuU) ⊂ (TuU)⊥. Finally, if X ∈ TuU , then iX ∈ TuU , so jX =
−z(iX) ∈ (TuU)⊥, demonstrating that j(TuU) ⊂ (TuU)⊥. This proves that U is totally
complex and that

τ∣−1
Σ (u) = {k ∈ Zu ∶ ⟨k, i⟩ = 0} = {k ∈ Zu ∶ k(TuU) ⊂ (TuU)⊥} = L(U)∣u .
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Figure 1: The admissible frame (z, j, i) of Eu .

Finally, suppose that n = 1, so that k = 1. Then Σ3 = L(U) is ωKE-Lagrangian and
ωNK-Lagrangian. By a result of Storm [30], the surface U ⊂ Q4 is superminimal. ∎
Remark 5.15 If U is an embedded submanifold of Q, then its geodesic circle bundle
is embedded in Z. Therefore, in order to characterize those submanifolds Σ of Z which
are geodesic circle bundles in Z, we need to assume a priori that Σ is embedded.

5.2.4 Applications

In previous sections, we considered Re(γ)-calibrated 3-folds Σ3 ⊂ Z that are ωKE-
isotropic, describing their p1-horizontal lifts L3 ⊂ M4n+3 (Theorem 4.31). Now, we
are in a position to classify such 3-folds in Z as circle bundle lifts of totally complex
surfaces in Q.

Theorem 5.16
(1) If U 2 ⊂ Q4n is totally complex and n ≥ 2, or if U is superminimal and n = 1, then

L(U) ⊂ Z is Re(γ)-calibrated and ωKE-isotropic.
(2) Conversely, if Σ3 ⊂ Z4n+2 is a compact three-dimensional submanifold that is

Re(γ)-calibrated and ωKE-isotropic, then Σ = L(U) for some totally complex
surface U 2 ⊂ Q4n . Moreover, if n = 1, then U is superminimal.

Proof (a) Let U 2 ⊂ Q4n be totally complex if n ≥ 2, or superminimal if n = 1. By
Theorem 5.11(a), the 3-foldL(U) ⊂ Z is ωKE-isotropic. Fix z ∈ L, and let L ⊂ M denote
a p1-horizontal lift of a neighborhood of z. By Corollary 5.12, L is (cθ I2 + sθ I3)-
CR isotropic. Therefore, by Theorem 4.31((ii) �⇒ (iv)), p1(L) ⊂ L(U) is Re(γ)-
calibrated.

(b) Suppose Σ3 ⊂ Z is a compact three-dimensional submanifold that is
Re(γ)-calibrated and ωKE-isotropic. By Proposition 4.15(c), Σ is HV-compatible and
dim(Tz Σ ∩V) = 1 for all z ∈ Σ. Therefore, Lemma 5.13 implies that U 2 = τ(Σ) ⊂ Q is
a two-dimensional surface and that τ∣Σ ∶Σ → U is an S1-bundle with geodesic fibers.
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Fix z ∈ Σ, and let u = τ(z). We may write Tz Σ = HΣ ⊕ VΣ for some 2-plane
HΣ ⊂ H and line VΣ ⊂ V. Let (e10 , . . . , en3 , f2 , f3) be an Sp(n)U(1)-frame at z, with
dual coframe (ρ10 , . . . , ρn3 , μ2 , μ3), such that

VΣ = span( f2), volVΣ = μ2 .(5.3)

Let (β1 , β2 , β3) = (ωH , ι f2(Re γ), ι f3(Re γ)) denote the induced hyperkähler triple on
Hz , and let (J1 , J2 , J3) be the corresponding complex structures on Hz .

Now, the S1-fiber τ∣−1
Σ (u) ⊂ Σ is a great circle through z in the twistor 2-sphere Zu .

