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ON MAXIMAL ABELIAN GROUPS OF MAPS
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Abstract

The paper gives a rather simple description of all maximal abelian subgroups H of the symmetric
group SM acting on an arbitrary set M. In the case of finite M this result is used to determine the
maximal cardinality of such an H and the maximal number of permutations without fixed points
contained in an abelian subgroup of SM-

1991 Mathematics subject classification (Amer. Math. Soc): 22 B 35.

Let M be an arbitrary set, SM = {/ | / : M -*• M bijective} the symmetric
group on M with the composition o of maps. Furthermore let P be any partition
of M and for every K G P let +K be an abelian group operation on K. For
every choice a — (aK)K€P, aK e K, put fa(b) = aK +K b for b e K e P. Now
define

HP,(.+K)K,P = {fa\a = (aK)K€P, aK e K}.

The following result seems to be familiar to most mathematicians working on
group theory. Nevertheless the author could not find it in the literature, even
after having consulted many specialists.

THEOREM 1. (a) H = HP^+K)f,eP is an abelian subgroup of SM and is max-
imal with respect to this property if and only if P does not contain more than
one singleton class.

(b) Every maximal abelian subgroup H of SM is of this form, that is, there
exists a partition P containing not more than one singleton class and a family
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of abelian group operations +K on K for every K e P such that

(c) HPU+K)K^ = HP2,(K)K,P2 if and only if Px = P2 = P and for every
K € P the groups (K,+K) and {K, -K) are isomorphic by an isomorphism
nK having the form nK = taic o (f>K, where taK is a translation in (K,+K),
that is, tOK(b) = aK +K b for some aK € K and every b e K, and (f>K is an
automorphism of (K, +K): 4>K € Aut({K, +*•))• Furthermore in this case such
a representation of nK is unique, that is, tam o <f$ = tam o 0® with a^ e K
and <f>(K e Aut((K, +K)), i = 1,2, implies tam — tam (therefore a^ — a^) and

PROOF, (a) It is clear that H is an abelian subgroup of SM.
Firstly suppose that P contains two singleton classes {a\} and [a2}. Put

/(«i) = a2, f(a2) = ax and / (c) = c for c e M \ {a\,a2}. Of course
/z(a,) = a,, i = l ,2, for every h e H, hence f oh = h o f and f £ H. Thus
H is not a maximal abelian subgroup of SM-

Now let P contain not more than one singleton class and suppose foh =hof
for every h e H and some / G SM- We have to show / e H. First we prove
f{K) c K for every K e P. To do this assume / ( a ) = b i K for a € K.
If the class of b contains more than one element, we can find an h e H with
h{b) ^ b. On the other hand there are hu h2 e H with hx(a) = h2(a) but
h\(b) — b and h2(b) = h(b). Consequently we have the contradiction

b = hx{b) = hxo f(a) = f o A,(a) = / o A2(a)

= h2 o / ( a ) = *2(fc) = h(b) # 6.

Therefore f(a) — b e K, showing f(K) c K. Since this holds for every
K e P and / is one-to-one on M, we have f = f\K e S(K) for every K € P.
Now consider (X\ +#} with unit element 0 e K. Clearly it suffices to show
f(a) = a +K / (0) for every a e K. Take a € K arbitrarily and consider
h e H, h(b) — b +K a for every b £ K. Now we conclude

/ (a ) = / o /z(0) = /io / (0) = / (0) +* a.

If {ft} € P is a singleton class our condition yields that the class of a contains
other elements and the inverse map f~l does the same job as / in the first case.
Hence / " ' € / / and, since H is a group, / e H.

(b) Let H be a maximal abelian subgroup of SM with the partition P given
by its transitivity classes, that is, induced by the equivalence

a ~w b -&3h e H : h(a) — b.
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Take K G P, a e K arbitrarily and consider H' = [h\K \h e H}. By
transitivity of / / ' on K, for every b e K there is an hb G H' such that hb{a) — b.
This hb is unique, since hb(a) = h'b(a) = b, h'b e // ' , c e K, hc(a) — c and
/zc G / / ' imply

^ft(c) = hb o hc(a) = hco hb(a) -hco h'b(a) = h'b o /zc(a) = /j^(c).

