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THE ETA INVARIANT AND EQUIVARIANT SPIN®
BORDISM FOR SPHERICAL SPACE FORM GROUPS

PETER B. GILKEY

0. Introduction. A finite group G is a spherical space form group if it
admits a fixed point free representation 7:G — U(k) for some k; for the
remainder of this paper, we assume G is such a group. The eta invariant of
Atiyah et al [2] defines Q/Z valued invariants of equivariant bordism. In
[6], we showed the eta invariant completely detects the reduced
equivariant unitary bordism groups Qf{(BG) and completely detects all
but the 2-primary part of the reduced equivariant Spin¢ bordism groups
sz'"((BG). The coefficient ring QY is without torsion; all the torsion
in Q9" is of order 2. The prime 2 plays a distinguished role in the dis-
cussion of equivariant Spin¢ bordism and Qipi"((BG) is quite different
from Qf,f(BG) at the prime 2. Let kery(n, G) denote the kernel of all eta
invariants and let ker, (SW, G) denote the kernel of the Z,-equivariant
Stiefel-Whitney numbers (see Section 1 for details). Then:

Tueorem 0.1. Let M € Q¥™(BG). If M € kere(n, G) N
ker (SW, G), M = 0.

It i1s worth explaining the use of the word “equivariant” in this context.
A G-structure on M is equivalent to a principal G-bundle G — P — M.
This gives a free G-action on P preserving the Spin¢ structure. Conversely,
given such an action of G on P, we can form the quotient M = P/G. The
eta invariant on M can be computed equivariantly in terms of the G-eta
invariant on P.

If 4 1s an Abelian group, let Ay be the p-primary part. If p is odd, the

. . C .

eta invariant alone completely detects Q5P (BG)(,); at the prime 2,
we also need the e(_&u'iv(ariant Stiefel-Whitney numbers to detect manifolds
arising from Tor(23"'"™ ). We will prove Theorem 0.1 first for p-groups and
then use the transfer and induction maps to derive the general case. The
p-Sylow subgroups of G are cyclic for p odd and if p = 2 are either cyclic
or generalized quaternionic Q, (see [12] ). Theorem 0.1 at odd primes is
proved in [6] so in this paper we will concentrate on p = 2.

We can determine the additive structure of the 2-primary part of these
bordism groups analytically. Let bu,(BG) be the connective K-theory
groups. In the fourth section, we will define an embedding of bu,(BG)
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. =Spin< . . . 1
into Q3P"(BG) using suitably chosen spherical space forms. Let CP/ be
complex projective space given the cannonical Spin¢ structure inherited
from the natural unitary structure. Then

(2P (BG)/torsion} ® Z, = Z,[CP', CP%, CP*, ... cP¥ ..

(see [11]) Cartesian product makes Q5P™(BG) into an 5P module.
Let

THEOREM 0.2. Let G be a spherical space form group. Then:
inC ~ v
QPM(BGY o) = bu(BG)y ® ZIX*, ..., X ] @ kery(n, G)
keru(n, G) = Hu(BG, Tor(@F™)).

Remark. This analytic splitting is functorial and is preserved by transfer
and induction.

A byproduct of our discussion will be an expression for the connective
K-theory bu,(BG) in terms of the representation theory. Let R(G) be the
group representation ring of G and let Ry(G) be the augmentation ideal. It
is well known that

by \(BZ,) = Ro(Z,)/Ry(Z,)* "' = K(s**/2,).
However, if G = Q,, it does not seem as well known:
THEOREM 0.3. Let I = (1 — 2)R(Q,) for 7:Q, > SU(2) fixed point
free.
buy, _(BQ,) = I/I* and
bugy_(BQ,) = Ry(Q,)/1* = R(S*™'s¥71/x(0,)).

In the first section, we discuss the eta invariant and in the second
section we discuss the Smith homomorphism to establish notation and
to review various results we shall need. The Ep o term of the bordism
spectral sequence is H ,(BG; Qspm ). The terms arising from H 44(BG;
QSP‘“ ) can be descrlbed by products of spherical space forms
w1th appgoprlate Spin€ manifolds. The terms arising from Hevcn(BG
Tor(Q Spin ) ) are more difficult to describe and are the obstacle to using
standard methods to show the bordism spectral sequence collapses. In the
third section, we will construct manifolds representing these classes and
show the bordism spectral sequence collapses. We will then prove
Theorem 0.1 by induction on the dimension using the Smith homomor-
phism. In the fourth section, we will define 4,(G) € QsPin’ (BG) as the
span of suitably chosen spherical space forms; the 4 ,(G) will be invariant
under transfer and induction and under the Smith homomorphism. We
will use the pairing provided by the eta invariant to relate the 4,(G) to the
representation theory. We will show
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QP(BG)o) = 4.(6) @ ZIX*, XY, .1 @ kery(n, G) and
ker,(n, G) = Hy(BG; Tor(@™)).

In [4], we constructed a topological splitting of Qipi"C(BG)(z) using the
Anderson, Brown, and Peterson [1] splitting of the spectrum MSpin¢. We
compare these two formulas to show 4,(G) = bu,(BG) and complete the
proof of Theorems 0.2 and 0.3.

This paper completes the work begun in [3, 6] on the relationship
between the eta invariant and equivariant bordism. It is a pleasure to
acknowledge the contributions of A. Bahri at many points to this work.

1. The eta invariant. Let Spin(m) be the universal cover group of the
special orthogonal group for m > 2; define Spin(m) in terms of Clifford
algebras for m = 1, 2. Let

Spin€(m) = Spin(m) X U(1)/Z,

and let y(g, A\) = A? define a representation in U(1). The forgetful
homomorphism U(m) = SO(2m) lifts to Spin¢(2m) and the determinant
representation lifts to y. Let

W* = HXBO; Z,) = Zy[w)]

be the algebra of Stiefel-Whitney classes. A real vector bundle V has a
Spin€ structure if w (V) = 0 and if w,(¥) lifts to an integral class. M is
a Spin¢ manifold if the tangent space T(M) admits a Spin€ structure. Let
QSP‘”( be the bordism group of compact smooth k-dimensional manifolds
modulo the subgroup which bound; Cartesian product makes QSP"‘C into
a graded ring. Evaluation on T(M) defines a natural pairing

Wk @ QP - 7,

Let ker, (SW) C C Q5P be the kernel of this pairing; ker,(SW) is also the
kernel of the forgetful functor from Q5P™ to QJ.

Let ¢;(M) be the Chern class of the bundle defined by y over M and let
pi(M) be the Pontrjagin classes. The characteristic numbers formed from
the {c|, p,} are the Chern/Pontrjagin numbers of M and are bordism
invariants. Let AX be the complexified exterior representations of SO(m);
extend the A¥ to Spin€(m) using the natural projection. Let

R(Spin€) = Z[y, A¥]

be the free polynomial algebra on these variables; R(Spin€) is not the full
representation ring of Spin€. If § € R(Spin¢) and if M € Qef,’ég , let
index(6, M) € Z be the index of the Spin¢ complex over M with coeffi-
cients in the virtual bundle defined by 6; set index(d, M) = 0 if M is odd

dimensional. The index is a bordism invariant vanishing on torsion
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classes. Let ker,(index, Spin€) be the kernel of these invariants. We refer
to [1] and [11] for the proof of

THEOREM 1.1. Let P, = Z[CP', CP?, ..., cP*, . . .].
(a) QSpm is a commutative ring. All the torszon has arder 2. The Stiefel-

thtney numbers and ratzogal Chern/ Pontrjagin numbers completely detect
QSpin® | - P, embeds in Q"™ and

QP @7, = P, ® Z, ® Tor(Q5P™)
X ker(index, Spin€) N ker(SW) = 0.
(b) If index(d, M) = 0(n) V 6 € R(Spin€), then
M € nQF" + Tor(QF™).

Remark. (b) is the Hattori-Stong theorem; it shows that modulo torsion,
all relations among Spin€ characteristic classes are given by the index
theorem. In particular, if M € P,, then

{M € 2"P,} < {index(6, M) = 0(2") V § € R(Spin©) }.
Theorem 0.1 of this paper is the generalization of the Hattori-Stong

theorem to equ1var1ant bordism.
Let Q5P"(BG) be the equivariant bordism groups. Decompose

QPn(BG) = QP (BG) @ QP
Cartesian product makes Qipi"C(BG) and Q5P"(BG) into Q5P modules.
Let
W*(BG) = H*(BG; 1,) ® H*(BO; Z,)
be the algebra of G equivariant Stiefel-Whitney classes and let
ker,(SW, G) € Q5P (BG)
be the kernel of the natural pairing
W™ (BG) ® Q" (BG) > Z,.

Since Ker,(SW, G) # 0 in general the equivariant Stiefel-Whitney num-
bers do not suffice to detect ISP (BG) even if G is a 2-group.