Let j ∈ τ∣−1
Σ (u) ∩ z⊥ be the point on this circle that corresponds to V under the natural

isomorphism Vz ≃ z⊥. Setting i = z ○ j, we see that (z, j, i) is an admissible frame of
Eu (see Figure 1), that τ∣−1

Σ (u) = {k ∈ Zu ∶ ⟨k, i⟩ = 0}, and moreover,

J2 = ( τ∗∣Hz
)−1 ○ i ○ τ∗ J3 = −( τ∗∣Hz

)−1 ○ j ○ τ∗ .

Using (5.3), we compute

μ2∣VΣ
∧ volHΣ = volTz Σ = Re(γ)∣Tz Σ = (μ2 ∧ β2 + μ3 ∧ β3)∣Tz Σ

= μ2∣VΣ
∧ β2∣HΣ

+ μ3∣VΣ
∧ β3∣HΣ

= μ2∣VΣ
∧ β2∣HΣ

.

Contracting with f2 gives β2∣HΣ = volHΣ , which implies that the real 2-plane HΣ ⊂ Hz
is J2-invariant. Consequently, TuU ⊂ Tu Q is i-invariant.

Repeating the argument at the end of the proof of Theorem 5.14, we observe that
z(TuU) ⊂ (TuU)⊥ and j(TuU) ⊂ (TuU)⊥. This proves that U is totally complex and
that

τ∣−1
Σ (u) = {k ∈ Zu ∶ ⟨k, i⟩ = 0} = {k ∈ Zu ∶ k(TuU) ⊂ (TuU)⊥} = L(U)∣u .

Finally, suppose that n = 1. Since Σ3 = L(U) ⊂ Z6 is Re(γ)-calibrated, it follows from
Proposition 4.16 that Σ is ωNK-Lagrangian. Thus, L(U) is both ωKE-Lagrangian
and ωNK-Lagrangian, so the superminimality of U 2 ⊂ Q4 follows from Storm’s
theorem [30]. ∎

We can now classify the compact submanifolds of Z that are Lagrangian with
respect to both ωKE and ωNK.

Theorem 5.17
(1) If U 2n ⊂ Q4n is totally complex and n ≥ 2, or if U is superminimal and n = 1, then

L(U) ⊂ Z is ωKE-Lagrangian and ωNK-Lagrangian.
(2) Conversely, if Σ2n+1 ⊂ Z4n+2 is a compact (2n + 1)-dimensional submanifold that

is both ωKE-Lagrangian and ωNK-Lagrangian, then Σ = L(U) for some (maximal)
totally complex 2n-fold U 2n ⊂ Q4n .

Proof (a) This follows from Theorem 5.11(a).
(b) Suppose Σ2n+1 ⊂ Z is a compact submanifold that is both ωKE-Lagrangian

and ωNK-Lagrangian. By Proposition 4.15(b), Σ is HV compatible, dim(Tz Σ ∩H) =
2n, and dim(Tz Σ ∩V) = 1 for all z ∈ Σ. By Lemma 5.13, U ∶= τ(Σ) ⊂ Q is a 2n-
dimensional submanifold, and τ∣Σ ∶Σ → U is an S1-bundle with geodesic fibers.
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It remains to prove that U is totally complex and that τ∣−1
Σ (u) = L(U)∣u . For

this, note that Corollary 4.27(b) implies that every local p1-horizontal lift of Σ is
(cθ I2 + sθ I3)-CR Legendrian for some e iθ ∈ S1. The proof now follows exactly as in
Theorem 5.14. ∎

6 Characterizations of complex Lagrangian cones

In a hyperkähler cone C4n+4, recall that a (2k + 2)-dimensional cone C(L) is (cθ I2 +
sθ I3)-complex isotropic provided that it satisfies the following three conditions:

ω1∣C(L) = 0, (−sθ ω2 + cθ ω3)∣C(L) = 0, (cθ I2 + sθ I3)-complex.

As discussed in Section 3.3, this is equivalent to requiring that the (2k + 1)-
dimensional link L be (cθ I2 + sθ I3)-CR isotropic, meaning

α1∣L = 0, (−sθ α2 + cθ α3)∣L = 0, (cθ I2 + sθ I3)-CR.

