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Abstract

Proof assistants are software-based tools that are used in the mechanization of proof con-
struction and validation in mathematics and computer science, and also in certified program
development. Different such tools are being increasingly used in order to accelerate and
simplify proof checking, and the Coq proof assistant is one of the most well known and used
in large-scale projects. Language and automata theory is a well-established area of mathe-
matics, relevant to computer science foundations and information technology. In particular,
context-free language theory is of fundamental importance in the analysis, design, and imple-
mentation of computer programming languages. This work describes a formalization effort,
using the Coq proof assistant, of fundamental results of the classical theory of context-
free grammars and languages. These include closure properties (union, concatenation, and
Kleene star), grammar simplification (elimination of useless symbols, inaccessible symbols,
empty rules, and unit rules), the existence of a Chomsky Normal Form for context-free
grammars and the Pumping Lemma for context-free languages. The result is an important
set of libraries covering the main results of context-free language theory, with more than
500 lemmas and theorems fully proved and checked. As it turns out, this is a comprehensive
formalization of the classical context-free language theory in the Coq proof assistant and
includes the formalization of the Pumping Lemma for context-free languages. The perspec-
tives for the further development of this work are diverse and can be grouped in three different
areas: inclusion of new devices and results, code extraction, and general enhancements of its
libraries.
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Abstract

We investigate set-theoretic dividing lines in model theory. In particular, we are interested
in Keisler’s order and Borel complexity.

Keisler’s order <lis a pre-order on complete countable theories 7', measuring the saturation
of ultrapowers of models of 7. In Chapter 3, we present a self-contained survey on Keisler’s
order, cast in terms of full Boolean-valued models and pseudosaturation. The cornerstone of
our development is a compactness theorem for full Boolean-valued models. As an application,
we show that if 7" is a complete countable theory and B is a complete Boolean algebra, then
2" -saturated B-valued models of T exist. Moreover, if U is an ultrafilter on 7 and M is a
/.t -saturated B-valued model of T, then whether or not M/l is A" -saturated just depends
on U and T': we say that I/ A" -saturates T in this case. We show that Keisler’s order can be
formulated as follows: Ty < T if and only if for every cardinal 4, for every complete Boolean
algebra B with the Z"-c.c., and for every ultrafilter &/ on B, if U A" -saturates T}, then U
/" -saturates Ty. We also prove that if B is a complete Boolean algebra with an antichain
of size /. then there is a A"-good ultrafilter on B; conversely, if B is a complete Boolean
algebra with the A-c.c., then then no nonprincipal ultrafilter on I/ A" -saturates any unsimple
theory, and no N;-incomplete ultrafilter on &/ A" -saturates any nonlow theory. Finally, we

https://doi.org/10.1017/bsl.2019.3 Published online by Cambridge University Press


https://doi.org/10.1017/bsl.2019.3