The eta invariant is an analytic invariant of equivariant bordism. Let M
be a smooth compact Riemannian manifold of dimension m without
boundary and let D be a self-adjoint elliptic differential operator on M. If
A € R, let E(D, A) be the eigenspace of D corresponding to A and
define

n(s, D) = {dim E(D, 0) + =, dim E(D, A) sign(A) [A|°}/2

as a measure of the spectral asymmetry of D. The series converges to
define a holomorphic function of s for Re(s) > 0. It has a meromorphic
extension to C with isolated simple poles. The value at 0 is regular. Let
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n(D) = (0, D) € R/Z
be a measure of the spectral asymmetry of D. If M is an odd dimensional
Spin€ manifold, let N = M X [0, co). Let Q be the operator of the Spin¢
complex on N and decompose Q = d/0¢t + D for ¢t € [0, c0). D is the
tangential operator of the Spin€ complex and is a self-adjoint elliptic first
order differential operator over M. If

0 € Ry(G) ® R(Spin®),

let n(8, M) € R/Z be the eta invariant of D with coefficients in the bundle
defined by 8. Extend 1 to be zero if M is even dimensional when the
operator D is not defined. Since we consider representations of G of
virtual dimension 0, the local terms in the Atiyah-Patodi-Singer index
theorem vanish and n extends to an invariant in bordism; see (2, 8] for
details:

LemMa 1.2. 7:Ry(G) ® R(Spin€) ® Q™ (BG) — Q/Z.

Remark. 78, M) = OV 0if M QSPn since the G structure is triv-
ial, but as we will be concentrating on the reduced bordism groups
for the most part, e shall usually restrict 7 to Qspin (BG) and define
ker,(n, G) C QSpm (BG) as the kernel of this pairing.

The eta invariant has several functorial properties we describe in the
following three lemmas. First, it behaves nicely with respect to products
and is closely related to the ordinary index. Let

s() =y®y and s(AY) =3, A@ AN

define a coproduct on R(Spin©). If § € Ry(G) ® R(Spin¢), decompose
(1®s)0) = Sa,© b,

for a; € Ry(G) @ R(Spin®) and b, € R(Spin®). Then
oM X N) = S.a,(M) ® b.(N)

for Me Q5P (BG) and N € Q5™ We refer to [8] for

LEMMA 1.3. With the notation established above,

00, M X N) = Su(a, M) - index(b,, N).

Let C(G) be the space of complex class functions on G; the map
p = Tr(p) embeds R(G) in C(G) with R(G) @ C = C(G). If f,
g € C(G), let

(fs 8)¢ = {Z,cc/(x)g(x) }/IG|

define a non-degenerate symmetric associative pairing which is integer
valued on R(G). If H € G, then induction and transfer define maps in
homology, cohomology, and equivariant bordism compatible with the
bordism spectral sequence (see [S] and [10] ):
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ix:Hy(BH; —) = HW(BG; —) t:HW(BG; —) = Hy(BH; —)
i*:H*(BG; —)+— H*(BH; —) t*:H*(BH; —) — H*(BG; —)
i:SP(BH) > QSP(BG) Q" (BG) > QP (BH).
Let restriction »:R(G) —> R(H) make R(H) into an R(G) module and let
ind:R(H) — R(G) and ind:C(H) +—> C(G) be the R(G) module
morphism
(r(f), &)y = (f,ind(g) )¢ VS € C(G) VY ge CH)

given by Frobenius reciprocity. With respect to the pairing defined by the
eta invariant, ind is the dual of r and r is the dual of i; with respect to
the pairing defining the equivariant Stiefel-Whitney numbers, i* is the
dual of i, and ¢* is the dual of 7,.

LEMMA 1.4. Let HC C G. Then:
(@ If M Qipm (BH), 8 € R\(G) ® R(Spin¢), and x € W*(BG),
then

n(@, i(M)) = n((r ® 1)0), M) and
(x, i(M)) = ((* © )(x), M).

b)) IfM e Qipi“C(BG), 6 € Ry(H) ® R(Spin€), and x € W*(BH),
then

70, t(M)) = n((ind ® 1)(@), M) and
(x, t(M)) = ((* ® D)(x), M).

(¢) iker (SW, H) N kery(n, H) — ker (SW, G) N kery(n, G) and
t:ker (SW, G) N kery(n, G) — ker (SW, H) N kery(n, H).

Proof. The assertions concerning equivariant Stiefel-Whitney classes
follow by duality; we refer to [6] for the assertions regarding n; (c) follows
from (a, b).

If M is a compact Riemannian manifold of constant curvature 1, then M
is a spherical space form. If 7:G +— U(k) is a fixed point free repre-
sentation of G, let

N(G, 7) = S*71/2(G)
be the resulting spherical space form; if £ > 1 then
m(N(G, 7)) = G.

All odd dimensional spherical space forms arise in this way; the only even
dimensional spherical space forms are the sphere $% and real projec-
tive space RP* N (G, 7) inherits a natural stable unitary and Spin€
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structure. Since N(G, 7) is odd dimensional, it bounds in 2¢ and hence in
QPN 5o

N(G, 1) € G"(BG).

The eta invariant for spherical space forms is given by Dedekind sums.
If 7:G — U(k) is a fixed point free, define @, 8 € C(G) by

a(r) = det(r — I)/det(t) € Ry(G)
Br)(1) = 0 and B(r)(x) = a(r)(x)" " forx # I;

a and B are multiplicative with respect to direct sums. If § € Ry(G),
afd = 6. It follows from the arguments of Atiyah et al [2, see 11-2.9]
that

LeEMMA 1.5. If 7:G > U(k) is fixed point free and 8 € Ry(G), then
n(0, N(G, 1)) = (8, B(1) )¢ € R/Z.

Remark. If M = N(G, ) and § € Ry(G) ® R(Spin®), we can find
Y € Ry(G) with (M) = Y(M). Therefore n(8, M) = n(¥, M() is given
by Dedekind sums. Let S,(G) be the Q3P submodule of Q3P (BG) gen-
erated by {iN(H, 7) } as H ranges over the subgroups of G and 7 ranges
over the fixed point free representations of H. S,(G) contains the image of
Qg(BG) under the forgetful homomorphism. The Atiyah-Singer index
theorem and Lemmas 1.3, 1.4, and 1.5 enable us to compute n on S,(G)
combinatorially.

There is a close relationship between the eta and K-theory which we will
need in the proof of Theorem 0.2. We refer to [7] for

LEMMA 1.6. Let 7:G —> U(k) be fixed point free and let I = a(1)R(G).
(a) If 8 € Ry(G), then 0 € I if and only if

n(pf, N(G, 1)) = 0V p € Ry(G).

(b) K(N(G, 7)) = R\(G)/I. K(N(G, 7)) = K(N(G, 7,)) if dim(r,) =
dim(r,).

Remark. If 8 € Ry(Q,), then the map
p = n(fp, N(G, 7))
extends to a map
K(N(G, 1)) = Ry(Q,)/1 — Q/Z
and conversely all maps
K(N(G, 7)) — Q/Z

arise in this way. This gives a perfect pairing
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1:K(N(G, 7)) @ K(N(G, 7)) — Q/Z.

2. The Smith homomorphism. If G is a spherical space form group, then
G has periodic homology and the H,(BG; Z) are all finite groups The

E[Z,‘q term in the bordism spectral sequence is H (BG; Q pm) Con-
sequently

LEmMmA 2.1. If Gisa spherzcal space form group, then |Q§lpm (BG) | di-
vides |®, ; ,_,,H,(BG: QSP‘" ).

Remark. In fact the bordism spectral sequence degenerates so this
estimate is sharp as we shall see in Section 3.

Let 7:G +— U(k) be fixed point free. Embed N(G; jr) in N(G; (j+ 1)7)
using the first jk complex coordinates. The classifying space BG is the
limit of the N(G; jr) under these inclusions. Let M € Q,Snpm (BG) and let

f:M — N(G; jr) be the classifying map for j large. Make f transverse to
N(g; (j — D) and let

AM) = fUN(G; (j — Dr));

A depends of course on the particular T chosen. The normal bundle of
A(M) in M corresponds to the complex representation 7 and inherits a
natural Spin€ structure. A extends as a map in bordism from QP (BG) to
the unreduced bordism group Q*pm (BG). This is the crucial difference
between unitary and Spin¢ bordism. Although M bounds, A(M) need not
bound. Since QSP‘“((BG) is a finite group, A takes values in

QP (BG) ® Tor(23P™,)

and is an Qip‘n module morphism. We extend A as zero on the direct
summand

QSme c QSpm (BG)

since the G structure is trivial. Let [M] € H,  (M; Z) be the fundamental
class and let

WM) = £IM] € H,(BG: 7).

p commutes with transfer and induction; u(AM) is given by cap product
by the Euler class ¢, () with p(M). We refer to [5, 6] for:

LEMMA 2.2. Let 7;:G > U(k) be fixed point free define A,.

(a) If H S G, then A, commutes with induction and transfer.

(®) A(N(G, 1y © 7)) ) = N(G, 1y).

(c) If As corresponds to 7| @ 7y, then Ay = AJA, = AA,.

The equivariant Stiefel-Whitney classes are well behaved with respect to
the Smith homomorphism.
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LEMMA 2.3. Let 7:G +— U(k) be fixed point free and let M €
QSP"(BG). Let N = A(M) and let j:N — M be the inclusion.

(@) If 0 & H**(M; Z,), then (8 - ¢,(1) (M) = (j*0)(N).

(b) A(ker(SW, G)) C kery_,(SW, G) C QP (BG).

Proof. (a) is true since N is the Poincaré dual of the Euler class ¢, (7). If
x € W* KBG), let

0 = x(M) € H* *K(M; Z,).