In this short section, we characterize complex isotropic cones C(L)2k+2 ⊂ C4n+4,
1 ≤ k ≤ n, in terms of related geometries in M4n+3, Z4n+2, and Q4n .

To begin, we generalize a result of Ejiri and Tsukada [13] – originally established for
complex Lagrangian cones (i.e., k = n) in the flat model C4n+4 = Hn+1 – to complex
isotropic cones of any dimension 2k + 2 in arbitrary hyperkähler cones C4n+4.

Theorem 6.1 Let L2k+1 ⊂ M4n+3, where 3 ≤ 2k + 1 ≤ 2n + 1. The following conditions
are equivalent:

(1) C(L) is (cθ I2 + sθ I3)-complex isotropic for some constant e iθ ∈ S1.
(2) L is (cθ I2 + sθ I3)-CR isotropic for some constant e iθ ∈ S1.
(3) L is locally of the form p−1

v (V) for some horizontal JKE-complex submanifold
V 2k ⊂ Z and some v = (0, cθ , sθ).

(4) L is locally of the form p−1
v (Ũ) for some totally complex submanifold U2k ⊂ Q (resp.

superminimal surface if n = 1) and some v = (0, cθ , sθ).

If, in addition, L is compact and p1(L) ⊂ Z is embedded, then the above conditions are
equivalent to:

(1) L is a p1-horizontal lift of L(U) ⊂ Z for some totally complex submanifold
U 2k ⊂ Q4n (resp. superminimal surface U 2 ⊂ Q4 if n = 1).

Proof The equivalence (1) ⇐⇒ (2) is Proposition 3.8. The equivalence (2) ⇐⇒ (3)
is Corollary 4.21. The equivalence (3) ⇐⇒ (4) follows from Theorem 5.10.
(⋆) �⇒ (2). This is Corollary 5.12.
(2) �⇒ (⋆). This is Theorem 5.14. ∎

Therefore, given a (cθ I2 + sθ I3)-complex isotropic cone C(L) ⊂ C, its link L ⊂ M
can be viewed in two ways. On the one hand, L is a p(1,0,0)-horizontal lift of a circle
bundle over a totally complex submanifold U ⊂ Q. On the other hand, L is also a
p(0,cθ ,sθ)-circle bundle over a τ-horizontal lift of a totally complex submanifold U ⊂ Q.
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Thus, loosely speaking, the operations of “horizontal lift” and “circle bundle lift” form
a commutative diagram of sorts:

M4n+3 L̂(U) = L = p−1
(0,cθ ,sθ)

(Ũ)

Z4n+2 L(U)2k+1 Ũ 2k

Q4n U 2k

p(1,0,0) p(0,cθ ,sθ )

τ

For complex Lagrangian cones in C4n+4, we are able to say more.

Theorem 6.2 Let L2n+1 ⊂ M4n+3 be a (2n + 1)-dimensional submanifold. The follow-
ing five conditions are equivalent:

(1) C(L) is (cθ I2 + sθ I3)-complex Lagrangian for some constant e iθ ∈ S1.
(2) L is (cθ I2 + sθ I3)-CR Legendrian for some constant e iθ ∈ S1.
(3) L is locally of the form p−1

v (V) for some horizontal JKE-complex submanifold
V 2n ⊂ Z and some v = (0, cθ , sθ).

(4) L is locally of the form p−1
v (Ũ) for some totally complex submanifold U2n ⊂ Q (resp.

superminimal surface if n = 1) and some v = (0, cθ , sθ).
(5) L is locally a p1-horizontal lift of a (2n + 1)-fold Σ2n+1 ⊂ Z that is ωKE-Lagrangian

and ωNK-Lagrangian.

If, in addition, L is compact and p1(L) ⊂ Z is embedded, then the above conditions are
equivalent to:

(1) L is a p1-horizontal lift of L(U) ⊂ Z for some totally complex submanifold
U 2n ⊂ Q4n (resp. superminimal surface U 2 ⊂ Q4 if n = 1).

