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ON THE /^CONSTRUCTION IN ^-THEORY 

C. M. NAYLOR 

I n t r o d u c t i o n . T h e /^-construction assigns to each complex representation 
<p of the compact Lie group G a unique element (i(<p) in Kl(G). For the details 
of this construction the reader is referred to [1] or [5]. T h e purpose of the 
present paper is to determine some of the properties of the element /3(<p) in 
terms of the invariants of the representation <p. More precisely, we consider the 
following question. Let G be a simple, simply-connected compact Lie group and 
l e t / : 5 3 —*G be a Lie group homomorphism. Then K1^3) c^ Z with generator 
x = ft(<pi),<pi the fundamental representation of 5 3 , so t ha t if <p is a representation 
of Gyf * (<p) = n(<p)x, where n(<p) is an integer depending on <p a n d / . T h e prob­
lem is to determine n(<p). 

Since G is simple and simply-connected we may assume tha t ch2, the com­
ponent of the Chern character in dimension 4 takes its values in HA(SG, Z ) = Z . 
Let u be a generator of H*(SG, Z ) so t ha t ch2(/3 (<p)) = m({p)u,m(<p) an integer 
depending on <p. I t turns out t ha t the integers n(<p) and m(<p) are closely related 
to an invar iant of the representation <p studied by Dynkin in [4] and called by 
him the index of <p, l(<p). In section 2 it is shown tha t n(<p) is a fixed integral 
multiple, depending o n / , of /(<£>), and in section 3 m(<p) is shown to be d=/(<?). 

T h e above may be interpreted as giving information about the question 
of homotopy of group representations. If we say t ha t two representations <pi, cp2 

are s tably homotopic ((pi ~ <p2) if i\ o <p± and i% o <̂ 2 are homotopic as maps 
G - ^ AutCC^), N large, ii, i2 suitable inclusions, then <pi ~ (p2 if and only if 
P(<pi) = P(<p2). I t is a consequence of a result of Hodgkin [5] t ha t given an 
arb i t ra ry <p, <p ~ n{\i + . . . + nk\]c, Xi, . . . , X* the fundamental representa­
tions of G and n\, . . . , nk suitable integers. In particular inequivalent repre­
sentat ions may be stably homotopic. In these terms the above says t ha t a 
necessary condition t h a t two representations be stably homotopic is t ha t their 
indices be equal. Since a theorem of Dynkin (1.4 below) gives the index of an 
irreducible <p as a simple expression involving the dimensions of ç and G and the 
highest weight of <p, this criterion is a useful one for studying the question of 
stable homotopy. 

T h e contents of this paper are arranged in the following way. Section 1 
develops the properties of the index in the context of representations and 
homomorphisms of complex simple Lie algebras. This material is essentially all 
contained in [4]. In section 2 we establish the connection between the index and 
the /3-construction. This section also discusses the question of stable homotopy 
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of representations. The final section gives the relationship between the index 
and the Chern character. 

1. The Index. Let g be a complex simple Lie algebra. Then g admits an 
invariant inner product (e.g. the Killing form) and further any two such differ 
by a scalar factor. Take I) C 9 to be a fixed Cartan subalgebra and let R C Ï)* 
be the roots of g with respect to f). An inner product on Ï) determines one on f)* 
by duality; it follows that we obtain a unique invariant inner product, which 
will be denoted as g(v) by imposing the normalization condition g(ju, n) = 2 
where /x Ç R is the maximal root with respect to some ordering of R. Given the 
form g(v) and a root a £ Rwe denote as ha the element dual to a, that is, the 
unique element ha £ f) such that §{ha, X) = a(X) for all X £ f). 

Now let gi and g2 be simple Lie algebras and let/: gi —> g2 be a homomorphism 
of Lie algebras. Then the formula (x, y) = g 2 ( / (*0,/(:y)) defines an invariant 
inner product (•,•) on gi. By the above remarks, (•,•) = j(f )gi(v) for a fixed 
scalar j ( / ). Following Dynkin [4] we define the index of/ to be the scalar j(f ) . 
It is clear that j(f ) = h^ifQi^^Qi^)), M the maximal root of g\ and that if 
£: 02 —> 03 is a second homomorphism then j(g of ) = j(f)j(g). More difficult 
is the fact ([4], Theorem 2.2) that / ( / ) is always integral. Although not 
central to the present work, 3.3 below leads easily to an independent proof of 
this fact. For later reference we also record the following obvious proposition. 

PROPOSITION 1.1. Let \x be the maximal root of g with respect to some ordering of 
R and let XM, X_M be root vectors for /x and —JJL respectively. Then the subalgebra 
spanned by {h^ X^ X_M} is isomorphic to A\ and if f: A\ —» g denotes the corre­
sponding inclusion, then j(f ) = 1. 