The normal bundle of N in M is given by 7 so j*(w(M)) = w(N)c(7).
Let

s1Ow) =2y 4,_ic(1) ©w, and s(x®1) = x®1
define an algebra isomorphism of W*(BG). Then j*(x) = (s(x) }(N) so
(s(x))N) = (x - (1) )M) = 0

by (a). Since s is an isomorphism, all the equivariant Stiefel-Whitney
numbers of N vanish. Since N is a torsion class, all the ordinary
Chern/Pontrjagin numbers of N vanish so N bounds in QSpin¢ by Theo-
rem 1.1 and hence

N e O (BG).
Let p:G — Z, be a real representation. If M & QSP”’C(BG) we use p to

give M a Z, structure Let /,:M — RP’ be the classifying map. Make A
transverse to RP/ 2 and let

A M) = [, \(RPIT?

with the inherited G-structure and Spin€ structure to define an auxiliary
Smith homomorphism

A,: QP (BG) > 291 (BG) @ Tor(@SP0).

LEMMA 2.4. Let 7:G > U(k) be fixed point free and let p:G > Z,.
(a) A and A, commute.
(b) If M € ker, (SW, G), then

A (M) € ker,_o(SW, G) € &P5(BG).
Proof. Let f:M +— N(G, jr) be the classifying map. Let
g:N(G, jr) > RP

be the cla551fy1ng map for the Z, structure defined by p. Make g transverse
to RP'~? and let

X = g (RP?).

Choose the embedding of N(G, (j — 1)r) in N(G, jr) transverse to X
and let
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Y = X N NG, (j — D).
Make f transverse to X, Y, and N(G, (j — 1)7). Then
AM) = fTIN(G, (= D).
gf-A(M) — RP' is transverse to RP'~? so
BAM) = () (RP'TH 0 AM) = f7(Y).
Similarly
A M) = f71X0)
and f(A,(M)) is transverse to N(G, (j—1)7) so
AMM) = f7H(Y)

which proves (a). The proof of (b) is the same as that given for Lemma 2.3
and is omitted.

We now specialize to 2-groups. Identify
Z,={\ e C\N =1}

and let p,(A\) = A" be the irreducible representations of Z, where s is
defined mod n. If n is even, p,,,:Z, — Z, is a real representation. The
following is well known.

LeEMMA 2.5. Let n = 2%,

(a) Hy(BZ,; Z) = 0. If 7:Z, — U(k) is fixed point free, then (N (Z,; 7))
spans H,y, _(BZ,; Z) = Z,.

(b) wi(p,,,) spans H\(BZ,; Z,) = Z, and c\(p,) spans H*(BZ,; Z,) =
Z,

(c) Cup product by c(p;) is an isomorphism from H’ (BZ,; Z,) 1o
H/*%(BZ,; 7).

We summarize the properties of Qipi“C(BZn) which we need and refer to
[3, Lemmas 3.3 and 3.4] for the proof.

LEMMA 2.6. Let n = 2" and let A| correspond to p,. Let N = A{(M).
(a) Define an algebra isomorphism t of Ry(Z,) ® R(Spin€) by

HON) = O(M) |.
Then
n(t(0), N) = n(0 ® a(p,), M).
(b) If X € Tor(2P'™,) and k > 0, then
I M e kery(n, Z,) € 2P (BZ,)
50 2M = 0 and A*(M) = X.
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We define the generalized quaternionic groups following [12]:

0, =,y =Ly =xT )y =1)
foru = 2" 2andv = 2.

2V+1

Q, is a finite group with 8u = elements; for example Q, = {1, izi,
u

*j, *=k}. Q, has 2u + 3 conjugacy classes represented by {1, x, ..., x™,
», xy}. There are four 1-dimensional representations of Q, defined by:
po(x) = L p(x) = L p,(x) = =1, p,(x) = —1
po(¥) = Lp(y) = —Lp(y) = Lpy(y) = —L
The 2-dimensional representations of Q, are given by:

eZm’j/4u
Ti(x) = 0 o~ 2mij/4u and Ti(y) =

0 l]
(=1 0
7o = py @ p, and 7, = p, @ p,,. The irreducible inequivalent unitary
representations of Q, are the 2u + 3 representations {p), P, P, Py,
Tpsowos Tou—1}- If j is odd, 7; is fixed point free. Let 7 = 7, and let A
correspond to 7. If z € Q,, let H, be the cyclic subgroup generated by z.

The 3 maximal Abelian subgroups of Q, up to conjugation are H,, H,, and
H,, and have orders 4u, 4, and 4. V

LEmMaA 2.7. (a) Hy(BQ,; Z) = 0. Let
T.H, = UQk — 1) and 7,0, — U(2)
be fixed point free. {p(i,N(H,; 7)) },_, \, spans
Hy, _4BO:7) =1,01,
and wW(N (G, ’Tq) ) spans
Hy (BQ,; Z) = Zyy .
(6) {w1(p,), wi(py,) } spans
H'\(BQ,; Z,) = 7, ® Z,,
{ci(p)), c\(py,) } spans
HXBQ; Z,) = 7, ® Z,,
and ¢,(T) spans
HYBQ,; Z,) = Z,
H¥BQ,; Z,) = Z, and i,H*(BQ,; Z,) = 0 in H'(BH.; Z,).

(c) Cup product by cy(t|) is an isomorphism from Hf(BQV; Z,) to
H/*%BG; Z,).

Proof. The structure of the cohomology and homology groups is well
known and is an easy exercise in characteristic classes and in the Gysin
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sequence so we omit details. To show
i,:H(BQ,; Z,) — H(BH ; 1)

is the zero map, we may assume H, is maximal Abelian so z = x, y, or xy.
We use Poincaré duality with Z, coefficients on the 3-dimensional
skeleton N(Q,, 7) to choose

0, € HXBQ,; L,
so wy(p,)¥, is the generator of H3(BQV; Z,). Since i¥(wy(p,)) = 0,
i*(H(BQ,; Z,)) = 0.

We will use the following lemma to reduce questions about representa-
tions of Q, to similar questions about the cyclic groups. Let ind, be
induction from H, to Q,.

LEMMA 2.8. Ry(Q,) = ind, Ry(H,) + ind, Ry(H,) + ind,, Ry(H,)).
Proof. Let
Teven = 20<s<2u,sz0(2) 7, and 1,49 = EO<&<2u,s§l(2) Ts-
Then
ind, p; = 7,
ind, pg = Teven T Po T P, Indy, Pg = Teven + Po + Py
indy P = Todd indxy P = Todd
ind, p; = Teyen T P + 0y, 10dy, Py = Teyen + 0 + Py
po — py = ind, (py — p;) — ind,(p; — py)
p, = 0y = ind,(pg = p)) = Zpzj<auj=0@) iNd.(p; — pj11)
Py — Py = 1nd,(pg — p}) — 20§j<2u,j50(2) ind,(p; — p;+1)
T — 2p, = ind,(p; — po) t (Pg — Py

We conclude this section by studying the behavior of the eta invariant
with respect to the Smith homomorphism.

LEMMA 2.9. Let G be a 2-group. Let 7:G — U(k) be fixed point free.
(a) Akery(n, G) — kery(n, G) ® Tor(Q5P™).
() If M € Q™ and if 2M = 0, then

n(8, Al°'M) = 0V 8 € Ry(G) ® R(Spin).

Proof. If suffices to prove (a) if 7 is irreducible. By composing with an
outer automorphism, we can convert any 7 to the standard choice. If G is
cyclic, then (a) follows from Lemma 2.6 since ¢ is an isomorphism. Let
M € ker,(n, Q,). By Lemma 1.4,
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n( (ind, @ 1)(6), M) = 70, 1,(M)) = 0
V 0 € Ry(H,) ® R(Spin®)
for z = x, y, xy. Since
(t, 0 AYM) = (A o £,)Y(M) € kery(n, H,) ® Tor(Q3"™),
we use the cyclic case to compute
n((ind, @ 1)8, A(M)) = (0, 1,AM) = (0, At,M) = 0
V 8 € Ry(H,) ® R(Spin©).
We apply Lemma 2.8 to see
om0, AM)) = 0V 6 € Ry(Q,) ® R(Spin©)

which proves (a). This argument also shows that to prove (b), it suffices to
consider G = Z, and 7 = p,. We compute

a(p))' = (pg — p-))" = zo_ﬁ_ién(’:)p—i € 2R\(Z,)
so (b) follows by Lemma 2.6.

3. The bordism spectral sequence. We first study the Sylow 2-subgroups.
IfG =12, let

Ny(Z,) = N(Z,, p,) X Q5P ¢ Q5F"(BZ,).

The proof of the following lemma is the same as the proof we shall give
shortly for the corresponding lemma concerning Q, so we omit details.

LeEMMA 3.1. Let n = 2.
(a) N(Z,, p,) spans &P (BZ,) = Z.,.
(b) If M € QP"(BZ,) and w8, M) =0 V 6 € Ry(Z,), then M = 0.
(©) N,,(Z,) = H\(BZ,; Q™),
N,(Z,) N ker,(m, Z,) € N(Z,. p;) X Tor(Q"™), and
N,(Z,)) N ker, (SW, Z,) N ker, (1, Z,) = 0.
The homology of Q, is more complicated. Let
Pi(y) = o) = &4

be a fixed point free representation of H, and H,, not extending to Q,.
Let

My = ly'N(Hy’ p])9 Mxy = ixyN(ny’ p])7 Mq = N(Qva T)
Ny(Q,) = M, X Q™ + M, x Qi
+ M, X Q" < QP"(BQ,).
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LEmMa 3.2. (a) {M,, M,,} generates &5P™(BQ,) = Z, ® Z, and
{M, X CP', M, X CP', M}
generates
P BO,) = 2,902,027,

(b) If M € QP™(BQ,) for * = 1,3 and n(p, M) = 0V p € R,(Q,).
M = 0.

