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CONJUGACY SEPARABILITY
OF GENERALIZED FREE PRODUCTS
OF CERTAIN CONJUGACY SEPARABLE GROUPS

C.Y. TANG

ABSTRACT.  We prove that generalized free products of finitely generated free-by-
finite or nilpotent-by-finite groups amalgamating a cyclic subgroup are conjugacy sepa-
rable. Applying this result we prove a generalization of a conjecture of Fine and Rosen-
berger [7] that groups of F-type are conjugacy separable.

1. Introduction. In [5] Dyer showed that generalized free products (g. f. p.) of two
free groups or two finitely generated (f. g.) nilpotent groups amalgamating a cyclic sub-
group are conjugacy separable (c. s.). In general it is not known whether finite extensions
of c.s. groups are c. s. In fact it is not known whether finite extensions of surface groups
are c.s. although surface groups are known to be conjugacy separable. However, it is
known that polycyclic-by-finite groups are c. s. (Remeslennikov [10] and Formanek [8]).
Also Dyer [4] proved that free-by-finite groups are c.s. Therefore we ask the natural
questions whether g. f. p. of such groups with cyclic amalgamations are c. s. In this paper
we prove the following:

LetA, Bbe f. g. free-by-finite or nilpotent-by-finite groups satisfying unique root prop-
erty for elements of infinite order. Then G = A xy B, where H is cyclic, is c.s. In fact
using similar argument it can be shown that if A, B are f. g. free-by-finite or nilpotent-
by-finite groups where H is an isolated cyclic subgroup of A and B, then G = A %y B
is c.s. This gives a positive answer to a conjecture of Fine and Rosenberger [7] with
slight generalization, about the c. s. of groups of F-type, which are defined by Fine and
Rosenberger [7] as groups of the form:

¢)) G={(ai,...,apal",...,ay uv)

sy Up s

where n > 2, a; = 0 or o; > 2 and u, v are cyclically reduced words of infinite or-
der on {ay,...,ap} and {ap.1,...,a,} respectively, where 1 < p < n — 1. In fact,
in [6], Fine and Rosenberger answered positively a question of Allenby and Tang [3],
whether Fuchsian groups are c.s. In the same paper they asked whether groups of the
form G = (ay,...,an;a}",...,aY, (uv)') where t > 2 and n, o;; and u, v are as in (1)
are c. s. Allenby [1] proved that these groups are c. s. In a private communication Rosen-
berger pointed out to the author that Allenby’s proof actually works for groups of F-type.
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Applying the results of this paper we prove a generalization of these results by allowing
u, v to be possibly of finite orders.

Throughout this paper we made use of the following notation and terms: N chy G
means N is a characteristic subgroup of finite index (f.1.) in the group G.

a ~¢ b means a, b are conjugates in G. {a}° denotes the set of all conjugates of a in
G.

If x € G = A %y B then ||x|| means the free product length of x in G.

A group G is said to have unique root property for elements of infinite order if x" = y"
implies x = y for all x,y € G of infinite order.

A subgroup H of G is said to be isolated if x" € H implies x € H for all x € G.

A group G is said to be . if for all cyclic subgroups H of G and x € G \ H, there
exists N <y G such that in G= G/N,x'¢ H.

Let x,y € G and x %¢ y. Then x, y are said to be conjugacy distinguishable (c.d.) if
there exists N <y G such thatin G = G/N, % o J.

We also make use of the following result of Ribes and Zalesskii [11].

THEOREM RZ. Let G be free-by-finite and let H,, ..., H, be f.g. subgroups of G.
Then H\H, - - - H, is closed in the profinite topology of G.

We also adapted some of Allenby’s proofs [1] for our purposes.

2. Weak potency. In [2] Allenby and Tang introduced the concept of potency to
prove the residual finiteness (RF) of certain 1-relator groups. However, in many cases
we only need a weaker version of potency.