Proof The equivalence (1) ⇐⇒ (2) ⇐⇒ (3) ⇐⇒ (4) ⇐⇒ (⋆) was proven in
Theorem 6.1. It remains only to involve condition (5). For this, note that (5) ⇐⇒ (2)
is the content of Corollary 4.27. Alternatively, (5) ⇐⇒ (⋆) is Theorem 5.17. ∎

Finally, for four-dimensional complex isotropic cones in C4n+4, even more
characterizations are available:

Theorem 6.3 Let L3 ⊂ M4n+3 be a three-dimensional submanifold. The following six
conditions are equivalent:

(1) C(L) is (cθ I2 + sθ I3)-complex isotropic for some constant e iθ ∈ S1.
(2) L is (cθ I2 + sθ I3)-CR isotropic for some constant e iθ ∈ S1.
(3) L is locally of the form p−1

v (V) for some horizontal JKE-complex submanifold
V 2 ⊂ Z and some v = (0, cθ , sθ).

(4) L is locally of the form p−1
v (Ũ) for some totally complex submanifold U2 ⊂ Q (resp.

superminimal surface if n = 1) and some v = (0, cθ , sθ).
(5) L is locally a p1-horizontal lift of a Re(γ)-calibrated 3-fold that is ωKE-isotropic.
(6) L is Re(Γ1)-calibrated.
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If, in addition, L is compact and p1(L) ⊂ Z is embedded, then the above conditions are
equivalent to:

(1) L is a p1-horizontal lift ofL(U) ⊂ Z for some totally complex submanifold U2 ⊂ Q4n

(resp. superminimal surface U 2 ⊂ Q4 if n = 1).

Proof Theorem 4.31 gives (1) ⇐⇒ (2) ⇐⇒ (3) ⇐⇒ (5) ⇐⇒ (6). Now, as Theorem
6.1 proves (1) ⇐⇒ (2) ⇐⇒ (3) ⇐⇒ (4) ⇐⇒ (⋆), we deduce the result. Alternatively,
Theorem 5.10 gives (3) ⇐⇒ (4), and Theorem 5.16 gives (5) ⇐⇒ (⋆). ∎

A Appendix

A.1 Linear algebra of calibrations

Let (V , g) be an n-dimensional oriented real inner product space. Recall that a k-form
γ on V is said to have comass one if γ(P) ≤ 1 for any oriented orthonormal k-plane P
in V, with equality on at least one such P. Equivalently, by writing P = e1 ∧ ⋅ ⋅ ⋅ ∧ ek ,
this means that

γ(e1 , . . . , ek) ≤ 1

whenever e1 , . . . , ek are orthonormal in V, with equality on at least one such set.
Throughout this paper, a k-form with comass one will be called a semi-calibration.
Let γ ∈ Λk(V∗) be a semi-calibration. An oriented k-plane P is called γ-calibrated if
γ(P) = 1.

It is easy to see that γ ∈ Λk(V∗) is a semi-calibration if and only if ∗γ ∈ Λn−k(V∗)
is a semi-calibration, where ∗ is the Hodge star operator induced by the inner product
and orientation on V. We collect here some results on semi-calibrations that we will
need.

Proposition A.1 Let γ ∈ Λk(V∗), be a semi-calibration, and let L ⊂ V be an oriented
one-dimensional subspace with oriented orthonormal basis {e1}. Write V = L ⊕ L⊥, and

γ = e♭1 ∧ α + β,

where α = ιe1 γ ∈ Λk−1(L⊥)∗ and β = γ − e♭1 ∧ α ∈ Λk(L⊥)∗.

(1) If every oriented line in V lies in a γ-calibrated k-plane, then α is a semi-calibration.
(2) Suppose (a) holds. Then an oriented (k − 1)-plane W in L⊥ is α-calibrated if and

only if the oriented k-plane P = L ⊕W is γ-calibrated.
(3) If every oriented line in V lies in a (∗γ)-calibrated (n − k)-plane, then β is a semi-

calibration.