© N,(0,) = H\(BQ,; &™) © Hy(BO,; Q™)
N,(0,) N ker, (n, 0,) € 3 M, X Tor(@¥™), and
N,(Q,) N ker, (SW, Q,) N ker,,(n, Q,) = 0.
Proof. We use the Anderson-Brown-Peterson computations to see
Tor(Qipi"C) =0 for*x <9
SO
@B,y | =22 and BP™(BQ,) | = 20,
by Theorem 1.1 and Lemmas 2.1 and 2.7. By Lemmas 1.3, 1.4, and 1.5:
Py, — po, M) = 172, n(p,, — po, M,,) = 0
n(p, — po, M,) =0, n(p, — po, M) = 1/2
1(p,, — P M, X CP') = 1/2, n(p,, — po. M, X CP') =0,
1(p, — pg. M, X CP') = 0, u(p, — py. M,, X CP') = 1/2,
n(r — 2po, M, X CP') =0, n(r — 2py, M,, X CP') =0,
oy, — o M) = *
NPy, — P M) = *
n(r — 2py, M) = =271,

which proves (a, b).
Let

M=232_, ,6/M XN, € ke, Q,).
Since Qipi“C(BQv) is a 2-group, we can assume
N, =S8, + T,for S, € P, = Z[CP', CP%, ..., CP*,. . ]and
T, € Tor(23P™).
The comultiplication in Lemma 1.3 was defined so that if
(1®s)0) = Za,® b,
then
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oM, X N) = Za; (M) @ b,(N)).
We observe:
(A = ATHYM) = AN((T(M) © 1) ® C)
A(r @ 7)(M,) and Y(M,) = 1.
(A = ATHM,) = N((T(M,) ® 1) ® C)
= A(py + pP(M,) = N'(7)(M,) and

I

™(M,) = p, ®1forz =y, xy.

We define algebra isomorphisms #, of Ry(Q,) ® R(Spin®) by
,(1® A — A7) = 3, A2 ® A,
1,(1®1)=1@7and1,(p®1) =p® L
1@ AN — AT =5, ANme N,
L(1®7)=p, @r,and ,(p®® 1) =r,(p®1) forz =y, xy.

Let 8 € Ry(Q,) ® R(Spin¢), and decompose
1,(0) = Z,a,, @b, ,.

Then
8(M, X N,) = Za,,(M,) ® b, (N,)

so Lemma 1.3 implies
0 =m0, M) = 2, n(a,,, M,) - index(b, ,, N,).

Since T, is a torsion class, index(—, 7,) = 0 so
index(b; ,N,) = index(b, ,S,).

Let ¢ € R(Spin€). Choose 8, so t,(0)) = 1®yandlet = (1 — 2)f, so
1,0) = (1 — 2) ® y. Then £,(0) is divisible by (r — 2) for all z.
Therefore

rt.(6)) € a(r) - R(H,) = R(H.)* for z=y, xy
so 6 has zero eta invariant on M, and M,, by Lemma 1.6. This shows
0 =mn(r — 2, M) index(y, S)) V¢ € R(Spin©)
e
index(y, S,) = 0 mod|Q,| V ¢ € R(Spin©).
Therefore S, € |Q,|P« by Theorem 1.1 and M, X S, = 0 by Lemma 3.1.
We argue similarly using (P, — po) ® ¢ and (p,, — po) ® ¢ to show

S €2- QSPin for , — y, xy. This shows
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M =3M XT, forT, € Tor(Q").

Suppose in addition M € ker, (SW, Q,). Let x € W* and let a be the
generator of H3(BQ Z,) = Z,. Then

0 = (@)(EM, X T,) = (ax)(M, X Ty) = x(T,)

so T, € ker(SW) and T, = 0 by Theorem I.1. Similarly by evaluating
wi(p,)x or wi(p,)x we show T, = T,, = 0 so M = 0. If M = 0, then

M € ker(n, Q,) N ker(SW, Q,)

s0S, €2P, ,S, €2P, ,S, €1Q,P, 3,and T, =T, =T, =0.
This gives the additive structure of N,(Q,).

We now study the manifolds related to
Heyen(BQ,:; Tor(@F™))
in the bordism spectral sequence. Let
A0 (BQ,) — TP™(BQ,) ® Tor(Q3F™)
correspond to the representation p,. We generalize Lemma 2.6:

LEMMA 3.3. Letv =Z 2 and N € Tog(QSP”‘) For k = 0,3 M(k) €
QPN (BQ,) and My(k), My(k) € QP , ,(BQ,) so that

() AM\(k) = ANM(k) = AAMyk) = N

A A My(k) = AN My(k) = 0, and 2M,(k) = 0.
(b) A*M (k) = M(k — j) fork = jandi = 1,2, 3.
(©) (@, My(k)) = 0V 8 € Ry(Q,) ® R(Spin©).

Remark. We will construct M;(k) satisfying (a). A, and A commute. For
fixed k and j < k, A=, (k) also satisfies (a). Smce the bordism groups
are finite, the pigeon hole pr1nc1pa1 shows we may do this consistently for
all £ which proves (b). We can then use Lemma 2.9 to see the M;(k) satisfy
(¢); since the M;(k) need not belong to the reduced bordism groups, they
need not belong to

kery(n, G) € QP"(BG).

Proof. If k = 0, let A = N. Otherwise use Lemma 2.6(b) to choose
A € QP (BZ,) so that 24 — 0 and A*4 — N. Fix k and set M, — i(A)
with the induced Q, structure; 2M, = 0 and A4 = i(N). Since the Z,
structure on N is trivial, i(N) = N and M, satisfies (a).

The construction of f M, is more comphcated and lies at the heart of our
investigation of QSpin (BQ,). Identlfy R* = C? = H and let

(X1, X9, X3, X4) = (2, W) =
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in this representation. Let u = 2°~ 2. Then r = T, is given by:
T(x)(P) = (e"'%z, e ™/ %w) = (cos(m/2u) + sin(w/2u)i) - P
(Y)P) = (—w,z) =) P.

Since 24 = 0, let B be a compact Z2-Spinc manifold so dB = 2A4. Let C be
the non-orientable manifold obtained by glueing 4 X [0, 27] to B along
the boundary. Let L, be the real line bundle over 4 corresponding to the
given Z, structure; L, extends to a bundle L over C by hypothesis. Let »
be the orientation line bundle of C. » is trivial over 4 X [0, 2#] and over B;
we choose local sections to agree over 4 X {0} and differ by sign over
A X {27}. Let M, be the unit circle bundle of the 2-plane bundle
v @ 1. Since » is the orientation bundle of C, » @ 1 is orientable and in-
herits a Spin€ structure from the Pin€ structure on C. Let ¢; € [0, 27] be
local periodic angular parameters over 4 X [0, 2] and B which are
identified so

¢ = ¢, over X X {0} and
¢ = 27 — @, over X X {2x}.

We give M, a Q, structure as follows. For r large, let
p:SY > 80, = N(Q,, rr)

be the covering projection and let g:C — RP"~ ! be the classifying map for
L~ with g(x, §) = g(x) independent of # over X X [0, 27]. Embed R” € H"
as the totally real subspace. Let

d(t) = cos(t/4u) + sin(z/4u) -i and
e(t) = cos(t/4) + sin(t/4) - j

define representations from R — SU(2) = SP(1) with d27) = 7(x) and
e(2m) = 1(y). Let G be a local lift of g from RP" 'to " ! € R" € H’
and define:

h(a, 8, ) = p{d(¢))e(d) - G(a) } and
h(b, @) = p{d(s,) - G(b) }.

Since Z, is in the center of SP(1), 4 is independent of the local choice of G.
We check h extends to M, by verifying:

h(a, 0, ¢, + 2m) = p{r(x)d(¢))e(d) - G(a) }

= p{d(epe(®) - G(a) } = h(a, b, ¢))
p{r(x)d(ey) - G(b) } = p{d(e) - G(b)}
h(b, ¢,)

h(b, ¢, + 2m)

Il
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h(a, 2m, 2 — @) = p{dQ2m — o) - G(a)}
= p{i-d(g, — 2m) - G(a)}
= p{j - 7(x)"'d(e) - G(a) } = h(a, 0, ¢)).

The boundary of M, X [0, 1] is M, U —M, where —M, is given
the reversed orientation and inherited Spin¢ and @, structures. Let
V¥:¢ > 27 — @ define a Spin€ isometry from M, to —M,. We show ¥ pre-
serves the Q, structure by showing 4(c, 27 — ¢) and 4 (c, ¢) are homotopic
maps from M, to N(Q,, r7):

h(a, 8,27 — @) = p{dQ27 — ¢))e(d) - G(a) }
= p{i ld(e; — 2me(6)j - G(@))
p{d(e)e(®)j - G(a) }
h(b, 2m — ) = p{dQ2m — ¢,) - G(b) }
p{i (e — 2mj - G(b) )}
p{d(e)j - G(b) }.
Since SU(2) is connected, g(y) and j - g(y) are homotopic maps
from C — RP¥ 7! 5o h(c, ¢) and h(c, 27 — ¢) are homotopic. Thus
V:M, — —M,is a Q, — Spin¢ isomorphism and 2M, = 0.
We complete the construction of M, by computing A,. Define:

8.(P) = =, Re(z,w,, lz,I> — |w,I>) € R?

8,(P) = Z,(z,)" + W)™ € C =R’
and check

3.(1(q)P) = p.(q)8.(P).