DEFINITION 2.1.  Let G be a group and x € G. Then G is said to be weakly (x)-potent,
briefly, {x)-wpot, if there exists a positive integer r such that for every positive integer n
there exists N, <r G such that in G=G /Ny, X is of order exactly rn. A group is said to
be weakly potent if G is {x)-wpot for all elements x of infinite order in G.

LEMMA 2.2. Let G be f.g. free-by-finite or nilpotent-by-finite. Then G is weakly
potent.

PROOF. We shall only prove the case when G is free-by-finite. The case of nilpotent-
by-finite is similar. Let B <y G such that B is free. Let x € G be of infinite order. Let r
be the smallest positive integer such that x € B. Thus |Bx| = rin G/B. Let X" €
[i—1(B) \T«(B), ['i(B) being the i-th term of the lower central series of B. Then I';(B)<G.
LetG = G /Ti(B). Then T_1(B) is a f. g. free abelian subgroup of G. Therefore, there
exists a basis {J,¥,...,7} such that ¥ € (3,), say, 7 = ¥. Let M, = I;_;(B)".
Clearly M, 4G. Let G = G /M, Then [5,| = sn. Thus |§}| = n, whence [¥'| = n. Since
|Bx| = rin G/B, it follows that [x| = rn. Since B is a . g. nilpotent group, it follows that
Bis RF, whence Gis RF. Therefore, there exists i/,, < G such that %...,xm ! ¢ N. Let
G = G/N,. Then ¥ is of order rn in the finite group G. Let N, be the preimage of N, in
G. Then N, is the required normal subgroup in G.
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LEMMA 2.3. Let x € G such that G is (x)-wpot. If h' ~¢ W then j = +i.

PROOF.  Suppose [i| # |j|. Since G is {x)-wpot, there exists an integer r > 0 such
that for every positive integer n there exists N, <¢ G such that |¥| = rnin G = G/N,,.
Let n = |ij|. This implies |¥| = rj and |#| = ri. It follows that ¥ 7z ¥ contradicting
x' ~¢ ¥. Hence |i| = |j|, i.e.,j = %i.

As an immediate consequence of Lemma 2.3, we have

LEMMA 2.4. Letx € G suchthat G is (x)-wpot and that (x) has unique root property

inG. Ifu, v € G such that u = x'v¥, then either such expression is unique or v_'xv =

xil.

PROOF. If x'v¥ is not unique, let u = x*vx! be another such expression. This implies
xv = xFvxl. Thus v='x*v = x/7. Since G is (x)-wpot by Lemma 2.3, —j = +(i—k).

Thus by the unique root property of (x) in G, we have v='xy = x*1.

3. Main results. In order to prove our main results we need to prove some fi-
nite separability property of conjugacy classes from certain cyclic subgroups of a given
group. Throughout the following consideration, unless otherwise stated, we assume that

G is a finite extension of a group B, where B is either free or nilpotent. We also assume
G has unique root property for elements of infinite order.

LEMMA 3.1.  Let x,h € G such that {x}° N (h) = 0. Then there exists N <; G such
that, in G = G/N, {x}° N (h) = 0.

PROOF. {x}% N (k) = { implies x £ h' for all integers i. Thus if |A| is finite, since
G is c.s., it follows that there exists N <y G such that {}“ N (h) = 0. Hence we can
assume (h) to be infinite cyclic.

CASE 1: x IS OF INFINITE ORDER.  Since B < G, there exists a positive integer m such
that x™, k™ € B. We show that {x"}“ N (k™) = (). Suppose this is not so. Then there
exists g € G such that g~'x"¢g = h*". Since G has unique root property, g~ 'xg = h*
contradicting {x}° N (k) = 0. Hence {x"}° N (k") = @. Now x™ € B and (k") C B.
Therefore, by Dyer (Lemmas 6 and 8 [5]) there exists N <y B such that in B =B /N,
{&"}¢ N (k™) = (. Since B < G, we can assume N chy B, which implies N < G. Clearly
N is the required normal subgroup. For if, in G = G/N, X ~ h' then ¥" ~e W™
contradicting {¥"}° N (h™) = 0. Hence {x}° N (h) = 0.