Proof Let W be an oriented (k − 1)-plane in L⊥, where W = e2 ∧ ⋅ ⋅ ⋅ ∧ ek for some
oriented orthonormal bases e2 , . . . , ek of W. Then

α(W) = α(e2 , . . . , ek) = γ(e1 , e2 , . . . , ek) = γ(L ⊕W).(A.1)

Since γ(L ⊕W) ≤ 1, the comass of α is at most 1. By hypothesis, there exists a γ-
calibrated k-plane P containing L. Let W be the unique oriented (k − 1)-plane in L⊥
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that P = L ⊕W . Then α(W) = γ(L ⊕W) = γ(P) = 1, so α is a semi-calibration. This
proves (a), and then (b) is immediate from (A.1). For (c), observe that

∗γ = ∗(e♭1 ∧ α + β) = ∗L⊥α + (−1)k e♭1 ∧ ∗L⊥β.

If every oriented line L lies in a (∗γ)-calibrated (n − k)-plane, then (a) holds for ∗γ,
so ιe1(∗γ) = (−1)k ∗L⊥ β is a semi-calibration on L⊥, but then so is β. ∎

Proposition A.2 Let γ be a semi-calibration on V, and suppose we have an orthogonal
splitting V = L ⊕ L⊥ for some oriented line L, with oriented orthonormal basis {e1}.
If ιe1 γ = 0, then any γ-calibrated k-plane lies in L⊥.

Proof It is trivial that dim(P ∩ L⊥) ≥ k − 1. Therefore, we can find an oriented
orthonormal basis v1 , w2 , . . . , wk of P such that v1 = cos(θ)e1 + sin(θ)w1 and
w1 , . . . , wk ∈ L⊥ orthonormal. Then since ιe1 γ = 0, we have

1 = γ(v1 , w2 , . . . , wk) = sin(θ) γ(w1 , w2 , . . . , wk) ≤ sin(θ).

Thus, sin(θ) = 1, and v1 = w1 ∈ P. ∎

Proposition A.3 Let (W , g) be a finite-dimensional real inner product space, and
suppose we have an orthogonal splitting W = H ⊕ V, so that the inner product is given
by g = gH + gV . Define a new inner product g̃ on V by g̃ = t2 gH + gV . Let γ be a semi-
calibration on V such that γ ∈ Λm(H∗) ⊗ Λk−m(V∗). Then tmγ is a semi-calibration
on (W , g̃).

Proof Let ẽ1 , . . . , ẽk be orthonormal for g̃. We can decompose ẽ j = h j + v j where
h j ∈ H and v j ∈ V , so

δ i j = g̃(e i , e j) = t2 g(h i , h j) + g(v i , v j).

Thus, if we define e j = th j + v j , then e1 , . . . , ek are orthonormal for g. Using the fact
that γ ∈ Λm(H∗) ⊗ Λk−m(V∗), we have

(tmγ)(ẽ1 , . . . , ẽk) = tmγ(h1 + v1 , . . . , hk + vk)

is a sum of terms, each of which has exactly m of the h j ’s and k −m of the v j ’s in the
argument of tmγ. By multilinearity, we can bring one factor of t in to each of the h j
arguments, to get

γ(th1 + v1 , . . . , thk + vk) = γ(e1 , . . . , ek) ≤ 1.

Thus, tmγ has comass at most one with respect to g̃. But now it is clear that if
P = e1 ∧ ⋅ ⋅ ⋅ ∧ ek is γ-calibrated with respect to g, then P̃ = ẽ1 ∧ ⋅ ⋅ ⋅ ∧ ẽk is tmγ-
calibrated with respect to g̃, where ẽ j = t−1h j + v j if e j = h j + v j . ∎

Proposition A.4 Let (V , g) and (W , h) be finite-dimensional real inner product
spaces, and let p∶V → W be a Riemannian submersion. That is, p is a linear surjection
that maps (Ker p)⊥ ⊂ V isometrically onto W. If α ∈ Λk(W∗) is a semi-calibration on
(W , h), then p∗α is a semi-calibration on (V , g).