Since 8, is equivariant with respect to p,, we can let §, be the first two
coordinates of the classifying map. The transversality condition will be
satisfied so A,(M,) is given by setting 8,(m,) = 0. Because g was chosen to
be totally real,

Sz, )2 = w,H =0

implies § = 7 so

Szw = 1/2.

a~a a

This shows &8 h(m,) # 0 so A (M,) = 0. Similarly §,(h(my)) = 0
corresponds to § = 7 and ¢ = 7 so '

A (My)) = A4 X {n} X {m}.

Since the normal bundle of 4 in M, is trivial, A inherits the original Spin¢
structure. The Q, structure on A is given by p(d(m)e(w) - G) which is
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homotopic to pG. Thus A (M,) = i(A) has the induced Q, structure. Since
Ak (4) = N, M, has the desired properties. If v = 2, there is an outer
automorphism of Q, interchanging the roles of x and y we use to construct
M;. For v > 2, we include Q, in Q, to give M5 a Q, structure. Since the
restriction of p, from Q, to Q, is p, and since the restriction of p, from Q,
to Q, is pg, M; has the desired properties.

Let G be a 2-groupso G = Z, forn = 2" or G = Q,. The E g term
in the bordism spectral sequence is H ,(BG; QSpm ). Let

even(m G) = p+q mp= 0(2)H (BG; QSpln )
C
odd(m G) = p+q m,p= I(Z)H (BG; QSpm )

decompose the bordism spectral sequence. By Lemma 2.7 and the
Universal coefficient theorem,

Epyen(*, Z,) = ®k>0{T0f(QSp“!zk »)} and
Epven(*, Q,) = @y =o{Tor( @, _,) @ Tor(@F, )
® Tor(2P, )}
is the direct sum Z, factors. Let
7P (BG) ® Tor(@P™) — Tor(Q5P*)

be projection on the second factor. Let A, correspond to p,; for Z, and let
A correspond to 7 for Q,. Define QSpin© module morphisms

1 = @ =o{7A T 1}:Q%P(BZ,) > E, . (m, Z,) and
I = @={mAA, ® 7A*A, © 7A*H1}:.05P™(BO,)

= Ecvcn(m’ Qv)
LEMMA 3.4. Let G be a 2-group.
(a) Ker*(SW G) < ker,(ID).
(b) II: QSPI" (BG) = E,,.(m, G) is surjective and split. We may choose
the splzttmg
I (Eeven(m G)) <€ kery(n, G).

Proof First let G = Q,. Since A, A,, and « are QSpm morphisms, IT is
an Q3P morphism. If M € ker,(SW, Q,), then

(AK(M), A*A, (M) } € ker (SW, Q,) € @P™(BO,)

by Lemmas 2.3 and 2.4 so II(M) = 0 which proves (a). Since A and A, are
zero on 5P we can extend the domain of II to the full bordism group
and then prOJect to GISPin (BQ,) at the end if necessary in proving (b). The
fact II is split surjective follows from Lemma 3.3 if we use induction on
the grading of E, . (m, Q,) defined by the dimension. If we fix m, then
7o A/ o I ! is a splitting for II in dimension m — 4j; we use the pigeon
hole principal to choose
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07 Epyen(m = 4, 0,) = 70 & 0 17 'Eyyen(m, Q,) VY m, j.
If 2M = 0, then

7AOIM € ker(n, Q,)
by Lemma 2.9 so

H_lEeven(m’ Q,) < kery(n, Q,).

The argument is the same for Z, if we use Lemma 2.6 (b) instead of
Lemma 3.3 so we omit details.

Let G be a 2-group and let {iN (H}, o)) } be the collection of spherical
space forms described in Lemmas 2.5 and 2.7 which is invariant with
respect to the appropriate Smith homomorphism and which is a basis for
H ;4(BG; Z,). Let

S«G) = SiN(H, o)) X QP < QP (BG).
Since P"(BG) is a 2-group,
S«(G) = SiN(Hj, 0)) X (B, + Tor(@5P™)).

Let F be the forgetful functor from unitary to Spin€ bordism. Since
{iN (H}, 0;) } spans QYBG) as an QY module (see for example [6] ),

S«(G) = FQY(BG)) x Q5P

which gives an invariant description. Since the collection is invariant
under the Smith homomorphism,

A:SUZ,) P> S oZ,) — 0 and A:S,(Q,) - Se_4(Q,) - 0.

If G = Q,, the A, can also be defined in unitary bordism so FA, = A,F.
Since Q4 is without torsion,

A QYBG) = 0
SO

70, FQYBG) X Tor(@™)) = 0.
Therefore S,(G) € ker(IT).

LEMMA 3.5. Let G be a 2-group. _

(a) The bordism spectral sequence for Qipmc(BG) collapses; i.e., all the
differentials are zero.

(b) II defines a split short exact sequence:

0 S, (G) — Q" (BG) > E.,.(m, G) 0,

(c) A and A, define short exact sequences:
A
0 = Nm(QV) = Sm(Qv) = Sm—4(Qv) i O

A
0 Nm(Zn) = Sm(Zn) = Sm—2(Zn) = 0.
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Proof. We give the argument for Q, as the argument for Z,, is the same.
Since N,(Q,) S S«(Q,), we have a short exact sequence:

0 > ker(d) N S,(Q,) = S,,(0,) A S, _4(0,) > 0.
We use Lemma 3.2 to estimate:
1S,,(Q) | = 1S,,-4(Q,) | - ker(d) N S,.(Q,) |
= 18,-4(Q) | - IN,(Q,) |
Z 1S, 4(Q) |+ [H(BQ,; BP™) | - [Hy(BO,: &) |

which implies [S,,(Q,) | = |E44(m, Q,)|. Since S, (Q,) € ker(Il), this
implies

a5Pn(BQ,) |

lker(IL,) | - |Eeyen(m, Q,) |
1S (@) | * |Eeyen(m, Q,) |
= |Eodd(m’ Qv)l ’ |Eeven(m’ Qv) |

Since the reverse inequality is provided by Lemma 2.1, all these
inequalities must be equalities.

v

We derive the following

COROLLARY 3.6. Let G be a spherical space form group.

(a) The bordism spectral sequence of G collapses.

S(b) Let H be a p-Sylow subgroup of G. Then i o t is an isomorphism of
Q; pin (BG)(p)-

Proof. At odd primes, this was checked in [6] so we may assume p = 2
and H = Z, or Q,. Induction and transfer are maps of spectral se-
quences (see L10 ). The composition i o ¢ is multiplication by |G:H|
on H(BG,; @) and induces a map which is an isomorphism of
Eﬁ,q(BGv)(z) The bordism spectral sequence for Z, and Q, collapses by
Lemma 3.5 and consequently all the differentials of the bordism spectral
sequence for BG at the prime 2 collapse as well. This proves (a). We
use the 5-Lemma and (a) to derive (b) i o ¢ is an isomorphism on
Hy(BG: —),).

We can now complete the proof of Theorem 0.1. Let G be a spherical
space form group. The odd primary part of Theorem 0.1 was proved in [6]
so it suffices to study the 2-primary part. Let H be the Sylow 2-subgroup
of G. By Lemma 1.4,

t:ker (SW, G) N kery(n, G) — ker (SW, H) N ker,(n, H).

Since ¢ is injective on bordism (2) by Corollary 3.6, it suffices to prove
Theorem 0.1 for H. We suppose H = Q, as the cyclic case is similar.
Let
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M € GP(BH) N kery(n, H) N ker (SW, H).
We proceed by induction on * to show M = 0; the cases * = 1, 3 follow
from Lemma 3.2. We use Lemma 2.1 to see

GP"(BH) = 0 for = 0.2.
By Lemma 3.4, M € ker,(SW, H) implies M € ker(Il) = S,(H). By
Lemmas 2.4 and 2.9,

A(M) € kery_4(n, H) N ker,_4SW, H) = 0.
Consequently by Lemma 3.3,

A(M) € Ny(H) N kery(n, H) N ker (SW, H)

and this is zero by Lemma 3.2.

4. The additive structure of Q,SkpinC(BG)(z) and bu,(BG),)- In this sec-
tion, we will construct an analytic splitting

BP(BG)m) = A4(G) ® Z[X%,..., X*, .1 ® kery(n, G)
kery(n, G) = H.(BG; Tor(2™)).

We will identify the groups A44(G) with bu,(G)(,) later and this will lead to
the proof of Theorems 0.2 and 0.3.

We must describe one additional piece of structure on G. A T-structure
for G is an assignment H — 1 to each 2-subgroup H of G of a fixed point
free representation 75:H +—> SU(2) so the assignment is invariant under
restriction and conjugation; i.e., up to unitary equivalence

(1) If E C H, then t5(e) = ty(e) Ve € E.

(i) If E = gHg ™!, then r(h) = t,(ghg YV h € H.

LEMMA 4.1. (a) Let H be a 2-subgroup of G and let 7:H —> SU(2) be fixed
point free. If g € E, let E = H N g 'Hg and let tp(e) = (geg™ ).
Then

Tr(rg(e) ) = Tr(r(e)) Ve € E.