CASE 2: x IS OF FINITE ORDER, SAY, .  Let (3 be the smallest positive integer such that
h? € B. Suppose o f 3. Let (o, B) = d. Thus @ = ad and 8 = B1d. Let N< G such that
N CBand NN(x) = 0. Let G = G/N. We show that {£}° N (h) = 0. Suppose ¥ ~ h'.
Since |%| = a, it follows that || = a. Thus, if || = n, then n = ka. Also n = 8, since
hP € B. Therefore, ka = koyd = 181d = I3. This implies kay = I3;. Since (o1, 31) = 1,
we must have 3 | k. Letk = r3;. Now (h*) is a subgroup of (/) of order a. This implies
elements of order « in (h) are of the form #* where (j,a) = 1. Therefore, ¥ ~z A’
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implies A’ = W* where (j, ) = 1. But £ ~z A* implies ¥ ~z W = 8¢ = p'b € B.
Since a f 3, d < . This implies & # 1, whence ¥ ¢ B. Since B < G, it follows that
& ot W' This is a contradiction, whence {£}° N (k) = D if a f . B

Next suppose « | (3, say, 3 = la. Againlet N < G such that N C B. Let G = G/N.
If x ~g A' then |h'| = o. Now |h| = kB = klc. This implies i = jkI, where (j, ) = 1.
By Lemma 2.2, G is (h)-wpot. Therefore, we can choose N such that |z| = kB3 and
(k,a) = d # 1. Letk = kid and @ = ad. Then ¥ ~z F* implies ¥ ~z WMo =
whdier = kB € B Since d # 1, a1 < o, whence ¥ ¢ B. Thus as in the case o [
we reach a contradiction. Hence {¥}¢ N (k) = 0. This completes the proof.

In [11] Ribes and Zalesskii proved that if Hy, ..., H, are f. g. subgroups of a free-by-
finite group then the product set H H; - - - H, is closed under the profinite topology of
the group. Also, in [12] Stebe proved that if H, K are subgroups of a f. g. nilpotent group
then HK is closed under the profinite topology of the group. Using their results we prove
the following lemma in the form we need:

LEMMA 3.2.  LetH, K be f.g. subgroups of G. If x € G\ HK, then there exists N < G
such that in G = G /N, % ¢ HK.

PROOF. Let C = HNBand D = KN B. Clearly C and D are of f.1i. in H and K re-
spectively. Let {i = hy, ha, ..., ho} and {1 = ki, ks, ..., kg} be the coset representatives
of C and D in H and K respectively. Then,

HK = {chidkj ;c€ C,de D,1 <i<a,1<j<g}
={hc'dkj;' € C,de D,1<i<a1<j<pB}

Thus x ¢ HK implies h;'xk;' ¢ CDfor 1 <i<a,1<j<BIfh'xk' €B
then by Theorem RZ or by Stebe [12], there exists Njj < B such that in B = B/Nj;,
ﬁ,"flzj_' ¢ CD. Since B < G, we can assume Nj; chy B, whence N; <; G. By abuse of
notation, let G = G/Nj; then h; 'xk;' ¢ CD, which implies ¥ ¢ h,CDk;. If h;”'xk;”! ¢ B,
we can let N;j = B. Then h; 'xk;' # 1, which implies ¥ # hik;. Let

N= [ N
1<i<y
15/<8

Then N < G is the needed normal subgroup.

COROLLARY 3.3. Letx,y €C and let H, Ké)e f.g. subgroups of G. If x ¢ HyK then
there exists N < G such that in G = G /N, x ¢ HyK.

PROOF.  Since x ¢ HyK if and only if xy™' ¢ H(yKy~'), by Lemma 3.2, there exists
N <, G suchthatin G = G/N,xy~' ¢ H(yKy~"). Hence * ¢ HyK.