Proof Let v1 , . . . , vk be orthonormal vectors in V. We can orthogonally decompose
v j = u j +w j where u j ∈ Ker p and w j ∈ (Ker p)⊥. Using that α is a semi-calibration,
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p∶ ((Ker p)⊥ , g) → (W , h) is an isometry, and Hadamard’s inequality, we have

(p∗α)(v1 , . . . , vk) = (p∗α)(u1 +w1 , . . . , uk +wk) = α(p(w1), . . . , p(wk))
≤ ∣p(w1) ∧ ⋅ ⋅ ⋅ ∧ p(wk)∣ ≤ ∣p(w1)∣ ⋅ ⋅ ⋅ ∣p(wk)∣ = ∣w1∣ ⋅ ⋅ ⋅ ∣wk ∣ ≤ 1.

Thus, the comass of p∗α is at most one. Let L ⊂ W be an oriented k-plane calibrated by
α, with oriented orthonormal basis e1 , . . . , ek . For 1 ≤ j ≤ k, let w j be the unique vector
in (Ker p)⊥ such that p(w j) = e j . Then it is clear that w1 ∧ ⋅ ⋅ ⋅ ∧wk ⊂ V is calibrated
by p∗α. ∎

Proposition A.5 Let (V , g , ω, I) be a Hermitian vector space of real dimension 2n,
where I is the complex structure and ω = g(I⋅, ⋅) is the associated real (1, 1)-form. Let
γ ∈ Λk(V∗) be of type (k, 0) + (0, k), where k ≤ n. If P ⊂ V is an oriented k-plane on
which γ attains its maximum, then P is ω-isotropic. That is, ω∣P = 0.

Proof Let P ⊂ V be an oriented k-plane, and write k = 2m + 1 if k is odd, and k = 2m
if k is even. By [19, Lemma 7.18], which actually works for any k, there exists an
orthonormal basis (e1 , Ie1 , . . . , en , Ien) of V and constants θ1 , . . . , θm ∈ [0, 2π) such
that

P = e1 ∧ (sin(θ1)Ie1 + cos(θ1)e2) ∧ ⋅ ⋅ ⋅ ∧ (sin(θm)Ie2m−1 + cos(θm)e2m) ∧ e2m+1

(for k = 2m + 1),
P = e1 ∧ (sin(θ1)Ie1 + cos(θ1)e2) ∧ ⋅ ⋅ ⋅ ∧ (sin(θm)Ie2m−1 + cos(θm)e2m)

(for k = 2m).

Since γ is of type (k, 0) + (0, k), we have ιe i (ιIe i γ) = 0. Therefore, we have

γ(P) = cos(θ1) ⋅ ⋅ ⋅ cos(θm) γ(e1 , . . . , ek).

Since γ attains its maximum at P, it follows that θ1 = θ2 = ⋅ ⋅ ⋅ = θm = 0. Therefore,
P = e1 ∧ ⋅ ⋅ ⋅ ∧ ek . In particular, if v ∈ P, then Iv ∈ P⊥. Hence, P is ω-isotropic. ∎

Theorem A.6 Let (V , g , ω1 , ω2 , ω3 , I1 , I2 , I3) be a quaternionic-Hermitian vector
space of real dimension 4n, where ωp = g(Ip ⋅, ⋅) is the associated real 2-form of
Ip-type (1, 1). Let σ = ω2 + iω3. It is easy to check that σ is of I1-type (2, 0). Let Θ2k =
Re( 1

k! σ k) ∈ Λ2k(V∗). Then Θ2k has comass one.