(b) If 7:G, > SU(Q2) is a fixed point free representation of a Sylow
2-subgroup of G, then 3 '7-structure on G so 7 = TGy

Proof. We suppose (a) is false and argue for a contradiction. 7 and 7
both define fixed point free SU(2) representations of E. Choose e € E so
7(e) and 7(e) have eigenvalues {p, u"} and (A, A l} where p # A1 If e
has order 1, 2 or 4,

(mp™y = A e (L1} (-1 -1 6 =) )

Therefore order(e) > 4. Let N be the subgroup of H generated by
all elements of order >4. If H = Z,, then N € Z,. If H = Q,, then
H = H . Therefore N is a cyclic normal subgroup of H. Since
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ord(e) = ord(geg™ ') > 4,

e € Nand geg~! € N. Since N is cyclic, geg ! = ¢* for k odd. Since

p# AT geg | # e=!. By replacing g by an odd power of g if necessary,
we can preserve these relations and assume in addition the order of g is
a power of 2. Let 6:G — U(*) be fixed point free and let a = ¢ '(—1);
a is the unique element of G which has order 2; a is in the centre of G
since o is faithful. If g € {a, 1} then geg~' = e™. Since this is false,
order(g) > 4. Let X = (g, e) be a 2-subgroup of G. X contains two
elements which don’t commute and which have order greater than 4.
Thus X is neither cyclic nor generalized quaternionic. This contradiction
proves (a).

We use (a) to prove (b). Let G, be a Sylow 2-subgroup of G and
let :G +— SU(2) be fixed point free. If H is a 2-group, 3 g € G so
gHg ' ¢ G,. If G has a r-structure, then

Tr(ry(h)) = Tr(v'(ghg™ "))

is uniquely specified by 7. To show the existence of a r-structure, we must
show 74 = 1-’(ghg") is independent of the choice of g up to unitary
equivalence since then the assignment H > 754 will be invariant under
restriction and conjugation. Since this question is invariant under conju-
gation, we suppose without loss of generality that H € G,. Let

E=G,n g Gy
Since gHg_l € G,, H € E. Thus by (a), Tr('r(ghgﬁl)) = Tr(r'(h)) is
independent of g.

If E C G, the restriction of a r-structure on G to E defines a t-structure
on E. We fix henceforth a 7-structure on G and hence one on all the
subgroups. We say (H, o) is admissible if H is a 2-subgroup of G and if
o + o* = kry for k = dim(o). This implies o is fixed point free. If k is
odd, then H must be cyclic.

Inequivalent Spin€ structures on N(H, o) differ by a complex line
bundle or equivalently by a representation p:H — U(1); let N(H, o, p)
be N(H, o) where the SpinC structure has been twisted by p. Since
the rational Chern/Pontrjagin numbers and Stiefel-Whitney numbers of
N(H, o) and N(H, o, p) agree, N(H, o, p) = 0 in QSpin o

N(H, o p) € OP"(BG).
Let
A,(G) = spang{i(N(H, 0. p)) } S OF"(BG)
for (H, o) admissible and p:H — U(1).
Lemma 4.2. (a) If E € G, then
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(AWE)) € Ax(G) and 1(Ax(G)) S AL(E).
(b) If E is a Sylow 2-subgroup of G, i o t is an isomorphism of A4(G).

Proof. If C € D, let i(C, D) and ¢(C, D) be the induction and transfer
maps. Let (H, o) be admissible with respect to E, then (H, o) is also
admissible with respect to G. Since induction is functorial,

i(H, G)i(E, H)N(H, o, p) = i(E, G)N(H, o, p)
50 i(A«(E)) € A4(G). To study transfer, let E € G and H € G and let
X = 1(E, G)i(H, G)N(H, o, p)

for admissible (H, o). We must show X € A,(E) to complete the proof.
Since we can change the orientation and SpinC structure arbitrarily, we
ignore p for the moment. We compute the induction and transfer maps as
follows. Let m = 2 dim(o)— 1 and let H — S§™ — N(H, o) be the principal
left H bundle defining

N(H, o) € 3P (BH).
Then
G— G X ;8" — N(H, o)

is the principal left G bundle defining the induced G-structure on
i(H, G)N(H, o). Let G/H be the right coset space and let {g;} be coset
representatives. If g € G, let

88 = 8ig)  hi(8)
give the left action of G on G/H. Define a left action of G on G/H X S™
by

8(g X z) = gie) X o(hi(g)) - 2.

Then G/H X S§™ and G X ;S™ are isomorphic left principal G-bundles.
The transfer homomorphism is defined by restricting this bundle to E
SO

E> G/H X 8"+ E\{(G/H X §")} = X

defines the E structure on X. Decompose the left action of E on G/H into
orbits Y, then X; = E\(Y; X S™) are the connected components of X.
Choose g; € Y, and let

E =EnN nggj_l = {e € EegiH = gH}
be the isotropy subgroup. Let
o,(e) = o(gflegj) and Ti(e) = T(gj_legj).

Then 7; is the representation corresponding to E. Since
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o, +of = dim(oj)'r-,
(Ej, 0) is admissible. Then E; — S, > N(E,, 0,) is isomorphic to g; X N
as a principal E; bundle. Furthermore (E/E;) X S™ is isomorphic to
Y, X S§™ as a principal E bundle so

E— Y, X §"— E\(Y, X §™)
is i(E;, E)N(E,, o;) which proves (a). Since A4,(G) is a 2-group, Corollary
3.6 shows i o ¢ is an isomorphism.

We restrict for the moment to 2-groups. Let A correspond to
7:G +— SU(2). Let (H, o) be admissible. If H is not cyclic, then
7|;; = 7*|p is irreducible so

6 =k 1y =k-1ly fork = dim(s)/2.
If H is cyclic, then 7|;; = p; © p} decomposes as the sum of two
I-dimensional representations. Consequently ¢ and dim(s) - p, are
equivalent as representations of H to O(2j). This shows N(H, o) and
N(H, dim(e) - p;) differ at most by the orientation chosen and by
the Spin€ structure chosen. Since we allow arbitrary changes of orien-

tation and Spin€ structure in defining 4,(G), we may choose 6 = k7 or
o = kr + p, depending on the parity. Therefore:

Ay (G) = spang{iN(H, kt, p) } and
As+1(G) = spang{iN(H, k1 © p, p) }

where H ranges over all subgroups of G in dimension 4k — 1 and the
cyclic subgroups of G in dimension 4k+ 1. Since

AiN(H, o + 7, p) = IN(H, o, p),

this collection is A invariant so
A:A,(G) > Ay_4(G) > 0.

If G is cyclic, A,(G) = spang{iN(H, kp,, p) } is A, invariant so
AvAZ,) — Ay _»(Z,) — 0.

Leta = a(t) =7 —2andlet] = aR(G).If G = Z
Let

then I = RO(Z,,)z.

n

8:Ry(G)/I**! > RW(G)/I* and &:0/1FV > I/1*

be the natural projections. We use Lemma 1.6 to relate 4,(G) to the
representation theory of G as follows:

LEMMA 4.3. Let G be a 2-group.
3 Yo i 1:Agg41(G) > Ry(GY/ITFTH >0
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so
n(0, M) = (6 - fyy\(M), N(G, (k + 1))V M
€ Ay+1(G) V 0 € Ry(G).
(®) {fax+1(M) =0} = {08, M) = 0V 6 € RyG) ).
(©) Jak=1-408 =80 fiuy

Proof. The tangential operator of the Spin€ complex for N(H, o, p) is
the tangential operator of the Spin€ complex for N(H, o) with coefficients
in p so by Lemma 1.5,

7'(0’ N(H’ o, P)) = (0 TP, B(O) )H'

Let 4}, (G) be the free Z-group on symbols {iN(H, g, p) } for 6 = kr or
kt @ p| and let

T AY1(G) > Ay 1(G) — 0
be the natural projection. By Lemmas 1.3, 1.4, and 1.5:
n(0, iN(H, kr, p)) = (r(@)p, Bk7) )y = (r(@)pa, B((k + 1)7))y
= (fa - ind(p), B((k + D7))¢
= n(fa - ind(p), N(G, (k + D)1)).
n(0, iN(H, kt @ py, p)) = (r(0)p, Bkt © p)) )y
= (r(@pa(p_).B((k + D7)y
= (0 ind(pa(p_))), B((k + D71))¢
= n(6 ind(pa(p_,) ), N(G, (k + Dr)).
Let
Ju—1GN(H, kr, p)) = a - ind(p):44_(G) = I and
s \GN(H, kr @ py, p)) = ind(a (p)p):Afy 4 1(G) = Ry(G)
sO
26, 7(M)) = 1(8 - foger(M), N(G(k + D)) V 8 € Ry(Q,).
By Lemma 1.6,
{0, € I"''} & (n(80,, N(G(k + 1)1)) = 0V 6 € Ry(Q,)}
50 fy+, extends uniquely to a map
Sk 1:Agg1(G) = Ry(Gy/1* !
with the desired properties. If G = Q,, let
p,(z) = p2mis/order(z), H, — UQ).
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Then using Lemma 2.8,

range(fy, (A (Z,))) 2 spang{fi, _(N(G, 2k, p))}
spang{a(r)p} = 1
spanZ{ZkH(N(G, 2kt + pp,p))}
spang{a(p)p} = R\(Z,)

I

V)

range(fy 1 1(Aax—1(Z,)))

I

range( fy— (g —1(Q,)))
2 spang{ foy— \(i((N(H . k7, p))). Joge— (N (Q,0 k7. p.)) )
= spangf{a -1, - p,} =1
range( fiy 1 1(Ag +1(Q,)))
2 spang{ foy+ ((i((N(H.. kr © py. p,))) }
= spangf{ind,(p,a(p,) ) } = spany{ind,(Ry(H.))} = Ry(Q,).
(c) follows from the definition of ﬁkil since
A((N(H, 0 @ 7,p))) = iIN(H, o, p).
We use Theorem 0.1 to show f is an isomorphism.