Now let <p: g —» End (O) be a representation of g. The trace form Tr^(v) 
defined by Tr^(x, y) = Tr(^(x) o <p(y)) is again an invariant inner product on 
g so that once again Tr^(v) = /(<p)g(v) where l(<p) is a scalar called by 
Dynkin the index of (p. As immediate consequences of the definition of l(<p) we 
have the following propositions. 

PROPOSITION 1.2. If f: gi —> g2 is a homomorphism and <p: g2 —» End(C^) 
a representation, then l(<p of ) = j(f )l((f). 

PROPOSITION 1.3. / / <p: g—>End(Cw), \p: g—>End(Cm) are two representa­
tions, then l(<p + \p) = l(<p) + l(\p) and l(<p ®\p) = ml(<p) + nlty) (for the 
latter property one requires the fact that g is simple). 

The following theorem [4, Theorem 2.5] gives an elegant expression for l(<p) 
in terms of the invariants of <p. For completeness we include a proof. 

THEOREM 1.4. Let <p be an irreducible representation of the simple Lie algebra g. 
Then l(cp) = (dim <p/dim g)g(X, X + 2b), where X is the highest weight of <p and 5 
is J the sum of the positive roots. 
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Proof. Let I be the dimension of f) and choose a basis {Hi} \=i of ï) orthonormal 
with respect to g(•,•)• We now choose a root vector Xa corresponding to each 
a Ç R, subject to the condition (to be used later) that [Xa, X_J = ha§(Xa, X_a). 
Then {Ht} \.i U {Xa}aeR is a basis for g. Recalling that ^(Xa, X^) = 0 unless 
a + & = 0 and that g( i^ , Xa) = 0 all i, a, it follows that 

u J ( P ) / t=l l i W ( | ( 4 ^ - a ) ] a i <€# 

is dual to the above basis with respect to Tr^,(•,•). (K<p) 9e 0 since g simple, 
(p ^ 0 =>Tr y (v) non-degenerate.) Since g is simple and <p is irreducible, it is 
a standard fact (cf. [6, 111.4]) that the Casimir operator 

<H^z\) + 2^ ft/y v N I 

is a scalar multiple of the identity and that Tr<£ = dim g. On the other hand 
if v is a vector of weight X the relations <p(Ht)v = \(Hi)v and 

<?(XaMX-a) „ / w r y Y n 

g(Xa,X_a)
 p " ( B ( x ^ ^ P = B ( X ' a ) p > a > ° 

show that 3>z; = (l/Z(<p))g(X, X + 25)» and thus that 

T r $ = (g(X, X + 2ô)/Z(p))dim <?. 

Theorem 1.4 follows. 

Dynkin [4, table 5, p. 135] has used 1.4 to compute l(<p) when <p is a funda­
mental representation of any of the simple algebras. In particular if g = An and 
(p is the representation of An as û{n + 1, C), then 

(1.5) *(*) = ! and Z(AV) = (jj I j) • 

COROLLARY 1.6. Let cp be any representation of the simple Lie algebra g. Then 

/(AV) = (d7!.72)^). 
The next corollary is a consequence of 2.2 below together with the properties 

of the Adams operations in K°(S4). Let <p be a representation of g and let 
\l/k(<p) be the virtual representation defined in a fashion analogous to the 
definition of the Adams operations in X-theory, i.e., let Pjc(cri, . . . , crk) be the 
Newton polynomial expressing xik + . . . + xk

k in terms of the elementary 
symmetric functions in Xi, . . . , xk and define \l/k(<p) = Pk(<P, AV, • • • , AV)-

COROLLARY 1.7. l(\PkM) = k2l(<p). 

2. The relation of the index to K-theory. Let G be a simple and simply-
connected compact Lie group and le t / : S3 —» G, <p: G —» Aut(Cw), be a homo-
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morphism and representation respectively. We denote as / , <p the associated 
homomorphism and representation of (complex) Lie algebras. The /^-construction 
associates to each such <p an element (3(<p) £ K1^). Recall [5, §4] that the 
/3-construction has the properties 

(2.1) p(<p + yp) = 0(<p) + 0 M and 0(*> <g> *) = dim #3fr>) + dim <p/3ty). 

Recall also that K1^3) ~ Z with generator x = P(<pi) where <pi is the repre­
sentation of S3 corresponding to the representation of A i as si(2, C). The main 
result of this section is the following theorem. 

THEOREM 2.2. f*P(<p) = l(<pof)x = j(f )l{ç)x. 

Proof. <p o / i s a representation of S3 so that/*/3(p) = (3(<p of ) ; therefore by 
1.2 it is enough to show that if \p is any representation of 53, \j/ the associated 
representation of Ai, then fi(\p) — l(\p)x. Since /(<£i) = 1 (1.5) and since any 
such \p may be written as a polynomial in cpi, 2.2 now follows from 1.3 and 2.1. 