Proof We prove this by induction on k, for any n. The case k = 1 is clear, because then
Θ2 = ω2. Note also that if Θ2k = Re( 1

k! σ k) has comass one, then so does Re(e−iθ 1
k! σ k)

for any e iθ ∈ S1, since this just corresponds to rotating the complex structures I2 , I3 by
θ, and thus again corresponds to a quaternionic-Hermitian structure. Thus, we can
assume that k ≥ 2 and that both Re( 1

(k−1)! σ k−1) and Im( 1
(k−1)! σ k−1) have comass one

for any quaternionic dimension n.
Let P be an oriented 2k-plane on which Θ2k attains its maximum. Since Θ2k is of

I1-type (2k, 0) + (0, 2k), we can apply Proposition A.5 to deduce that P is I1-isotropic.
In particular, P does not contain any I1-complex lines. Let e1 be a unit vector in P.
Complete e1 to a quaternionic orthonormal basis

{e1 , I1e1 , I2e1 , I3e1 , . . . , en , I1en , I2en , I3en},
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so that

ω1 =
n
∑
j=1
(e j ∧ I1e j + I2e j ∧ I3e j),

and similarly for ω2 , ω3 by cyclically permuting 1, 2, 3 above. In particular, we have

ιe1 σ = I2e1 + iI3e1 .(A.2)

Write P = e1 ∧ Q for an oriented (2k − 1)-plane, so

Θ2k(P) = Θ2k(e1 ∧ Q) = (ιe1 Θ2k)(Q).(A.3)

Moreover, we have

Q ⊂ (span(e1 , I1e1))⊥ = W ⊕ Ṽ ,

where

W = span(I2e1 , I3e1) is an I1-complex line,

and

Ṽ = span(e2 , I1e2 , I2e2 , I3e2 , . . . , en , I1en , I2en , I3en}

is a quaternionic-Hermitian subspace of real dimension 4(n − 1). In particular, our
induction hypothesis tells us that both Re( 1

(k−1)! σ k−1) and Im( 1
(k−1)! σ k−1) have

comass one on Ṽ .
We observe from Q + Ṽ ⊂ W ⊕ Ṽ that

dim(Q ∩ Ṽ) = dim Q + dim Ṽ − dim(Q + Ṽ)
≥ (2k − 1) + (4n − 4) − (4n − 2) = 2k − 3,

so we can write Q = u2 ∧ u3 ∧ v4 ∧ ⋅ ⋅ ⋅ ∧ v2k for an oriented orthonormal basis
{u2 , u3 , v4 , . . . , v2k} of Q, where v4 , . . . , v2k ∈ Ṽ . We also have

u2 = cos(ϕ)w2 + sin(ϕ)v2 , u3 = cos(ψ)w3 + sin(ψ)v3 ,

for some unit vectors w2 , w3 ∈ W and v2 , v3 ∈ Ṽ . Abbreviating R = v4 ∧ ⋅ ⋅ ⋅ ∧ v2k ,
cos(ϕ) = cϕ and similarly, we have

Q = u2 ∧ u3 ∧ R = (cϕw2 + sϕv2) ∧ (cψw3 + sψv3) ∧ R
= cϕcψw2 ∧w3 ∧ R + cϕsψw2 ∧ v3 ∧ R + sϕcψv2 ∧w3 ∧ R + sϕsψv2 ∧ v3 ∧ R.

From (A.3) and the above, we get

Θ2k(P) = (ιe1 α)(cϕ cψw2 ∧w3 ∧ R + cϕsψw2 ∧ v3 ∧ R + sϕ cψv2 ∧w3 ∧ R + sϕsψv2 ∧ v3 ∧ R).
(A.4)
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Since ιe1 Θ2k is of I1-type (2k − 1, 0) + (0, 2k − 1), the first term in (A.4) must vanish
because it contains the I1-complex line w2 ∧w3. Moreover, from (A.2), we have

ιe1 Θ2k = ιe1 Re( 1
k!

σ k) = Re((ιe1 σ) ∧
1

(k − 1)! σ k−1)

= I2e1 ∧ Re( 1
(k − 1)! σ k−1) − I3e1 ∧ Im( 1

(k − 1)! σ k−1) .

Using the orthogonality of W and Ṽ and the above, the fourth term in (A.4) must also
vanish, and we are left with

Θ2k(P) = cϕsψ g(I2e1 , w2)Re( 1
(k − 1)! σ k−1)(v3 ∧ R)

+ sϕcψ g(I3e1 , w3) Im( 1
(k − 1)! σ k−1)(v2 ∧ R).