LEMMA 4.4. Let G be a 2-group.
@) If M € A,(G)and (0, M) = 0V 6 € R(G), then M = 0.
(b) fay— defines isomorphisms

i (G):Ag_ (G) = I/I*Y and  fi (G) = R(G)/ T
Proof. Since f, is surjective and
{/s(M) = 0} & {n(f, M) = 0V 6 € Ry(G) },

(a) and (b) are equivalent. Suppose first G is cyclic. Then only the parity
mod 2 is relevant since

Ay 1(G) = spang{i(N(H, jpy, p)) }-
Let
Fy \(i(N(H, jpy. p))) = a(p))ind(p)
define Fy, _:45_(G) = Ry(G) — 0 so
(0, M(M)) = n(0 - F,_ (M), N(G(j + DLpy)
Vi e R(G)YM e Ay (G).
Extend
Fy;_y:Ay_(G) > Ry(G)/R\(G)’ = 0.
Then
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{Fy (M) = 0} & {n(8, M) = 0V § € Ry(G))

so we must show F,; | is injective. We proceed by induction on j; the case
j = 1 follows from Lemma 3.1. Let Fy (M) = 0. We use Theorem 0.1 to
show M = 0 by showing

M e kerzj_l(SVV, G) N kery(n, G).

Let A; be the Smith homomorphism corresponding to p,. If
8:Ry(G)/Ry(G) " = Ry(G)/Ry(G)’

is the natural projection, then
8y 0 Fyy = Fy_304,

so A(M) = 0 by induction. Since w(M) = c(p,)j(M), the equivariant
Stiefel-Whitney classes on A4,,_(G) are given by the representation
theory. If

x € HY " Y(BG; Z,) forj > 1,
then
x = ¢|(pp)y fory € sz"B(BG; Z,).
Since A(M) is the Poincaré dual of ¢((p;) in M,
x(M) = y(A(M)) =0 and M € kery, (SW, G).
Since
AN(TM) @ 1) ® C) = N(jp, @ jp_).

we can express (M) in terms of the representation theory for §
Ry(G) ® Z[A'], so the difficulty arises from y; we must show

M0®Y, M) =0V weZVEl € RyG).

The determinant representation y involves a square when the Spin®
structure is changed so

YA(N(H, jpy, p))) = pp’.
Define sz, 1w on Ay (G) by

Fy_ 1 Ji(N(H, kpy, p))) = ind(p™ ") - a(py, 1)) € Ry(G);
Fy_1o = Fy_y. By Lemmas 1.3, 1.4, and 1.5,

(0 - ¥, 7(X)) = (0 - p; - Fy;_, (X), N(G, kp; © py,, 1))
V X € 4%_(G). Let m(M’) = M so

F,,_ (M) € R(GY™\.
We show n(0 - ", M) = 0 by showing
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Fy_, (M) € R(G) ™.

Let T (g) = g? "1 define an outer automorphism of H € G. Dually, T,
defines an algebra isomorphism of R(H) preserving Ry(H) commuting
with transfer and induction. Since

T,a(p,) = a(py,+,) and T,(ind(p)) = ind(p™*"),
Fy_, (M) = T,(Fy_(M)) € Ry(G)"""

which proves the lemma if G is cyclic.

Next let G = Q,; the case * = 1, 3 follows from Lemma 3.2. We
proceed by induction on the dimension. Let fy . (M) = 0 for k > 1;
we must show

M € kery . (SW, G) N kery o (n, G).
Since 8f = fA,
Jak1-aAM)) =0
so A(M) = 0 by induction. In dimension 4k —1,
T(M)® 1 = kr(M)

so w(M) = c(q-)k and the equivariant Stiefel-Whitney numbers are given
by the representation theory on Ay _(G). If x € H‘"‘—‘(BG; Z,),
decompose

x = y-cfr) fory € H¥* 3(BG; Z,).

Then x(M) = y(AM)) = 0 so M € kery, (SW, G). In dimension
4k + 1,

T(M)® 1 = (kt © p))(M)
so w(M) = ¢(n¥(1 + ¢,(p;)). Since

— 1w

e(p))? = ¢5(1) mod 2,
we can express x(M) for x € W *1(BG) in the form
x(M) = (x; + xyc1(p)) UM)
for the x;, € H*(BG; Z,). We decompose
xp = oMy, and x, = o)1)y,

for y, € H\(BG; Z,)and y; € H(BG; Z,). By Lemma 2.7, y; vanishes on
cyclic subgroups and hence on 44, , ;(G) so

x(M) = () p(M) = ¢)(1)* " 'y,(AM) = 0 and
M € kery  (SW, G).

Let z = x, y, or xy. By Lemma 4.2, 1,(M) € A (H). By Lemma
1.4,
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(@, t,(M)) = n(ind, §, M) = 0V 6 € Ry(H.)

SO fay+1(t,(M)) = 0 and 7,(M) = 0 since we have proved Lemma 4.3 in
the cyclic case. Therefore

(0, M) = 0V 6 € ind, Ry(H,) ® R(Spin®).
Since these span Ry(G) ® R(Spin¢) by Lemma 2.8, this shows
M € kery. (n, G).
It is convenient to introduce different generators for
P, = Z[CP', cP?% ..., CP*, .. ]

analogous to the Hazewinkle generators QY. Let X 4 — cp¥ — (cPYy
have arithmetic genus zero and let Q, = Z[X4’] so P, = Q*[CPI]. If
N = 3N, X (CPY for N, € Q, having positive degree, then

index(1, N) = 0.

Let M, € QipinC(BG) be the spherical space forms discussed in Lemmas
2.5 and 2.7 so {u(M;) } is a basis for H_44(BG; Z,) and so {M,} is A or A,
invariant. We assume {M, } includes the manifolds of Lemmas 3.1 and 3.2.
Let

Uu(G) = A4(G) - 0, € OP™(BG) and
Vi(G) = M, - Tor(@P™) C Q" (BG).
LEMMA 4.5. Let G be a 2-group.
(a) AG) = EP"(BG) for » = 1, 3.
®) (46 ® Q| = 18,4y Hy(BG: QF™ torsion) |
© 1V(G)] = 18,4 g mpm1 Hy(BG: Tor@F™) |

Proof. (c) is immediate. In [7, see 4.2 and 5.4], we studied the K-theory
groups of spherical space forms and showed:

IR(Z,)/R(Z,)* | = n* and |R(Q)/I**"| = 4- (4]0, ).
This implies

@)/ 1)l = @,
We use Lemma 4.4 to see

4y (Z,) | = n*, 1Ay 1(Q,) ] = (410,

g 1(0) | = 4(410,1
or equivalently by Lemmas 2.5 and 2.7 that

|A2j—1(G)| = |@p§j Hzp—1(BG§ Z)|
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This implies
4.(G) | = [Q5P™(BG) | for * = 1,3

and proves (a). Finally,
@41 p—j A2-1(G) ® Oy
= [®,4px; Hye— 1(BG: Z) @ Oy
= 1®,4p=; Hye— 1(BG; Qyp) |
= @, Hy,|(BG; ®p=; . 0y) |
= [®, Hy._(BG; Py |
= |®, Hy, (BG; Q5™ /torsion) |.

We can now begin to construct the splitting of Theorem 0.2:

LEMMA 4.6. Let G be a 2-group. Cartesian product gives an injective
map

44(G) ® 0, — QF"(BG).
Then
QSP(BG) = A4(G) ® O, @ kery(n, G) and
kery(n, G) = V(G) ® [T Eon(*, G) = Hy(BG; Tor(@P™)).
Proof. We first assume G = Q,. The first step is to show

Nu(Q,)) € UQ,) + V(Q,)

where
Nu(Q,)) = 3, M, X QP
is as defined in Lemma 3.2. Since
3. M, X Tor(@™) € ¥(Q,)
by construction and since Uy (Q,) is a Q4 module, we must show
2.M, X (CPYY € UdQ,) + Vi(Q,).
Since M, € A,(Q,) by construction, we must show
o .
QF(BQ,) X (CP) € Uy i5(Q)) + Vyyi5(Q)).