We need the following lemma to prove our main result.

LEMMA 3.3. Let h € G be of infinite order such that h o4 h™'. Then there exists
N < G such that in G = G/N, i™ o h' for b # h™, where h™ € B.

PROOF. Let C be the centralizer of #” in G and D = CB. Let {d, = 1,d,,...,d,}
be the coset representatives of D in G. Thus if g € G then g = cbd; where ¢ € C,
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b € B. This implies {W"}¢ = U_,{d;'b~'"h"bd;;b € B}. Since G is (h™)-wpot, by
Lemma 2.3, {h"}¢ N (k™) C {h*™}. If " ~g h™™ then g~'hA™g = h™™ for some
g € G. Since G has unique root property for elements of infinite order, this implies
g 'hg = h™! contradicting h % h~'. Therefore {h"}° N (h) = {h™}. In particular,
{d-"b~ " Wbdi} O (W) € {W"}.1f i # 1 and d-'b="W"bd; = h", then bd; € C. This
implies d; € CB contradicting i # 1. Hence {d;'b~'h"bd;} N (k™) = @ fori # 1.
Therefore, by Dyer ([5] Lemmas 6 and 8), there exists X < B such that in B = B/X,
{d"b""h"bd;} N (k™) = O for i # 1. Since B < G, as before, we can assume X < G. To
complete the proof we need to find N<; G such thatin G = G /N, {i"}° N (k") = {h"}.

Suppose |fz’"| = n and suppose h" € T (B) \ T'x(B). Let L = I'}_,. Since Lch B,
L4G. LetG = G/L. Then Iﬁ'"l = n. Now B is f. g. nilpotent, whence RF. It follows
that G is RF. Thus there exists ¥ <; G such thatin G = G/Y, |h| = mn. Let N = XN Y.
We shall show that N is the required normal subgroup of f.i. in G. Let G = G/N.If
b~'h"mb = W™, 1 < j < n, then b~'i"b = W™ Since L C X and b~ '"A"b = h™ we have
b~'h"b = k™. This implies 2" = R™. Thus AU~ = 1 contradicting || = n. Hence
{hm}BN (™) = {h™}. Moreover, by the choice of X, {#" }*N(A™) = {h™}. This proves
the lemma.

We are now ready to prove our main results.

THEOREM 3.4. Let A, B be f.g. free-by-finite or nilpotent-by-finite groups with
unique root property for elements of infinite order. Let G = A xy B where H = (h).
Then Gisc.s.

PROOF. Letx,y € G such that x o4 y. We can assume x, y to be of minimal lengths
in their respective conjugacy classes. Also by Dyer’s result which states that the g. f. p.
of two c. s. groups amalgamating a finite subgroup is c. s. (Theorem 4 [5]), we need only
consider the case when (k) is infinite cyclic.

CASE 1. |lx|| = ||yl = 0. This implies x = h', y = W and h' 4 K. In particular
h' ofa W andh' otg W.Since A, Bare c.s., there exist No<yA and Ng< B such that ' o W
and h' oz b where A = A /Ny and B = B/Ng. Now A, B are both (h)-wpot. Let r|, r, be
positive integers such that for each positive integer n there exist N, ;A and M, <y B such
that [N,h| = rin and |M,h| = rnin A/N, and B/M, respectively. Clearly h' ¢ W
implies i # j. Suppose [i| # |j|. Let k = [i||j|. Let G = A *;; B, where A = A /N,
and B = B/M,,. Thus |h| = rirk. This implies |A'| = rir2|j| and || = rir,]i|. Since
i # |jl, it follows that || ot |A/|. Therefore we can assume j = —i, i.e. h g h™'.
This implies 4 G h~'. Let C and D be the free or nilpotent groups of f.i. in A and B
respectively. Let C\ D = (k™). Then, by Lemma 3.3, there exist N <s A and M <, B
such thatin A = A/N and B = B/M, h'™ £, I and h"™ oLy W for W # h™ in A or B.
Moreover, since A, B are both (h)-wpot, we can assume N N (h) = M N (h) = (hkm),
Let G = A 5 B. We need to show h' ot& h™'. Suppose h' ~g h~'. Then A" ~z h™™.
But by the choice of N and M, h~"™ is the only conjugate in G of h™ in (h). Moreover,
A, B being (h)-wpot, we can choose M and N such that 2™ # 7~ in both A and B. It
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follows that A”™ oz h™™. Hence h' otz h™". Thus % o . Hence by Dyer’s theorem [5],
x, yare c.d.in G.