Applying the induction hypothesis and Cauchy–Schwarz, we deduce that

Θ2k(P) ≤ cϕsψ + sϕcψ = sin(ϕ + ψ) ≤ 1,

so Θ2k has comass at most one. But letting v3 ∧ ⋅ ⋅ ⋅ ∧ v2k be a calibrated (2k − 2)-
plane for Re( 1

(k−1)! σ k−1) and choosing

u2 = I2e1 ∈ W , so that cos(ϕ) = 1, sin(ϕ) = 0, and g(I2e1 , w2) = 1,
u3 = v3 ∈ Ṽ , so that cos(ψ) = 0, sin(ψ) = 1,

gives Θ2k(P) = 1. Thus, the comass of Θ2k is exactly one. ∎
Remark A.7 The case k = 2 of Theorem A.6 is proved in [9, Theorem 2.38], where
they also prove that a Θ4-calibrated 4-plane is contained in a quaternionic 2-plane
in V. It is likely that this fact remains true for general k. That is, a Θ2k-calibrated 2k-
plane in V is contained in a quaternionic k-plane. However, we do not have need for
this fact.

A.2 Riemannian cones and homogeneous forms

Let (M , gM) be a Riemannian manifold. Let C = C(M) = (0,∞) ×M, and let r denote
the standard coordinate on (0,∞). The cone metric gC on C induced by gM is defined
to be

gC = dr2 + r2 gM .(A.5)

The codimension one submanifold {1} ×M ≅ M is called the link of the cone. We have
a projection map π∶C → M given by π(r, x) = x. Given differential forms on the link
M, we can regard them as forms on the cone C by pulling back by π∶C → M. We omit
the explicit pullback notation.

Definition A.8 Consider the vector field

R = r ∂
∂r

(A.6)
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on the cone C. The flow Fs of R is given by (r, p) ↦ (esr, p). For this reason, R is called
the dilation vector field on the cone.

It follows that LR gC = 2gC . We say that gC is homogeneous of degree 2 under
dilations.

Definition A.9 Let γ ∈ Ωk(C). We say that γ is conical if γ is homogeneous of degree k,
or equivalently if LRγ = kγ.

Proposition A.10 Let γ ∈ Ωk(C) be a closed form which is homogeneous of degree k.
Then, in fact,

γ = dr ∧ (rk−1α0) +
rk

k
d̂α0 = d( rk

k
α0),

where α0 = (ιRγ)∣M ∈ Ωk−1(M).

Proof Write γ = dr ∧ α + β for some (k − 1)-form α and k-form β on C such that
ι ∂

∂r
α = ι ∂

∂r
β = 0. That is, α and β have no dr factor, so they can be considered as forms

on M depending on a parameter r, pulled back to C by π.
From γ = dr ∧ α + β, and denoting by d̂ the exterior derivative on M, we have

0 = dγ = −dr ∧ d̂α + dr ∧ β′ + d̂β,

and thus

β′ = d̂α and d̂β = 0.(A.7)

But from LRγ = kγ, since dγ = 0, we have kγ = d(ιRγ). Hence, since ιRγ = rα, we
obtain

k(dr ∧ α + β) = kγ = d(rα) = dr ∧ α + rdr ∧ α′ + rd̂α.

Comparing the two sides above gives

kα = α + rα′ and kβ = rd̂α.(A.8)

The first equation in (A.8) gives rα′ = (k − 1)α, so α = rk−1α0 where α0 is independent
of r. Then the second equation gives kβ = rd̂(rk−1α0) = rk d̂α0, so β = rk

k d̂α0. Note
that the two equations in (A.7) are now automatically satisfied. Since ιRγ = rα = rk α0,
we therefore conclude that

γ = dr ∧ (rk−1α0) +
rk

k
d̂α0 = d( rk

k
α0),

where α0 = (rk α0)∣M = (ιRγ)∣M . ∎
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