Let <p: G —> Aut(Cw), \f/: G —» Aut(Cw) be two representations and define <p 
to be stably homotopic to \p, written <p ~ \p, if ii o p and i2 o \p are homotopic 
as maps, where ix\ Aut(Cw) -> Aut(C^) and i2: Aut(COT) -» Aut(CAT) are 
induced by inclusion and N is suitably large. From the characterization of the 
/^-construction given in [5, §4] it is clear that <p ^ \[/ if and only if $(<p) = /3(^). 
The following is thus a corollary of Theorems 2.2 and 1.4. 

COROLLARY 2.3. Let <p, \j/ be two irreducible representations of G with highest 
weights X, \f respectively. Then a necessary condition that <p be stably homotopic to \p 
is that dim <p(\, X + 2b) = dim ^(X', X' + 2b) {here (•,•) denotes any invariant 
inner product on g). 

Remark. The above condition is clearly not sufficient. Since every representa­
tion of S3 is self-conjugate the above cannot distinguish a representation from 
its dual. However if <p is the representation of SU(n + 1 ) defined by 
(p:SV(n + 1) C Aut(Cw) then AV and An~k+1cp are dual but not (unless 
k = n — k -\- 1) stably homotopic. I do not know an example of two distinct, 
non-conjugate, irreducible representations <p, \j/ with l(<p) = l(\f/) nor any 
example of two distinct irreducible representations <p, \p with <p ~ \f/. 

Corollary 2.3 together with the remarks made above does give the following 
result concerning the geometry of the Coxeter-Stiefel diagram. 

COROLLARY 2.4. Let <p be an irreducible representation of the simple Lie algebra g 
and let X be the highest, X' the lowest, weight of <p. Then 

(X, X + 2b) = ( -X' , - X ' + 20). 

Proof. — X' is the highest weight of the dual (contragredient) representation. 

3. The relationship between the Chern character and the index. To 
each x £ Kl(G) the Chern character associates an element ch2x £ H4(SG, Q). 

https://doi.org/10.4153/CJM-1972-080-1 Published online by Cambridge University Press

https://doi.org/10.4153/CJM-1972-080-1


/3-CONSTRUCTION 823 

W e consider i f 4(5G, Z ) as a subgroup of HA(SG,Q) under the coefficient 
homomorphism Z C 0 and consider HA(SG, Z) as those u £ HA(SG, Q) for 
which (u, v) G Z whenever i; £ HA(SG, Z).llG is simple and simply-connected 
H±(SG, Z ) ~ Z has all its elements spherical. Since the Chern character takes 
integral values on spherical cycles (cf. [2]) we may, by the above, consider ch2 

as a map ch2: Kl(G) -^HA(SG, Z ) . We will need the following proposition. 

PROPOSITION 3.1. There is a homomorphism f: 5 3 —> G such that [f] generates 
irz(G) ~ Z and such that j(f ) = 1. ( [ / ] denotes the homotopy class of f.) 

Proof. This is a consequence of Proposition 10.2 Chapter I I I of [3] ; in par t icu­
lar, the s ta tement about j(f ) follows from the proof of par t B of this proposi­
tion together with 1.1 above. 

Now let x be the generator of K1 (Ss) described in §2 and let i be the generator 
of HA(S\ Z) with (chx, t) = 1. Let v = /*(i) generate H4(SG, Z ) ( / the homo­
morphism of 3.1) and choose as generator of HA(SG, Z ) the element u such t h a t 
(u, v) = 1. 

T H E O R E M 3.2. (a) Let <p be a representation of G. Then 

ch2p((f) = l(<p)u. 

(b) The image of ch2: Kl(G) —» HA(SG, Z) is generated by ku 
where 

( 1 , G = SU(w) or Sp(») 
2, G = Spin n, n = 5, w 
6, G = F4 or E6 

12, G = £7 
120, G = E8. 

Proof. ch2(3(<p) = m(<p)u where m(<p) = (ch2/3 (<£>), *;). But (ch2/3 (cp), v) = 
( ch 2 0O 0 / ), t) = / 0 ) ( c h 2 x , 1) = l(cp). 

Par t (b) follows from the computat ions of Dynkin ([4], Table 5) . 

Similar computat ions now yield the following. 

COROLLARY 3.3. Let g: S* —> G be any homomorphism. Then in 7r3(C7), [g] = 

j(M)[f]J as above. 

Remark. As noted earlier this corollary leads to a proof of the fact t h a t j ( / ) 
is always integral. This proof makes no use of 1.4 bu t does require several deep 
topological results, in particular 3.1 and the integrality of the Chern character. 
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