Since U, (Q,) = Qipi"C(BQv) for * = 1, 3 by Lemma 4.5, we proceed by
induction and take j > 0. Let

M e Q5P"(BQ,)

and let x = fy(M) € I/I*. Decompose 3 + 2j = 4k = 1 for k > 1 and
choose M, € A;,,(Q,) so
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fraofM) = x - o7 e TR 1M
If § € Ry(Q,), then:
(6, M) = (@ - x - 7!, N(Q,, (k + D)
= (@ - x, N(Q,, 21) ) = n(6, M).
Since
SoioiAM) = x - "7 € TK,
Sfoj—1(AM}) = 0 so AM| = 0 by Lemma 4.4. Since
M, € A4y,3(0,) S Sy+3(Q),
M, € Ny 4(Q,) by Lemma 3.2. Let
M, = M, X (a,(CPY'"" + B, + T)
+ M, X (a,(CPY™' + B+ T,)
+ M, X (a,(CP'Y + B, + T)
where T, € Tov(ﬂipinc) and where B, are polynomials of lower degree in
(CPI) with coefficients of positive degree from Q,. Since the generators of

Q. all have degree at least 4, (CP') appears to a power at most j — 1 in B,.
Therefore by induction,

ZM, X (B, + T)) € Up3(Q) + Vy43(Q,).
By Lemma 1.3 and by the choice of the generators for Q,,
n, 2.M, X (B, + T)))
= S0, M) -index(1, B, + T,) = 0V 8 € RyQ,).
If
M, = aM, X CP' + a M, X CP' + M,
then
M, X (CP'Y = M — S.M, X (B, + T,) € Uy,5Q,)
+ V5+3(Q,) and
(6, M) = n(6, M}) = (6, My X (CP')/
=0, My) V 8 € R\(Q,).
Thus f{(M — M,) = 0 and M = M, so
M X (CPYY € UsipfQ,) + Va4a(Q,).
This shows

Nu(Q)) € Uu(Q,) + V(@)
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We note
A:ULQ,) = Up Q)0 and A:V(Q,) = Vi y(Q,) = 0.
For * = 1, 3,
Un(G) + Vul(G) = GF™(BO,)
s0 S.(G) = U(G) + V,(G). Since
Nu(Q,) & ULQ,)) + Vi(Q,) & S«(Q),
the exact sequence of Lemma 3.5
0 = Ny(Q,) > Sx(Q,) > Su4(Q)) — 0
shows U,(Q,) + V(Q,) = S«(Q,). We count orders:
|Eoga(m, Q,) |
=15,(Q,) | = 1U0,(Q,) + V,(Q,) ]
= 1U,0) - 1V,(0)] = [(Ax © Qi) | - 1V,(0)) |
1©, 1 g—mp1 H,(BO,: P, ® Tor(@5P™)) |
= |Eoaq(m, Q) |-
Since the inequalities are inequalities,
Sn(Q)) = U (Q) @ V,(Q,), UQ,) = 4.(Q,) ® O, and
DPBO,) = Up(Q) @ 1,(Q,) @ I ' Eyen(m. Q,).
V(Q) © T Eqyen(m, Q,) = {HBOQ,, Tor@F™))},,.
By Lemma 1.3,
V.(Q,) & ker,(n. Q,)

and by construction

I 'Epen(m, 0,) C ker,(n, Q,).

A

Let
M & ker,,(n, Q,) N U, (Q,).

We complete the proof by showing M = 0. We proceed by induction so
A(M) € ker, 4. Q) N U,_«Q,) = 0.

By Lemma 3.1,
M € =M, X Tor(@F™) C 1,(0,).

Since U, (Q,) N V,,(Q,) = 0, M = 0. The argument is the same if G is
cyclic so we omit details.

https://doi.org/10.4153/CJM-1988-016-8 Published online by Cambridge University Press


https://doi.org/10.4153/CJM-1988-016-8

THE ETA INVARIANT 425

It is useful to have a more concrete isomorphism
~ i C
kery(m, G) = Hu(G; 2P™).

Let {N,,} be a basis for the Z, vector space Tor(Q,S,,pi“C) and let
{W,..} € W" be a dual basis with respect to the pairing

W™ (BG) ® Tor(QP™) i Z,.
Let {0,,,} be a basis for H"(BG; Z,).

LEMMA 4.7. Let G be a 2-group. The {0, ,w, ,}, 1 ,—» 8ive a dual basis for
ker,,(n, G) in the pairing

W™ (BG) ® Q" (BG) — Z.,.
Proof. Suppose G is cyclic. Fix m and let
(N@ 2p) =TT '(Nppu—sy) )
be a Z, basis for H_'(Eeven(m, G)) and
{N(a, 2p — 1) = N(G, p-p) X Na.m+|—2p}
be a Z, basis for V, (G).
The {N(a, p) } form a Z, basis for ker,,(n, G). Let
0, = wi(p,;n) and 6, = ¢\(p))
so {0,685, 6571}, =, is a basis for H*(BG; Z,). We compute:

w-0,05N(a, 2p)) = w - 0,65 °(N,,,_5,) = 0 for 2k + 1> 2p

w - 05N(a, 2p)) = w - 85(N,,,_,,) = 0 for 2k > 2p
w - 05N (a, 2p)) = w(N,,,—,,) for 2k = 2p
w- 0,657 (N(a, 2p—1)) = w0, PN, 4 1-2,) = 0

for2k —1>2p — 1
w- 0,657 (N(a, 2p—1)) = W(N, 1, -5,) for 2k — 1 =2p — 1
wo O3 (N(a, 2p—1)) = w057 7(N, 41 —) = O

for 2k > 2p — 1.

We use the index p of {6, ,w, ,,_} and the index g of {N(a, ¢) } to define
a partial ordering; the pairing yields an upper triangular matrix with
non-zero entries on the diagonal and so is non-singular. The proof if
G = Q, is slightly more messy owing to the more complicated structure of
the cohomology ring but essentially the same. We omit details in the
interests of brevity.
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We can now complete the proof of Theorem 0.2. Let i and ¢ denote
induction and transfer corresponding to G, € G. Since i is surjective by
Corollary 3.6,

QP (BG) gy = i{44(Gy) - Qu ® keru(n, Gy) )
= A(G) - Q4 + kery(n, G).

If there is a non-trivial relation 2, 4,0, + N = 0 in this decomposmon
we apply the injective map ¢ to get a non-trivial relation in Q5P™(BG,)
which would contradict Lemma 4.6. Therefore

QP (BG)m) = A44(G) ® Q4 @ ker,(n, G).
Since |G:G,| is 0dd, iy o t, = 1 on H(BG; Z,) so
(*®1)o(*®1) =1 on WXBG).

Since W*(BG) completely detects kery(n, G), i o t = 1 on ker,(n, G). Let
{0;.m,c} be a basis for H*(BG; Zz) and let {6, , | } be a basis for ker(r*)
in H*(BG,; Z,). Then {i*§ }isa basis for H*(BG,; Z,). Let
X € ker, (1, G), then:

{(X =0} = {i*0,,6 - w, (X)) =

im,G’ ]mL

0,1 - Wy (tX)
=0V j,a,p+ q=m}
o (1*i*0;, - W, (X) =0V i, ja, p + g =m)
{0tpg aﬁq(X)=0Vi,j,a,p+q=m}

so these cohomology classes form a dual basis to ker,(n, G) and show
kery(n, G) = Hy(BG, Tor(Q")).

This proves
QFP™(BG)g) = 44(G) © Q4 © Hu(BG); Tor(@F™)).

In [4] we showed
QP(BG)n) = bus(BG) ) © 0y © Hy(BG; Tor(@5P™)).

We compare these two isomorphisms to see
A4(G) = bu*(BG)(z)

which proves Theorem 0.2. Since all the isomorphisms are preserved
by transfer and induction, this isomorphism is functorial with respect to
transfer and induction. Theorem 0.3 follows from the isomorphism of
Lemma 4.4.

We conclude this paper by expressing bu,(BG) in terms of the
representation theory. We clear the previous notation. Let 7(G):G — U(»)
be a fixed point free representation of G; if 7 is irreducible, then » is
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independent of the particular 7(G) chosen (see [12]). Suppose first the
Sylow subgroup G, is cyclic. Since

a(v - pR(Gy) = a()R(Gy),
we can choose w € R(G,) so
a - p) = - a1(Gy))

and so that multiplication by w is an isomorphism on Ry(G,). Let j =
v-l+ afor0 = a < vand let

7:Ry(G) = Ry(G)/a(r)' T 'R(G).
Define

Fy_((N(Gy, j p1,p)) = ind(w - p - a((» — @) - p)))

SO
(8, M(M) ) = n(8 - Fy;_ (M), N(G(I + 1)1)) ¥ § € R(G) and
M e 4)_(G).
‘7T[F2j—] = F2j—1:A2j-—1(G) — Ro(G)/(X(T)[HR(G)

SO

{F)_ (M) =0} o 06, M) = 0V 8 € Ry(G) }.
Let M € Ay_((G) so t(M) € Ay_(Gy). Then

{Fy— (M) = 0}

= {nd, M) =0V 8 € R\(G)}

= {70, M) = 0V 6 € ind Ry(G) }

= {1, tM) = 0V 8 € ind Ry(G,) }

= {t(M) =0} = {M = 0}

= {0, M) =0Vl € R(G) } = {sz_l(M) = 0}.
Thus F2j_1 is an isomorphism from A4 ,(G) to its image

ind(R(G,)" ™) € Ry(G)/a(rYR(G)).
The analysis is similar if G, = Q, which proves

THEOREM 4.8. Adopt the notation given above.
(a) If G, is cyclic, decompose j = |- v + a for 0 = a < v. Then

buy;1(BG)y = m{ind Ry(Gy)" ™ “}-

(b) If G, is generalized quaternonic, v = 2y is even. Decompose k =
p-l+ afor0=a < p Let 7,:G, —> SU(2) be fixed point free.
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by, (BG)y) = m{ind{a(r,)’ “R(Gy) } }
buy 1 1(BG) = m{ind{a(r,)" "7 'R\(G,) } }.

Remark. This isomorphism is functorial with respect to transfer and
induction;

buy, _y(BG)py = K(S¥'71/G)y,

m The p-Sylow subgroup at odd primes is cyclic and the formula given in
(a) for p = 2 is true at odd primes as well. The bordism spectral sequence
for BP,(BG) (see [9]) collapses. Since this sequence factors through a
bordism spectral sequence for bu,, the bordism spectral sequence for
bu,(BG) degenerates so i o t = 1 on buy(BG). We omit details since the
techniques are not analytic in nature.
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