CASE 2. ||x|| # |ly|| and ||x||, |ly|| < 1. We shall only treat the case of ||x|| = 0 and
lyl]l = 1. The other case is similar. Since y is of the minimal length in {y}°, y & (k).
Thus by, Lemma 3.1, there exists Mp < B such that in B = B/Mp, {7}? N (k) = 0. Let
Mg (h) = (hP). Since B is (h)-wpot, this implies there exists a positive integer r,, say,
such that for each positive integer n there exists M,, < B such that M, N\ (h) = (h"").
Similarly there exists N, <y A such that N, N (h) = (h"") for some positive integer r;.
Thus,

M, g0 (h) = (B""") = N3N (k) C (H°).

LetG = A *= B, where A = A/N,3and B = B/M, 5. If § ~ K¥, then § ~ B¥
contradicting {3}8 N (k) = 0. Therefore 5 *s K. This implies 3 *z k. Asin Case 1, x,
yarec.d.in G.

CASE 3. ||x]|, ||yl > 2 and ||x|]| # ||y||- Since A, B are both 7. and (h)-wpot, there
exist N<yA and M <y B such thatin G = A x; B, ||%|| = ||x|| # ||y|| = ||9]|. Hence X £ 5.
It follows that x, y are c.d. in G.

CaSE4. x| = |ly|| > 2. Letx = ujup---u, and y = vyv; - - - v, be reduced words
in G = A xy B. Then, by Dyer [5], x ~¢ y if and only if for some 1 < i < r the system
of equations:

—1
Uir] = Xo ViX]
|
Uip2 = X| V2X3
1(i)

Uirr = X,_1VrX0

has a solution of H. Since x +£¢ y, I(i) has no solution in H for all 1 < i < r. We shall
show that for each i, there exist finite images A, B of A, B respectively such that the
corresponding system of equations 1(i) has no solution in H.

If for each i, I(i) having no solution in H implies that there exists k (depending on i)
such that u;,;, ¢ HviH, then by Corollary 3.3, there exists N < A such thatin A = A/N,
dii ¢ Hv H. Similarly for B = B/M if u, vi € B. Since A, B are (h)-wpot, it is easy
to see that we can assume N N H = M N H. This implies X o/ 3, where G = A x; B. It
follows that x, y are c.d. in G. Hence we can assume that, for each i, /(i) has no solution
in H, but for some i, each

—1
(3 1) Ujyj =xj_lvjxj

where 1 <j < r, has a solution in H. Therefore, we need to show for this case there also
exist finite images of A, B of A, B respectively such thatin G = A *5 B, % #c ¥ So,
suppose (3.1) has a solution, say, u;;; = h*v;h®. Then, by Lemma 2.4, either vj_'hvj = h*!
or the solution is unique.
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(i) Suppose none of the solutions for (3.1) is unique. This implies v; 'hv; = h*!
for each | < j < r. This means each solution u;,; = h%v;h® can be substituted by
hetvhe=if vt hvy = h™'or by h* vk if v 'hy; = h, where d is an arbitrary
integer. It follows that, by suitable choices of d, we can find integers o, ay, . . ., o, such
that u,; = h~%-'v;h%, 1 < j < r. Since x g y, oty # . We note that if v"hvj =h"!
occurs (a) an even number of times for 1 < j < rthen if we replace h~® by h=% where
oy — fBo = d, then o, — 3, = d, i.e., 3, = &, — d. On the other hand if v; 'hv; = h™"'
occurs (b) an odd number of times for I < j < r then if we replace h~* by h 0
where ag — B9 = d then 8, = a, +d. In case (a) a, — oy = B, — By # 0. In case (b)
a, — ay = Br — By — 2d. Thus, in case (a), let m be the maximum of all |, — o for
0 <i < r. Since A, B are (h)-wpot, we can choose N,,, <s A and M, , <; B so that in
G=A %5 B, where A = A/N,,, and B = B/M,,,, > % # 1. Thus & *¢ ¥ whence x,
y are C. d in G. In case (b), since o, — ap # 0 and d can be chosen arbitrarily, we must
have 8, — (o to be odd. Thus, as in case (a), if we choose n even for N,,, and M, , then
hP =P £ 1. Therefore, again, we get x, y c.d. in G.