Now it is clear that b +K c — hbo hc(a) defines an abelian group operation +K

on K and that every hb e H' allows the representation hb(c) = b +K c. (Note
that in fact (K, +K) and H' are isomorphic by b \-+ hb.) Therefore it is obvious
that H c HPA+K)l!eP and, by maximality, H = HP^+K)Kf.p. By (a) P does not
contain more than one singleton class and the proof of (b) is finished.

(c) Since the classes of a partition P of M are the transitivity classes of

implies P\ — P2. Therefore we are allowed to restrict our considerations to the
case Pi = P2 = {M} — {K}. Furthermore clearly

Thus Theorem 1 follows from the following

LEMMA. Let (M, +> and (M, •) be abelian groups, it : {M, +) - • (M, •)
an isomorphism, H — {ta\a G M}, H' = [t'a \a G M], with ta : x i->- JC + a,
respectively t'a : x i-> x-a . Then H — H' if and only if there is an automorphism
(p G AMf((M, +) ) a«fi? a translation t € H such that n = t o </>. Furthermore
in this case such a representation is unique, that is, n = t\ o (j)\ = t2o (j>2 with
tt G H and 0, G Aut((M, +))for i — 1,2 implies t{ = t2t

PROOF. (=»): If H = H', there is a (one-to-one) correspondence between a
and a' e M such that fa = ^,, that is, x + a = x • a' for all x G M. Hence

a' = 7r( j r -V) + 0) = a' • ^(0) = a + 7r(0)

for all a G M. For arbitrary x, y = z' this implies

x - y = x - z ' = x + z = x + z ' ~ n ( 0 ) = x + y - 7 r ( 0 ) .
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Putting <p{x) = n(x) — 7r(0) and t(x) = x + 7t(0), we obtain n = t o </>. Since
$ = t~l

 OTC,4> is a bijection, and since

</>(* + y) = n(x + y ) - TT(O) = n(x) • n(y) - 7t(0)

= JT(JC) + 7r(y) - ;r(0) - n(0) =

it is an endomorphism, hence an automorphism, proving the assertion.
(4=): Now let (p e Aut((M, +)), t € H and n — t o $, that is, n(x) =

<t>{x) + 7r(0) for all x e M. Since y = n~l(x) if and only if n(y) = x, if and
only if x — 4>iy) + ?r(0), we have

n-\x) = y = ct>-\x- TT(O)) =

For an arbitrary t'a, this gives

t'a,{x) = x a ' = 7T(TI-1(X • a')) =

- V ) - ^"'(^(O))) + TT(O)

= x - ;r(0) + a' - TT(O) + TT(O) =x + a'- n(0),

which means t'a, = ?a_w(o) e / / . Thus H' c / / . Now pick an arbitrary ta e H.
By the preceding, we know ta = ^+jr(0) e H', hence also / / c // ' . Putting both
parts together we have the desired equality H — H'.

For the proof of the last assertion, let it = txo <$>x — 12 o (/>2, tt e H and
</>, e Aut((M, +)) for / = 1, 2. This implies

hence ri = t2 and 0] = f̂1 o n — t:T
1 o n = <j>2. This proves the lemma and,

finally, Theorem 1.

In cryptology there is great interest in abelian groups of transformations on
finite sets. Maximality is important not only with respect to the set inclusion
but also with respect to cardinality. Furthermore transformations without fixed
points play an important role. Therefore we finish with the following result.

THEOREM 2. Consider the following numbers:
An = Maximal cardinality of an abelian subgroup of the symmetric group Sn

acting on a set M with n elements.
Bn = Maximal number of maps without fixed points in an abelian subgroup

of the group Sn.
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Cn = Maximal probability of choosing a map without fixed points from an
abelian subgroup of the group Sn, that is,

Cn =max-^-\{f € H \Wa e M : / ( a ) # a } | ,
\n\

where the maximum is taken over all abelian subgroups H of Sn. Then
(a) A , = 1, A2 = 2; A3m = 3m, A 3 m + l = 3m"]4 and A i m + 2 = 3m2 for

m > 1.
(b) Bk=k- 'k = \,.