(ii) Assume, for each 0 < i < r, there exists j such that u;,; = x;_ ! vix; has a unique
solution in H. This implies that, for each i, there are only finitely many possible solutions
for the x;’s. Moreover, since x 7 v, no combinations of these solutions is a solution of
1(i) for each i. Since A, B are (h)-wpot, there exist N <y A and M < B such that NN (h) =
M N (k) = (h') such that t > 2m where m is the maximum of all |ay| for which A% is
a solution to an equation u;;; = x;'vix; where 0 < i, j < r. Thus the corresponding
system of equations 1(i), has no solutlon inG=A *g B where A = A/N and B = B/M
Therefore, X % y, whence x, y are c.d. in G. This completee the proof.

In proving Lemmas 2.4, 3.1 and 3.3 we made use of the unique root property for
elements of infinite order. It is not difficult to show that by assuming (4) to be an isolated
subgroup of G we can also prove Lemmas 2.4, 3.1 and 3.3. Thus we have:

THEOREM 3.5. Let G = A xy B, where A, B are f. g. free-by-finite or nilpotent-by-
finite groups and H = (h) is an isolated subgroup of A and B. Then G is c.s.

We now apply Theorem 3.4 to prove that groups of the form:

3.2) G={(ar....ambi,....byal, ... .o b bl (uv))

s Uy s

where t+ > 1 and u, v are cyclically reduced words on {aj, ..., am} and {by,....b,}
respectively, are c. s. In the case when ¢t = | and u, v are of infinite order, G is a group
of F-type. These groups are conjectured by Fine and Rosenberger [7] to be c.s.

THEOREM 3.6. Let G be given by (3.2). Then G is c.s.
PROOF.

CASE 1. If one of u, v, say, v is of infinite order, then let,

A={a....,amx;al", ... ay, (ux))

/n >

3
B = <b|"'"b";b/|l»--.,bﬁj”>_
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Since A, B are free products of cyclic groups, they are free-by-finite. Moreover, by Mag-
nus, Karrass and Solitar ([9] p. 194), A, B have unique root property for elements of
infinite order. Since G = A *,—, B, by Theorem 3.4, G is c.s.

CASE 2. Both u and v are of finite orders. Since elements of finite orders in G are
conjugates of a} and b, WLOG we canassume G = (aj,...,dm, b,...,by;al', ... a%",
BB (@bl Lete = (o, k)andd = (81, D). Let W = (x,y;x", %, (x'y*)"), where
Y=2%6= %,r= f and s = 51' Since (7, r) = (6, 5) = 1,

W Wy = (x,y;:x7,5, (xy)).

By Fine and Rosenberger [6], W, is c.s., whence W is c.s. Since |a| = |x| is finite,
L = (aj,af") *q=x W is c.s. by Dyer [5]. Let M = L * e (bl;bf‘). Again M is c.s.
Now, let

pP= (az,...,am,bz,...,b,,;agz,...,af,‘,’",bgz,...,bf”).
Then G = Px M, whence G is c. s.

COROLLARY 3.7. Groups of F-type are c.s.
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