B5m+0 =
B5m+X =

B5m+2 =

Bsm+3 -
B5m+4 =

..,l,Bn =

-. 4m

-- 4 m " 3 3 4

= 4 m " 2 3 3

= 4m3

20 and

for m >
form >
form >
form >
form >

1,
3,
2,
1,
0.

(c) Cfl = 1 - 1/n.

PROOF, (a) Using Theorem 1, it is clear how to simplify the subsequent
proof of (b) to get a proof of (a). Furthermore statement (a) already has been
published and proved originally by Bercov and Moser [1]. We omit details.

(b) /„ , a — (aKi)KieP, has no fixed point if and only if every aKi G Kt,
Kj € P, is not the identity in (Kt, +,) . Hence by Theorem 2 every maximal
abelian subgroup of Sn corresponding to a partition P = [Kx,..., Klp] contains
exactly

h

Y\{\K,\-\)
/=i

maps without fixed point. Of course we may restrict our considerations to such
maximal subgroups. Thus our problem is to find those tuples (k\,..., k:) of
positive integers such that n!=i(£< ~ 1) achieves the maximal value under the
restriction Yl'i=i ^ — n- To do this we establish a list of formulas like

nr)

indicating that Y!i=\ "• = EJ=i mj a n d F[/=iC«/ - 1) < YYj=^mJ
(i) (\,k) - • (ifc + 1) for every k

(ii) (2, k) - • (k + 2) for every *
(hi) (3, 3) -* (6)
(iv) (3, 4, 4) - • (5, 6)
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(v)
(vi)

(vii)
(viii)

(ix)
(x)

(xi)
(xii)

(xiii)
(xiv)
(xv)

(xvi)
(xvii)

(3,5)
(3,6)
(3,7)
(4,4,
(4,6)
(4,7)
(5,5,
(5,7)
(6,6)
(6,7)
(7,7)
(k)-
(k)-

—>•

—»•

4,4

->•

(4,4)
(4,5)
(5,5)
,4 )^ (5 ,5 ,5 ,5 )
(5,5)
(5,6)

6) -> (4,4,4,4)
(4, 4,4)
(4, 4, 4)
(4, 4, 5)
(4,5,5)
, |) for even k > 8
^,*±i)forodd£ > 9

The proofs of (i)-(xv) are obvious, (xvi) follows from

for k > 8 and (xvii) from a similar computation. Now let us consider (ku ... ,ki)
giving the maximal value ]~[i=1(/:, — 1) = Bn.

By (i), kt — 1 only in the case / = n = k\ = 1.
By (ii), kj — 2 only in the case n = k\ =2,1 = I.
By (xvi) and (xvii), kt < 1 for all i.
By (iii)-(vii), kt = 3 only in the case n = 1,1 = 2, {kuk2} = {3,4}.
By (viii), there are not more than four indices iu i2,13,14 with &,, = kh =

kh = K = 4-
By (vi),(ix),(xi),(xiii) and (xiv), kt = 6 only in the cases n = 6, / = 1, &i = 6

orn = 11,/ = 2,[ki,k2) = {5,6}.
By (vii),(x),(xii),(xiv) and (xv), kt = 1 only in the case n = ky =1,1 = I.
Hence 1 = 1, 2 - 2 , 3 = 3,4 = 4, 5 = 5, 6 = 6, 7 = 7 = 3 + 4 , 8 = 4 + 4 ,

9 = 4 + 5, 10 = 5 + 5 , 1 1 = 5 + 6, 12 = 4 + 4 + 4 , 13 = 4 + 4 + 5 ,
14 = 4 + 5 + 5,

5m + 0 = 5 + .. . + 5,
5m + 1 = 5 + . .. + 5 + 4 + 4 + 4 + 4,
5m+ 2 = 5 + .. . + 5 + 4 + 4 +4,
5m + 3 = 5 + . .. + 5 + 4 + 4 and
5m + 4 = 5 + . .. + 5 + 4
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for m > 3 are the partitions giving rise to the corresponding values of Bn claimed
in Theorem 2.

(c) The investigated probability corresponding to a partition P — {Ku

/̂ } with |AT,| = £ , is

1 = 1 K>

It is obvious that this value is maximal if lP is minimal and kt is maximal. This
can be managed for lP = 1 and K\ — M. Now the proof of Theorem 2 is
finished.
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